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Abstract

In recent years, there has been a growing interest in mathematical models leading to the minimization,
in a symmetric matrix space, of a Bregman divergence coupled with a regularization term. We address
problems of this type within a general framework where the regularization term is split into two parts,
one being a spectral function while the other is arbitrary. A Douglas—Rachford approach is proposed
to address such problems, and a list of proximity operators is provided allowing us to consider various
choices for the fit-to—data functional and for the regularization term. Based on our theoretical results,
two novel approaches are proposed for the noisy graphical lasso problem, where a covariance or precision
matrix has to be statistically estimated in the presence of noise. The Douglas—Rachford approach directly
applies to the estimation of the covariance matrix. When the precision matrix is sought, we solve a non-
convex optimization problem. More precisely, we propose a majorization—-minimization approach building
a sequence of convex surrogates and solving the inner optimization subproblems via the aforementioned
Douglas—Rachford procedure. We establish conditions for the convergence of this iterative scheme. We
illustrate the good numerical performance of the proposed approaches with respect to state-of-the-art
approaches on synthetic and real-world datasets.

Keywords: Covariance estimation; graphical lasso; matrix optimization; Douglas-Rachford method;
majorization-minimization; Bregman divergence

1. Introduction

In recent years, various applications such as shape classification models [1], gene expression [2], model

selection [3, ], computer vision [5], inverse covariance estimation [0, [7, [8 @l 10, [IT] [12], graph estimation
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[13), 14}, 15} [T6], social network and corporate inter-relationships analysis [I7], or brain network analysis [18]
have led to matrix variational formulations of the form:
micrjlér‘gze f(C) — trace (TC) + ¢(C), (1)
where S, is the set of real symmetric matrices of dimension n X n, T is a given n X n real matrix (without
loss of generality, it will be assumed to be symmetric), and f: S, —] — 00, 400] and g: S,, =] — 00, +0]
are lower-semicontinuous functions which are proper, in the sense that they are finite at least in one point.
It is worth noticing that the notion of Bregman divergence [19] gives a particular insight into Problem .
Indeed, suppose that f is a convex function differentiable on the interior of its domain int(dom f) # @. Let
us recall that, in S,, endowed with the Frobenius norm, the f-Bregman divergence between C € S,, and
Y € int(dom f) is
D(C,Y) = f(C) — f(Y) — trace (T(C — Y)), (2)

where T = Vf(Y) is the gradient of f at Y. Hence, the original problem is equivalently expressed as

o . . f
minimize g(C)+ D’/ (C,Y). (3)

Solving Problem amounts to computing the proximity operator of g at Y with respect to the divergence
DY [20, 21] in the space S,,. In the vector case, such kind of proximity operator has been found to be useful
in a number of recent works regarding, for example, image restoration [22, 23] 24], image reconstruction
[25], and compressive sensing problems [26], 27].

In this paper, it will be assumed that f belongs to the class of spectral functions [28, Chapter 5, Section 2],

i.e., for every permutation matrix ¥ € R™"*"
(VC e Sn) f(C) =p(Xd), (4)

where p: R™ —] — 00, +00] is a proper lower semi-continuous convex function and d is a vector of eigenvalues
of C.

Due to the nature of the problems, in many of the aforementioned applications, g is a regularization function
promoting the sparsity of C. We consider here a more generic class of regularization functions obtained by

decomposing g as gg + g1, where gg is a spectral function, i.e., for every permutation matrix 3 € R®*",

with ¢: R™ —]—00, +00] a proper lower semi—continuous function, d still denoting a vector of the eigenvalues
of C, while g1 : S,, =] —00, +00] is a proper lower semi—continuous function which cannot be expressed under
a spectral form.

A very popular and useful example encompassed by our framework is the graphical lasso (GLASSO)
problem, where f is the minus log-determinant function, ¢; is a component—wise ¢; norm (of the matrix
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elements), and go = 0. Various algorithms have been proposed to solve Problem in this context, including
the popular GLASSO algorithm [6] and some of its recent variants [29]. We can also mention the dual block
coordinate ascent method from [3], the SPICE algorithm [30], the gradient projection method in [I], the
Refitted CLIME algorithm [31], various algorithms [§] based on Nesterov’s smooth gradient approach [32],
ADMM approaches [33], an inexact Newton method [34], and interior point methods [I5,[35]. A related model
is addressed in [2, 4], with the additional assumption that the sought solution can be split as Cy + Cq, where
C; is sparse and Cs is low—rank. The computation of a sparse+low—rank solution is adressed in [36] 37, 38].
Finally, let us mention the ADMM algorithm from [39], and the incremental proximal gradient approach
from [40], both addressing Problem when f is the squared Frobenius norm, gg is a nuclear norm, and ¢y
is an element—wise £; norm.

The main goal of this paper is to propose numerical approaches for solving Problem . Two settings
will be investigated, namely (i) g1 = 0, i.e. the whole cost function is a spectral one, (i) g1 Z 0. In the
former case, some general results concerning the D/-proximity operator of gy are provided. In the latter
case, a Douglas—Rachford (DR) optimization method is proposed, which leads us to calculate the proxim-
ity operators of several spectral functions of interest. We then consider applications of our results to the
estimation of (possibly low-rank) covariance or precision matrices from noisy observations of multivariate
Gaussian random variables. The novelty of our formulation lies in the fact that information on the noise
is incorporated into the objective function, while preserving the desirable sparsity properties of the sought
matrix. Two variational approaches are proposed for estimating either the covariance matrix or its inverse,
depending on the prior assumptions made on the problem. The cost function arising from the first formula-
tion is minimized through our proposed DR procedure under mild assumptions on the involved regularization
functions. This procedure represents a valid alternative to other algorithms from the literature (see [40}39]).
In turn, the proposed objective function involved in the second formulation is proved to non—convex. Up to
the best of our knowledge, no method is available in the literature to solve this problem. We thus introduce
a novel majorization-minimization (MM) algorithm where the inner subproblems are solved by employing
the aforementioned DR procedure, and establish convergence guarantees for this method.

The paper is organized as follows. Section [2] briefly discusses the solution of the particular instance of
Problem corresponding to g1 = 0. Section |3[ describes a proximal DR minimization algorithm allowing
us to address the problem when g; # 0. Its implementation is discussed for a bunch of useful choices for
the involved functionals. Section [4] presents two matrix minimization problems arising when estimating
covariance/precision matrices from noisy realizations of a multivariate Gaussian distribution. While the
first one can be solved directly with the DR approach introduced in Section the second non-convex
problem is addressed thanks to a novel MM scheme, with inner steps solved with our DR method. In
Section [pl, a performance comparison of the DR approach for precision matrix estimation with state-of-
the-art algorithms is performed. The second part of this section is devoted to numerical experiments that
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illustrate the applicability of our MM method and its good performance on synthetic and real-world datasets.

