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RESSAYRE’S PAIRS IN THE KAHLER SETTING
PAUL-EMILE PARADAN

ABSTRACT. The aim of this article is to explain how to parameterize the equations
of the facets of the Kirwan polyhedron using the notion of Ressayre’s pairs.
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1. INTRODUCTION

Let M be a complex manifold, not necessarily compact, and let K¢ be a connected
reductive complex Lie group acting holomorphically on M. We think of K¢ as being
the complexification of a connected compact real Lie group K. We will denote by J
the complex structure on the tangent space T M.

Let ©Q be a K-invariant Kahler form on M. It means that 2 is a closed 2-form
and that the bilinear map (v, w) — Q(v, Jw) defines a Riemannian metric on M. We
suppose that the K-action on (M, () is Hamiltonian, so there exists a moment map
® : M — ¥ satisfying the relations

(1) WX = d(®, X), VX €t

Here Xpy :me— X -m := %|tzoetx -m is the vector field generated by X € €.

We assume that the moment map & is proper. Let T" C K be a maximal torus with
Lie algebra t, and let t£, C t* be a closed Weyl chamber. The Convexity Theorem
[1, 11, 18, 22] tells us that the set

A(®) == B(M) Nt

is a convex, locally polyhedral set, called the Kirwan polyhedron. The purpose of
the present paper is to explain how to parameterize the equations of the facets of the
Kirwan polyhedron using the notion of Ressayre’s pairs [27].

Date: December 20, 2019.
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We start by introducing the notion of admissible elements. The group Hom(U(1),T")
admits a natural identification with the lattice A := - ker(exp : t — T). A vector
v € tis called rational if it belongs to the Q-vector space tg generated by A.

The stabilizer subgroup of m € M is denoted by K,, := {k € K;km = m}, and its
Lie algebra by ¢,,.

Definition 1.1. Let us define dimg(X) := min,cx dim(t,,) for any subset X C M.
A non-zero element v € t is called admissible if v is rational, and if dimg(M?) —
dimy (M) € {0,1}.

Remark 1.2. dimg (M) = 0 when the infinitesimal generic stabilizer of the K -action
is reduced to {0}. In this case, a rational element v is admissible if dimy(M7)=1.

For any m € M, the infinitesimal action of £z on M defines a K,,-equivariant complex
linear map

(2) om e — T M
X — X -m.

Definition 1.3. a) Consider the linear action p : G — GL¢(E) of a compact Lie
group on a complex vector space E. For any (v,a) € g x R, we define the
vector subspace E7=% = {v € E,dp(v)v = iav}. Thus, for any v € g, we have
the decomposition E = E77° @& E7=° @& E7<° where £V = % _ E"=*, and
EPY<0 = Ea<0 Er=e.

b) The real number Tr.,(E7>°) is defined as the sum 'y _,a dim(E7=?).
c) Let ¢ : E — F be a linear equivariant morphism between two G-module. For
any v € g, the linear map o specializes to a linear map E7>° —s 720,

A choice of positive roots R, induces a decomposition ¢c = n @ tc & 1 where n =
Y acnt (Ec)a- We denote by B C K¢ the Borel subgroup with Lie algebra b := tc @ n.

Consider (z,7) € M x t such as x € M". The K,-equivariant morphism (2) induces
a complex linear map

(3) pl Y — (T, M0,

Definition 1.4. Let v € t be a non-zero element, and let C' C M"Y be a connected
component. The data (v, C) is called an infinitesimal B-Ressayre’s pair if 3z € C,
such as p) is an isomorphism. If furthermore we have dimg (C) — dimg (M) € {0, 1},
and X is rational, we call (v, C') a regular infinitesimal B-Ressayre’s pair.

Remark 1.5. Since we work with rational vectors, for any ¢ € Q>°, we will identify
the pairs (v, C) and (qv,C).
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The first result of this article is the following theorem.

Theorem 1.6. Let (M,) be a Kdhler K-manifold, equipped with a proper moment
map ®. For § € £, the following statements are equivalent:
(1) € € A(®).
(2) For any regular infinitesimal B-Ressayre’s pair (v, C'), we have (£,v) > (P(C), 7).
(3) For any regular infinitesimal B-Ressayre’s pair (7, C) such as ®(C) N5, # 0,
we have (§,7) > (2(C),).
Vergne and Walter obtained the same kind of result when M is a vector space [29].
Let us now introduce a more restrictive notion, that of B-Ressayre’s pair. Let v € t

be a non-zero element, and let C' C M” be a connected component. We consider the
Bialynicki-Birula’s complex submanifold

(4) C™:={me M, tlim exp(—ity)m € C}.

We see that for any x € C, (T,M)"=° = T,C~. Consider now the parabolic subgroup
P, C K¢ defined by

(5) P,={ge€ Kc,tli}m exp(—ity)g exp(ity) exists}.

Note that C™ is invariant under the action of P,, hence we can consider the complex
manifold B X pnp, C~ and the holomorphic map

qﬁ/ZBXBmpW C-— M
that sends [b, x| to bx. We immediately see that for any « € C', the tangent map Tq,|,
is an isomorphism if and only if p) is an isomorphism.

Definition 1.7. Let v € t be a non-zero element, and let C° C M?" be a connected
component. The data (y,C') is called a B-Ressayre’s pair if the following conditions
hold

e The holomorphic map o : B Xpnp, C~ — M 1s dominant®.

o There exists a B N Py-invariant, open and dense subset U C C'~, intersecting

C, so that q, defines a diffeomorphism B X pnp, U ~ BU.

If furthermore we have dimg (C') — dimg (M) € {0,1}, and X is rational, we call (y,C)
a reqular B-Ressayre’s pair.

The second result of this article is the following theorem

Theorem 1.8. Let (M,2) be a Kdihler K-manifold, equipped with a proper moment
map ®. For £ € t,, the following statements are equivalent:
(1) £ € A(D).
(2) For any regular B-Ressayre’s pair (7, C), we have (£,7v) > (®(C),~).
(3) For any regular B-Ressayre’s pair (v, C) such as ®(C) Nts, # 0, we have
(€,7) =2 (2(C), 7).

In §4.5, we will explain under which circumstances the notions of infinitesimal B-
Ressayre’s pair and B-Ressayre’s pair coincide. Let us denote by t the interior of
the Weyl chamber <.

IThe image of g, contains a dense open subset.
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Theorem 1.9. Let (v, C) be a infinitesimal B-Ressayre’s pair of a complex Kc¢-variety
M. Let (Q,®) be a Kihler-Hamiltonian structure on M such as ®(C)Nt5, # 0. Then
(v,C) is a B-Ressayre’s pair.

Acknowledgements. This article, which is strongly influenced by the work of Nicolas
Ressayre, takes up several of his ideas in the differential setting. I wish to thank
Michele Vergne for our discussions on this subject and for pointing me out an error
in a preliminary work where I was trying to develop the notion of Ressayre’s pairs in
symplectic geometry. Thanks to her, I understood that the Kéhlerian framework was
the right one to carry out this project.

Notations. Throughout the paper, by Kdhler Hamiltonian K-manifold we mean a
complex manifold M equipped with an action of K¢ by holomorphic transformations
and a K-invariant Kahler 2-form €2: we suppose furthermore that the K-action on
(M, 2) is Hamiltonian.

2. RESSAYRE’S PAIRS

2.1. The Bialynicki-Birula’s complex submanifolds. Let M be a Kahler Hamil-
tonian K -manifold.

Let us consider an element v € £ and a connected component C' of the complex
submanifold M7 := {m € M,~-m = 0}. As in the introduction, we define the subset
C~ :={m € M,lim;_,, exp(—ity)m € C} and the projection pc : C~ — C' that sends
m € C~ to limy_, exp(—ity)m € C.

Proposition 2.1. C~ is a locally closed complex submanifold of M, and the projection
pc : C~ — C' is an holomorphic map.

Proof. Let T C K be the torus equal to the closure of exp(R7y), and let T¢ C K¢ be
its complexification. Let m € C~ and let © = pc(m) € C' C M™. A theorem of Koras
20, 25] tells us that Tc-action can be linearized near z. In other words, there exists
an holomorphic Tc-equivariant diffeomorphism ¢ : U4 — V where U is a T¢-invariant
open neighborhood of 0 in T, M and V is a T¢-invariant open neighborhood of x in M.

By definition exp(—ity)m tends to x, when ¢ goes to infinity. Then exp(—ity)m € V
when ¢ is large enough. But since V is T¢-invariant, we have then m € V. Throught ¢,
we see that C~ NV is diffeomorphic to (T, M)7=°N, and that the map pc : C~NY —
C NV corresponds to the projection (T,M)"=NU — (T, M)~ NU. Tt should be
noted here that (T,M)"=°NU = (T, M) NU & (T, M)"<°, O

When M is a projective variety, Bialynicki-Birula shows that C'~ is a subvariety
Zariski dense in its closure [7]. We will not need this result here.

We finish this section with a remark that we will need later. Consider an holomorphic
line bundle . — C~ that is equivariant relatively to the action of the torus T. We
consider its restriction L|c. If § € H°(C~, L)' is an equivariant holomorphic section,
we can consider its restriction 6|c.

Lemma 2.2. Let §# € H(C—,L)".
(1) If the T-action on LL|c is not trivial, then 0|c = 0.
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(2) If the T-action on LL|c is trivial, then
{m e C7; 0(m) # 0} =pc' ({z € C; Olc(x) #0}).

Proof. The first point is obvious to see.

Let m € C~ and x = pc(m). In the previous proposition, we have explained that a
T-invariant neighborhood W of m in C'” admits an holomorphic diffeomorphism with
W = Uy x (T, M)"<% where Uy is an open neighborhood of 0 in (T,M)7=°. In this
model, the projection p¢c is (vg, v<g) € W > 1p.

