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OPTIMAL CONTROL OF DIFFUSION EQUATION WITH FRACTIONAL TIME
DERIVATIVE WITH NONLOCAL AND NONSINGULAR MITTAG-LEFFLER
KERNEL

J.D. DJIDA, G.M. MOPHOU, AND I. AREA

ABSTRACT. In this paper, we consider a diffusion equation with fractional-time derivative with non-
singular Mittag-Leffler kernel in Hilbert spaces. Existence and uniqueness of solution are proved by
means of a spectral argument. The existence of solution is obtained for all values of the fractional
parameter o € (0,1). Moreover, by applying control theory to the fractional diffusion problem we
obtain an optimality system which has also a unique solution.

1. INTRODUCTION

In some problems related with transport dynamics in complex systems, the anomalous diffusion ap-
pear in a natural way [!]. As a consequence, some classical differential equations have been studied
in the context of fractional derivatives, such as diffusion equation, diffusion-advection or Fokker-
Plank type [1]. In [2] diffusion and wave equations together with appropriate initial condition(s) have
been rewritten as integro-differential equations with time derivatives replaced by convolution with
t*~1/T(a), a = 1,2, respectively. These equations have been solved numerically by using different
approaches (see e.g. [3, 4, 5] and references therein). In [17] the classical control theory has been
applied to a fractional diffusion equation in a bounded domain, where the fractional time derivative
was considered in a Riemann-Liouville sense.

We are interested in the analysis of the initial boundary value problem for a fractional time diffusion
problem. Let Q be an open and bounded subset of R¥(d > 1), with sufficiently smooth boundary 9.
Given a € (0,1), a well behave function f € L?(Q), and an initial datum 3° € L?(f2), we seek y such
that

PGDPy(x,1) — (Ay)(z,t) = f, for (,t) € Q =2 x (0,T),
(1.1) y(z,0) = y%(z), for x € Q,
y(z,t) =0, on 9Q x (0,7T),

where 2*D% for a € (0,1) denotes the Atangana-Baleanu fractional derivative of order a in the sense
of Caputo [6] with respect to the time ¢, which is formally defined in section 2. In the cases of single
and multiple fractional time Caputo derivatives, similar problems to (1.1) have been already studied.
For the Caputo fractional derivative there exists a large and rapidly growing number of publications
(see e.g. [14, 15, 16, 17, 18, 19] and references therein). Moreover, in [17] the Caputo fractional
derivative was used to obtain an optimality system for the optimal control problem.

We would like to emphasize here that the existence and uniqueness of solutions for the fractional
diffusion equation of type (1.1) when the Caputo fractional-time derivative is considered, have been
obtained for a € (1/2,1) [16, 17, 23]. In this work using the fractional-time derivative with the non-
singular Mittag-Laffler kernel, we have obtained the existence and uniqueness results for the fractional
diffusion equation of type (1.1) for all the values o € (0,1).

Furthermore, as for as the optimal control of the problem (1.1), one can refer to the methods of the
Lagrange multiplier technique for the Caputo and Riemann fractional time derivative presented by
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different authors (see e.g. [16, 17, 23, 24, 25, 20] and references therein). We are interested in finding
the control @& € L?(Q) that minimizes the cost function

2 N
J () = [ly(v) = ZdHL2(Q) + 7”””%%@)7 za € LX(Q), N >0,

subject to the problem (1.1) where the the Atangana-Baleanu fractional-time derivative is involved.
In other words we are interested in finding the control parameter @ € L?(Q) such that the functional

o inf
J (1) %g@fﬂw,

holds true.

This manuscript is structured as follows: In section 2 we collect notation, definitions, and prelimi-
nary results regarding the solution representation and we compute the integration by parts involving
the Atangana-Baleanu fractional-time derivative. Consequently the weak formulation of the (1.1) is
obtained. Section 3, is dedicated to the sketch of proof of the existence and uniqueness of solution
of the weak formulation problem. More precisely we prove Theorem 3.1 as well as some corollaries.
Moreover, section 4 is devoted to an optimal control problem given by Theorem 4.2.

2. PRELIMINARIES

In this section, we collect some notations on the functional spaces, useful properties on the Mittag-
Leffler function and the fractional time derivatives, regularity results for the fractional diffusion (1.1),
and basic estimates.

2.1. Notations. Let L? be the usual Hilbert space equipped with the scalar product (-, -), and H(Q),
H{'(9Q) denote the usual Sobolev spaces. In order to make things clear, we define the second order
elliptic operator as

(2.1) Ay = Ay, for z €Q, D(A) = H*(Q) N HQ).