Notation: Greek letters usually designate real numbers, bold letters designate vectors in a Euclidean
space, capital bold letters indicate matrices. The i—th element of the vector d is denoted by d;. Diag(d)
denotes the diagonal matrix whose diagonal elements are the components of d. D,, is the cone of vectors
d € R"™ whose components are ordered by decreasing values. The symbol vect(C) denotes the vector
resulting from a column—wise ordering of the elements of matrix C. The product A ® B denotes the classical

Kronecker product of matrices A and B, while A ® B denotes the Hadamard component—wise product. Let

H be a real Hilbert space endowed with an inner product (-,-) and a norm || - ||, the domain of a function

fiH —=]—o00,4o0)isdom f = {z € H| f(x) < +oo}. f is coercive if | Hlim f(x) = 400 and supercoercive
z||—+o0

if lim f(z)/||z]| = +o0c. The Moreau subdifferential of f at x € His Of(z) ={t e H | (Vy € H)f(y) >

llz]|—+o0
f(z)+ (t,y — x)}. To(H) denotes the class of lower-semicontinuous convex functions from H to | — 0o, +00]

with a nonempty domain (proper). If f € T'o(H) is (Gateaux) differentiable at - € H, then 0f (z) = {Vf(z)}
where V f(z) is the gradient of f at x. If a function f: H —] — 0o, +00] possesses a unique minimizer on
a set £ C H, it will be denoted by argmin f(z). If there are possibly several minimizers, their set will be
denoted by Argmin f(z). Given a SetweEl’E, int(E) designates the interior of E and ¢g denotes the indicator
function of thg esgt7 which is equal to 0 over this set and +o0o otherwise. In the remainder of the paper, the
underlying Hilbert space will be S,,, the set of real symmetric matrices equipped with the Frobenius norm,
denoted by || - ||r. The matrix spectral norm is denoted by || - ||s, the £; norm of a matrix A = (4, ;);; is
[Allx = >, ;[A4i;]. For every p € [1,+00[, R, (A) denotes the Schatten p-norm of A, the nuclear norm
being obtained when p = 1. O,, denotes the set of orthogonal matrices of dimension n with real elements; S,
and ST denote the set of real symmetric positive semidefinite, and symmetric positive definite matrices,
respectively, of dimension n. Iq denotes the identity matrix whose dimension will be understood from

the context. The soft thresholding operator soft,, and the hard thresholding operator hard, of parameter
€ [0, +oo] are given by (V€ € R) soft, () = sign(§) max{|¢| — p, 0} and hard, (§) = £iqi¢|>py, respectively.

2. Spectral Approach

In this section, we show that, in the particular case when ¢g; = 0, Problem reduces to the optimization
of a function defined on R™. Indeed, the problem then reads:

minimize f(C) — trace (TC) + ¢o(C), (6)

CeS,

where the spectral forms of f and gg allow us to take advantage of the eigendecompositions of C and T
in order to simplify the optimization problem, as stated below. Since the results in this section are direct
extension of existing ones, the proofs will be skipped. The reader can find more details in the extended

version of the paper [41].



Theorem 1. Lett € R™ be a vector of eigenvalues of T and let Ut € O,, be such that T = Uz Diag(t)Uj..
Let f and gy be functions satisfying and , respectively, where ¢ and v are lower-semicontinuous
functions. Assume that dom ¢ Ndom ) # @ and that the function d — ¢(d) —d "t +(d) is coercive. Then

a solution to Problem @ exists, which is given by
C = Uy Diag(d)U7, (7)
where d is any solution to the following problem:

minimize ¢(d) — d "t + ¢(d). (8)
der™

Before deriving a main consequence of Theorem|[I] we need to recall some definitions from convex analysis

[42, Chapter 26] [20], Section 3.4]:

Definition 1. Let H be a finite dimensional real Hilbert space with norm || - || and scalar product (-,-). Let

h: H —] — oo, +0o0] be a proper convex function.

e h is essentially smooth if h is  differentiable on  int(domh) % g and
limy, 400 [[VA(zn)|| = +o00 for every sequence (xp)nen of int(domh) converging to a point on the

boundary of dom h.

e h is essentially strictly conver if h is strictly conver on every conver subset of the domain of its

subdifferential.
e h is a Legendre function if it is both essentially smooth and essentially strictly conver.

e If h is differentiable on int(domh) # @, the h-Bregman divergence is the function D" defined on H?

as

(V(z,y) € H?)

h(z) = h(y) = (Vh(y), = —y) if y € int(dom f)

+00 otherwise.

D"(z,y) =

o Assume that h is a lower-semicontinuous convex Legendre function and that £ is a lower-semicontinuous
convex function such that int(domh) Ndom ¢ # & and either ¢ is bounded from below or h + £ is

supercoercive. Then, the D"-prozimity operator of £ is

proxy : int(dom h) — int(dom k) N dom ¢ (10)

y — argmin £(z) + D" (z,y).
TEH



In this definition, when h = || - |?/2, we recover the classical definition of the proximity operator in [43],
which is defined over H, for every function ¢ € T'g(H), and that will be simply denoted by prox,.
As an offspring of Theorem [T} we then get:

Corollary 1. Let f and go be functions satisfying and , respectively, where ¢ € T'g(R™) is a Legendre
function, ¥ € To(R™), int(dom p)Ndom ) # &, and either v is bounded from below or p+1) is supercoercive.
Then, the DY -proxzimity operator of go is defined at every Y € S, such that Y = Uy Diag(y)Uy, with
Uy € O,, and y € int(dom ), and it is expressed as

prox‘{;0 (Y)=Uy Diag(proxi(y))UﬁT(. (11)

Remark 1. Corollary ertends  known  results  concerning the case  when  f =
- le/2 [4l]. A rigorous derivation of the proximity operator of spectral functions in T'o(Sy) for the stan-
dard Frobenius metric can be found in [[3, Corollary 24.65]. We recover a similar result by adopting a
more general approach. In particular, it is worth noticing that Theorem (1| does not require any convexity

assumption.

3. Proximal Iterative Approach

Let us now turn our attention to the more general case of the resolution of Problem when f € T'o(Sy)
and g; # 0. Proximal splitting approaches for finding a minimizer of a sum of non-necessarily smooth
functions have attracted a large interest in the last years [46] [47] (48], [49]. In these methods, the functions
can be dealt with either via their gradient or their proximity operator depending on their differentiability
properties. In this section, we first list a number of proximity operators of scaled versions of f—trace (T -)+go,
where f and gg, satisfying and 7 are chosen among several options that can be useful in a wide range of
practical scenarios. Based on these results, we then propose a proximal splitting Douglas-Rachford algorithm

to solve Problem ([1)).

3.1. Proximity Operators

By definition, computing the proximity operator of vy (f — trace (T -) + go) with v €]0,+oc[ at C € S,,

amounts to find a minimizer of the function
1 _
C — f(C) — trace (TC) + go(C) + a||c - CJ|3 (12)

over S,. The  (possibly  empty) set of such  minimizers is  denoted by
Prox,y(f_tmce(T.)+go)(6). As pointed out in Section 2 if f + go € T'0(S,) then this set is the singleton

{Prox,,(—trace(T )+g0)(C)}- We have the following characterization of this proximity operator:



Theorem 2. Let v €]0,+oo] and C € S,,. Let f and go be functions satisfying and , respectively,
where p € To(R™) and @ is a lower-semicontinuous function such that dom pNdom # @. Let X € R™ and
U € 0, be such that C +~T = U Diag(A\)U".

(i) If 9 is lower bounded by an affine function then Prox,,4y) (X) # @ and, for every e Prox.(,44) (A),
U Diag(A) U € Prox,(f _irace(T 140 (C)- (13)
(i1) If ¥ is convex, then
PTOX.,(f_trace(T -)+0) (C) = U Diag (pFOXy(ww) ()\))UT- (14)
PROOF. See[Appendix A]

We will next focus on the use of Theorem [2| for three choices for f, namely the classical squared Frobenius
norm, the minus log det functional, and the Von Neumann entropy, each choice being coupled with various

possible choices for gp.

3.1.1. First Example: Squared Frobenius Norm
A suitable choice in Problem (1)) is f = |- ||3/2 [39, 40, 50]. The squared Froebenius norm is the spectral
function associated with the function ¢ = || - [|?/2. It is worth mentioning that this choice for f allows us

to rewrite the original Problem under the form , where

((C.¥)esl) DI(CY)=c- Y[} (15)

We have thus re-expressed Problem as the determination of a proximal point of function g at T in
the Frobenius metric. Table [I| presents several examples of spectral functions go and the expression of the
proximity operator of (¢ + 1) with v €]0, +00[. These expressions were established by using the properties
of proximity operators of functions defined on R™ (see [51, Example 4.4] and [46, Tables 10.1 and 10.2]).