For any T-equivariant holomorphic line bundle . on C~, we have a T-equivariant
isomorphism between Ly, and Uy x (T, M)"<% x L,. Then, a section § € H°(C—,L)"
defines a T-equivariant map 6|y : Uy x (T, M)7< — L,. If the T-action on L, is trivial,
we see that 0]y (v, veg) = 0w (vo, 0), because t — O]y (v,, e"vg) is a constant map.

O

2.2. Kc-Ressayre’s pairs. Let N be a Kahler Hamiltonian K-manifold, and let v € t
be a non-zero element. When x € N7, the K, -equivariant morphism (2) induces a
complex linear map

(6) (Ec)fpo — (TQDN)'DO.

Definition 2.3. Let Cy C N7 be a connected component. The data (,Cy) is called
an infinitesimal Kc-Ressayre’s pair if 3x € Cy, such as (6) is an isomorphism. If
furthermore we have dimg (C') — dimg (N) € {0,1}, and X is rational, we call (y,Cy)
a regular infinitesimal Kc-Ressayre’s pair.

Consider the Bialynicki-Birula’s complex submanifold C; defined by (4). We denote
by p: Cy — Cn the projection. As C is invariant under the action of the parabolic
subgroup P, we may consider the holomorphic map

WWZKCxPWCN—)N

that sends [g,z] to gz. Let (Cy)weg be the open subset formed by the point n € Cy
such as the tangent map T, |, is an isomorphism. We immediatly see that z €
Cn N (Cy)reg if and only if (6) is an isomorphism.

Lemma 2.4. Let (7,Cy) be an infinitesimal Kc-Ressayre’s pair. Then (Cy)reg S @
dense, P,-invariant, open subset of Cy such as (Cy)reg = ™ (Cn N (Cy)reg)-

Proof. The tangent map T, |, is an isomorphism if

tc-n+ TnCK[ =T, M
tc-nN TnC;, ~Pp,,
where p., = (€c)"=" is the Lie algebra of P,

As (v, Cy) is an infinitesimal Kc-Ressayre’s pair, the previous relations are satisfied
on some points of C'y. Then, the rank r of the holomorphic bundle E := T M| o J/TCy

is equal to the dimension of £c/p.,. We consider now the P,-holomorphic line bundle
L — Cy defined by L := hom (A" (fc/p,), A"E). We have a canonical P,-equivariant
section 0 : C'y — IL defined by

On) : XA AX, — X -nA---ANX, n.
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We notice that (Cy)wee = {n;0(n) # 0} and that the torus T = exp(R7y) acts
trivially on L|¢, . Thanks to Lemma 2.2, we can conclude that n € (Cy)eg if and only
if p(n) € (C3 )reg: 0

Let us now introduce a more restrictive notion, that of K¢-Ressayre’s pair.

Definition 2.5. The data (v,Cy) is called a Kc-Ressayre’s pair if the following
conditions hold

e The holomorphic map ., is dominant.
o There exists a Py-invariant, open and dense subset U C C;, intersecting C,
so that 7, defines a diffeomorphism K¢ xp, U ~ KcU.

If furthermore we have dimg (C') —dimg (N) € {0,1}, and X is rational, we call (y,Cy)
a reqular Kc-Ressayre’s pair.

2.3. Kc-Ressayre’s pairs versus B-Ressayre’s pairs. Let M be a Kahler Hamil-
tonian K-manifold. We associate to it the complex manifold N := M x K¢/B. To a
connected component C' of M7 we associate the connected component

Cn=CxK!/K!NB
of N7.

Proposition 2.6. (1) (v,C) is a B-Ressayre’s pair on M if and only if (vy,Cy) is
a Kc-Ressayre’s pair on N.
(2) (v,C) is an infinitesimal B-Ressayre’s pair on M if and only if (v,Cy) is an
infinitesimal Kc-Ressayre’s pair on N.

Proof. Let us prove the first point. The Bialynicki-Birula’s complex manifold C}; is
equal to C~ x P,/P, N B. We have to compare the maps ¢, : B Xgnp, C~ — M, and
7y Kc xp, Cy — N. Consider the canonical isomorphism Cy = C~ x P,/JP,N B ~
P, xp np C~. More generaly, for any P,-invariant open subset Uy C Cy we have an
isomorphism Uy ~ P, xp np U where U is the open P, N B-invariant subset of C'~
defined by the relation U := {z € C7;(z,le]) € Uy}. Note that Uy intersects Cy if
and only if U intersects C.

Now, we notice that q, defines a diffeomorphism B xpnp, U ~ BU if and only if
7, defines a diffeomorphism K¢ xp, Uy ~ Kclly. It can be seen easily through the
commutative diagram

~

K(c Xp,yuN K(c XB(BXBQP,YU)

lm lqv

N = K(cXBM.

The second point is immediate since for any = € C, the tangent map Tq,|, is an
isomorphism if and only if T7, () is an isomorphism
O
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2.4. Ressayre’s pairs and semi-stable points I. Let N be a Kahler Hamiltonian
K-manifold with proper moment map ®y. In this section we suppose that ®"(0) # 0,
and we consider the subset of analytical semi-stable points:

N* = {n € N; Kcnn &y (0) # 0}.

In §3.1, we will explain the well-known fact that? N** is a dense open subset of N.
Let (vy,z) € € x N, such as the limit z., := lim; ,o e”"72 exists in N. Recall that
t >0 e "z corresponds to the gradient flow of the Morse-Bott fonction —(®, ~).
The result of the next proposition is classical in the projective case (see [27], Lemma
2).
Proposition 2.7. Let (v,x) € £ X N, such as the limit x., := lim;_,o e~ exists.
Then, the following hold
(1) If x € N**, then (Pn(x,),v) < 0.
(2) If x € N** and (Py(z,),7) =0, then x, € N*.

Proof. Let P, C K¢ be the parabolic subgroup associated to v (see (5)). Since
Kc = KP,, the fact that z € N* means that P,z N ®5'(0) # 0: in other words

Min,ep o [[Pn(n)|| = 0. '

Consider now the function t > 0 — (®y(e""n),~) attached to n € P,x. Since
L(Dn(e"™n),v) = —||var||*(e"""n) < 0, we have
(7) (Pn(n),7) > (Pn(e7"n),y),  VE>0.

Let Cn C N be the connected component of N7 containing x.: it is a complex
submanifold of N, stable by the Kl-action. Moreover, the function n +— (®y(n),) is
constant when restricted to Cly, equal to (®y(z,), 7). Let’s take p € P, and n = pz.
Then, the limit lim; ,o e~"'n is equal to kx, € Cy where k = lim;_,, e"“pe € K.
If we take the limit in (7) as t — oo, we obtain (®y(n),vy) > (Py(z,),7) for any n €

P,x. Since min,ep . [|®x(n)| = 0, we can conclude that 0 > min,ep .(®n(n),v) >
<¢N($V)> 7> .
The second point is proved in the Appendix. (]

3. THE KIRWAN-NESS STRATIFICATION

3.1. The square of the moment map. Let us now choose a rational invariant inner
product on . By rational we mean that for a maximal torus 7' C K with Lie algebra
t, the inner product takes integral values on the lattice A := = ker(exp : t — T'). Let
us denote by A* C t* the dual lattice : A* = hom(A,Z). We associate to the lattices A
and A* the Q-vector space tg and tf, generated by them: the vectors belonging to tg
and tg, are designed as rational.

The invariant scalar product on € induces an identification £ ~ t & — é such as
tg =~ t5. To simplify our notation, we will not distinguish between £ and & for

example we write M* for the submanifold fixed by the subgroup generated by A, and
we denote by K7 C K the subgroup that leaves \ invariant.

2The set N*% is denoted by Np in 63.1.
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Let M be a Kéahler Hamiltonian K-manifold with proper moment map & : M — €*.
Let )
f= B)
denote the norm-square of the moment map. Notice that f is a proper function on M.
Definition 3.1. The Kirwan vector field on M is defined by the relation
Ke(m) = ®(m)-m, VYm € M.

(®,®): M — R

We consider the gradient grad(f) of the function f relatively to the Riemannian
metric Q(—,J—). We recall the following well-known facts [30].

Proposition 3.2. (1) The set of critical points of the function f is crit(f) = {ke =
0}.
(2) The gradient of [ is grad(f) = J(ke).
(3) We have the decomposition ®(crit(f)) = Uyep, KA where the set By C t, is
discrete. Be is called the set of types of M.
(4) We have the decomposition crit(f) = Uyeg, Zx where Zy = crit(¢p) N 1K)
is equal to K(M* N ®~1(N)).

Let ¢, : M — M be the flow of —grad(f); since f is proper, ¢, exists for all times
t € [0, 00, and according to a result of Duistermaat [21] we know that any trajectory
of ¢; has a limit when ¢t — oo. For any m € M, let us denote mey, := limy_,, o (m).

The construction of the Kirwan-Ness stratification goes as follows. For each \ € B,
let M, denote the set of points of M flowing to Z,,

M, = {mEM;moo EZ)\}.

From its very definition, the set M, is contained in {m € M, ¢(m) > 1||A[|*}.
The Kirwan-Ness stratification is the decomposition [17], [24]:

M= ] M.
AeBg

When 0 belongs to the image of @, the strata M, corresponds to the open subset of
analytical semi-stable points: My = {m € M; Kc m N ®~1(0) # 0}.

Let us now explain the geometry of M) for a non-zero type A. Let C be the union of
the connected components of M* intersecting ®~1()\). Then C), is a Kithler Hamiltonian
K*manifold with proper moment map ®, := ®|¢, — .

The Bialynicki-Birula’s complex submanifold

Cy ={me M, tlim exp(—itA)-m € C\}
—00
corresponds to the set of points of M flowing to C under the flow ¢y, of —grad(®, \),
as t — oo. The limit of the flow defines a projection C, — C). Notice that C} is
invariant under the action of the parabolic subgroup Pj.