Since A is an uniformly elliptic operator, the spectrum of A is composed of eigenvalues {)\n}iozl
> , Which belong to H?(2) N HY(Q), such that

and its corresponding orthogonal eigenfunctions {gon}n:

Avn = Anen-

2.2. Atangana-Baleanu fractional times derivatives: definitions and some properties. We
first start by recalling the Mittag-Leffler function F, g(z) which will be used extensively throughout
this work and is defined below

o) Zk;

Ea = /1. 1 2\ (Ca
8(2) ,gf(ka+ﬁ) €

where I'(-) denotes the Gamma function defined as

o0
I'(2) :/ t*letdt,  R(z) > 0.
0
The Mittag-Leffler function is a two-parameter family of entire functions of z of order a~! [7, pp.
42]. The exponential function is a particular case of the Mittag-Leffler function, namely E; ;(z) = €,
[7, 9]. As presented in [10], two important members of this family are E, 1(—At®) and t* L E, o (—\t%),
which occur in the solution operators for the initial value problem (1.1).

Next we also recall the generalized Mittag-Leffler function [7, 9] defined as
00 k
2.2 Py =S Pk t

where (p) is the Pochhammer symbol defined as (p)r = T'(p+ k)/T'(p) = plp+1)---(p+k—1).

Remark. Once could notice that for p = 1 we have that
53,5(2) = Ea,ﬂ(z)-

Furthermore we recall the following Lemma from [7].
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Lemma 2.1. Let o, 3, p € C such that R(a) > 0 and R(B) > 0. Then we have that

d k
(2.3) (%) € 4(2) = (P E0F (), z€C, keN,
and in the other hand,
(2.4) ap €075 (2) = (L+ap— B)EL 4(2) + €L 5 1(2), z€C.

Let us recall some useful definitions of fractional derivatives in the sense of Atangana-Baleanu [0, 11].

Definition 2.2. For a given function u € H'(a,T), T > a, the Atangana-Baleanu fractional derivative
of u of order o in Caputo sense with base point a is defined at a point ¢ € (a,T") by

(25 e u(t) =

t

[ w0 e = el

where v = a/(1 — a), E4(+) stands for the Mittag-Leffler function, and B(a) = (1 — ) + /T («).
So from the definition on [12] we recall the following definition

Definition 2.3. For a given function v € H'(a,T), T > t > a, the Atangana-Baleanu fractional
derivative of u of order a in Caputo sense with base point T is defined at a point ¢t € (a,T') by

B(a)

2.6 abe P g(4) = —
(2.6) TD§ g(t) T o

T
/t ¢ (7)Ea [—(r — 1) dr,

Definition 2.4. Let u € H'(a,T), T > a, a € (0,1). The Atangana-Baleanu fractional derivative of
order v of w in Riemann-Liouville sense with base point a is defined at a point ¢ € (a,T) as

B(a) d
2. abr pey(t) = L2
(2.7 iDfu(t) = 1) 4

t

/ u(T)Eq [—y(t — 7)%] d.
a

For a =1 in (2.5), we consider the usual classical derivative 0.

Furthermore the Atangana-Baleanu fractional integral of order @ with base point a is defined as

1—« o

2 Fult) = W“(t) - B(a)I(a) /a u(r)(e =) dr.

Notice that if @ = 0 in (2.8) we recover the initial function, and if & = 1 in (2.8) we obtain the ordinary
integral.
Next we recall the following lemma which has been stated and proved in [3, Theorem 1.6]

Lemma 2.5. Let o € (0,1) and 8 € R be arbitrary, and p is such that % < p < min(w, ar). Then
there exists a real constant C = C(a, B, ) > 0 such that

C
. <
(2 9) |EOC,5(Z)| — 1 + |Z|,

i < Jarg(2)] <

Lemma 2.6. Let set n:[0,T7] — R, then for all a € (0,1) we the equivalence relation hold true
(2.10) “EDY (T —t) = “%6DP n(t).

Proof. The well-posedness of (2.10) follows from a change of variables. Let us set 7 : [0,7] — R, and
let us define by 7(t) := n(T — t). Notice that

() =—n'(T-1).

Next by making change of variables t — T — t in (2.6), we get

a T
CEDF_ (T~ 1) =D ) =~ [ (Bl (T 1)



4

setting w =T — 7, we get that

a T
e 1y — Ba) / /(T ) [t - )] o

This means that
D 7j(t) = — 5D 7(t)
O

As a consequence, the backwards in time with the fractional-time derivative with nonsingular Mittag-
Leffler kernel at the based point T is equivalently written as a forward in time operator with the
fractional-time derivative with nonsingular Mittag-Leffler kernel — abng‘.