Remark 2. Another option for gg is to choose it equal to ul|| - ||s where p €]0,+o0[. For every v €]0, +00],

we have then

A
(VAER?)  proxy(py) () =proxes ), <1+7> ’ 1o
where || - || 400 18 the infinity norm of R™. By noticing that || - ||+ is the conjugate function of the indicator

function of By, the unit £* ball centered at 0 of R™, and using Moreau’s decomposition formula, [{3,

Proposition 24.8(ix)] yields

. 1 /A
(VA e R") PrOX., (i) (A) = Ty ()\ — WY projp,, (WY)) . (17)

The required projection onto By can be computed through efficient algorithms [52, [53)].
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Table 1:  Proximity operators of ’y(%H : ||12: + go) with v > 0 evaluated at symmetric matrix with vector of eigenvalues
A = (M\i)1<i<n. For the inverse Schatten penalty, the function is set to +0o when the argument C is not positive definite.
E; denotes the set of matrices in S, with Frobenius norm less than or equal to o and Eo the set of matrices in S, with
eigenvalues between o and . In the last line, the i-th component of the proximity operator 1s obtalned by searching among

the nonnegative roots of a third order polynomial those minimizing X; — 2 (X; — [Xi[)? +7(3(\))2 + plog((M\)? +¢)).
90(C), >0 PIOX.(o,4) (A)
Nuclear norm M
uR1(C) (SOft#l (7+1>>1<i<n
Frobenius norm .
L Cle (1 - ”'y)f”> 75 i Al > yu and O otherwise
Squared Frobenius norm A
u)|Cll% 1+~ (1+2p)
Schatten 3—penalty -1 ( . )
. Ai 1)2 + 12|\, —v-1
JR(C) (6vw)™" (sign () vy + 2 + 120N =y 1)
Schatten 4—penalty e , (41)°
-1/3 , 2 o 2 : _
JRA(C) (8yw) \/Al + A+ C+ \/Ai /A2 +<) | with ¢ = 377
1<i<n
Schatten 4/3-penalty ﬁ <>\i - Z;Zﬁ <\/\/)\27 A — \/W T4\ ))
4/3 3 1<i<n
uRy3(C) with ¢ = 2001

Schatten 3/2-penalty

A=)

3/2
MR3?2(C) <i<n
Schatten p—penalty (sign()\i)di)KKn
pRAH(C), p > 1 with (Vi € {1,...,n}) d; > 0 and pypd?™ "+ (y + 1)d; = \i
Inverse Schatten p—penalty (d )1 <i<n
HRE(C™1), p >0 with (Vi € {1,...,n}) d; > 0 and (y 4 1)d*** — \;id®™' = pyp
i A
Bound on the Frobenius norm a——— if ||A]| > (1 + ~) and otherwise, a € [0, +00]
ve, (C) [[ Al
Bounds on eigenvalues .
: (min(max(As/ (v + 1), @), 8))1<;<ps e 8] C [=00, o]
LEQ(C)
Rank i
hard
purank(C) ( o 4 <1+’Y)>1<i<n
Cauchy € {(sign(\i)di)1<i<n | (Vi€ {1,...,n}) d; > 0 and
plog det(C? + lg), € > 0 (v+ 1)d? — [N|d? + (2yp+e(v + 1)) = |\ile}




3.1.2. Second Example: Logdet Function
Another popular choice for f is the negative logarithmic determinant function [Il, [33] [2, 13| [3] [6] 5] 4],
which is defined as follows

—logdet(C) if Ce St
(VCeS,) [f(C)= (18)

400 otherwise.

The above function satisfies property with

— log(Ai) if A €]0, o0
= i=1

(VA= i<i<n ER™) 0(X) (19)

400 otherwise.

Actually, for a given positive definite matrix, the value of function simply reduces to the Burg entropy
of its eigenvalues. Here again, if Y € S+ and T = —Y !, we can rewrite Problem under the form
(3), so that it becomes equivalent to the computation of the proximity operator of g with respect to the

Bregman divergence given by

det(Y) “100 o ++
log (det(C)) + trace (Y 'C) —n if C € S}

(YCeS,) D/(CY)= (20)

400 otherwise.
In Table[2] we list some particular choices for gg, and provide the associated closed form expression of the

proximity operator prox. () for v €]0, +00[, where ¢ is defined in . These expressions were derived
from [46] Table 10.2].

Remark 3. Let gy be any of the convex spectral functions listed in Table[d Let W be an invertible matriz in
R™ " and let C € S,, From the above results, one can deduce the minimizer of C — y(f(C)+go(WCW "))+
%HWCW—r — C||3 where v €]0, +00|. Indeed, by making a change of variable and by using basic properties
of the log det function, this minimizer is equal to W1 proxv(ergO)(é) (W—HT,

3.1.8. Third Example: Von Neumann Entropy
Our third example is the negative Von Neumann entropy, which appears to be useful in some quantum
mechanics problems [54]. It is defined as

race (Clo i +
(VCes,) f(C)= t (Clog(C)) ifCeS;t (1)

400 otherwise.

In the above expression, if C = UDiag(A)U" with A = (\;)1<i<n €]0, +00[® and U € O,,, then log(C) =
U Diag ((log /\i)lgign)UT. The logarithm of a symmetric definite positive matrix is uniquely defined and



Table 2: Proximity operators of v(f 4+ go) with v > 0 and f given by (18], evaluated at a symmetric matrix with vector
of eigenvalues A = (X\;)1<i<pn. For the inverse Schatten penalty, the function is set to 400 when the argument C is not
positive definite. E2 denotes the set of matrices in S,, with eigenvalues between a and . In the last line, the i-th component

of the proximity operator is obtained by searching among the positive roots of a fourth order polynomial those minimizing
A= 5 (N = N)? +y(ulog((X)? + ¢) — log A]).

9o(C), u>0 ‘ prox,y(wrw)(/\)
Nuclear norm 1 ( >
SN — i —yp)? + 4
LR (C) : T4 /(i —y)? + 4y rion
Squared Frobenius norm 1 2
(N /N2 A2+ T
1l ClI% 2(2w+1)< \/ ¢t ))19@
Schatten p—penalty (ali)1 <i<n
PRH(C), p>1 with (Vi € {1,...,n}) d; > 0 and pypd) + d? — \id; =~
Inverse Schatten p—penalty (d )1 <i<n
PRE(C™Y), p>0 with (Vi € {1,...,n}) d; >0 and d*™ — \;d”™" — ~d? = pryp
Bounds on eigenvalues (min(max (%()\z 4 \/W),Oé>,5>) [ Bl € [0, 400
LE, (C) 1<i<n
Cauchy € {(di)1<i<n | (Vi€ {1,...,n}) d; > 0 and
plogdet(C? + €ly), e > 0 df S+ (e + 7(2u —1))d? —eXid; = e}

the function C + Clog(C) can be extended by continuity on S; similarly to the case when n = 1. Thus,

f is the spectral function associated with

> Ailog(Ni) if A € [0, +o0["

(VA= Nii<izn €R™)  p(A) = (22)

+00 otherwise.

Note that the Von Neumann entropy defined for symmetric matrices is simply equal to the well-known
Shannon entropy [55] of the input eigenvalues. With this choice for function f, by setting T = log(Y) + I4
where Y € ST, Problem can be recast under the form 7 so that it becomes equivalent to the
computation of the proximity operator of g with respect to the Bregman divergence associated with the Von

Neumann entropy:

(VCeS,) DI(CY)=
trace (Clog(C) — Ylog(Y) — (log(Y)+14) (C-Y)) ifCeS;
+00 otherwise.