Consider now the Kirwan-Ness stratification of the Kéahler Hamiltonian K y-manifold
C). Let C) be the open strata of C) corresponding to the O-type:

CA,O = {ZL’ € C)\; K(él’ N @;1(0) 7& @}

Let Cy denotes the inverse image of Cyo in CYy.
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Theorem 3.3 (Kirwan [17]). Let M be a Kihler Hamiltonian K-manifold with proper
moment map ® : M — €. For each non zero type A\, My is a Kc-invariant complex
submanifold, and Kc Xp, Cyy — My, lg,2] — g -z is an isomorphism of complex
Kc-manifolds.

Remark 3.4. Kirwan gave a proof when M is a compact Kdhler Hamiltonian K-
manifold. When M 1is non-compact but the moment map is proper, a proof is given in
[13] (see also [30]).

Theorem 3.3 gives a useful corollary.

Corollary 3.5. For any m € M, we have ||®(mw)|| = infrerem [|P(2)]]-

3.2. The minimal type. Let A(®) C 5, be the Kirwan polyhedron, and let By be

the set of types of our Kdhler Hamiltonian K-manifold M with proper moment map

®. Let A\g be the orthogonal projection of 0 on the closed convex polyhedron A(®).
We start with the following basic facts.

Lemma 3.6. a) As is the unique element of Be with minimal norm.
b) The critical subset Zyg is equal to (K \g).
c¢) The submanifold Cy, is the connected component of M containing ®~1()\g).
d) The strata My, is connected.

Proof. Any element m € ®~(K \) is a critical point of f, as 1[|Xs||> = f(m) = miny, f.
It proves that \s is an element of By, that ®~1(\s) C M? and that Z,, = ®~H(K ).
Moreover since By C A(P), Ag is the unique element of Bg with minimal norm.

Since ®~'(\g) is connected, there exists a unique connected component C), of
M?s containing ®~1()\g). Since ®1(K)\s) is connected, the strata M,, := {m €
M;limy o pi(m) € 1K Xg)} is also connected. O

It should be noted that Ag is not rational in general, as shown in the following
example.

Example 3.7. Consider a reqular element § € t5,, and the Kahler Hamiltonian K-

manifold M := K (2¢) x KE. Here the minimal type is As = &. So the minimal type of
M is not rational if £ & t5.

We recall the following fundamental fact.
Proposition 3.8. The strata M, has a non-empty interior if and only if X = .
Corollary 3.9. The strata M)y is an open, dense and Kc-invariant subset of M.

Proof. For any type A, the strata M) is contained in the closed subset M (||A||) := {m €
M, ¢(m) > $||A[2}. If we take r = inf{||A[[, A € By — {As}} > [|As]l, we see that the
union Uy M, is contained in M (r). Hence the non-empty open subset M — M(r) is
contained in the strata M), : thus M), is an open subset of M.

Consider a strata M, with a non-empty interior. This means that a connected
component MY of the submanifold M), is an open subset of M. By definition, MY
intersects ®~1(A): so let’s take z, € ®~1(A\) N Mg. We have f > £||A[|* on M and
f(x,) = ||\||*: hence z, is a local minimum of the function f.

2
We finish the proof of Proposition 3.8 with the
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Lemma 3.10. Let x, € M be a local minimum of f. Then f(z,) € K.

Proof. For any K-invariant open subset U C M, we consider A(U) = ®(U)NtL, which
is a subset of the Kirwan polyhedron A(®). Up to a change by the K-action, we can
assume that p := ®(x,) belongs to the Weyl chamber. Let us denote by B, (r) C t*
the open ball centered at p and of radius r > 0.

The local convexity theorem of Sjamaar [26] (Theorems 6.5 and 6.7) tells us that for
any K-invariant open subset U containing x,, there exists r > 0 such as

A(®) N B,(r) = A(U) N By (r).

If z, € M is a local minimum of f, there exists a K-invariant open neighborhood U,
of x, so that [[£|| > ||u|| for any & € A(U,). Thus for r, > 0 small enough, A(®)NB,(r,)
is contained in {£ € t*,||£]| > ||p||}. Since A(®) N B, (r,) is convex, it implies that

(8) (&) 2 |lul?, V€ € A(®) N Byu(ro).
Using now the convexity of A(®), we see that (8) forces A(P) to be contained in the
half-space (&, 1) > ||4]|?: hence p is the smallest element of A(®). O

O

Let us finish this section by considering the particular situation where the strata M,
is empty. In other words, we suppose that the minimal type Ag is non-zero. Let C)q
be the connected component of M?s containing ®~!()\s). We consider the Bialynicki-
Birula’s complex submanifold C and the holomorphic map my, : K¢ X Py Cy, — M.
Theorem 3.3 gives us the following important fact.

Proposition 3.11. When \s # 0,

o The map myg s dominant.
e There exists a Pyg-invariant open and dense subset U C C'y_, intersecting Cg,
so that myg defines a diffeomorphism Kc X p, U ~ KcU.

In other words, the data (Xs,Chg) is a Kc-Ressayre’s pairs on M.

3.3. Construction of B-Ressayre’s pairs. Let (M, Q, ®) be a Kdhler Hamiltonian
K-manifold with proper moment map. We consider a regular element a € t%, such as
a ¢ A(®). Let a’ be the orthogonal projection of a on A(P).

We consider the Kéahler Hamiltonian K-manifold M x Ka. Here Ka denotes the
coadjoint orbit Ka equipped with the opposite symplectic structure: the complex
structure is defined through the identifications Ka ~ K/T ~ K¢/B, where B is the
Borel subgroup with Lie algebra b = t¢ ® n. The moment map ®, : M x Ka — £ is
defined by the relation ®,(m, &) = ®&(m) — &.

We start with a basic result.

Lemma 3.12. The function ||®,|| : M x Ka — R reaches its minimum on K(®~1(a’) x
{a}).

So the minimal type of M x Ka is
Yo i=d —a#0.
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The corresponding critical set is ®;1(K~v,) = K(® '(a') x {a}). Let C, be the
connected component of (M x Ka) containing ®,(v,) : we have C,, = C, x Ka,
where C, is the connected component of M7 containing ®~!(a’).
The Bialynicki-Birula’s complex submanifold C7, C M x K¢ /B is then
C.~=C, xP, /BNP,.

We know from the previous section that (v,,C,,) is a Kc-Ressayre’s pair on N ~
M x K¢ /B. Thanks to Proposition 2.6, we can translate this property on the manifold
M.

Proposition 3.13. Let a € t be a regular element such as a ¢ A(®). Then (Va, Ca)
1s a B-Ressayre’s pair of the compler Kc-manifold M. If furthermore, v, is rational
and dimg (C,) — dimg (M) € {0,1}, then (v, C,) is a reqular B-Ressayre’s pair

4. PROOFS OF THE MAIN THEOREMS

This section is devoted to the proofs of Theorems 1.6 and 1.8. Let A(®) := (M) N
t%, be the Kirwan polyhedron of a Kéhler Hamiltonian K-manifold (M, 2) with proper
moment map .

We define the following subsets of the Weyl chamber.

o Aierp is the set of points € € t, satisfying the inequalities (£,7) > (®(C),7),
for any infinitesimal B-Ressayre’s pair (v, C).

° Airzf_RP is the set of points £ € ti, satisfying the inequalities (£, ) > (®(C), ),
for any regular infinitesimal B-Ressayre’s pair (v, C).

e Agp is the set of points £ € t5, satisfying the inequalities (£, )
for any B-Ressayre’s pair (v, C).

e Aps is the set of points & € t&, satisfying the inequalities (€, )
for any regular B-Ressayre’s pair (v, C).

e A is the set of points £ € % satisfying the inequalities (¢,v) > (®(C),~), for
any regular B-Ressayre’s pair (v, C) satisfying ®(C) N .

v

(®(C),7),

(®(C),7),

v

By definition, we have the commutative diagram, where all the maps are inclusions:

reg

Ainf—RP = Ainf-RP

reg(—) A

App——— Agp

In §4.1, we prove the inclusions Agrp C A(P) C Ajuerp. It follows then that
A(®) = Ainerp = Arp.
reg

In §4.2, we prove the inclusion A C A(®), and since A(®) C Agp C A, we get
finally that A(®) = ArReIg;. = A. At this stage, the proof of Theorem 1.8 is completed,
together with the equivalence of the points 1. and 2. in Theorem 1.6.

In §4.4, we explain geometrically the equivalence of the points 2. and 3. in Theorem
1.6.

In §4.5, we expose in which circumstances an infinitesimal B-Ressayre’s pair is a
B-Ressayre’s pair.
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4.1. Arp C A(P) C Ajurrp- Let us check the two inclusions.
Agrp C A((I))

Let £ € t%, that does not belong to A(®). Let » > 0 be the distance between ¢ and
A(®), also let a € t, be a regular element such as || — al| < %. Since a ¢ A(®), we
can exploit the result of §3.3. Let a’ be the orthogonal projection of @ on A(®). We
consider v, := @’ — a, and the connected component C, of M containing ®~1(a’).
Proposition 3.13 tells us that (v,, C,) is a B-Ressayre’s pair.

Now, we compute

(€,7a) = (2(Ca),va) = (&%) — (d's7a)
= (= a,7%) = 17
< —[vall(llvall = 1€ = all)
< 0.

I

The last inequality comes from the fact that || — a| < § and that ||v,[| > § since it
represents the distance between a and A(®). The inequality (£,7,) — (P(C,),7a) < 0
shows that £ ¢ Agp.

A((I)) C Aiperp

Let £ € A(®), and consider the Kihler manifold N := M x K¢. By definition the
set N** of analytical semi-stable points is dense in N.

