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Abstract

The paper is dedicated to the investigation of simultaneous homogenization and dimension
reduction of textile structures as elasticity problem with an energy in the von-Karmén-regime. An
extension for deformations is presented allowing to use the decomposition of plate-displacements.
The limit problem in terms of displacements is derived with the help of the unfolding operator and
yields in the limit the von-Karman plate with linear elastic cell-problems. It is shown, that for
homogeneous isotropic beams in the structure, the resulting plate is orthotropic. As application of
the obtained limit plate we study the buckling behavior of orthotropic textiles.

Keyword: Homogenization, periodic unfolding method, dimension reduction, von-Karmaéan orthotropic

plate, Energy minimization under pre-strain, buckling under homogenized pre-strain
Mathematics Subject Classification (2010): 35B27, 35J86, 47TH05, 74Q05, 74B05, 74K10, 74K20.

1 Introduction

In contrast to our first paper about homogenization of textiles [2I], where a geometrical linear
elasticity is considered, we investigate here textiles with von-Karmén energy. The von-Karman model
is a nonlinear plate model, which is stated with respect to displacements and widely used by mathe-
maticians and engineers, see [4] 2 [7, [8] 14} [T5] 26]. To achieve the von-Kdrmén model in the limit we
consider an elastic energy of order ||e(ue)l|z2(q:) < Ce®/?, which is in consensus with [5, [7, 14, 15]. A
simultaneous homogenization and dimension reduction of a von-Karmén plate was already studied in
[23], however in our paper we give the corrector results related on the periodic topology of the textile.

Since the von-Karman plate arises as I'-Limit from geometrical nonlinear problems, it is necessary to
consider initially deformations. Hence, the homogenization of the textile for von-Karman energy begins
with the extension of a deformation into the holes of the structure. This extension is applied onto the
deformations of the textile beam structure for glued beams. Due to the fact that the limit-plate is stated
with respect to displacements we directly introduce the decomposition of the displacement associated to
the extended deformation, see [4, [I8, [I7]. For the elementary displacements we establish the Korn-type
estimates giving rise to the asymptotic behavior of the fields. To derive the homogenized model the
unfolding and rescaling operator (see for instance [10] 1T} 20, 21]) accounting for both homogenization
and dimension reduction is used. For the von-Karman-plate studied here it is necessary to investigate
also the nonlinear term in the Green-St.Venant strain tensor. The additional term yield the von-
Karméan nonlinearities in the limit. The derived asymptotic limits allow to prove with arguments of
I’-convergence to show that the limit energy in in fact of von-Karman-type. It is proven, that the
homogenized limit energy admits minima. The uniqueness, though, is not provable.
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Although the initial and the homogenized problem are nonlinear, the cell-problems for the von-
Karméan plate are linear and in fact the same as achieved for a linear elastic plate. Furthermore,
the cell-problems yield for isotropic homogeneous beams an orthotropic plate, which is valid for the
von-Karman energy and linear elasticity.

The final part of the paper is devoted to homogenization of the pre-stress in yarns and modeling
of the buckling of the von-Kédrman plate under pre-strain, like in [22] [6] 26] [I], but for an orthotropic
plate.

2 Preliminary extension results for deformations and displace-
ments

In this section, Q and Q' are two bounded domains in R™ containing the origin with Lipschitz

boundaries and such that Q@ C €. For every € > 0, we denote Q. = Q and Q. = Q’. In Lemma
we prove an extension result for deformations in H'(.)".
The lemma below is based on the rigidity theorem obtained by G. Friesecke, R. James and S. Miiller in
[13]. Here, for the starshaped open sets with respect to a ball, we use a variant of this theorem which
explicitly gives the dependence of the constants in the estimates in terms of only two parameters which
depend on the geometry of the domain: its diameter and the radius of the ball (see [3] [19]).

Lemma 2.1. For every deformation v in H'(Q.)" there exists a deformation v in H'(QL)"™ satisfying

U|QE =,

| dist(3, SO(n)) 1)

) < C||dist(v, SO(n

||L2(Q’6 ))HL2(95)'

The constant does not depend on ¢.

Proof. First, some classical recalls and then the proof.

e (i) Since 2 is a bounded domain with Lipschitz boundary, there exist N € N*, Ry and Ry two
strictly positive constants and a finite set {O1,...,On} of open subsets of 2, each of diameter
less than R; and starshaped with respect to a ball of radius Ry (B(4;, Rs), A; € O;) such that

N
Q=] O
k=1

As a consequence, there exists r such that for every O;, i € {1,..., N} there exists a chain from
01 to Oi
O, =01, O, ..., OZP:O,;, pE{l,...,N}

such that, if p > 1 one has O;, N Oy, ,, j € {1,...,p — 1}, contains a ball of radius 7.

e (ii) Let O be an open set in R™ included in the ball B(A; R;) and starshaped with respect to
the ball B(A4, Ry), Ry > 0, Ry > 0. Theorem II.1.1 in [3] claims that for every deformation
v € HY(O)", there exist a matrix R € SO(n) and a € R" such that

||v—a—R;vHLz(o) < CR1Hdz'st(Vv,SO(3))|\L2(O), ||V1)—R||L2(O) < C||dist(Vv7SO(n))||Lz(O).

R
The constant C' depends only on R—l and n.
2

Transform O by a dilation of ratio € > 0 and center A, the above result gives: for every deformation
v € HY(O.)" where O, = €0, there exist a matrix R € SO(n) and a € R™ such that

lv—a-Re| 20, < Celldist(Ve, SOM) |20,y [Vo-Rl12(0,) < Cldist(Ve, SOm)|12(00.).

The constant C' does not depend on .



e (iii) 2 and €’ being two bounded domains in R™ with Lipschitz boundaries and such that Q C .
There exists a continuous linear extension operator P’ from H'(Q)" into H'(Q')" satisfying

Ywe H'(Q)", Pe=v [IP’0laq) < Clvllzg, IPO)Im@) < Clvllm ).

If we transform Q and € by the same dilation of ratio € (and center O € ), this extension
operator induces an extension operator P. from H(€.)? into H'(QL)? satisfying

PL(v)jo. = v, IPL()| 20y < Cllvllz2(a.),

Yo e H'(Q.)3, , )
IPL(0)| L2 (0s) + €lIVPLW) L2y < C[[vll 2y + €l VOl L2(a0))-

The constants do not depend on «.

Now, consider a deformation v € H'(2.)". We apply (ii) with the open sets O; . = A; + £(0; — A4;),
there exist matrices R; € SO(n) and vectors a; € R™ such that

lv—a; — Ryallzaeo, ) < Celldist(Vo, SOM)) | 120,
IVo - Rillizo, ) < Clldist(Vo, SOM)) |12 (co,..)-

The constant C' does not depend on .

Then, using the second part of (i), we compare R; to Ry as well as a; to aj, i € {1,...,N}. As a
consequence, one obtains that

||U —a] — R1 :L’HLQ(QE) § Ce||di5t(Vv, SO(3))HL2(QE), ||V'U - Rl”LQ(Qe) S C’||dzst(Vv, SO(n))HL2(QE)

The constants do not depend on &.