We provide in Table|3| a list of closed form expressions of the proximity operator of v(f + gg) for several

choices of the spectral function gq.
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Table 3: Proximity operators of v(f 4+ go) with v > 0 and f given by (21), evaluated at a symmetric matrix with vector
of eigenvalues A = (A\;)1<i<n. FE2 denotes the set of matrices in S,, with eigenvalues between o and 3. W(-) denotes the
W-Lambert function [56].

gO(C)v > 0 ‘ proxfy((erw)(A)
Nuclear norm ( (1 (A- )))
W (= 2 —1
LR1(C) i VP TR 1<i<n
Squared Frobenius norm ~ 2uv+1 s
LI C2 e (W (3 e (3 1)) L
Schatten p—penalty (di)lgign
URE(C), p > 1 with (Vi € {1,...,n}) d; > 0 and puyd? ™" + d; +vlogd; + v = \;
Bounds LOEIl (e(i;:g)envalues (min (max (’yW(% exp (% - 1)) , a) ’B))lgign’ [, B] C [0, +00)
Rank (d,‘)lgign with
pi if pi > x _
X =V (y+20) =7,
prank(C) (Vie{l,...,n}) di=<0orp; ifp;=x and ( 1 ) N
) pi =W (;exp (7’*1»
0 otherwise

3.2. Douglas-Rachford Algorithm

We now propose a Douglas-Rachford (DR) approach ([57, 46} [58]) for numerically solving Problem ().
We point out that the DR algorithm is directly related to the Alternating Direction Method of Multipliers
(ADMM), since the latter can be viewed as a version of the former applied to a dual formulation of the
problem. The DR method minimizes the sum of f — trace (T-) + go and ¢g; by alternately computing
proximity operators of each of these functions. Proposition [2] allows us to calculate the proximity operator
of y(f — trace (T-) + go) with v €]0, +o00[, by possibly using the expressions listed in Tables and
Since g1 is not a spectral function, prox,,, has to be derived from other expressions of proximity operators.
For instance, if g; is a separable sum of functions of its elements, e.g. g = || - ||1, standard expressions for
the proximity operator of vector functions can be employed [51, 46]E|

The computations to be performed are summarized in Algorithm [I} We state a convergence theorem in
the matrix framework, which is an offspring of existing results in arbitrary Hilbert spaces (see, for example,

[46] and [59, Proposition 3.5]).

Theorem 3. Let f and gg be functions satisfying and , respectively, where ¢ € To(R™) and ¢ €
To(R™). Let g1 € T'o(Sy) be such that f — trace (T-) 4+ go + g1 is coercive. Assume that the intersection of
the relative interiors of the domains of f + go and g1 is non empty. Let (a'®))y>q be a sequence in [0,2]
such that 3720 a®) (2 — a®)) = f00. Then, the sequences (C#+3)),50 and (prox.,, (2CHk+32) — c™)) o
generated by Algorz'thm converge to a solution to Problem where g = go + g1- )

ISee also http://proximity-operator.net.
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Algorithm 1 Douglas—Rachford Algorithm for solving Problem
1: Let T be a given matrix in S, set v > 0 and cOes,.
2: for k=0,1,... do
3. Diagonalize C*) 4 AT, ie. find U® e 0, and A*) € R” such that

C® 44T = U® Diag(A®)(U®)T

4 dk+2) ¢ Prox. (o4 ( )

5. Ck+3) =yt )Dlag(d( D) (UE)T

6:  Choose aF) ¢ [0,2]

7 GO € CW 4 (Prox,,, (2CHHH — CW) - Ct+D).
8: end for

We have restricted the above convergence analysis to the convex case. Note however that recent convergence
results for the DR algorithm in a non-convex setting are available in [60, [61] for specific choices of the involved
functionals.

3.8. Positive Semi-Definite Constraint

Instead of solving Problem , one may be interested in:

mlmmlze f(C) — trace (CT) + ¢g(C), (23)
CceS;h

when dom fNdomg ¢ S;. This problem can be recast as minimizing over S,, f — trace (-T) + go + g1 where
Jgo=go+¢ St We are thus coming back to the original formulation where gg has been substituted for gq.

In order to solve this problem with the proposed proximal approach, a useful result is stated below.

Theorem 4. Let v €]0,+0o] and C € S,,. Let f and go be functions satisfying and , respectively,
where @ € To(R™) and ¢ € To(R™). Assume that

(YA = (M)ici<n €R™) - @(XN) +9(X) = Zp’ (A7) (24)

where, for everyi € {1,...,n}, pi: R =]—00,+00] is such that dom p;N[0, +oo[# &. Let A = (A\;)1<i<n € R”
and U € O,, be such that C +~T = UDiag(A)U". Then

PTOX.,(f— trace(T -)+30) (C) = U Diag ((maX(O, prOX"/Pi()\i)>)1§i§n) U’ (25)
PRrROOF. Expression readily follows from Theorem ii) and [62, Proposition 2.2]. O

4. Robust Estimation in Gaussian Graphical Models

Estimating the covariance matrix of a random vector is a key problem in statistics, signal processing,
and machine learning [I'7, (18, 8, [6l [63]. A related problem can be found in graphical modeling: in this case,

12



the problem consists of estimating the graph adjacency matrix, which is modeled as the precision matrix
(i.e., the inverse of covariance matrix) of the random Gaussian vector associated with the nodes of the
graph. Nonetheless, in existing techniques devoted to solve the aforementioned problems, little attention
is usually paid to the presence of noise corrupting the available observations. We develop in this section
two novel formulations which account for noise information. Firstly, we address the problem of covariance
matrix estimation. The chosen objective function consists of a squared Frobenius norm term coupled with
regularization functions driven by the targeted application, and it can be minimized efficiently by using our
DR method. The second problem is the estimation of the precision matrix under sparsity constraints. To
the best of our knowledge, no method is available in the literature to solve the non-convex problem arising
in this case. Here, we propose to resort to a majorization-minimization (MM) strategy, combined with the
previously described DR procedure. Note that a different MM formulation for estimating sparse covariance

matrices was proposed in the seminal work in [9].

4.1. Models and Proposed Approaches

Let S € S be a sample estimate of a covariance matrix 3 which is assumed to be decomposed as
=Y+ (26)

where o € [0, 400 and Y* € S, may have a low-rank structure. We focus on the problem of searching an
estimate of Y* from S by assuming that ¢ is known. More specifically, we consider the following observation
model [64]:

Vie{l,...,N}) x® =As® 4 (27)

where A € R™™™ with m < n and, for every i € {1,..., N}, s() € R™ and e € R” are realizations of
mutually independent identically distributed Gaussian multivalued random variables with zero mean and
covariance matrices P € ST and 0214, respectively. The latter model has been employed for instance in
[65, 66] in the context of the “Relevant Vector Machine problem”. The covariance matrix 3 of the noisy
input data (x(i)) takes the form with Y* = APAT. A rough estimate of 3 from the observed

data (x(i))

1<i<N

l<icn Can be obtained through the empirical covariance:

1 N . AN T
S:N;X(’)(x(’)) . (28)

In the following, we propose two alternative variational approaches for the estimation of 3 given the noisy

input data (x(i))1<i<N.