Let (7, C) be an infinitesimal B-Ressayre’s pair on M, and let Cy 1= C'x K/ P:NK{
be the corresponding connected component of N7. Here P; C K¢ is the parabolic sub-
group associated to & € t, so that K ~ K¢ /P;. Let Cy := {n € N,lim;_,, e "'n €
Cy} be the Bialynicki-Birula’s submanifold.

Lemma 4.1. (1) The set KcCy as a non-empty interior.
(2) Cy N N®s £ 0.

Proof. The second point follows from the first one since N** is a dense Kc-invariant
subset of N.

Let z € C so that "% .z ~ (T, M)">° The point n = (z,[e]) € Cy is in the
interior of KcCy if we show that ¢c - n+ T,Cy = T,N. Since T,,Cy, = (T,N)"=° it
is sufficient to check that (T, N)7>? C £c - n. We have the decomposition (T,N)7>0 =
(T, M)">° @ €7 - [¢]. It means that for any v € (T,,N)?>°, there exists X € €77 so
that v — X - (x,[e]) € (T,M)">% But n7”Y -z ~ (T,M)">°, so there exists Y € n7>"
such as v — X - (z,[e]) = Y - 2. The Lie algebra n is contained in the Lie algebra
of the parabolic subgroup FP: hence Y - [e] = 0. Finally we have proved that v =
(X 4Y)-(x,[e]) € tc - n. O

Take n € Cy N N**, and consider n,, = lim;_,o e~/n € C' x {[e]}. The first point of
Proposition 2.7 tells us that (®n(n,),v) < 0, and this inequality means (®(C),~) <
(€,7v). We have proved that any point £ € A(®) satisfies (&(C'),7) < (£,7), for any
infinitesimal B-Ressayre’s pair (v, (). So, A(®) C Ajerp-
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4.2. A C A(®). The aim of this section is the proof of the following

Theorem 4.2. Let § € t5 satisfying the inequalities (£,7) > (®(C),), for any reqular
B-Ressayre’s pair (7, C) such as ®(C) Nty # 0. Then § € A(P).

Our arguments go as follows: we will show that there exists a collection (v;, C;)ier
of regular Ressayre’s pairs satisfying ®(C;) N5, # (), and for which we have

({6 € &0, (€ 7) > (R(Ch),3) } = A®).
iel
The set I will be finite when M is compact.
We start with the following remark concerning admissible elements

Lemma 4.3. dimg (M) = dimg (M) if and only if K - MY = M.

Proof. If K - M" = M, we have obviously dimg(M?”) = dimg(M). Suppose now that
there exists z, € M7 such as dim(¢,,) = dimg(M). Then a neighborhood of Kz, is of
the form U = K xg, V where £,, acts trivially on V and v € €,,. Then a neighborhood
of K"z, in M7is V = K7 Xg; V. We see then that KV = U: in other words K - M7
contains x, in its interior.

To any subalgebra b C € we associate the sub-manifolds My = {m € M,h =¢,,} and
MY = {m € M,b C &,}. There exists a subalgebra b,, unique up to conjugation, such
as K - M% = M, and K - My, is a dense open subset in M. The set K - MY N K - My,
is non-empty, hence, up to a change of h, by conjugation, we have M7 N My, # 0: in
other words v € h,. Finally we see that M% C M? and K - M7 = M. O

Before starting the description of the collection (7;, C;)ier, we need to recall the
following facts. There exists a unique open face 7 of the Weyl chamber t%, such as
A(®) N7 is dense in A(®) : 7 is called the principal face [22]. All points in the open
face 7 have the same connected centralizer K,. Let A, be the identity component of
the center of K. and [K,, K| its semi-simple part. Note that we have an identification
between the dual of the Lie algebra a, of A, and the linear span R7 of the face 7. The
Principal-cross-section Theorem [22] tells us that Y, := ®~!(7) is a symplectic K-
manifold, with a trivial action of [K,, K;]. So, the restriction of ® on Y, is a moment
map P, : Y, — R7 for the Hamiltonian action of the torus A,.

As the following example shows, the slice Y, is not always a complex submanifold of
M.

Example 4.4. Let \ be a reqular element in the Weyl chamber, and consider the
Kdihler manifold M = K(2\) x KX. The moment map is defined by the relations
O(n, &) = n—¢&, and the principal face T is the interior of the Weyl chamber. The
element x := (2X\, \) belongs to Y, := ®~ (7). Let q C € be the image of n by the map
R:tc — € We view q as a complexr T-module through the isomorphism R : n¢ ~ q.
Then, the tangent space T, M is equal to q X q and the subspace T,Y, corresponds to
V ={(X,2X),X € q}. We see that V is not a complex subspace of q X q.

The Ressayre’s pair (v,,C;). In this section, we show that a Ressayre’s pair describes
the fact that A(®) is contained in 7. Let us denote by H, € t the coroot associated to
a root a. Let BT C RT be the set of positive roots that are orthogonal to 7.
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Definition 4.5. Consider the following rational vector

Vo= — Z H,.

aeRrt

Lemma 4.6. The element 7y, satisfies the following properties:

® <£777’> S 0 fOT any é- S t*ZO

o Forany & € tiy, (£,7.) =0 if and only if € € T.
® v, acts tm’m’al_ly on Y.

e (a,7,;) <0 for any a € R

Proof. The first two points follow from the fact that (£, H,) > 0 for any £ € t5, and
any positive roots a. The third point is due to the fact that v, € [¢,, €,]. -

Let «a, be a simple root of RF. Let 0,, : t — t and 7,, : t* — t* be the associated
orthogonal symmetries: o, (X) = X — (a,, X)H,,, and 7,,(§) = & — (£, Ha,)o. We
have oo, (Hg) = Hs, () for any root 3. We also have G,, (R — {an}) = RE — {an}

xo

and 7,,(a,) = —a,. We then see that
aao( 3 Ha) - Y H,-2H,,
aeRT aERT
In other words (ao, Y, eqt Ha) = 2. Thus (@,,77) < 0. This implies that {(a,~;) <0
for any o € R O

Let C, be the connected component of M7 containing Y,. We start with the fol-
lowing basic result.

Lemma 4.7. e 7, is an admissible element.
o For any £ € t%, the inequality (§,v-) > (P(C:),v-) is equivalent to £ € 7.

Proof. Since K - M = M, ~, is an admissible element (see Lemma 4.3). Now we
consider the inequality (£,v;) > (®(C;),v,) for an element & € t£,. First we notice
that (®(C.),7,) = 0, and the first two points of the previous Lemma tell us that
(&,7-) > 0 is equivalent to & € T. O

Proposition 4.8. (v, C;) is a reqular B-Ressayre’s pair such as ®(Cr) N5, # 0.

Proof. Using the identification t ~ t*, we view 7, as a rational element of t* orthogonal
to 7. Let o’ € A(®) N7 and consider the elements a(n) := a’ — L~ for n > 1. We
notice that for n large enough

(1) a(n) is a regular element of the Weyl chamber,

(2) a(n) ¢ A(®),

(3) o is the orthogonal projection of a(n) on A(P).
So we can exploit the results of §3.3 with the elements a(n) for n >> 1. Proposition
3.13 and Lemma 4.7 tell us that (v, C:) is a regular B-Ressayre’s pair. O

The Ressayre’s pairs (v, C;7). Let S, be the identity component of the principal sta-
bilizer for the action of A, on Y,: let s, be its Lie algebra. The convex polyhedron
A(®) C T generates an affine subspace II of R7 with direction (s,)*. In this section,
we show that a finite family of Ressayre’s pairs describe the fact that A(®) is contained
in the affine subspace II.
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Let (m)1er be a rational basis of s,. We consider then the rational elements
viEi=dm+,, l€L.

For any [ € L, we denote by C’ljE the connected component of M % containing Y.

Lemma 4.9. o Any fyli s an admissible element.
o The set of elements & € Rt satisfying the inequalities
(9) (&%) Z(2(CF) 7). Vel

corresponds to the affine subspace II.

Proof. Since K - M5 = M, we have K - MY = M for any | € L. Hence, (7;");cr, are
admissible elements. Let &, € ®(Y,) C II. Since (&, v,) = 0,V¢ € R7, the inequalities
(9) are equivalent to +(§ — &, m) > 0,Vl € L: in other words £ — &, € (s,)F, so
Eell. O

Proposition 4.10. For any | € L, (75, C%) is a reqular B-Ressayre’s pair such as
O(C) Nty # 0.

Proof. The proof follows the lines of the proof of Proposition 4.8. Let ' € A(®) N7
and consider the elements ai(n) := a’ — %fyli for n > 1. We notice that for n is large
enough

(1) a(n) is a regular element of the Weyl chamber,

(2) ¢ (n) ¢ A(®),

(3) @ is the orthogonal projection of ai(n) on A(®).
So we can exploit the results of §3.3 with the element a;°(n) for n >> 1. Proposition
3.13 tells us that (77, C;%) is a B-Ressayre’s pair. O

The Ressayre’s pairs (yg, Cr). In this section, we show that the polyhedron A(®),
viewed as a subset of the affine subspace II, is the intersection of the cone ITNtL,, with
a collection of half spaces parametrized by a family of B-Ressayre’s pairs.

Definition 4.11. An open facet F' of A(®) is called non trivial if F' C 7. We denote
by F(®) the set of non trivial open facets of A(P).

Let F' € F(®). There exists nrp € a, \ s, such as the affine space generated by F
is p = {€ € I1,({,nr) = ({p,nF)} for any &g € F. The vector ng is chosen so that
A(P®) c{E € IL (& mr) = (Erymr) -

By definition of the set F(®), we have the following description of the Kirwan poly-
hedron

(10) A(P) = ﬂ {€ €L (& nr) = (Ernr) ﬂ o
FeF(®)

The pull-back Zr := ®-!(F) is a connected component of the submanifold Y* fixed
by nr. Here, the generic infinitesimal stabilizer of the A, -action on Zp is s, & Rnp,
hence the element g can be chosen in A. Consider an element zr € Zp with stabilizer
subalgebra £, equal s, @ Rnp & [¢,, &,].