Now, we define the extension of v. We set
v=Pl(v—a—Riz)+a +Riz a.e. in QL.

We easily check (2.1)). O

3 The structure

3.1 Parameterization of the yarns

To see the parametrization of yarns and the structure we refer to [2I]. Nevertheless, we shortly
repeat the most important definitions and results. The middle line of a beam is paramtrized by rescaled

function &, = a@(f) of
€

—K, if z € [0, K],
6.2 4o ) i s e [k 1— 4],
®(z) = ”( (1—2r)? (1—2r)3 ) 1 z €[k K] (3.1)
K if z € [1 - k,1],
D2 - 2) if 2 € [1,2].

Then the beams in the structure are defined by
P = {z€R®| 2 €(0,L), (22,23) € (—re,ke)?}, P? = {z€R®| 2, €(0,L), (21,23) € (—re, ke)?}.
for the reference beams in the two directions. Then the curved beams are defined by

pla) = {x eR |z =ypD(2), z€ P,gl)}, pEp) = {a: eR? |z =9BP(2), z € P,@)},



1

Figure 1: The domain Y* C Y = (0,1)?x(—2k, 2k), a quarter of the periodicity cell of the full structure.

with the diffeomorphisms
D (2) = MED(21) + 202 + 230l (z1), PP () = MEP (22) + 211 + 2307 (),
and the corresponding middle lines

MY (21) = z1e1 + geeg + (—1)7 0o (21)es, MPP)(2) = pee; + zges + (—1)P B (22)es.

3.2 Parameterization of the whole structure

Denote QF the whole structure (see [21] for details)

2N 2N,
Q=N ( Urtouy 7294’)), O, = wx (—2ke,2k8),  w=(0,0) (3.2)
p=0 q=0

3.3 An extension result

The presented extension heavily depends on the fact that the beams are glued. For a more general
contact condition as in [21] it is necessary to treat the two directions separately and obtain two defor-
mations, which give the same limit for g. ~ e*. Nevertheless, the more general case would exceed the
bounds of this paper.

Proposition 3.1. For every deformation v in H*(Q2)3 there exists a deformation v in H'(Q.)? sat-
isfying
Ujo; =0,

| dist(3, 50(3)) (33)

< C||dist(v, SO(3

||L2(QE) ))||L2(Q:)’

The constant does not depend on .

Proof. Now that the general extension for Lipschitz domains in nonlinear elasticity is recalled in the
above lemma, we specify the extension procedure for the the domain 7.



Figure 3: Periodicity cell of the periodic plate with holes.

First, we divide the domain Q2 into portions included in domains isometric to the parallelotope
(0,e + 2ke) x (0,2ke) X (0,4/{5)E| as depicted in Figure These portions include a curved beam
and parts of the beams in the perpendicular direction with which the beam is in contact. Besides,
after a rotation and/or a reflection, all the portions are of the same form and itself Lipschitz-domains.
Furthermore, note that these portions intersect each other and every contact cylinder Cpq x (—2k¢, 2K¢)
with Cpq = (pe — ke, pe + Ke) X (ge — ke, ge + ke) is used in four of such domains.

Since every portion is a Lipschitz domain the extension procedure given in Lemma [2.1}is applicable
for every v € H*(2?) and yields an extension to the parallelotope (e.g. (pe — ke, (p+ 1)e + ke) x (qe —
ke, qe+ Ke) X (—2ke, 2ke)). As second step, we define new domains included in (pe — ke, (p+1)e + ke) X
(ge — ke, (¢ + 1)e + ke) x (—2ke, 2k¢e) by collecting four of the above portions as depicted in Figure 3.
Note that the contact cylinders in every corner of the new domain is used by two portions. Obviously
this domain is again a Lipschitz domain and hence we extend all the fields into the holes using again
Lemma 211

To obtain the full extension we reassemble the structure. To do this, note that the domains (pe —
ke, (p+1)e + ke) X (ge — ke, (q+ 1)e + ke) x (—2ke, 2ke) have an overlap. This overlap includes every
beam twice and the contact cylinders again fourfold, i.e. the overlap consists exactly of the domains
before the last extension. Together with the interportions from the step before we obtain that the
contact cylinders are the most used domains for the extension, namely eight times. This influences the
estimate and finally give the final extension v which satisfies

|[dist (7, SO(3)) ) < C|dist(v, SO(3))|

HL2(QE |L2(9;‘)

where the constant does not depend on e. By construction, we have vjq: = v. O

Henceforth, we use the extended deformation v € H'((.), which is a deformation of a periodic
plate without holes. This allows to use the results in the papers [4] and general results of [12], [21], [2].

The structure is clamped on its lateral boundary. Moreover, in contrast to [21] here we assume a glued
contact, which corresponds to the case g. = 0 in [2I]. This allows to obtain one deformation field for

1We reduce the parallelotopes that are in contact with the boundary of w.



the whole structure Q2 instead of one for each beam as in [21].
Denote
v=0wNn{zy =0} =(0,L) x {0}, . = v x (—2ke, 2Ke).

The set of the admissible deformations are
V.= {U € H'(QF)? | such that v=1I; a.e. on 9Q N F5}7

| (3.4)
D, = {1; € H'(Q.)? | such that v =1; a.e. on FE}.

Remark 3.2. FEvery deformation belonging to V. is extended in (0,L) x (—ke,0) x (—2ke, 2k:) by
setting v = I in this open set. Then, Proposition [3.1] gives an extension of v whose restriction to €.
belongs to D, and satisfies (3.3)).

4  The non-linear elasticity problem

Set
Yi=(0,2)% Y:=(0,2)" x (~2k,25).

Let Y* C Y be the reference cell of the beam structure. The cell Y* is deduced from Y™ (see Figure
after two symmetries with respect to the planes y; =1 and yo = 1.

Denote W the local elastic energy density, then the total elastic energy is

J-(v) = / WE(~,V7)) dx — fer(v—1g)dx, Yv € Vg, (4.1)
Q Q:

where I, is the identity map. The local density energy W V* x S5 — R U {+0c0} is given by
-1
_ —7—FTF—IK) it det(F) > 0,
W.(-, F) = Q(s 2 ) (F)
+ oo if det(F) <0,
where S3 is the space of 3 x 3 symmetric matrices. The quadratic form @ is defined by

Q(y,S) = aijri(y)Sij Sk for a.e. y € Y* and for all S € S3,

where the a;;5;’s belong to L*°(Y*) and are periodic with respect to e; and es.
Moreover, the tensor a is symmetric, i.e., a;ji = @jiri = ariji- Also it is positive definite and satisfies

Jeo > 0, such that ¢ S;;Si; < aijki(y)Sij Sk for a.e. y € Y* and for all S € Ss. (4.2)

Note, that the energy density

(2, Vo(z)) = Q(g’E(U)(l‘)) if  det(Vo(z)) > 0,

+ o0 if  det(Vou(z)) <0,

for a.e. x € Q

1
depends on the strain tensor E(v) = 3 ((Vv)" Vv — I3) with I3 the unit 3 x 3 matrix.