Covariance-based model. Our first formulation yields an estimate Y of Y* given by

N 1
Y = argmin §||Y - (S + (TQId) ||12: + g0(Y) + g1(Y), (29)
Yes;

13



where S is the empirical covariance matrix, go satisfies with ¢ € Ty(R™), g1 € T'9(Sy), and the intersection
of the relative interiors of the domains of gg and g; is assumed to be non empty. A particular instance of
this model with o = 0, go = poR1, g1 = pll - ||l1, and (po, p1) € [0, +00[? was investigated in [39] and
[40] for estimating sparse low-rank covariance matrices. In the latter reference, an application to real data
processing arising from protein interaction and social network analysis was presented. One can observe that
Problem takes the form by setting f = 1| - [|3 and T = S — 0I4. This allows us to solve (29)
with Algorithm [1| Since gg is assumed to satisfy , the proximity step on f 4+ go + ¢ s+ can be performed
by employing and formulas from The resulting DR procedure can thus be viewed as
an alternative to the methods developed in [40] and [39]. Let us emphasize that these two algorithms were
devised to solve an instance of corresponding to the aforementioned specific choices for gg and g;, while
our approach leaves more freedom in the choice of the regularization functions. A comparison of the three

algorithms will be performed in Section

Precision-based model. Our second strategy focuses on the estimation of the inverse of the covariance matrix,
i.e. the precision matrix C* = (Y*)~! by assuming that Y* € S;7* but may have very small eigenvalues in
order to model a possible low-rank structure. Tackling the problem from this viewpoint leads us to propose

the following penalized negative log-likelihood cost function:
(VCesS,)  F(C)=f(C)+Ts(C)+90(C) + g1(C) (30)
where

logdet (C™1 +0%1q) if Ce St
(vCes,)  f(C) = (31)

400 otherwise,

trace ((Id + 020)71 CS) ifCeSt
(VC e S,) Ts(C) = (32)

400 otherwise,
go € T'o(S,,) satisfies with 1 € To(R"™), and g1 € T'y(S,). Typical choices of interest for the latter two

functions are

/J,O’R,l(cil) if Ce S,;LFjL
(VCeSn)  9(C) = (33)

400 otherwise,

and g1 = p1| - |1 with (po, p1) € [0, 4+00[2. The first function serves to promote a desired low-rank property
by penalizing small eigenvalues of the precision matrix, whereas the second one enforces the sparsity of this
matrix as it is usual in graph inference problems. Note that the standard graphical lasso framework [6]
is then recovered by setting ¢ = 0 and po = 0. The advantage of our formulation is that it allows us to

consider more flexible variational models while accounting for the presence of noise corrupting the observed

14



data. The main difficulty however is that Algorithm |1| (or its dual counterpart ADMM) cannot be directly
applied to minimize the non-convex cost F. In Section [£.2] we study in more details the properties of the
latter cost function. This leads us to derive a novel optimization algorithm based on the MM principle,

making use of our previously developed Douglas-Rachford scheme for its inner steps

4.2. Study of Objective Function F

The following lemma will reveal useful in our subsequent analysis.

Lemma 1. Let o €]0,+o00[. Let h: 10,0 2[— R be a twice differentiable function and let

: R:A— ——. 4
u: [0, +o00[— — 5 o2 (34)
The composition h o u is convezx on |0, +oo[ if and only if
(Vo €]0,672))  h(v)(1 —o%v) — 202h(v) > 0, (35)
where h (resp. h) denotes the first (resp. second) derivative of h.
PROOF. The result directly follows from the calculation of the second-order derivative of h o u. O
Let us now note that f is a spectral function fulfilling with
- Zlog (u(X;)) if X €]0, +oo[™
(VA= (Niici<n €ER™)  o(A) =4 =1 (36)

400 otherwise,

where u is defined by . According to Lemma [I| (with o = —log), f € T'¢(S,). Thus, the assumptions
made on gg and g, allow us to deduce that f 4 gg + g1 is convex and lower-semicontinuous on S,.

Let us now focus on the properties of the second term in .

Lemma 2. Let S € S;F. The function Ts in is concave on S, .

ProOF. Sec [ppendix By

As a last worth mentioning property, 7g is bounded on SF*. So, if dom f Ndom gy N domg; # @ and
f g0+ g1 is coercive, then there exists a minimizer of F. Because of the form of f, the coercivity condition

is satisfied if go + g1 is lower bounded and limg g+ o200 90(C) + 91(C) = +o0.
4.8. Minimization Algorithm for F

In order to find a minimizer of F, we propose a Majorize—Minimize (MM) approach, following the ideas
in [67, [64, [68], [69] [70L [71]. At each iteration of an MM algorithm, one constructs a tangent function that
majorizes the given cost function and is equal to it at the current iterate. The next iterate is obtained by
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minimizing this tangent majorant function, resulting in a sequence of iterates that reduces the cost function
value monotonically. According to the results stated in the previous section, our objective function reads as
a difference of convex terms. We propose to build a majorizing approximation of function 7g at C’ € S+

by exploiting Lemma [2| and the classical concavity inequality on Tg :
(VC e SFt) Ts(C) < Ts(C') + trace (VTs(C') (C — C")). (37)
As f is finite only on ST, a tangent majorant of the cost function at C’ reads:
(VC€S,) G(C|C) = F(C)+7Ts(C)+trace (VT&(C') (C — €)) + go(C) + 91 (C).
This leads to the general MM scheme:

(V¢ € N) CU*D ¢ Argmin f(C) + trace (VTs(C¥)C) + go(C) + ¢1(C) (38)
CeS,

with C© ¢ S+, At each iteration of the MM algorithm, we have then to solve a convex optimization
problem of the form . In the case when gy = 0, we can employ the procedure described in Section
to perform this task in a direct manner. The presence of a regularization term g; #Z 0 usually prevents us
to have an explicit solution to the inner minimization problem involved in the MM procedure. We then
propose in Algorithm [2] to resort to the Douglas-Rachford approach in Section [3] to solve it iteratively. A
convergence result is next stated, which is inspired from [(2] (itself relying on [73] p. 6]), but does not require

the differentiability of gg + g1.

Algorithm 2 MM algorithm with DR inner steps

1: Let S € S, be the data matrix. Let ¢ be as in (36), let ¢ € To(R™) be associated with go. Let (v¢)een
be a sequence in |0, +-00[. Set C(®:0) = CO) ¢ S+,

2: for £ =0,1,... do

3: for k=0,1,... do

4: Compute UEK) € 0, and A&*) € R™ such that

.
ClR) 5, UT5(CW) = UEH Diag(AEH) (UW«))

LR+1) ,

5: dtk+3) — PrOX., (444 ()\(e k))

6: c(tk+3) — gk Diag (d(ka%)) (UEm) "

e if Convergence of MM sub-iteration is reached then
8: Cce+1) — ok+3)

9: C(Z+1,0) pr—y C(Z)k)

10: exit inner loop

11: end if

12: Choose ag i €]0,2]

13: CEHRD) = CR) 4 oy, (proxfﬂy1 (QC(Z’H%) - C(M)> - C(M+%))
14: end for

15: end for
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Theorem 5. Let (CYW)so be a  sequence  generated by  (B3). Assume  that
dom f Ndomgo Ndomg; # @, f + go + g1 is coercive, and E = {C € S, | F(C) < F(CO)} is a
subset of the relative interior of dom gy N dom g1. Then, the following properties hold:

(i) (]:(C(e)))bo is a decaying sequence converging to FeR.
(ii) (C)y>q has a cluster point.
(#ii) Every cluster point C of (C®)y>q is such that ]—"(6) = F and it is a critical point of F, i.e. —Vf(a)—
V75(C) € A0 + 91)(C).

PRoOF. Sec [Sppendis ]

5. Numerical Experiments

This section presents some numerical tests illustrating the validity of the proposed algorithms. All the
tests were ran on a Hewlett—Packard Notebook with 16GB or RAM, INTEL i5 CPU (1.6GHz) equipped
with MatLab R2019a. All the numerical tests are reproducible, using the code we made available at http:

//www-syscom.univ-mlv.fr/~benfenat/Software.html.