We consider now the rational elements

e =nr+7v, FeFP).



16 PAUL-EMILE PARADAN

Let Cr be the connected component of M7F containing Zp.

Lemma 4.12. e r is an admissible element, for any F € F(P).
o The set of elements § € ILNtL, satisfying the inequalities

corresponds to A(P).

Proof. The element zp belongs to Cr, and the stabilizer subalgebra €,, is equal to
s, & Ryp & [E,,8,]. Hence dimg(Cr) = dimg (M) + 1. The first point is settled. The
last assertion of the proposition is a consequence of (10). ([l

Proposition 4.13. For any F € F(®), the couple (v, Cr) is a reqgular B-Ressayre’s
pair such as ®(Cp) Nt # 0.

Proof. The proof follows the lines of the proof of Proposition 4.8. Let a} € F and
consider the elements ar(n) := a — %'VF for n > 1. We notice that for n is large
enough

(1) ap(n) is a regular element of the Weyl chamber,

(2) ar(n) ¢ A(P),

(3) a’p is the orthogonal projection of ap(n) on A(P).
So we can exploit the results of §3.3 with the elements ar(n) for n >> 1. Proposition
3.13 tells us that (yg, Cr) is a B-Ressayre’s pair. O

4.3. Ressayre’s pairs and semi-stable points II. Let N be a Kahler Hamiltonian
K-manifold with proper moment map ®y. The aim of this section is the following
proposition that completes the results of Proposition 2.7.

Proposition 4.14. Let C'y be a connected component of N7. Then, the following holds

(1) If N*NCy # 0, then (Pn(Cn),~) < 0.
(2) If NN Cx # 0 and (Pn(Cy),7) = 0, then Cy N O (0) # 0.

Proof. Let x € Cy N N*, and let denote by z., € Cy the limit of e~z when ¢ — oo.
In Proposition 2.7, we proved that (®x(x,),7) < 0, and also that z, € N* when
(PN (xy),v) = 0. Our first point is then settled.

Suppose that 2., € N*: it remains to show that Cy N ®3'(0) # 0. Let z € ®,'(0)
so that K¢z is the closed orbit contained in K¢z, C Kcx. We will use now the
Holomorphic Slice Theorem of Sjamaar [25] in order to describe a neighbourhood of
Kcz. First recall that the stabilizer subgroup (K¢), is equal to the complexification
of H := K,. Let E C T,N be the orthogonal complement (relatively to the Kéhler
metric) of the subspace €c - z. We see that E is a Hermitian vector space equipped
with a linear action of H¢. Sjamaar proved in [25] that a K¢-invariant neighbourhood
W of the orbit K¢ z admits a K¢-equivariant holomorphic diffeomorphism with

W = K¢ x g E°,

where E° is a Hc-invariant neighborhood of 0 € E.
By definition, the orbits K¢ x and K¢ x, intersect W, so the points x and x., belong

to W. Let us write by z,%,, % € W the image of x, z,, 2 € W. Here Z = [e, 0].
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Lemma 4.15. (1) There exists (a,p, ky,v) € K x P, x K x E such as
T = [pya,v] and T, = [kya,v,).
The data (a,ps, ky,v) satisfies the following relations: +' = a™'v € b, v €
EVS0 0, = limy e e v € BY70, and ky i= limy_y oo e p. e
(2) 0€ Hev and 0 € HY v,
(38) KzNKlz, #0.

The third point of the lemma says that Kz N Klz, # 0. But Klz, C Cy and
Kz C ®,(0), so we have proved that Cy N ®'(0) # (. The proof of Proposition 4.14
is completed.

Proof. Consider the projection T : W — Kc/Hc. Since limg o e”™% = 2., we have
limy_oo T (2) = T(2,) € (Kc/He)?. It is not difficult to check that there exists
(a,py, ky) € K x Py, x Kl so that

T(z) = [pya] and T(z,) = [kyal,

where k., := lim;_,o e p,e™ and v :=a 'y € .

Now let v,v, € E such as & = [pya,v] and %, = [k,a, v,]. Since limy o e 7E = I,
we have limy_, e~*'v = v,, and this implies that v € EV=% and v, € EV=°. The first
point of the lemma is settled.

Since Z belongs to K¢, we must have 0 € Hcv. Let P, be the parabolic subgroup

of K¢ attached to +/, and take ij = Py N H¢. Since He = HPﬁ, we have 0 € %
Let € > 0, and let w = pv € P/fv such as [Jw|| < e. Since w belongs to E<’, we have
e~ w|| < € for any t > 0. Hence the vector w, := lim,_., e~ w satisfies ||w,|| < €
and w, = hv,, where h = lim; .. e ' pe € Hg. We have proved that 0 € Hg Vo,

and this fact implies that aZ = [a, 0] belongs to K Z,. The last point is proved. [
O

Remark 4.16. In the proof of Lemma 4.15, we have seen that the element z € Kcx N
®~1(0) can be chosen in Kz, N®~(0). If we do so, the expression in W are & = [p,v]
and &, = [k, v,], where p € P, and k = limy_,o e""pe'™ € K.

4.4. 2. & 3. in Theorem 1.6. Let M be a Kéahler Hamiltonian K-manifold with
proper moment map . We denote by R the set of infinitesimal B-Ressayre’s pair on
M, and by R' C R the subset formed by the infinitesimal B-Ressayre’s pair (v, C)
satisfying ®(C') N .

In §4.1 and §4.2, we proved that Aperp = A(®). The aim of this section is to
explain why Aj,rrp coincides with

Agnf—RP = {5 S szo? (fﬁ) > <<I>(C),7), V(% C) S R/}-

To any (7,C) € R, we associate the hyperplane of t* : Il ¢ :=
{€ et (£,7)=(D(C),7)}. Let R® C R be the subset formed by the infinitesimal
B-Ressayre’s pair (v, C) satistying II, ¢y N A(P) # 0.

The equality Ajyerp = Al gp follows from the following proposition.
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Proposition 4.17. (1) Ajuerp 18 equal to

Aderp = {€ € 85 (£,7) = (R(C),7), ¥(+,C) € R°}.
(2) R' = RO

Proof. We have obviously Ajerp C ADpp. Let us consider & € A pp and & €
Ajperp. For any t € [0,1], let’s & = & + (1 — t)&. Let s = inf{t € [0,1],& € A(P)}.
If s > 0, there exists (y,C) € R such as (&, 7) = (P(C),7) and ({5, 7) < (P(C),7)
for € > 0 small enough. The first equality means that & € Il ) N A(®), hence
(7,C) € R°. Then the second inequality is in contradiction with the fact that (&, ) >
(®(C),7) and (&1,7) > (P(C),7). So, s = 0 which means that {, € Ayerp. The first
point is settled.

By definition, we have R’ C R°. Let us prove the opposite inclusion. Let (v, C) €
R°. The hyperplane II(, ¢y intersects A(®) and we want to prove that ®(C') Nt, # 0.
Let us consider § € I, oy N A(P) and the associated manifold N := M x K¢ We
consider the connected component Cy = C x K7€ of N7, and the Bialynicki-Birula’s
submanifold C},. We prove in Lemma 4.1 that Cy, N N** # () and the relation (§,~) =
(®(C'),~) means that (®n(Cy),7) = 0. We can conclude, thanks to Proposition 4.14,
that 0 € & (Cy): in other words £ € &(C). O

4.5. Ressayre’s pairs = infinitesimal Ressayre’s pairs. Let M be a Kahler Hamil-
tonian K-manifold with proper moment map ®. The main purpose of this section is
the following proposition.

Proposition 4.18. Let (v,C) be an infinitesimal B-Ressayre’s pair on M satisfying
both conditions:

(1) KcC~ is dense in M,

(2) P(C)Nt, #0.
Then (v, C) be a B-Ressayre’s pair on M.

Remark 4.19. Ressayre obtained a similar result in the algebraic setting (see [27], §6).

Proof. Let £ € ®(C) N t%,, and consider the Kéhler Hamiltonian K-manifold N :=
M x K¢, We work with the connected component Cy := C x K7¢. Thanks to
Proposition 2.6, we know that it is sufficient to check that (v, Cy) is a Kc-Ressayre’s
pair on N. We will use here, as a key fact, that the stabilizer subgroups for the K-
action on N are abelian: in particular, for any n € Cy, the stabilizer subgroup K, is
an abelian subgroup contained in K.

By definition the set N** is non-empty and (®n(Cy),7) = 0. Let p: Cy — Cn be
the canonical projection. We have proved in Proposition 4.14 that N**NCy = p~1(C%),
where O3 = {n € Cy; KZn N ®3'(0)} is a dense open subset of Cy.

Lemma 4.20. Let g € K¢ and v € N** N Cly, such as gv € Cy. Then g € P,.

Proof. Let o' = gx. Let x, := limy_o ™z and 2/ := limy_ o e~"72’ be the corre-
sponding point in C¥’. The orbits Kcx, and K¢z, are both contained in the closure
of the orbit Kcx C N*°. Thanks to Proposition 4.14 and Remark 4.16, we know that
there exists z € Cy N ®'(0), such as z € Kla, N @.
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As in the proof of Proposition 4.14, we use now the Holomorphic Slice Theorem of
Sjamaar [25] in order to describe a neighbourhood of Kc¢z. The stabilizer subgroup
(Kc¢)., which is equal to the complexification of H := K, is an abelian group contained
in K!. A Kc-invariant neighbourhood W of the orbit K¢z admits a Kc-equivariant
holomorphic diffeomorphism with W= K¢ Xp. E°.