Remark 4.1. As a classical example of a local elastic energy satisfying the above assumptions, we
mention the following St Venant-Kirchhoff’s law for which

W(F) = %(”(FTF —1)* + Ltr (FTF - 1,)?) if det(F) >0
+ oo if  det(F) <0.



Now we are in the position to state the problem.

me = vien\gi Js(v)ﬂ

Therefore, set

5 Preliminary estimates

5.1 Recalls about the plate deformations
Denote 2’ = (z1,22) € R? and
U, = {u € H'(Q2.)?* | u=0 ae. on FE}.
The deformations and the terms of their decompositions are estimated in terms of ||dist(Vv, SO(3))| £2(qx),
this is why the lemma below plays a crucial role
Lemma 5.1. Let v € V. be a deformation and v € D, the extended deformation given by Proposition

and Remark , The associated displacement u = v — I belongs to U, and satisfies

le(u)llz2(0.) < Colldist(Vo, SO(3))|r2(az) + =75 ldist(Vv, SOB3))|I: ) (5.1)

5/2
The constants do not depend on € and v (they depend on w, Y* and k).

Proof. In [, Lemma 4.3] it is proved that there exists a constant which does not depend on ¢ and v
such that

le(@ll 220 < Clldist(V, SOE)) 20 (1 + =75 1dist(V5, SOB) |l z2(c,))-

25 /2
Then, Proposition gives a constant which does not depend on € and v such that

||dlst(v SO(3 < CHdlst v,50(3

)HL2(Q ) ||L2(Q*)

This ends the proof of the lemma. O

5.2 Recalls about the plate displacements

Set
H1 {QSEHl w)|¢=0 ae on 7},

H;"( ):{aﬁEH ()| ¢=0, Vé=0ae. on ~}.
Below we recall a definition from [IT, Chapter 11] (see also [20 [16])

Definition 5.2. Elementary displacement are elements u, of H*(2.)? satisfying for a.e. x = (2, 23) €
Q. (where 2’ € w)

ue,l(l‘) U1 (l‘l) + I?,Rl (Z‘/),
ue2(x) = Us(z') + 23R ('),
ue 3(z) = Us(2').

Here
U= (U,U,Us) € H (w)> and R =TRie; + Roey € H (w)2.

21t is well known that the existence of a minimizer for J: is still an open problem.




The following lemma is proved in [I1, Theorem 11.4 and Proposition 11.6)
Lemma 5.3. Let u be in U.. The displacement u can be decomposed as the sum
U=u.+7 (5.2)
of an elementary displacement u. and a residual displacement w, both belonging to U, and satisfying
UeH\w)P, ReH)w? (Ul + el Valeq, < Oclle()] ). (5.3)
Moreover, one has

C
[Uall 1wy + e (IUsll 1) + IR 1)) < m”e(u)HL?(Qs)’

C
|| Oalds + ROLHLZ(w) < ﬁ”e(u)HLQ(QE)v

[uallz2(.) + ellusllzz.) < Clle(w)lr2a.),

2
3 15 #1520, = O,
; (Hg% L2(Q.) Hggz L2(Q )) < g”e(u)Hm(Qg).

The constants do not depend on €.

5.3 Assumptions on the forces

The forces have to admit a certain scaling with respect to the e-scaling of the domain. For the
textile we require forces of the type

fz—:,l = €2f13
feo=€fa, a.e. in QF, (5.5)
f5,3 = 53f3a

with f € L?(w)3. In order to obtain at the limit a von-Kérman model, the applied forces must satisfy
a condition

[fll2 @) < C™. (5.6)
This constant depends on the reference cell Y*, the mid-surface w of the structure and the local elastic

energy W (see Lemma [5.4)).

The scaling of the force gives rise to the order of the energy in the elasticity problem. We prove
this, in lemma below.

Lemma 5.4. Let v € V. be a deformation such that J.(v) < 0. Assume (5.5) on the forces. There
exists a constant C* independent of € and the applied forces such that, if || f|| 12,y < C* one has

| dist(Vv, SO(3))||z20x) < C*2| fllL2(y-
The constant C' does not depend on ¢.

Proof. Using (4.2)) gives rise to the estimation

coldist(Ve, SO(3))3x(q) < | /Q £ (v—1,) da|. (5.7)



Introduce u = v — I € U, the associated displacement to the extended deformation (see Lemma [5.1).
Then, with (5.5) and the estimates (5.4))3 we obtain

|| g o= L) da] < P allzaoluallzacan + 72l sz
< 55/2||fa||L2(w)||ua||L2(QE) + 67/2||f3HL2(w)||u3||L2(QE)
< 22| fll 2y le(w) [ 2o, )-

Eventually, the above inequality with (5.7) and Lemma give
co|ldist(Vo, SO(S))H%Z(Q:) < CQCOES/2|\f||Lz(Q)Hdist(Vv, SOB3) L2
+ CoCh | fll 2oy | dist (Vo, SO3))|[72qs)-
If CQOle”LZ(w) < ¢p, then

G
co — CoC1| fll 12(0) L) O

[dist(Vv, SO(3))l|z2qx) <

Now, if the deformation v € V. satisfies J.(v) < 0, one can give a lower bound of the infimum of

the functional J.. To do this, use the assumptions (4.2]) on the problem and (5.5)-(5.6)) on the forces
5.8)

together with the Lemmas 5.1 and inequality | lead to
col (Vo))" Vo = Ig]|72qx) < / W(Vv)dz < | fo-(v—1I;) dx < Ce°|| fI172(w)- (5.9)
Qr Qx
As a consequence, there exists a constant ¢ independent of € such that
—ce® < J.(v) <0 (5.10)
Recalling that m. = inf,cv, J-(v) yields
Me

m
Our aim is to give the asymptotic behavior of the rescaled sequence {—56} and to characterize its
S €

limit as the minimum of a functional.

6 Asymptotic behavior

In this section, we consider a sequence {v.}. of deformations satisfying
| dist(Vve, SO(3)) || 2(ax) < Ce™2. (6.1)

Below we are interested by the asymptotic behavior of the sequence of displacements {u. }. = {v: —I4}e.
Here, for every ¢, u. is the associated displacement to the extended deformation v,.

From Lemma [5.1] one has

le(ue)llz2(a.) < Ce™/2. (6.2)
Below, we recall some estimates of Lemma [5.3] under this assumption. One has
el 2.y + el V]| 1200,y < C™72,
2
esll i1y + RN g1y < €2 el sy = €2 (6.3)

Haaus,?) + RE,QHLQ(UJ) S 052.

The constants do not depend on «.