5.1. Application to Sparse Covariance Matrixz Estimation

We first consider the application of the DR algorithm from Section [3] to the sparse covariance matrix
estimation problem introduced in [40]. As we have shown in Section a solution to this problem can be
obtained by solving the penalized least-squares problem , where S is the empirical covariance matrix
defined in (28)), and the regularization terms are gy = poR1 and g1 = 1| - ||i. We propose to compare the
performance of the DR approach from Section with the IPD algorithm [40] and the ADMM procedure
[39], for solving this convex optimization problem. The synthetic data are generated using a procedure

similar to the one in [40]. A block-diagonal covariance matrix Y* is considered, composed of r blocks with
T

dimensions (r;)1<;<r, so that n = er. The j-th diagonal block of Y* reads as a product aja;r, where
j=1
the components of a; € R are randomly drawn on [—1,1]. The number of observations N is set equal to

n with n € {100, 300,500, 1000} and, for each dimension n, we consider 10 noise realizations with standard
deviation 0 = 0.1. The three tested algorithms are initialized with S + 14, and stopped as soon as a relative
decrease criterion on the objective function is met, i.e. when |Fyy1 — F| < €|F|, € > 0 being a given
tolerance and Fj, denoting the objective function value at iteration k. The maximum number of iterations
is set to 3000. The gradient stepsize for IPD is set to k~!. In Algorithm [1} a is set to 1.5. In ADMM, the
initial Lagrange multiplier is set to a matrix with all entries equal to one, and the parameter of the proximal
step is set to 1.

Fig. [1] illustrates the quality of the recovered covariance matrices (for n = 100 or 500) when setting
e = 10719 and for one out of ten noise realizations. Three different indicators for estimation quality are
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Figure 1: Original matrix and reconstruction results for DR, ADMM and IPD algorithms, for n = 100 (top) and n = 300
(bottom).

provided, namely the true positive rate (tpr), i.e. the correctly recognized non—zero entries, the false positive
rate (fpr), i.e. the entries erroneously added to the support of the matrix, and the relative mean square error
(rmse), computed as || Yiec — Y*||2/[[Y*||%, where Y. is the recovered matrix. The penalty parameters
p1 and po are chosen empirically so as to minimize rmse on a single noise realization. Note that the two
first measurements are employed when the main interest lies in the recovery of the matrix support. A visual
inspection shows that the three methods provide similar results in terms of matrix support estimation. The
numerical values of the 3 indicators are depicted in Table [4] showing that the three methods achieve similar

quantitative scores.

Table 4: Numerical results for ¢ = 10710, averaged over 10 different noise realizations. All the algorithms provide similar
results, in terms of rmse, fpr and tpr, for each test case.

tpr | 0.14% | 0.21% | 0.24%

n | | DR | ADMM | IPD | n | | DR | ADMM | IPD
| rmse || 0.3715 | 0.3715 | 0.3778 || | rmse | 0.2654 | 0.2825 | 0.2691
100 | tpr || 72.29% | 73.27% | 75.14% | 500 | tpr | 74.97% | 74.85% | 76.98%
| for || 1.65% | 1.55% | 1.54% || | fpr | 0.21% | 0.25% | 0.26%
| rmse || 0.1849 | 0.1852 | 0.1828 || | rmse | 0.1707 | 0.1735 | 0.1799
300 | tpr || 80.81% | 81.17% | 82.78% || 1000 | tpr | 83.77% | 84.04% | 84.87%
| |

for || 0.78% | 0.68% | 0.84% ||
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Table [5| allows us to compare the algorithms in terms of computation time (in seconds) and iteration
number (averaged on 8 noise realizations, where the shortest and the longest times among the 10 runs were
discarded), for the four scenarios corresponding to distinct problem sizes and block distributions. It can
be observed that the behaviors of ADMM and DR are similar, while IPD requires many more iterations
and time to reach the same precision. Furthermore, the latter fails to reach a high precision in the allowed
maximum number of iterations, for all the four examples. The main source of computational cost of each
procedure lies in the eigenvalue decomposition of a matrix, hence one iteration of any procedure among
DR, ADMM and IPD takes approximately the same amount of time, which mainly depends on the matrix
dimension. Furthermore, Table [5| shows that the DR approach often requires less iterations to achieve the

same precision level, hence reaching a lower computational cost with respect to the other two procedures.

Table 5: Comparison in terms of convergence time between DR, ADMM and IPD procedures. The enlighten times refer to
the shortest ones. Among the 10 realization, the shortest and the longest timings were discarded in the computation of the
arithmetic mean.

n =100, pg = 0.2, u; = 0.15, r =5 ‘ n =300, pg = 0.1, pg = 0.1

{r;} = {20,14,10,15, 41} r =10, {r;} = {49, 25,58,29,7,42,26,9, 15,40}

| DR | ADMM | PD || DR | ADMM | IPD
€ ‘ Time (iter) ‘Time (iter) ‘ Time (iter) H Time(iter) ‘Time (iter) ‘ Time (iter)

10°° 0.01 (19) | 0.01 (16) | 0.12 (179) 0.10 (16) | 0.08 (16) | 0.87 (151)
1077 | 00.02 (32) | 0.04 (60) | 0.37 (581) || 0.19 (31) | 0.30 (48) | 3.01 (484)
107° | 00.07 (78) | 0.12(132) | 1.66(1867) | 0.30 (47) | 0.76 (114) | 10.02(1542)
107° | 00.13(146) | 0.26 (281) | 2.62(3000) || 0.78 (124) | 1.44 (228) | 19.22(3000)

) ) ) )

1071 | 00.29(314) | 0.45 (489) | 2.63 (3000 1.52(238) | 2.37 (371) | 18.92(3000
n =500, ug = 0.1, uy = 0.06, r =9 n = 1000, pg = 0.05, uy = 0.06, r = 12
{rj} = {132,112, 72,3, 24, 1,43, 30, 83} {rj} = {189,171, 59,58, 7,120, 64, 34, 19, 86, 60, 133}

1076 0.34 (18) | 0.30 (15) | 2.59 (138) 1.32 (12) | 1.74 (1
1077 1.06 (51) | 1.60 (77) | 8.90 (446) 3.15 (24) | 6.11 (4
1078 2.04 (99) | 3.83 (180) | 28.12(1431) 6.66 (54) | 11.01 (
107° 4.47(208) | 9.13 (411) | 60.93 (3000) 9.95 (78) | 22.59 (1
1071° | 8.95(418) | 16.70 (766) | 61.66(3000) || 18.56 (139) | 48.91 (3

5) | 12.98 (112)
5) | 44.21 (362)
0) | 139.43(1141)
4) | 380.36 (3000)
7) | 387.83(3000)

9
8
5

5.2. Application to Robust Graphical Lasso

Let us now apply the MM approach presented in Section[£.3]to the problem of precision matrix estimation

introduced in on synthetic and real-world datasets.

Precision matriz estimation. A sparse precision matrix C* of dimension n xn is randomly created, where the
number of non—zero entries is chosen as a proportion p €]0, 1] of the total number n?. Then, N realizations
(x")1<;<n of a Gaussian multivalued random variable with zero mean and covariance Y* = (C*)~! are
generated. Gaussian noise with zero mean and covariance %Iy, o > 0, is finally added to the x(*’s, so

that the covariance matrix 3 associated with the input data reads as in with A = I4. As explained
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Figure 2: Estimation results for different noise levels in terms of rmse (upper panel) and fpr (lower panel) for MM, GLASSO
and DR approaches. The MM procedure has a stable behaviour wrt to increasing noise, while DR and GLASSO strongly suffer
from the presence of noise.

in Section the estimation of C* can be performed by using the MM algorithm from Section based
on the minimization of the nonconvex cost with regularization functions g1 = p1l| - |1, #1 > 0, and
(VC € 8 F) g0(C) = poR1 (C™1), po > 0. The computation of PIOX. (1) With v €]0, +00] related to this
particular choice for gy and function ¢ given by and leads to the search of the only positive root
of a polynomial of degree 4.