The points x, 2’ belong to W. Let us write by Z, %’ the corresponding points in W.
Lemma 4.15 and Remark 4.16 say that there exists (p,p’) € Pf such as & = [p, v], and
¥ = [p/,v']. But 2’ = gz, so there exists h € Hc satisfying gp = p’h. Finally, we see
that g = p’hp~' € P, because h € K{.. O

Let us finish the proof of Proposition 4.18. The map 7m, : K¢ xp, Cy — N has a
dense image by hypothesis, and it is injective when restricted to K¢ xp, (N** N Cy).
Let (Cy)weg be the open subset formed by the point n € Cy such as the tangent
map T7, (. is an isomorphism. We have seen in Lemma 2.4 that (Cy).eg is a dense,
P, -invariant, open subset of Cy such as (Cy)reg = 2~ H(Cn N (Cy)reg)-

Finally, let’s take U = (Cy)reg N N**. We have U = p~' (V) where V = C% N (C'y ) reg
is a dense open subset of C'y. The map ., defines then an holomorphic diffeomorphism
between K¢ X p, U and the dense open subset KcU C N. O

5. HORN CONDITIONS

Let v € t be a non-zero element, and let C' C M” be a connected component. Let
C~ be the Bialynicki-Birula’s complex manifold associated to C' (see (4)). In order
to analyse the fibers of the map ¢, : B Xpnp, C~ — M, we introduce the maps
79 : B Xpnp, C~ = Kc/Ad(g) P, that sends [b, z] to [bg™'].

5.1. Characterization of B-Ressayre’s pairs. We start with the following basic
remark.

Lemma 5.1. Let g € Kc¢. For any m € M, the map rJ is injective when restricted to
¢t (m).
We have the following characterization of B-Ressayre’s pairs.

Proposition 5.2. Let g € Kc.

e If (v,C) is an infinitesimal B-Ressayre’s pair then :
A) dim(c(ﬂ'\/>0) = Ial’lk(c(TM|c)7>0,
B) Tr, (%) = Tr, (TM|c)>0),
o If (v, (C) satisfies conditions A), B), and furthermore the set

(12) Image(q,) = {m € M,rJ(q;'(m)) # 0}  has a nonempty interior,

then (v, C) is an infinitesimal B-Ressayre’s pair.
e Suppose that M is an algebraic variety equipped with an algebraic action of Kc.
If (v, C) satisfies relations A), B), and furthermore the set

(13) {m € M, cardinal(r,gy(q;l(m))) =1}  has a nonempty interior,

then (v, C) is a B-Ressayre’s pair.



20 PAUL-EMILE PARADAN

Proof. Let * € C such as p) := n”>% — (T,M)">Y is bijective. Since the map p
commutes with the action of v we get A) and B). The first point is proved.

Suppose now that (v, C') satisfies conditions A) and B). Condition A) insures that
the manifolds B X pnp, C~ and M have the same dimension. Either (12) or (13) imply
that Image(¢,) has a non-empty interior, so it must contains a regular value of the
map ¢,. We see then that the set (C~),e, formed by the point m € C'~ for which the
tangent map Tq, |, is an isomorphism, is a dense open subset of C'~.

As we did in Lemma 2.4, let us check that equality B) implies that (C'™),ee N C # 0.
The rank s of the holomorphic bundle E := TM|s-/TC™ is equal to the dimension
of b/p, Nb. We consider now the B N P,-holomorphic line bundle L. — C~ defined
by L := hom (A"(b/p, Nb),A"E). We have a canonical B N P,-equivariant section
0:C~ — L defined by 8(m) : Xy A--- A Xy — X -mA---AX,-m. We notice that
(C7)reg = {m;0(m) # 0} and condition B) tell us that the torus T = exp(Ry) acts
trivially on L|c. Thanks to Lemma 2.2, we can conclude that m € (C7 ), if and only
if p(m) € (C7 )reg- The set C'N (C7)yeq is not empty, and for any x € C'N (C7)eq, the
map pJ is an isomorphism. At this stage, we have proved that (v, C') is an infinitesimal
B-Ressayre’s pair.

Suppose now that M is an algebraic variety. We have an algebraic map ¢, between
smooth algebraic varieties of same dimension. Moreover, on the open subset B X pnp,
(C7 )reg, the differential g, is always bijective. If (13) holds, we can conclude that ¢,
defines an isomorphism between B X pnp, (C'7 )reg and B(C'™ )¢ We have proved that
(7,C) is a B-Ressayre’s pair since (C7 )yeq N C # 0. O

5.2. Highest weight vector.

Definition 5.3. We associate to an infinitesimal Ressayre’s pair (7, C) the holomor-
phic line bundle L, ¢y := det ((TM|c)">°%) on C.

Take a basis Y7, -+, Y, of n720. We define an holomorphic section of the line bundle
Ly, as follows : Oy (x) =Y -2 A---ANY, -z, Vrel.

The vector space of holomorphic sections H°(C, Ly,c)) is a K -module, and we will
now see that O, ¢y € H°(C, L, ) is a highest weight vector. Let

Y e

a>0
(o,7)<0

The following property is immediate.
Proposition 5.4. We have X - O,y =0 for any X € w=" and
t- @(%C) = PO @(%(j), VteT.

6. EXAMPLES

6.1. Ke x K¢ acting on Kc. In this section, we work out the example of a complex
reductive group K¢ equipped with the following action of K¢ x K¢ : (k: k)-a= kak™'.
Here K — K is a closed connected subgroup, and K¢ is the corresponding reductive
subgroup of K.
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There is a diffeomorphism of the cotangent bundle T~ K with K¢ defined as follows.
We identify T* K with K x £* by means of left-translation and then with & x & by means
of an invariant inner product on &. The map ¢ : K xt — K¢ given by pla, X) = ae™X is
a diffeomorphism. If we use ¢ to transport the complex structure of K¢ to T*K, then
the resulting complex structure on T~ K is compatible with the symplectic structure on
T*K, so that T*K becomes a Kihler Hamiltonian K x K-manifold (see [12], §3). The

moment map relative to the K x K-action is a proper map ® = PP : T*K — et
defined by

(14) Op(a,f) = —aé, Pk(a,é) = ().
Here 7 : € — £* is the projection dual to the inclusion € < € of Lie algebras.
Select maximal tori 7 in K and T in K such as T C T, and Weyl chambers t>0 in

t and tSy in t*, where t and t denote the Lie algebras of T, resp. T.

Let A(T*K) C tzo x t4y be the Kirwan polytope associated to ®. Equations (14)
show that

AT E) = { (€0 ety xtsy| —gen(KE)}.
We recall from general principle that the Kirwan polyhedron A(T*K ) has a non zero
interior in t x t* if and only if the generic stabilizer of the K x K-action on T*K is

finite. To simplify the exposition, we assume from now on that no non-zero ideal of ¢
s an ideal of . It implies the following

Lemma 6.1. The intersection of A(T*K) with €., x ., has a non empty interior,
and the generic stabilizer of the K x K-action on K¢ ~ T*K is finite.

In the next section, we look after the B-Ressayre’s pairs of the complex manifold
K(C relative to the K(C X Kc-action.

6.1.1. Admissible elements. Let (X, X) be an element of £ x t. In the following lemma,

which follows by direct checking, we describe the manifold N (X.X) of zeroes of the
vector field (X, X) on N = T*K. We denote KX C K the subgroup that fixes X. The
cotangent bundle T* K¥ ~ K& is then a submanifold of T*K ~ K.

Lemma 6.2. o If X is not conjugate to X in €, then NEX) — ¢
o If X =aX witha € K, then N&X) = . T*KX

Let W = N(T)/T be the Weyl group. We notice that if X = aX for some a € K,
then there exists w € W such as X = wX. So, the admissible elements relative to the
action of K¢ x K¢ on K¢ are of the form (1y,7) where v € tis a rational element and
weWw.

We consider now a K-invariant decomposition at the level of Lie algebras:

t=taq
Let g7 C q be the subspace fixed by the adjoint action of 7. We let R C t* denote the
set of roots for the group K¢, and R7=° denote the subset of roots vanishing on 7.

Lemma 6.3. Let v € t be a rational element and let w € W.
(1) The element (w,~y) is admissible if and only if dimp(q7) = 1.
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(2) If (0, 7) is admissible, then the projection of =" on t* generates (Ry)*.

Corollary 6.4. The K x K -action on K¢ admits a finite number of admissible elements
(modulo identifications (wqy, qy) ~ (wy,~) for any ¢ € Q™).

Proof. Since the generic stabilizer of the K x K-action on K¢ is finite, we have
dimg, . (Kc) = 0. The submanifold fixed by (iw,v) is wK2 and a direct compu-
tation gives

dlkaK(ﬂJkg) = dlmR’xK(K(g> = dimeK(f(Py X %ﬁg = dlmﬁ'xK({l} X %W)
= dlmK(%V)
= dimg (¥ x q7) = dimr(q7).

As dim, . (K¢) = 0, arational element (0, y) is admissible if and only if dimy(q7) =
dimg, (WK{) is equal to 1 (see Remark 1.2). The first point is proved.

The projection of R7=0 on t* is equal to R7=° U 9R(q") where R7=° denotes the set
of roots for the group K vanishing on v and 2R(q”) denotes the set of weights for the
T-action on q” ® C. The equality dimr(q”) = 1 means that the set Ji(q”) generates
(Ry)*. So, the first point tells us that the projection of 87" on t* generates (Ry)*,
when (w7, ) is admissible. O

6.1.2. Ressayre’s pairs of f((c. At any element (w,7) € W x t, we associate g =
(1y,7) and the submanifold Cy, := WK C K¢ fixed by 4. The Bialynicki-Birula’s
complex submanifold associated to Cy, is O, = mﬁy where py is the parabolic
subgroup of K¢ associated to y (see (5)). The parabolic subgroup of K¢ x K¢ associated
to the weight v is

Py, = Ad(@)(P,) x P,.