Lemma 6.1 (See [4, Section 7]). Under the assumptions of Lemma[5.3, there exist a subsequence of
{e}, still denoted {e}, Us € H?(w) and Un, Ro € H(w) (o € {1,2}) such that

1
—U. 3 = Us  strongly in Hi (w),
€

1
ERE,Q — R, weakly in Hi (w), and strongly in L*(w)
1 (6.4)
6—21/{5,& — U, weakly in Hi(w),
1
2 (8042/15’3 + RE’Q) — Z, weakly in L* (w).
Moreover, one has
Oalds + R = 0. (6.5)

Proof. The convergences and equalities are easy consequences of the above estimates (6.3). To see the
1

strong convergence of (6.4); note that (5.4)1 2 and the strong convergence of ~R. , in L?(Q2) imply
€

1 1 1
gaaua,g = g(@aug,g, +Rea) — ng — 0 —Ra = Oalds, strongly in L?(w).

the last equality comes from (6.5). O

6.1 The unfolding and the unfolding and rescaling operators

For the asymptotic behavior we introduce two operators: 7. for the homogenization in w and ¥,
for the homogenization and dimension reduction in Q. Both operators can be found in [I1] thus we
recall here only the important properties.

Definition 6.2. For every measurable function ¢ € L'(w) we recall the definition of the unfolded
function T2(¢) € L*(w x ')

!/
T(p)(x',y') = qﬁ(s[%} +€y') for a.e. (2',y)€ewx).
For every measurable function 1 € L'(Q2F) the unfolding and the rescaling operator . is defined by

/

T (), y) = w(s[%] + 6y) for a.e. (2',y) € w x Y*.

Lemma 6.3. There exist a subsequence of {e}, still denoted {e}, Uy, Re € L?(w; H). (V') and u €
L?(w; HY,.()")) such that

p

1
-Te(VU.3) — VU strongly in L*(w x Y')?

€

é (R) — R strongly in L*(w x Y')?

= (VR o) = VR, + Vyﬁa weakly in L*(w x Y')? (6.6)
1 ~

6—27'5(VU57Q) — VU + VU, weakly in L*(w x V')?

1

?Ta(aaua,g + Reya) = Za + Vy u+ R weakly in L*(w x )').

10



Moreover, there exists u € L*(w; H),,.(V*))? such that
—%. (@) ~7u  weakly in L*(w; H*(V*)),
gss(vm) —~V,u weakly in L*(w x Y*)°.

Furthermore, one has

1 812/[381“3 812/[382]/{3 0
—%e (VuE(Vus)T) — | O1U30oU3  OaU30oU3 0 strongly in L' (w x Y*)°. (6.8)
€ 0 0 Vs - Vids

The above convergence is weak in L*(w x Y*)°.

Proof. The first convergence 1 is a consequence of (6.4) and the classical results of the PUM.
Convergences (6.6])2,3.4 come from the convergences in Lemma and again of the classical results of
the PUM (see [11]). The last convergence (6.6)s is a consequence of [I1, Lemma 11.11], together with

the convergences ((6.4)4 and 3.

O\Uz 1 +1301Re;1 Oolhen +2302R:1 Ren
Vue = | O1lhe o +2301Rep Oolhe o +1300Rc2 Reo | + Ve
O1lUe 3 OolUe 3 0

Then since 172 are strong convergences and the other fields converge to zero due to 3,2 and
we obtain

1 0 0 R
-T(Vue) — | 0 0 Rs strongly in L?(w x Y*)°. (6.9)
c OlUs  Oolhs 0

Hence, using (6.5]) this yields

1
?‘IE(VUE(VUE)T)—) 0 0 R|[0 0 -Ry

0 0 Rl 0 0 _Rl
-R1 —-Rs O Ri Re 0
0

RiR1 RiRs
= | RiR2 R2Ro 0 strongly in L'(w x Y*)°.
0 0 RI+R3

Now note that the sequence is actually bounded in L2(Q x J*) by
Ve (Vue) Tl 220y < ([ Vue (V)™ + 2e(ue) | 2o, + 2lle(ue) |22 (.)
= |V (Vve) T — L3l L2 (a.) + 2lle(ue) || L2,y < Ce™/?
1
Hence, the sequence {?35 (Vue (Vue)") }E is bounded in L?(Q x Y*)?. This ensures that is also
weakly converging in L2(Q x V*). O
Eventually, we find with

Te(Vve) = I3 strongly in L?(w x Y*)°. (6.10)
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Additionally, the displacements converge as follows

1

—%e(Ue,a) = Ua — y30.Us strongly in L*(Q x V), ( |
6.11

1
strongly in L*(Q x ).

;‘IE (u573) — Z/{3

The above convergences show that the limit displacement is of Kirchhoff-Love type.

Then, we have

Lemma 6.4. For a subsequence we have

L‘I ((Vo)T'Vo. —1I3) = EU) + ¢, () weakly in  L*(w x Y*)? (6.12)
252 € € € 3 y Y ) .
where the symmetric matriz E(U) is defined by

o’u. o’u
P+ 210 —Ysgeion, T 212 0

—Ys 0x?
E(Z/{) = * 7y3‘%2%3 + 222 O
0 0 0

it\((E 7y) -
(e, y) + 5 (Z1() - eser + 5 (Za(a') - ea)en + yaR (e, y') A + e y) + s Vs (o) Pes
for a.e. (2',y) €w x Y*

- 10U 0Us )
Zap = capltl) + 55252 (@, B) € {128

and

Proof. First, in the strain tensor Vu(Vv)T — I3 replace the deformation by its associated displacement

u = v — Iy. This yields
(6.13)

Vo(Vo)T — I3 = Vu(Vu)T + Vu + (Vu)? = Vu(Vu)T + 2e(u).
The first term on the right hand side is already covered in (6.8). Hence, consider now %%, (e(u))

However, this is already done in [I1] and yields
2us

2

) e11(U) —ys 86%3 er2U) — Ys 5o
S Tele(w) = : e U) — g2 0| +e,(@), weakly in LA x V), (6.14)

2
0 0 0
where we define

a(x’,y) =u(a’,y) + %(31(37/) -ez)e; + %(32(33/) -ez)ey + ysﬁ(ﬂf/’y/) Nes+u(2',y) + ys|VUs(2')|*es
O

for a.e. (2,y) € w x Y*. Upon rewriting the result this yields the claim.

Note, that the antisymmetric part is responsible for the nonlinearity of the problem. Finally we
prove that in the limit problems and in the case of glued yarns, one can replace the e,g(U)’s with the

Zos(U)'s.
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6.2 The limit problem

The limits of the previous section allow to investigate the limit of the elastic problem. Therefore
recall the energy of the elasticity problem in the limit

.7(2/{,17)://*W(%E(Z/I)—key(ﬁ)) dyd;v'—|y*|/f~l/ldx’. (6.15)

w

Define the limit space
U:={U = (Uh,Us,Us) € H'(w)* x H*(w) | U =0, duls=0 a.e. on~y}

Furthermore, set

J(U,T) = / / W (4. E@) + ¢, (@) dyda, (6.16)

the part of the energy without the external force. Thus we can write
g =) -y [ fudr

First we prove that the functional J admits a minimum on U x L*(w; H},.(Y*))?.

For every (£,(,w) € S=R3 x R3 x H!

per0(V*)? denote & the symmetric matrix

_ §1 —y3C1 Fenny (W) &3 —y3@s+e12,y(W) er3, (W)
¢, ¢ w) = * §2 — y3(a + e,y (W) €23, (W)
* * 6337y<’L/U\)

Lemma 6.5. We equip the space S = R3 x R? x H}!

per0(V*)? with the semi-norm

3

i,j=1
Then, this expression actually defines a norm on S equivalent to the product-norm.