2.3. Solution representation. Under the functional spaces introduced in subsection 2.1, we can
associate with u(z,t) a map u(-) : (0,T) — L?(Q2) by

u(t)(z) = u(z,t), 0<t<T, ze€.
Let us now multiply (1.1) by a function ¥ € H}(Q) and by integration by parts on (2, we get that

/QabgD?u(x,t)vﬂ(x)dx—/QAu(x,t)vﬂ(x)dm:/Qf(x,t)vﬂ(m)dm

By Green’s formula, we have

(2.11) / abe D (2, t)9(z)da —i—/ Vu(z,t)VI(x)dr = / f(z, t)d(z)dx
Q Q Q
Now we set for all
e € @), (e = [ Pl
The scalar product in L?(f2), with endowed norm ||| .2 ()- In the same spirit, we define the bilinear

form in H{(Q) as
(2.12) a(p.) = /Q V() Vi(a)de, Vo, € HL(Q),

so that we have ”(‘0”%{3(9) = a(p,v).

Under the assumption that the operator A is an uniformly elliptic operator, the spectrum of A is
composed of eigenvalues {\;}7°,, and its corresponding orthogonal eigenfunctions {\, }3>; which
belongs to D(A), such that

a(wy, p) = A(we,m)12(0),  Vr € Hg(Q).

Hence we have in this setting
(2.13) HSDH?{(}(Q) =Y Xilp,wi)ie), Ve € Hy(Q).
k.i

As an immediate consequence, equation (2.13) can be written as follows

(6D u(, ), 9) 12 () + a(u(t), 92y = (F(E), 920

In this way, the problem (1.1) takes the representation as

(abSD?u(x,t),vﬂ)LQ(Q) + a(u(t), 19)L2(Q) = (f(®), 19)L2(Q) in Q, Ve H}Q),
(214) u(x’ 0) = uo for x € Q,
u(t) =0 on 0.
To discuss the existence of uniqueness results of (1.1) or (2.14), we shall need some informations over

the various time. We are interested in the solution of the fractional differential equation involving
the Atangana-Baleanu fractional derivative, in the form of (2.14). To this end, we propose to solve
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the fractional integro-differential equation involving the Atangana-Baleanu fractional derivative in the
form

{ e DSy () + Niyi(t) = fi(t), t € (0,7),
(2.15)
4i(0) = 5.

This type of fractional differential equation involving the fractional-time derivative with nonsingular
Mittag-Leffler kernel has been solved in [22, Proposition 3.3] by the means of Laplace transform. By
following the same procedure, we state the the next proposition

Proposition 2.7. Let f € L?(Q), such that the Atangana-Baleanu fractional derivative exists. Then,
the solution of differential equation (2.15), is given by

(2.16) Yi(t) = GBal — vit*]y + %ﬂ(t) + K; /0 (t —5)*Eaal — vt — 5)%] fi(s)ds
with
(2.17)
o aX; o B(a) an L ag; (1 —a)vG
K (B(a) + (1 —=a)N)’ ‘i (B(a) + (1 = a)\;)’ ¢ (B(Oé)r(a) " B(a) )

2.4. Weak formulation of the problem. Next we state the following proposition which gives the
weak formulation of the problem (1.1), that will be fundamental in our analysis.

Proposition 2.8. Let ¢,y € C°(Q). Then, we have
(2.18)

// (abcD? y(z,t) — Ay(z, t)> z,t)dx dt = / /(myagqﬁda dt—/ ag(ﬁggd o dt
+ /Q/o y(x,t)( — %D} p(x,t) - A(b(m,t))dt dr — m /Q/O Y(2,0) Eq o[-t d(x, t)dt dx
* % /Q ¢(,T) /OTy(%t)Ea,a [—y(T — t)*] dt du.

Proof. For a given ¢,y € C*®(Q), we have that
/ / (abCDa y(x,t) — Ay(m,t))qﬁ(m,t)dw dt
T
/ / DX y(x,t)p(x, t)dx dt —/ / Ay(z, t)p(x, t)dz dt
QJO

Let us compute each part.
e COMPUTATION OF (A): (INTEGRATION BY PARTS)

Using the definition of the Atangana-Baleanu fractional derivative (2.5) at the based point a = 0 we
have the following

T T o t
(2.19) /0 DD y (i, 1) (e, £)dt = /0 [M /0 () Ea [A(t — )] dr | o(t)dt.