A synthetic dataset of size n = 100 is created, where matrix C* has 20 off-diagonal non-zero entries (i.e.,
p = 1072) and the corresponding covariance matrix has condition number 0.125. N = 1000 realizations
are used to compute the empirical covariance matrix S. In our MM algorithm, the inner stopping criterion
(line [7] in Algorithm [2)) is based on the relative difference of majorant function values with a tolerance
of 1071%, while the outer cycle is stopped when the relative difference of the objective function values
falls below 1078. The DR algorithm is used to solve the inner subproblems, by using parameters (V/)
Ye = 1, (Vk) age = 1 (see Algorithm [2 lines 4H13). The allowed maximum inner (resp. outer) iteration
number is 2000 (resp. 20). The quality of the results is quantified in terms of fpr (false positive rate)
on the precision matrix and rmse (relative mean square error) with respect to the true covariance matrix.
The parameters u; and pg are set in order to obtain the best reconstruction in terms of rmse. For eight
values of the noise standard deviation o, Fig. [2]illustrates the reconstruction quality (averaged on 20 noise
realizations) obtained with our method, as well as two convex minimization approaches that do not take
into account the noise in their formulation, namely the classical GLASSO approach from [74], code available
at http://stanford.edu/~boyd/papers/admm/covsel/covsel _example.html, which amounts to solve (1)
with f = —logdet, g = p1]| - |1, and the DR approach described in Section [3} in the formulation given by
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Figure 3: Evolution of the objective functions of each tested method when o = 0.5. The GLASSO approach has the fastest
rate, but on the other hand it provides no reliable results. The major cost of the MM procedure lies in the first iteration, while
the other iterations are fast.

with f = —logdet, (VC € S 1) g(C) = noR1 (C™') + p1[|CJ|1. For the DR approach, prox., ., with
v €]0, +o0[ is given by the fourth line of Table [2] (when p = 1).

As expected, as the noise variance increases the reconstruction quality deteriorates. The GLASSO
procedure is strongly impacted by the presence of noise, whereas the MM approach achieves better results,
also when compared with DR algorithm. Moreover, the MM algorithm significantly outperforms both other
methods in terms of support reconstruction, revealing itself very robust with respect to an increasing level
of noise. Fig. [3] depicts the behavior of the objective function of each of the three compared methods, for

the problem instance when ¢ = 0.5, as a function of the computational time.

Moléne Dataset. We now consider a real dataset consisting of weather information collected by 55 stations
of Radome type located in a French region between 47°N and 49°N, and 2°W and 6°W. The data refer to
the Archipel Moléne project and they were collected from 1st Jan 2014 to 31st Jan 2014. They contain
hourly information about rain (precipitation in kg/m?), temperature (value, maximal temperature of air,
minimal temperature of air) and wind (speed [10’ mean], max speed [10’ mean], max speed [m/s]; direction
[10’ mean], max direction [10’ mean], max direction [angle]): this dataset is freely availableﬂ a visualization
of four snapshots of these data is shown in Fig. @] In this experiment the focus is on speed and direction
of the wind: the collected data are stored in two matrices Wy and W, both belonging to R31*744 i e.
the hourly registrations (744 = 24 x 31) were taken by 31 (over 55) weather stations. The interest lies
in finding connections between the different spots. The time interval considered in the whole dataset is
quite large, it covers an entire month and then it can masquerade some interactions, so that only a subset

referring to the first 3 days is retained. We also discarded the records from the weather station with code

name PLOUDALMEZEAU as there were presenting erroneous and/or missing values. This pre-processing

2h‘ctps ://wwu.data.gouv.fr/fr/datasets/donnees-horaires-des-55-stations-terrestres-de-la-zone-large-molene-
sur-un-mois/
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Figure 4: Visualization of some snapshots of Moléne Dataset. Each point represents a weather station (see ?? for stations’
names). The blue arrows represent wind direction and their length is proportional to wind speed. The color of each station
refers to the recorded temperature (in °C). The map shows the French region between 47°N and 49°N and 2°W and 6°W and
was downloaded from |openstreetmap.org.

R30X72)2 i e n =30 and N = 72. We propose to consider

procedure leads to smaller matrices (Wy, W) € (
the wind data regarding both speed and direction in a coupled manner: a new data matrix Wy = W;0OWy
is considered. In this way, the direction of the wind is modulated by its speed. Matrix S in Algorithm 2]
is taken as S = D ® S1, S € R30%30 where S; is the empirical covariance of the rows in Wy, and D
is a symmetric matrix which encodes the relative distances in kilometers between the weather stations:
d;; = (0.1)"7, where r; ; is the distance between the i~th and the j-th stations, and r;; = 0 for every i.
We apply the proposed MMDR algorithm for minimizing with go = poR1 ((-)71) and g1 = pal| - |1
The noise level o is set to the standard deviation of the elements in W 4. Further setting of Algorithm [2]are:

po =1, uy = 0.1, v = 10, o®®) = 1, inner loop tolerance 10~> (maximum 3000 iterations) and outer loop
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tolerance £, = 10~* (maximum 20 iterations). The results are depicted in Fig. Within these settings,
the graph is sparse, easy to interpret (cf. Fig. . Moreover, a three-subgraphs structure arises: the bigger
subgraph is located in the west part, connected to the eastern one by the nodes 19 and 23. In the north a
group of 5 stations (3, 5, 7, 20 and 28) depicts a subgraph which shares edges with the other twos. Finally,

three isolated stations are connected in the north—east part of the map.
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Figure 5: Recovered graph from wind direction—speed data. Three main subgraphs are present, in the west, in the north and in
the south—east. A small group of three stations is connected in the far north. The red arrows represent medium wind direction
modulated by the medium speed in the considered time interval.

We now perform comparisons with respect to the classical GLASSO approach, and to the case when
o is assumed to be 0. We apply Douglas-Rachford algorithm for minimizing Eq. with f = —logdet,
(VC € §§T) 9(C) = poR1 (C71) +11||Cll1. Two settings are considered for the parameters (4, p11), namely
(0,5 x 1079) corresponding to GLASSO and (ug,p1) = (6 x 1073, 107%). The algorithm parameters are
v = 4, a®® = 1.8, and the stopping criterion tolerance is 10~% with a maximum number of 4 x 10*
iterations. The recovered graphs are depicted in Fig. [} The GLASSO graph seems to provide no useful
information, since the degree of the nodes stays rather high. For the second setting of parameters, here-
again, the graph does not show any particular structure. Those comparisons illustrate the advantage of our

MMDR method, both accounting for the presence of noise and introducing a spectral penalization.
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(a) (no, 1) = (0, 5% 107°). (b) (ko, 1) = (6 x 1073, 107%).

Figure 6: DR algorithm for minimizing with f = —logdet and (VC € S 1) ¢g(C) = poR1 (C™Y) + m1||C|1, for two
different settings of regularization parameters.