Proof. To show that the semi-norm is actually a norm it is necessary to show the positive definiteness,
ie, ||(& ¢, )]s = 0 implies (&, ¢, w) = 0.
Let (&, ¢, w) € S satisty ||(£, ¢, @)|ls = 0 and define the map

y1 (&1 —y3¢1) +y2 (€3 — y3(3)
7(y) = | ¥1 (&3 — y3(s) + y2 (&2 — y3(2)

2 2
—%C - 26— yys
Then rewrite
E(&,¢,B) = ey (T + D). (6.17)

Hence, 7(y) + @(y) = a4+ b Ay is a rigid motion. Then the properties of @ € H,,, o(¥*) (periodicity
in the directions e;, es and vanishing mean) imply that a = b= ¢ = ¢ = 0 and thus also @ = 0.

Finally, by a contradiction argument it is easy to prove that there exists a constant C' such that

€llz +lICllz + 1@l 2, ) < CIE G @)l (6.18)

holds for all (£,¢, w) € S. O
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Lemma 6.6. The functional J admits a minimum on U x L*(w; H)., o(Y*))?.
Proof. First, from (4.2) and Lemma[6.5] there exists a constant C' > 0 such that

2

1 0W35 OWs3 ‘

1 O*Ws ‘2
2 0zo Oxp

Lz(w)] T ”@H%2(W1Hl(y*))) S J(W,ﬁ}),

eaﬁ(VV)-¥

|
)

L2 (w 0zq0x3 (6.19)

for all (W, w) € U x LQ(W;H;er,o(y*))S'

Set

m = inf
(UB)EUX L2 (w;H],, o(Y*))?

JU,u)

where m € [—o0, 0].

Step 1. We show that m € (—o0,0].

To show that m is actually finite we show that the sequence is bounded and thus admits a weak
convergent subsequence and then use the weak sequential continuity of 7.

The boundedness of U; are show with the help of the functional J. Now, consider first i3, which
using ((6.19) together with the boundary conditions satisfies

821/[3 ’ 2
L2(w)

2
[l 72 s () < T U0, s %20y < C Z H < CJ (U, w). (6.20)
a,f=1

8$Q3$5

Similarly, the estimate for U, is obtained. For this keep in mind that in the energy only Z,g arise and
we arrive at

2
D lleas@)32 ) < eI U, T) + | VUs| sy < cTUT) + [Us i) < cJU,T) + [C1CT (U, )]
a,B=1

Note that we used here the embedding H?(w) < W'%4(w). The 2D-Korn inequality then yields

e 131 0 + a1 o) < (U, T) + [C1C2T U, W) (6.21)

With (6.20]) and (6.21)) we have for the sequence that

JU, 1) < || fsll2 ) 1Us][ L2 w) + \/Hfl”%z(w) 1 f2ll32 ) (A2 ) + U]l 2]

(6.22)
< | fallaa e VTG @) + 132 + 1232 [/ TU @) + CrCo )]
Thus we also have
J(Z/{,ﬂ) < C||f||L2(w) V J(Z/Lﬂ) + OlcQHfHLQ(w)J(uva) (623)

which shows that J(U,u) is bounded if and only if C1Cy|| f||12() < 1, which is the same constraint as
before in Lemma Then, we have

VU, T) € Ux L*(w; Hyp, o(V))?,
JU,0) <0 = |Ullmrw) + 1Uzllmw) + 1 Usll 2w) + 18]l 22 @11 (v+)) < C.

Then we easily show that m € (—o0, 0].

Step 2. We show that m is a minimum.
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Consider a minimizing sequence {(U",0")},, C Ux L?(w; H,,, o(YV*))? satisfying J(U",a") < J(0,0) =
0 and

m= inf JU,u)= lim JU",u").
(U,u)eU n—+00

From step 1, one has
U N 12 (@) + US| 0 ) + U3 N 122 @) + 18" | 22 @i (o)) < C

where the constant does not depend on n.
Hence, there exists a subsequence of {(U™,u™)}y, still denoted {(U™,@™)},, such that

U™, a") — U, a') weakly in Ux L*(w; H),,. o (V*))®.
Furthermore, by the lower semi-continuity of J it is clear that

JU, @) = liminf JU",@") < lim JU", @) <m (6.24)

n—-+oo n—-+oo

However, since m = infy; a)cy J (U, 4) we conclude that for every (U, 1) € U x L*(w; H),,. o(Y*))? it
holds

JU @)y <m < JU, ).
This proves that the infimum is in fact a minimum. O
Theorem 6.7. Under the assumptions on the forces - we have
J U, ). (6.25)

. Mg .
m = lim = = min
e—=0 € (U @) EUX L2 (w;HE, . (V*))3

Proof. To show this result, we use a kind of I'-convergence technique.
Step 1. In this step we show that

min J(U, @) < liminf =
(UR)EUX L2 (w; HL_ (V*))3 e—0 &5

per

To show this, let {v.}, ve € V., be a minimizing sequence of deformations. It satisfies

. J=(v . ... Mm
lim e (ve) = liminf —=.
e—0 55 e—0 55

Without lost of generality, we can assume that the sequence satisfies J-(v.) < 0 and hence the estimates
of the previous sections yield

|dist(Vve, SO(S))H%Q(Q;) < Ce° and (Vo) Vo, — Ig||2L2(Q;) < Ce°. (6.26)

Therefore, we are allowed to use the decomposition defined in and yields the estimates (6.3]) and
convergences as in Lemma [6.4] and [6.3] Then the assumptions on the force lead to

. 1 2 BT 1 /
il_r;%gg)/wxy* Se(fs (e _Id))dx dy = ‘11_1’%55/¢,ny* Te(fe ue)dm dy
— 1 [ 7 ouds

converging as a product of a weak and a strong convergence. As consequence, we have with the weak
convergence of the strain tensor together with the weak lower semi-continuity of J that

liminf% 2J(U,ﬂ)—|y*|/wf-l/{dw (6.27)

e—0
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Step 2. We show that for every (U’ ') € U x L?(w; H},,.(V*))?, one has

p

m

lim sup 6; <Ju'a). (6.28)

e—=0

To do that, let (U’,4’) be in U x L*(w; H},,.(¥*))?. We will build a sequence {v}. of admissible
deformations such that

(n)

m %

lim sup —55 < lim lim LSE)
e—s0 o) n——+oo e—0 £

Consider a sequence {4/}, in VN (C'(@)? x C2(w)) and {a(™},, in L2(Q; HL,,.(V*))3 NC (@ x V)3,
where we additionally assume that ﬂ’nl _o = 0, such that

=T, @).

2
U™ U, strongly in H'(w)

ul™ Ul strongly in H?(w) (6.29)
o™ - a strongly in L?(w; H}, (V*)).

per

Now, we show that there exists a sequence {v.}. such that
m ~
limsup, _,,— < J U™ am),
5
We define the sequence of deformations

n n X n ~\n X
VI (@) = 21+ 2 (U (1, 20) — 20U (@1, 02) + 60" (@1, 22,2

n n :L. n ~(n x
V(Q)(x) = a9 + &2 (Z/IQ( )(1'1,1'2) - f&gb{é )($1,$2) + su(Q )(xl,xg, ?3))

n n ~(n x
Vg(’l)(x) =13+ 5(2/135 )(xl,xg) + €2ug )(xhxg, ?3))

and by construction we have V' € V.. Obviously, the deformation can be further restricted to the
original structure €2}.