Let B C K¢ (resp. B C KC) be the Borel subgroup associated to the choice of the
Weyl chamber t5, (resp. t5,). We can now consider the holomorphic map

Ay + (B X B) X(gupyp,., Cay — Kc

that sends [b, b; wp] to biwpb~".
In our context, Relations A) and B) of Proposition 5.2 can be computed as follows.

Lemma 6.5. e Relation A) is dime(n®>0) + dime(n>°) = dime (b)™>°.
e Relation B) corresponds to

(15) Yo fany =) (@a).

aERt aER—
(@,7)>0 (@, ) >0

In the next section, we will see that the B-Ressayre’s pair on K¢ have a nice carac-
terisation in terms of Schubert calculus.



RESSAYRE’S PAIRS IN THE KAHLER SETTING 23

6.1.3. Sc{zubert~calc~ulus. For any v € t, we consider the projective varieties F, :=
K¢/P,, F, = Kc/P,, and the map
tay : (B X B) X(BxByPs, Cony Fyx F
that sends [b, b;wp] to ([bd], [b]). Here 4., corresponds to the map rg introduced in
85, with g = (w1, e).
We associate to any @ € W, the Schubert cell

3%, []Cf

and the Schubert variety %ﬁw = S%fm. If W denotes the subgroup of W that fixes 7,
we see that the Schubert cell X7 and the Schubert variety Xz, depends only of the
class of w in W /W7,

On the variety JF,, we consider the Schubert cell X7 := Ble] and the Schubert variety
X, := X9. Notice that we have a canonical embedding ¢ : F, — F, since KcNP, = P,.

Lemma 6.6. e (va,Can) satisfies Relations A) if and only if dime(F,) =
dime (X5 ,) + dlmc(fo)
e For any k € K¢, we have a bijective correspondance g ﬁ/(l;:) o~ l%‘lifm Nu(X9).

Proof. The first point is consequence of the first point of Lemma 6.5. Thanks to Lemma
5.1, we know that 1 - is injective when restricted to qg)’l,y(]{?). Now, it is an easy matter

to check that ry (q;ly(l;;)) corresponds to the set {(z,y) € %?Tw x X9, x = ky}. The
second point is completed. O

We consider the cohomology® ring H *(]-:V,Z) of ]:"V. If Y is an irreducible closed
subvariety of F,, we denote by [Y] € H?™ (]:"V,Z) its cycle class in cohomology :
here ny = codime(Y). Let «* : H*(F,,Z) — H*(F,,Z) be the pull-back map in
cohomology. Recall that the cohomology class [pt] (resp. [pt]) associated to a singleton
Y = {pt} C F, (vesp. Y = {pt}) is a basis of H™>*(F,,Z) (resp. H™(F,,Z)).

We recall some classical properties.

Lemma 6.7. (1) Let X,Y be two irreducible closed subvarieties of F.,. Let’s X°,Y°
be their smooth part.
o We have [X]-[Y] = [X NgY] for g € K¢ belonging to a dense open subset.
e The relation [X] - [Y] = n[pt] holds if and only if the set X° N gY* is of
cardinal n, for g € K¢ belonging to a dense open subset.

(2) Let Y (resp. Y) be an irreducible closed subvariety of F. (resp. F.). The

relation [v(Y)] - [Y] = n[pt] in H*(F,,Z) is equivalent to the relation [Y] -
#(I¥]) = nlpt] in H*(F,, 2).

Proof. The first point is a consequence of Kleiman transversality theorem [19] (see [3],
Proposition 3). The second point is left to the reader. (]

Lemmas 6.6, 6.7 and Proposition 5.2 give us the following corollary.

3Here, we use singular cohomology with integer coefficients.
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Corollary 6.8. ® (v, Cgy) 15 a B-Ressayre’s pair on K¢ if and only if (15)
holds and [X,] - t*([X4,4]) = [pt]. i
o (Ya,Cay) is an infinitesimal B-Ressayre’s pair on K¢ if and only if (15) holds

and [X,] - *([Xa,]) = nlpt] forn > 1.
We can finally describe the Kirwan polyhedron A(T*K).

Theorem 6.9. Let K C f( be a closed connected subgroup such as no non-zero ideal
of £ is an ideal of £. Let (£,€) € t5, x t§,. We have —§ € W(Kf) if and only if

(&) +(&,7) =0

for any (v,W) € t x W satisfying the following properties:

a) v is rational and dimp(q7) = 1.
b) [X,]- " ([Xan]) = [pt] in H*(F,, Z).
C) Z aent <O‘7fy> = Z GERT <O~é,1I)’)/>
(a,y)>0 (&, wy)>0
The previous theorem has a long story. The first input was given by Klyachko
[15] with a refinement by Belkale [2], when K¢ = SL(n) and K¢ = (SL(n))°. The
case K¢ = (K¢)* was treated by Kapovich-Leeb-Millson [14] following an analogous
slightly weaker result proved by Berenstein-Sjamaar [4]. Condition c) is related to
the notion of Levi-movability introduced by Belkale-Kumar [3]. It is recalled that
the notion of Ressayre’s pair is an adaptation of Belkale-Kumar’s Levi-movability.
Finally, the general case was treated by Ressayre [27], where he proves furthermore the
irredundancy of the list of inequalities.

6.2. Kc x K¢ acting on K¢ x V. Let (V,h) be an Hermitian K-vector space. The
linear action of K¢ on V is denoted p : K¢ — GL(V).

Let Qy = —Im(h) be the corresponding 2-form on V. The moment map &y : V' — ¢*
associated to the action of K on (V) is defined by the relation

(®y (), X) = %Q(Xv,v), X et

We suppose here that the moment map Py is proper. It is like saying that the algebra
Sym(V*)% of invariant polynomial functions on V is reduced to the constants.

In this section, we study the action of f(c x K¢ on f(c xV ~ T*K x V that
is defined as follows : (k, k) - (a,v) = (kak™', kv). The corresponding moment map
®:T*K x V — & @& €, which is defined by the relations

(16) (k& v) = (—RE 7)) + v (v))

is proper.
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6.2.1. Admussible elements. In this example, Lemmas 6.3 and 6.5 become

Lemma 6.10. Let v € t be a rational element and let & € W.

(1) The element g := (wWy,7) is admissible if and only if dimr(q” x V7) = 1.
(2) Relation A) means dimg(n*7>?) 4+ dime(n?2°) = dime(Ec)™”? + dime(V7>9).
(3) Relation B) corresponds to
)

(17 § (o, ) = § (&, wy) + Tr, (V729),
aeRrt aER—
(,7)>0 (@&,7)>0

6.2.2. Ressayre’s pairs of K¢ x V. The submanifold fixed by Y 18 zbf(g x V7 and the
corresponding Bialynicki-Birula’s complex submanifold is wP, x V=0, So, we work
with the holomorphic map

qgﬁ : (B x B) X (BxB)Py,, (WP x V=) — Ke x V

that sends [b, b; wp, v] to (bwpb~", p(b)v).
In order to analyse the fibers of the map q}gﬁ, we use, as in §6.1, the map rgﬁ :
(B x B) X (BxB)Pa (WP, x V7=0) — F., x F, that sends [b, b; @p, v] to ([bi], [b]).
We start with

v

Lemma 6.11. The map 1,

18 injective when it is restricted to the fibers of q}gﬁ.

In order to obtain a criteria based on Schubert calculus, we replace V' by the pro-
jective manifold P(C x V') = G/Q. Here G = GL(C x V), and Q C G is the parabolic
subgroup of G that fixes [1,0] € P(C x V). Let PY C G be the parabolic subgroup
associated to . Then V7 (resp. V?=0) is a dense open part of P(C x V) = G” - [1, 0]
(resp. P(C x V7=0) = PE . [1,0]).

Let us work with the holomorphic map

a}i{)ﬁ:(gx B) X (BxB)NPg (U”S'y XPVG/QQPVG) —>K<CXG/Q

that sends [b, b; wp, [p]] to (biwpb~ 1, [(b)p]). Here we denote p: K¢ — GL(C x V) the
composition of p : K¢ — GL(V'), with the morphism GL(V) — GL(C x V') that sends
10
g to (O g) .
By an argument of density, we can replace qgﬁ by @‘gﬁ, and obtain the following
adaptation of Proposition 5.2. Let N := K¢ x G/Q.

Proposition 6.12. Suppose that v = (w0y,7) satisfies Conditions A) and B).
N Vo((av y-1 -
o [f the set Image((}wﬁ) = {n € N,ry((Q5,)""(n) # 0} has a nonempty inte-
rior, then (vg, WK, x V) is an infinitesimal B-Ressayre’s pair.
o [fthe set{n € N, cardinal(rl‘gﬁ((@‘gﬂ)_l(n)) = 1} has a nonempty interior, then
then (7@,7IJI~Q x V) is a B-Ressayre’s pair.
6.2.3. Schubert calculus. To an oriented real vector bundle &€ — N of rank r, we can

associate its Euler class Eul(€) € H*(N,Z). When V — N is a complex vector bundle,
then Eul(Vg) corresponds to the top Chern class ¢,(V), where p is the complex rank of
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V), and Vg means V as a real vector bundle oriented by its complex structure (see [5],

§21).

We will need the following result.

Lemma 6.13. Let M be a smooth complex projective variety. Let Y C M be a sub-
variety and let Y° C M be it’s smooth part. Let vx : X — M be a smooth compact
oriented submanifold contained in Y°. Then

tx([Y]) = Eul(MV]x),
where N is the normal bundle of Y° in M.