6. Conclusions

In this work, various proximal tools have been introduced to deal with optimization problems involving
real symmetric matrices. We have focused on the variational framework which is closely related to the
computation of a proximity operator with respect to a Bregman divergence. It has been assumed that f in
is a convex spectral function, and g reads as gg + g1, where gq is a spectral function. We have provided a
fully spectral solution in Section [2]when g; = 0, and, in particular, Corollary [[] could be useful for developing
algorithms involving proximity operators in other metrics than the Frobenius one. When g; # 0, a proximal
iterative approach has been presented, which is grounded on the use of the Douglas—Rachford procedure.
As illustrated by the lists of proximity operators provided for a wide range of choices for f and gy, the main
advantage of the proposed algorithm is its great flexibility. Numerical experiments show its superiority in
terms of convergence speed with respect to two state—of-art algorithms solving the same problem. The
proposed matrix estimation framework has also allowed us to introduce a nonconvex formulation of the
precision matrix estimation problem arising in the context of noisy graphical lasso. The nonconvexity of the
obtained objective function has been circumvented through an MM approach, each step of which consists of
solving a convex problem by a Douglas-Rachford sub-iteration. Comparisons with state—of—the—art solutions
have demonstrated the robustness of the proposed method. The proposed model and the MM procedure
devoted to the minimization of the non—convex functional also reveals to be useful for analyzing real-world
multivariate time series from meteorology. It is worth mentioning that all the results presented in this paper
could be easily extended to complex Hermitian matrices. It would also be interesting to perform a deeper

statistical analysis of the performance of the robust GLASSO approach proposed in this paper.
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Appendix A.
PrOOF OF THEOREM [2l (i) Since it has been assumed that f and gy are spectral functions, we have
(VCe8y) f(C)+90(C) = ¢(d) + ¥(d), (A1)

where d € R” is a vector of the eigenvalues of C. It can be noticed that minimizing is obviously
equivalent to minimize f — v~ trace ((C+9T) -) + go where f=r+]" |%/(27). Then

f(C) = ¢(d), (A.2)

where @ = ¢+ || - ||*/(27). Since we have assumed that ¢ € I'o(R"), ¢ is proper, lower-semicontinuous, and

strongly convex. As 1 is lower bounded by an affine function, it follows that
d— 3(d) — v 'ATd +(d) (A.3)

is lower bounded by a strongly convex function and it is thus coercive. In addition, dom ¢ = dom ¢, hence
dom @ Ndom vy # &. Let us now apply Theorem (1} Let X be a minimizer of . It can be claimed that
C= UDiag(X)UT is a minimizer of (I2). On the other hand, minimizing is equivalent to minimize
v(p 4+ %) + 3| - —A||*, which shows that e Prox. (o4 (A).

(ii) If ¢ € To(R™), then it is lower bounded by an affine function [45, Theorem 9.20]. Furthermore,
¢+ 1 € T'x(R™) and the proximity operator of v (¢ + ¢) is thus single valued. On the other hand, we also
have 7 (f —trace (T ) +go) € T'o(Sn) [75, Corollary 2.7], and the proximity operator of this function is

single valued too. The result directly follows from (i). O

Appendix B.

ProOF OF LEMMA Bl By using differential calculus rules in [76], we will show that the Hessian of —7g
evaluated at any matrix in S+ is a positive semidefinite operator. In order to lighten our notation, for
every invertible matrix C, let us define M = C~! 4 ¢2I4. Then, the first-order differential of 7g at every

CeSftis

dtrace (7s(C)) = trace ((AM ) )

= trace ( _1S)
= trace ( (C™ 1y 021d 's (C_1 + (721(1)71 c ' C)C_l)

= trace ((la +0%C) 'S (lu+0°C) ' (4C)) . (B.1)
We have used the expression of the differential of the inverse [76, Chapter 8, Theorem 3] and the invariance

of the trace with respect to cyclic permutations. It follows from (B.1]) that the gradient of Tg reads

(VCeSH) VTs(C) = (Ia+0°C) 'S (14 +0°C) . (B.2)
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In order to calculate the Hessian § of Tg, we calculate the differential of V7g. Again, in order to simplify

our notation, for every matrix C, we define
N=I4+0°C = dN=0%dC. (B.3)
The differential of V7g at every C € S;' then reads

dvect (VTs(C)) = vect (dA(N"'SN™1))
= vect (AN"HSN™'+ N~ (dSN™))
= —vect(N"'(dN)N"'SN™') — vect (N"'SN'(dN)N)
= (7'M T @ N vect(dN) +
— (") @NTISN ) dvect(N)
= —((N"'SN")@N'+N'® (N'SN) ) vect(dN)

= 9H(C)dvect(C)

with
H(C) = —o? (VTs (C)® (Ia+0°C) " + (la+02C) ' ®VTs (C)) . (B.4)

To derive the above expression, we have used the facts that, for every A € R™*™ X € R™*P and B € RP*4,
vect (AXB) = (BT ® A) vect X [76, Chapter 2, Theorem 2] and that matrices N and S are symmetric.
Let us now check that, for every C € ST, $(C) is negative semidefinite. It follows from expression

(B.2)), the symmetry of C, and the positive semidefiniteness of S that V7s(C) belongs to S;F. Since

g —1\ T T g -1\
(VE(©@ li+00)™") =(Vs(C) @ ((la+o*C) ™)
— VTs (C) ® (Iq +0C) ",
V7s(C) ® (Id + 02(3)_1 is symmetric. Let us denote by (7;)1<i<n € [0, +00[" the eigenvalues of V7g (C)
and by ((;)i<i<n € [0,+00[" those of C. According to [(6, Chapter 2, Theorem 1], the eigenvalues of
—1
V7s(C) ® (Ia +02C)  are (v;/(1+ JQCj))lgi,jgn
claim that V7s (C) ® (Iq + 020)_1 belongs to S,. For similar reasons, (Iq+ 0‘2C>_1 ® VTs (C) € S

n2»

and they are therefore nonnegative. This allows us to

which allows us to conclude that —$(C) € 8:2. Hence, we have proved that Tg is concave on S *. By

continuity of Tg relative to S;F, the concavity property extends on S;. O

Appendix C.

PrOOF OF THEOREM [l First note that (C¥)),>¢ is properly defined by since, for every C € S,
G(- | C) is a coercive lower-semicontinuous function. It indeed majorizes F which is coercive, since f+go+g1
has been assumed coercive.
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(i) As a known property of MM strategies, (F (C“))) is a decaying sequence [69]. Under our assumptions,

£>0

we have already seen that F has a minimizer. We deduce that (.7-" (C(Z))) is lower bounded, hence

£>0

convergent.
(i) Since (F(C®))

and coercive, E' is a nonempty compact set and (C(é)) ¢>0 admits a cluster point in E.

/>0 18 @ decaying sequence, (V¢ >0) C® ¢ E. Since F is proper, lower-semicontinuous,

(iii) If C is a cluster point of (C®)4>0, then there exists a subsequence (C**));q converging to C. Since E
is a nonempty subset of the relative interior of dom go Ndom g1 and go + g1 € T'0(Sy), go + g1 is continuous
relative to E [45, Corollary 8.41]. As f + Ts is continuous on dom f Ndom7g = S/, F is continuous

relative to E. Hence, F = limy_, oo F(CW)) = ]-"((A?) On the other hand, by similar arguments applied

+1))

to sequence (C¢*+1), 50, there exists a subsequence (C¥:a*V) < converging to some C’ € E such that

F = F(C'). In addition, thanks to (38), we have
(VC € 8,) (Vg e N) G(CUHatD | C¢lra)) < G(C | Clra)), (C.1)
By continuity of f and V7g on S,/ and by continuity of go + g1 relative to E,
(VCesS,) G(C'|C)<g(C|C). (C.2)

Let us now suppose that C is not a critical point of 7. Since the subdifferential of G(- | C) at C is Vf(C) +
VTs(C) + d(go + ¢1)(C) [A5, Corollary 16.48(ii)], the null matrix does not belong to this subdifferential,

which means that C is not a minimizer of G (- 6) [45, Theorem 16.3]. It follows from (C.2) and standard

~ ~

MM properties that F(C') < G(C’ | C) < G(C | C) = F(C). The resulting strict inequality contradicts the
already established fact that F(C') = F(C). O
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