Now we are interested in the convergences of the deformations {Vs(n)}g. Note that they satisfy
IVVA™ —Tg) e, < Cln)e,
(n)

which is why we can assume that det(VV:") > 0 for all n € N and all z € Q¥ (if € is small enough).
This leads us together with the right-hand-side to

me < J (V). (6.30)

Since the convergence of the deformation components are known, we obtain

1 ~ . *
@SE((VVE(”))TVVE(") —I3) — EU™) + e, (u(")) strongly in L*(w x Y*)

defined as in Lemma This convergence gives rise to the convergence of the elastic energy

.1 n 1 7 n
fiy 50 =i [0 9V dy
= lim = / L el (VVINTVVIY —13))da'dy

- / Qy BU™) + ey (@™))da'dy
wxXY*
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and the right-hand-side

lim—/ T(fe - (VI = 1)) da'dy — |y*|/f U™ da' dy
wXxXY* w

Hence with (6.30) we obtain

li Te < lim = (V) = 7 (U™, a™).
maup 55 < liny 59.(V17) = 7. 7)

Since this holds for every n € N, then consider the limit for n to infinity. The strong convergences

(629) yield

limsup == < lim J(U™,a™) = 7. @),

e—=0 € n—r+o0

which concludes the proof of (6.28)).
Step 3. Hence, combining both steps we obtain for every (U’,u') € U x L*(w, H},,.(V*))

o~ . . ms . ms ;7 ~
< — < — < . .
j(Z/{,u)_hgn_}glf p; _hrgnjélp p; <JgU,a) (6.31)

Thus, choosing (U',u’) = (U, u) gives
JU,u) = lim e

e>0 gd

and finally, one obtains

lim = = J(U, ) = min T a). O

e—0 gb U @) EUX L2 (w,HY,, (V*))
6.3 The cell problems

Recall the energy ([6.15):
u) = %/ / a (E(U) + ey(ﬂ)) : (E(U) + ey(ﬂ)) dydz’ — |y*|/ fUda. (6.32)

To obtain the cell problems consider the variational formulation for u associated to the functional 7.
For this we use the Euler-Lagrange equation (since it is a quadratic form in e(u) over a Hilbert-space)
and we obtain:

Find @ € L*(Q; H'(Y*))? such that

6.33
/ a(EU) + ey (1)) : ey(w) dy = 0, for all @ € L*(%; H;m o (V)3 (6:33)
QAxY*
Upon this, we use the periodicity w.r.t. Y* to restrict the cell problems to
Find @ € H,,, o(Y*)? such that
(6.34)

/* a(EU) + ey (1)) : ey(0) dy = 0, for all @ € H,,, o(Y*)°.

Hence, the fields @ depend linearly on E(i/), one has

Zzaﬁ ) X (v Zaaug )R ()- (6.35)

a,f=1 a,f=1
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This leads directly to the typical cell problems
Find (Seﬁv )/(\%7 552%3 5(\1117 55112, 5512)2) € Hlpr 0(y*)3><6 such that

[ a0 e (5250 ey () dy =0

3 (6.36)
for all w € H. ero(y*) ,
[ o)™ 4 (o) s (@) dy =0,
y*
where we denote
1 0 0 0 0 O 0 1 0
MY=1(0 0 o], M*2=(0 1 0}, M2=M*"=11 0 0 (6.37)
0 0 0 0 0 0 0 0 0
Then, set the homogenized coefficients
om 1 om '8’
ag,@a’ﬂ’ = m /y aiik(y) [M%B + ey,ij(XaB):| Ml(:zﬂ dy,
om 1 Oé, ’
bgﬁ(x’,ﬁ" = W /y* aijkl |: 3M + €y.ij (XO‘B):| Mkl A dy, (638)
hom 1 o' B’
Cafo'pr = oo aijr(y [ 3M + ey,ij (Xaﬁ)] ysMy, = dy.
V| Jy-
Accordingly, the homogenized energy is defined by
Th W) = 550
1 (6.39)
5/ aﬁa/ﬂ,Z(wZ g + baBa’B/ZaB 80/5/1/[3 + Cg%rg/ﬂ/aagz/{zg 80/6/[/{3) dl‘/ — / f . de'
with
1
Zag = eag(Z/[) + iaau;ﬁ,agz/{g.
Theorem 6.8. Under the assumptions (5.5 . ) the problem
hom
4
min J, 2" (U) (6.40)
admits solutions. Moreover, one has
m = lim = = min JU,u) =|Y* |m1njh°m( )-

e=0 €5 (U,@)eUXL(w;H},, (V*))3

6.4 Yarn made of isotropic and homogeneous material

Let us here assume that the yarns are made from an isotropic and homogeneous material whose
Lamé’s constants are A, u. The following Lemma shows that the homogenized textile is then orthotropic.

Lemma 6.9. Under the above assumption on the material, one has

om 4
Vi =0 V(e B,0/,58) € {1,2} (6.41)
and also . . .
a1t = as325 and  agais =0, ae {1,2}, (6.42)
AT =chszy  and by =0,  a€{1,2} '
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Proof. Consider the following transformation:
¢ € Hpoo(V7)* v 6 € Hyp, (V'
o(y) = —d1(y)er + ¢2(y)e2 + ¢3(y)es where y=(2—y1)e1 +yzez +yses,  forae yec Y

One has _
eyi(0)(y) = eyii(@) (@), i€ {1,2,3},

er2()Y) = —ey12(0) D). *
~ for a.e. y € Y.

ey,13()(y) = —ey,13(8) (1),

ey,23(0)(y) = €y,23(8)(¥),

Using this transformation in problem ((6.36))2 gives
% 2— s 92, =X’ )
{f:ca( Y1,Y2,Y3) Xi:(y) for ae. y € V*. (6.43)

X12(2 = Y1, Y2, ¥3) = —X12(y),

Since / ys dy = 0, one has

1 N
bg%’rg/ﬁ/ = D}*|/y O'a//gl (XZB) dy

Hence
prom, =0, ac€{l,2}.