1l -«
We define by
t
A= [ Y)E - 7)) dr
0

Then by computing A; by integration by parts, we get that

Ay = y(t) — y(0) Ea—at] - /0 At = 7 B [~ (t — 7)°] y(r)dr.
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Replacing A by its value in (2.19) we get that

T o T o T
[ 50 s tiot e = T [yt ot = 7L [ w08 oottt
(2.20) Bla) [T [t . )
- [ [ 0 B e e ot
= Ag + Az + Ay,
with
A':B(O‘)/T Do it As = 29 [ 0B ato(e )t
o= 2 [y ot ag= 2 [y 0 Eul-atlote.
_ Bl [T ar o
Ay = 1—a/0 [/0 vt —T) lEa,a [—vy(t—7) ]y(x’T)dT] ¢(x, t)dt.

Let us compute Ay
B(a)
1—«

T pt
Ay = — /0 [/0 ~y(t — T)O‘_lEOé,a [—y(t —7)°] y(w,T)dTl o(x, t)dt

a) [T T
= 1B£ (1 A y(xa T) l_ /7' 7(t - T)a_lEoz,a [_'Y(t - T)a] (ﬁ(-%', t)dt‘| dr
B(a) B(a

T T
¢(m T) /O y(.%', t)Eoz,a [_’Y(T - t)a] dt — ﬁ /(; y(xv t)¢(x7 t)dt

Qa T
/ [ % /t Eq o [—(t —7)°] ¢/(:C, T)dT] dt
B

! — _ e ar— 2@ ! x x
) (2, 7) /0 Y2, 1) B [4(T — 1) dt /0 y(, 1) b(z, 1)t

1— l—«

+ / Yo, 8) EDE (o ), 1)t
0

Hence replacing Ay by its value in (2.20) we finally have that

T T
/ abe D0y (2, 1), )t = — / y(2,1) LD y(w, )b, H)dt
(2.21) 0 5 . 0 B() .
F T200T) [ 9o OBan AT~ 0%t = T Dy(,0) [ Ealmatlote.

e COMPUTATION OF (B)

By a simple integration by parts we have that

—/ /Tgb(:c,t)Au(x,t)dx dt:/OT/aQu%gbda dt—/OT aQ(ﬁ%dU dt
// (z,t)A¢(x, t)dt da.

Hence adding (2.21) to (2.22), we obtain the desired result (2.18).

(2.22)

Now using the conditions that ¢(x,T") = 0, we have the following Corollary.
Corollary 2.9. Let y be the solution of (1.1). Then, for any ¢,y € C®(Q) such that ¢(z,T) = 0 in

Q, we have that,
2 23

// (“bCD?yxt) Ay(ﬂct)) ¢z, t)dr dt = //mya qﬁdadt—/ /Bﬂ¢a§d0dt

+ /Q/o y(m,t)( _ achDta o(z,t) — Atb(m,t))dt dx — S /Q/o y(2,0)Ep o[-t ¢(x, t)dt dz.
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3. EXISTENCE AND UNIQUENESS OF SOLUTION

Let us consider the following problem, for o € (0,1). Assume f € L?(Q)) and y° € L?*(Q2). We want
to find y € L2((0,T), H}(2)), y(x,0) € C([0,T); HE()), such that V 9 € H(Q), we have

3.) { (*6DFY(1),9) 2y + a(y(®), D) 2y = (F(}), D) 2y forall te(0,T),

y(z,0) = ¢° for x € Q,

Theorem 3.1. Let a € (0,1). Assume f € L2(Q)), y? € L2(Q) and the bilinear form a(-,-) de-
fined as in (2.12). Then the problem (1.1) or (3.1) has a unique solution y € (L?*((0,T); H}(Q))) N
(C ([0,T); L%(2))) given by

NN a0, L= )G [ e ol O£ .
y(w,w—;{c@m Wl + S + K, /O (t = 5)" Bl = 1(t = 9] fi(s)ds pus,

where the constants ~y; and (; are defined as in (2.17). Moreover y satisfies the bounded conditions

where A1 = max (Ci(a, A1, T), Co(a, A\1,T)), with

_ CB(a) (6T B 682 () 120?72 (T?%(a) + 1
69 G =GR e - Vo T ()
and

(3.4) 1]l 20y < A2 ([18°l1 222 + 1 Fllz2@)) »
where Ay = max (C3(a, A1, T), Cs(a,A1,T)), with

CB(a) = 6 120272 /T2(a) + 1
1 1

providing that y° € L?(9).