Proof. We will give a proof of this equality in the de Rham cohomology of M. If n
is a closed form on M, the cycle class [Y] is defined through the relation [, [Y]-7 =
fyo n|y..The convergence of the right hand side is a consequence Lelong integrability’s
theorem of algebraic cycles. Let NV(x ) be the normal bundle of X in M. The de Rham
cohomology with compact support H(N(x ar)) is freely generated, as a H}(X)-module,
by the Thom class Thom(X, M). We denote by Thom(X, M) € H}(Ux), the image of
Thom (X, M) through a diffeomorphism between N(x ) and a tubular neighborhood
Ux of X in M. If 6 € H}(X), we denote simply by Thom (X, M)-0 € H}(Ux) the image
of Thom(X, M) - p*(0) € Hi(Nix.m)): here p : Nixary — X denotes the projection.
Now, we compute [,,[Y] - Thom(X, M) -6 in two different ways. Since Thom(X, M)
is the de Rham class that represents the oriented submanifold X, we have [, [V] -
Thom(X, M) -0 = [, t%([Y]) - 6. On the other hand, we have [, [Y] - Thom(X,M) -
0 = [,o(Thom(X, M) - 0)|ye. As Thom(X,M) = Thom(X,Y?) - Thom(Y, M), we
obtain Thom (X, M)|y. = Thom(X,Y?°)-Eul(N) because Thom(Y°, M)|y. = Eul(N).
Finally,

/XL}([Y])-(?:/M[Y]-Thom(X,M)~9:/ Eul(N)|x -0, V0 € H*(X).

X
This relation completes the proof. O

The isomorphism V779 ~ V/V7=% shows that V7> can be viewed as a P,-module.
Let V7?0 = K¢ Xp, V7>% be the corresponding complex vector bundle on F,. In

the following proposition, we denote simply Eul(V7>°) the Euler class Eul(VZ™°) €
H*(F, Z)

Proposition 6.14. ° (’Ym,u?f((g x V) is a B-Ressayre’s pair on Ke x V if and
only if (17) holds and [X,] - *([Xs,]) - Eul(V7>0) = [pt] in H*(F,,Z).
* (va, zbf((g x V) is an infinitesimal B-Ressayre’s pair on Kc x V if and only if
(17) holds and [X,] - 1*([Xs,]) - Eul(V7>0) = n[pt] forn > 1.

Proof. As we noticed in Proposition 6.12, we have to analyse the sets O(k,g) =
ry - ((Qy,) " (k, gle])) € Fy x F, associated to (k, g) € K¢ x G.
Consider the maps ¢ : F, — F, and j : F, — ]-"f . here ]-"f = G/Pf and

j([K]) = [p(k)]. Let Y° C FS be the orbit Q-[e] and let Y := Y. A direct computation
shows that we have a bijective correspondance

0(k,g) ~ (1 x J)NXS) ﬂl;:_lifm x gY®°.
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As in Lemma 6.8, we see that (v, zbf(% x V7) is a B-Ressayre’s pair if and only if (17)
holds and
(2% ()] - ([Xan] x [Y]) = [pt] x [pt] € H'(F,, Z) x H*(FE, Z)

The former relation is equivalent to [X,]-¢*([X454])-7*([Y]) = [pt] € H*(F,,Z). In order
to compute the form j*([Y]), we decompose the map j : F, — F$ in j =1yojyx. Here
X = GL(V)[e] € FS is a smooth projective submanifold contained in Y°, jx : F, = X
is the canonical map and vy : X — .7-",? is the inclusion. Finally

77 ([Y]) = 5x (ex ([Y]) = jx (BulV]x)) = Eul(jx' (N]x)),
where N is the normal bundle of Y in }~$ . We leave it to readers to verify that the

vector bundle j3'(N|x) — F, corresponds to Vg~°. The first point is settled and the
proof of the second point is similar. O

We can finally describe the Kirwan polyhedron A(T*K x V).

Theorem 6.15. Let K C K be a closed connected subgroup such as no non-zero ideal
of £ is an ideal of &. Let V be a K-module such as the algebra Sym(V*)X of invariant
polynomial functions on V is reduced to the constants.

An element (€,€) € ts9 X tsq belongs to A(T*K x V) if and only if

(€ @7) +(€,7) 20
for any (v,0) € t X W satisfying the following properties:
a) 7 is rational and dimg(q7 x V7) = 1.
b) [X,] - ([Xa,]) - El(VY20) = [pt] in H*(F,,Z).
C) Z(aem+ <O‘>7> = Z aER— <da 7117) + Tr_y(V’y>0)‘

a,y)>0 (&, 0y)>0

Similar results were obtained by Deltour in his thesis [8, 9], in the case where K =
K x K.

7. APPENDIX

Let (M, ) be a Kéhler Hamiltonian K-manifold with proper moment map ®. The
aim of this section is to explain how we can characterize the subset of analytical semi-
stable points in terms of the Kempf-Ness function. The result is well-known in the
compact case [28, 23, 10], and we will explain why it still holds when the moment map
is proper.

Let f := [|®|? be the square of the moment map, and let Vf € Vect(M) be its
gradient vector field. We start with the following result (see Theorem 4.1 in [10]).

Proposition 7.1. Fiz an element x € M.

(1) There exists a unique function V, : K¢ — R such as

(18)  d¥,(gv = —(®(g 'x),Im(g ")), W,(gk)=V,(g), W.(e)=0,
forallg € Kc, ve TyKc, and all k € K.
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(2) Define a map o, : K¢ — M by ©.(g) = g 'z. Then o, intertwines the gradient
vector field VW, € Vect(K¢) and the gradient vector field V f € Vect(M) :

(19) Toulg (V¥alg) = Vflpug)-
By equation (18) we have for all X € ¢

t
W, (e %) :/ (®(e*Xx), X)ds, Vt>0.
0

Consider the homogeneous space X = K¢ /K : it is a complete Riemannian manifold
with non-positive sectional curvature.

Definition 7.2. The function V, : Kc — R is called the lifted Kempf-Ness function
based at x. It is K-invariant and hence descends to a function ¥, : X — R denoted by
the same symbol and called the Kempf-Ness function.

Now, let us summarize the properties satisfied by the Kempf-Ness functions. The
proof given in [10][Theorem 4.3] still works when the moment map is proper.

Theorem 7.3. e The Kempf-Ness function ¥, : X — R is Morse-Bott and is
convex along geodesics.
o Fvery negative gradient flow line 0 : R=° — X of U, satisfies

(20) tllglo v,.(0(t) = ng U,.
o The Kempf-Ness functions satisfy

(21) Vp-14(9) = Walhg) — Wa(h),
forxz e M and h,g € Kc.

Proof. The first point and the relations (21) are valid without compactness assumption
on M. We have seen in Proposition 7.1 that the map ¢, : K¢ — M intertwines the
gradient vector fields VW, and Vf. As f is proper, every negative gradient flow line
of f are well-defined on R=°. Thus every negative gradient flow line of ¥, are also
well-defined on R=Y. Then, one checks easily that the rest of the proof given in [10]
works. U

We can now state the generalized Kempf-Ness Theorem (see Theorem 7.3 in [10]).

Theorem 7.4. Let (M,Q), ®) be a Kdhler Hamiltonian K -manifold with proper moment
map. Let x € M and denote by ¥V, : X — R the Kempf-Ness function of x. Then

Kcxn® 0) # () «<= ¥, is bounded below.

Proof. We follow the line of the proof given in [10][Theorem 7.3]. Fix a point xy € M
and denote by ¥ : X — R the Kempf-Ness function of xy. Let z : RZ® — M be the
negative flow line relatively to f:
¥ =-J(®(x) -x), and x(0)= zo.

Notice that z(t) is well defined for any ¢ > 0 because f : M — R is proper. Let
g : R2% — K¢ be the unique solution of the differential equation g(t)~t¢'(t) = i ®(x(t)),
with initial condition g(0) = e. Then z(t) = g(t) 'z for all t € R=". The limit
Too = limy_,oo 2(t) exists and || @ ()| = infx.. ||| (see Corollary 3.5).
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If KcaxN® 10) =0, then ||®(x)]| > 0. Let 0 : R=° — X denotes the composition
of g with the projection K¢ — X. By definition of the Kempf-Ness function, we have

% (T o) =—(P(g(t)""w0), Im(g(t) "¢ (1)) = —[|@(x()* < —[|P(zec)

for all t > 0. We get then W(0(t)) < —t||®(z4)]|% V¢ > 0. Thus ¥ is unbounded
below.

Suppose now Kcz N ®71(0) # (. Then ®(x,) = 0. By the Lojasiewicz gradient
inequality, we know that there exists t, > 0, and a,b > 0 such as f(z(t)) < ae™*
for t > t,. Thus 4 (Vof) = —||®(x(t))||* > —2ae™* for t > t,. This proves that
limy o, W(0(t)) = infx ¥ is finite. Thus, ¥ is bounded below. O

We state the main result of this appendix which completes the proof of Proposition
2.7. Let us denote by M* = {x € M; Kcx N ®1(0) # 0} the subset of analytical
semi-stable points.

Proposition 7.5. Let (v,x) € € x M, such as the limit x., := lim;_, e~ exists. If
x € M* and (®(x,),v) =0, then x, € M**.

Proof. Let us suppose that the Kempf-Ness function ¥, is bounded below by ¢ € R.
Relations (21) give

t
Vin(g) = o(7g) — Wy(e) = o + / (B(e ), 7)ds, Vt>0, Vg€ Ke.
0

The function s — (®(e~*7x),v) is decreasing and lim_,oo (P(e7V2), v) = (P(),7) =
0. Hence (®(e™*7x),~) > 0 for all s > 0. We obtain then ¥, i, (g) > ¢ for all g € K¢
and all t > 0. We get finally U, (g) = limy_,o0 Ve-itr,(g9) > ¢ for all g € K¢. The
Kempf-Ness function ¥, is bounded below, so ., € M**. O
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