aal2

Now, from (6.43)), we get

56\11)2,1(2 —Y1,Y2,Y3) = )??271(9)7 X\ga,l(Q — Y1, Y2, Y3) = _5(\30471(3/)’
X12.2(2 = y1,92,Y3) = —X12.2(1), Xoe2(2 = Y1, Y2, U3) = Xawa2(V) for a.e. y € Y*.
5(\11)2,3(2 —Y1,Y2, y3) = 75(\1{273(y)a 5{3@73(2 —Y1,Y2, y3) = X\ga,3(y)7
(6.44)
Equality (6.44]) and the periodicity lead to equalities below of the traces
52?2,1‘(07 Y2, y3) = 52?2,1‘(17 Y2, y3) = 52?2,1‘(27 Y2, y3) =0, (S {27 3}7
X\Exa,l(oa Y2, yS) = Sc\lc)xa,l(]-a Y2, y3) = 224(1,1(23 Y2, y?)) =0.
Now using the symmetry with respect to the plane yo = 1, we obtain
b b
1 2 - 2,Y3) = )
f;‘“‘(y bz 3) ij(y) for a.e. y € V*. (6.45)
X12(¥1,2 — Y2, ¥3) = —X12(¥),
Hence . . . _
X12,i(¥1,0,93) = X712, (y1, 1, ¥3) = X12,:(¥1,2,93) =0, i€{1,3},
55204,2(2/17 0, y3) = X\ga,Z(yl? 1, y3) = )?gag(yla 2, y3) = 0.
The results above allow to replace problem (6.36))2 by the following ones:
Find X3, € G(Y*) such that
[ ot enis(@dy = [ o000 dy
= y*
for all w € G(Y*
) (6.46)

Find X%, € H(Y*) such that

[ ovilfha)ens @y = [ soyan(@ds,
% h%

for all w € H(Y™)
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where Y* is the part of the cell included in (0,1)? x (—2#,2x) and (i € {2,3}, j € {1,3})
G(y*): {¢€H1(y*)3 |¢Z(an2,y3):¢1<17y2ay3)20’ ¢](y1707y3):¢ y1717y3 O}
HY*) = {6 € H' (V") | ¢1(0,y2,y3) = 1(1,y2,y3) =0, ¢2(y1,0,y3) = ¢1(y1,1,y3) = 0}.

Now, consider the transformation

¢ €H(Y") — ¢ € H(Y"), (resp. ¢ € G(Y) — ¢ € G(V))
o(y) = $2(P)er + ¢1(7)e2 — ¢3(Y)es where 7 =1ze; +yier —yses,  forae ye Y.

One has
ey 11(0)(Y) = €y22(D) (@), €y22(D)(Y) = €y 11(D)();  €y,33(0)(Y) = ey,33(0) (), for ae. y € V"
ey 13(0)(Y) = —ey23(0) (@), €y12(0)(Y) = €y,12(0)([T), €y,23(0)(y) = —ey,13() (), - .

We use the above transformation in problems (6.46) that gives

W2 (W2, y1, —y3) = X2 (),

~ N for a.e. y € Y*. (6.47)
X?l(y27 Y1, —93) = _XSQ(y)v
These equalities lead to
biss = it = 0 bifit = —b3s5s-

The last transformation
p € H(Y") — ¢ € H(Y"),
¢( )= —¢2(y)er + d1(Y)es + ¢3(y)es where T= (1 —ys2)e; + y1es + yses, for a.e. y € Y*.
One has
W) = ey22(0) @), ey22(D)(y) = ey 11(D)@),  ey33(d)(y) = ; .
_ _ — B or a.e. y € Y*.
)W) = —ey23(0) (), ey12(0)(y) = —€y12(A)(Y), €y,23(0)(y) = —€y,13(¢)(Y),

We use the above transformation in problem (6.46)2 that gives

ey,11(

SRS
I -l

ey,13(

(1 = 2,91, y3) = X2 (¥), for a.e. y € Y. (6.48)

This equality gives
bhom _ bhom
1111 = 02222

which ends the proof of (6.41)). Similarly one obtains (6.42)). O

As a consequence of the above lemma in the expressions of the energy (6.39) and (6.51) they remain

. . hom hom hom hom hom hom hom hom
three coefficients a (a171%, aii33, aisis) and ¢ (c1711, c1755, ci573).

6.5 The linear problem

The analysis presented in this paper is stated especially for the von-Karmén limit. Although this is
a nonlinear model the problem is stated with displacments and not deformations as usual in nonlinear
elasticity. In fact the von-Karmén plate is the critical case for the choice of the geometric energy
|dist(Vv, SO(3))||L2(a.+) ~ Ce®? in between linear and nonlinear plates, as it can be seen in [4} 2} 5]
7, Bl 23, [14].
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To obtain the linear problem one simply considers the symmetric strain tensor e(u) instead of the
Green-Lagrangian strain tensor e(u) + 3 Vu(Vu)' = 3 (Vo(Vo)T —1I3). All results in this paper remain
true but the Z,3(U) are replaced by e,s(U) in the limit.

The resulting linear limit energy

Tin (U, u) = / / W (y, E"(U) + e, (@) dyda’ — |y*|/ f-Uda', (6.49)
with
en(U) — ys 632;’%3 e12(U) — ys 511“332 0
Elin (U) _ N €99 (U) —y3 ;Z;és 0 (6.50)
0 0 0

found in (6.14)).
Then, with the same steps as in section the cell problems are given by (6.36) and yield the
homogenized linear plate equation also found in [IT, Thm. 11.21].

Theorem 6.10. Assume that the force satisfies f- = 2TV fie; + 2T faeq + 37V fses with f € L?(w)
and v > 0. Then, J"" is the unfolded limit energy. Furthermore, the cell problems are again given by
(6.36) and yield the homogenized energy

‘-7lh0m (u

1
5 / a[ga/ﬁleaﬂ )ealﬁ/ (Z/[) + bg%rg/ﬁ/eaﬁ(U)aa/ﬁuU;; + 02%2/6/3a5U36a/5/U3)dz/ — / f . Uda:'
(6.51)

The minimizer of this functional satisfies the variational problem

FindU € U such that for oll V € U:
hom

ba o’ B’
/ A eapU)ears (V) + 5 (eap(U) Oarp Vs + eap (V) ailhs)
+Cg%7g’ﬁ’8aﬁu3aa’ﬁ’])3d$/ = / f-vds'. (6.52)

Note that this is the same energy as for the problem presented in [I1, Ch. 11] for the case § = 1. The
existence and uniqueness of a solution for this linear problem is for instance investigated in [11}, @, 24] §].

Remark 6.11. The shown derivation of a homogenized von-Kdrmadn plate is also valid for other micro-
structures for which the extension in section[q holds true, e.g. shells whose mid-surfaces are developable
surfaces.

Remark 6.12. [t is also possible to derive the von-Kdrmdn plate on the level of deformations and
the decomposition of deformation, see [, [2]. However, this needs a more involved analysis of the
decomposed fields, since there exist more degrees of freedom. This different approach yields some insights
into nonlinear elasticity and the connection between nonlinear decomposition and linear decompositions
(see also [2, [177]), yet the result is the same as presented here.

7 Comparison to [21]

In fact, the cell problems derived here are the same in [2I]. However, it is not obvious on the first
sight because of a different point of view therein. The coincidence of both cases can be explained by
the fact, that the homogenization presented here is also valid for the problem stated in [21I] with fixed
junctions between the beams, i.e. the gap-function g = 0, for linear elasticity. Besides replacing Z,z3

by eqp the result analogous to (6.39).
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8 Stability of a plate with von-Karman energy

Here, we give an example of the pre-strain in an orthotropic plate. Linearization of the Kérméan
plate was considered in [22], [26],[I], under an assumption of scalar fields and that the in-plane elastic
strain is equal to the given in-plane strain e*.

Homogenization of the in-plane pre-stress

*

x
. . . 2 *
In counterparts OfH we can take a given pre-stress in yarns, o;; _(z) :=¢ aijkl(g)ekl’g(x), due to

a thermal, chemical or electric expansion, with e}, _ € L2(Q}), (k1) € {1,2,3}%. We assume that

T-(ef) —e* weakly in L?*(w x Y*;R?*3). (8.1)

S

In we replace the term fe - (v —=1I4) dx by the following:
Qz

/ 2ael:e(v—1Iy) du.
Q

Then, as in Subsection we prove that there exists a constant C* such that, if [[eZ[|L2(q:) < C*\/e
then for every v € V. such that J.(v) < 0 one has

| dist(Vv, SO(3))||2(z) < C**e™/?

where the constants C* and C** do not depend on e. Proceeding as in Section 6, we obtain the limit
functional

JU,a) = % / (B0 ey () £ (B0 + e,(@) dyd’ - % / 0 (B + o (@) de'dy

Now, we search the field @ with an additional corrector, responsible for the right-hand side, to homog-
enize the pre-stress, similar to [25]. Let X* be in L*(w; H,,, o(Y*))? the solution of

/ aey(X?) : ey(Ww) dy = / ae*(x,-) : ey(w)dy, for a.e. x € w and for all @ € H,,, ((Y*)*.
One has

2 2
a2’ y) = Y Zap(@)RapW) + Y dapls(a’) Rap(y) +XP(a',y), for ae. (a',y) € wx V"

a,f=1 a,B=1
(8.2)
Then, the effective pre-strain is
* om 1 * o’ g’ =
agGary (€ap)™ (2') = 7 . e («',y) : (M g +6y(xp)(w’,y)) dy. (83)
So, in te limit, the force functional will be replaced by
D}*|/ ahom(e*)hom(‘r/) . Z(.’El) dx/7 (84)
with
(21 Zi2
Z= ( . 222> , (8.5)

Note that the macroscopic pre-stress will act in-plane, i.e. there will be no entry in the bending term
from this pre-stress, because of the rotational symmetry of the periodicity cell.

Note, that since the minimization of a functional is up to a given additive term, the pre-strain can be
insert into the left-hand side (energetic part) of the functional and substructed from the elastic strain.
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Uni-axial compression

Now, all displacements must satisfy the following inhomogeneous Dirichlet conditions:

e*L e*L
2 2
UO,z2)=1| o |, UL, z5) = 0 , for a.e. x5 € (0, L). (8.6)
0 0
Set
17 (! * L /
U =e (5 - xl)e1 for a.e. @’ = (x1,22) € w. (8.7)

This displacement satisfies the above Dirichlet conditions and one has
~ —e* 0
e() = < 0 0> .
Denote

UNew = {U = (Uh,Us,U3) € H' (w)* x H*(w) | U =0, diUs =0 ae. onl'p}, I'p={0,L}x(0,L).

Now, our aim is to minimize over Upy, the functional

om ’ 1 om om om
T (U +U) = */ (a,fln((Z{l)Q + (252)2) +4al$75(215)° + 201755 21, 259

2
+ T ((011Us)? + (D22Us)?) + 493 (012U )? + 2¢1053011Us 322u3) dz’, (8.8)
U € Unew
with here
Z,5 = eapU +Z/~{) + 0ald305Us = Zop + 2,4
where

Again, we want to solve the minimization problem

Find U* € Upeqy such that

: hom 17\ . g7hom 7 s i
UEH[[lle\Irlew ij (u+u)_ vK (Z/{ +u)

We know that the infimum of this functional on Upye,, is reached. Here, we want to get buckling. This
means that the solutions of the above problem are not only in-plane displacements.

Suppose that there is no buckling. This means that the solutions of the above minimization problem
are in fact the solution of the following minimization problem:

Find U**™ € Upey such that
Lin T U+ U) = Fm U+ U)

where

Them U+U) = / (a}ffﬁ((611(U+L7))2+(€22(U+L7))2)+4a}f§f5(612(7/1‘1'1/7))24‘2@?%611(U+Zf7)€22(u+7/7)) da’

N | =
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The above minimization problem admits a unique solution (an in-plane displacement U/*/""). We have

0 < Jhm Ut +U) = C(e) < Tl ) = () alii L
Now, if we find a displacement of type V3e3 such that
TR (Vses +U) < Tl @ +U) = JUR" U +U)

this will show that there is buckling.

To do this, we seck a flexion independent of zo (taking into account the boundary conditions)
Vi3(2') = Va(z1) for ae. 2’ = (21,22) Ew
with V3 € Hg(O7 L) in order to get an admissible displacement (Vszes € Upey). Hence, one has

enn(U) + (01Vs)? = —e* + (V4 (21))?,

e1o(U) + 81 Vs05ls = 0,  eq9(V) + 83V305Us = 0,
(OnVs)? = (V5'(21))?,  (922V3)* =0,

(012V3)2 =0,  011V3 D22V3 = 0.

That gives

> L L * * om
Tog" (Vses +U) = 5/0 afii ((e)? = 2¢* (V3 (1)) + (V3 (21))*) + ittt (V3! (1)) das.

A necessary condition to obtain a buckling is J"2™(Vses + u ) < (e*)2af9m L2, Hence

L L L
/0 Qb (VY () ly + / hom (V! (1)) 2y < 26" / A (V] (1)) diry.

Choose the function -
V(1) = sin” (Tl) for all 27 € [0, L].

A straight forward calculation leads to

4 4 2
hom 3 + hom 2m 2¢* hom l
Mgy Ty < Ze ayry oL

Thus

*

2 hom hom
s 3a1711 + 161711

h
L2 8at{1h
To get a sufficient condition we need to know a lower bound of C*.

Remark 8.1. A weaker condition on e*, which recovers conditions as in [1], is given by the bound
from below on the energy.

om 17 L L om * L2 om
gl iea + > % [ ettt - e Lttt (05 )P, (59)
where we used the Poincaré inequality
L LQ L
| 0y e < o5 [ 05 @02 an. (8.10)

3 To get the exact value of the constant C* we have to solve the corresponding linear problem.
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Then, we have

A necessary condition to get buckling is

(€*)2alTiL? > Tl (Vses +U)

v

L ("1 h L? h 2
om * om 1
5/ C1111 — € py) 51111 (V3'(z1)) dxq (8.11)
0 L T

L [t % 7
*/ [C}ffﬁ - 6*7(11111 (V3! (x1))%dz, < 0.
O .

That gives

2 27
2 .hom
¢ > AL (8.12)
2L2a}07;

For the sufficient condition, note that the coercivity yields

cle@™ —U)|* < Fm U~ U). (8.13)

Furthermore, note that ||e(2/*/" —tf)|| > 0 since the fields satisfy different boundary conditions. Indeed,
we know that by the Korn-inequality, the trace-estimation

le@ ™ —U)|| 12wy > U™ = Ul 1) > U™ U L2y > eL?e* > 0 (8.14)

where ¢ does not depend on w.
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