Proof. We first assume that the series defines in (2.13) converges uniformly. Let ¥ = w; in (3.1) then
we have that

(3.5) { PEDRyi(t) + Niwi(t) = fi(t),  t€(0,7),
yi(0) = v,
where we have used
a(y(t), wi) = Ni(y(t), wi)r2() = Aivi-
We then recognize the system given by (3.5) which has been solved in subsection 2.3. So the solution
of the fractional differential equation takes the form

1—a)¢ t _
B ) = GEal =l + ES A0 + K [ (= 9 B = it - 97 o).
0
Notice that the A; are contained in (;, v; and K; previously defined in subsection 2.3.

Now the next step is to look at the uniqueness of the solution. We will make it in two steps. We shall
start by showing that the solution belongs to the space L?((0,T); H3(£2)) and in the second step, we
will show that the solution also belong to C([0,T]; L?(92)), so that y belongs to L?((0,T); Hi(£2)) N
e((0,7}; L2(©).

Let defined by V,, a subspace of H{(Q) generated by wi,ws,...,wy,. We want to find y,, : t €
(0, T] = ym(t) € Vy, solution of fractional differential equation

. { (abtha(ym(t)779))L2(Q) + a(ym(t), 79)L2(Q) = (f(®), vﬂ)LQ(Q) for all ¥ € V,,,

Ym(z,0) = 30, for x € Q.
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Since Y, (t) € Vi, we have

Ym(t) = Z (y(t) LQ(Q Zyz Wi,
i=1
which could still be written in an explicit form as
(3.8)
S @ 1—- Oé a «a
mtet) = 3Gl =t + L ) 6 [ 0= 97 B[ =t = s
i=1

The next step is to show y,,(¢) is a Cauchy sequence in the space L%((0,T); H}(2)). Let m and r be
two natural numbers such that r > m. Then

T

yr(t) —ym() = > yi(Hw;.

i=m-+1

But we also have that

() = g5 () =y (@) = 3 Awi®)?

i=m-+1
2
Z i {C, o — ity + (13( —i—K/ ) Epal - 'yi(t—s)o‘}fi(s)ds}
39 T
<3 Z Ai|GEa] — vit®] y@] +3 Z Ai ( ))le(t)]
i=m-+1 i=m-+1
r t 2
+3 > )\,Kf[/ (t—s)alEa@[—’yi(t—s)a}fi(s)ds] :
i=m-+1 0
Hence

T T
1900 = 3O 1y = | 000 = 9000 = () < 3021 + 20+ Z3),

where 7y, Z5 and Z3 are defined respectively as

r T t 2
Z3 = Z )\iKZ?/O [/0 (t — s)a_lEma[ —7i(t —s)°] fi(s)ds] dt

i=m+1
Now the goal is to estimate each term Z;, Z5 and Z3.

e ESTIMATE OF Z;. Using the estimate of the Mittag-Leffler function provided in Lemma 2.5 we have

that
2 r T 1 2
A GEo| — yit® 0} dt < 20? NP 02/ ( )dt
z%;m / it a i:%;f—l Gl o N1+t
(3.10)
< 20%T Z NiGFluf?

i=m-+1

Now we find the estimate \;¢? as
. B2 2 2 2
M2 = AiB? () - AiB? () < B?(«) - B?(«)

(Ba)+ (1—a)X)” ~ (1=a)?F = (1-a)?X = (1-a)?A\’
since \; are increasing. We finally get the estimate of Z; as

C2B2
7 < )\ T Z ud|?.
i=m-+1

e ESTIMATE OF Zs.
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- > ([ sora)

i=m+1

s 5 [ [rar] -

i=m+1 Oé)

g% > (/OT!fi(t)\th)-

i=m+1

(3.11)

e ESTIMATE OF Z3. By applying the Cauchy-Schwarz inequality and by setting § = ¢t — s we have that
2

Z3 =2 XT: N K? /OT [/Ot(t —8)* By o] — it — s)o‘_l}fi(s)ds} dt

i=m+1

<2 Z AE? /OT (/Ot (6" Baa [—%50“})2615) (/Ot ||fi(s)\|2ds> dt

i=m-+1

Now from Lemma 2.1 we have that

d o d o -
%Ea,l [ - %5 } d(sg [ 715 ] - ga ,a+1 [ %5 }
T B[~ 7i0%] =~ Baal — 0] do.

[0

Furthermore the estimate of \; K? is giving by

_ agi (1—a)yiGi\? o (1-a)? ,
MNEZ =\ (B(a)F(a)+ B(a) > S2(W)\i<i2+ B2(a) %ACZZ>

5%(“%)

Then we get that

et k) £ 4 ([ 5 ) [ )
(312) < AClQ<1+ > zm+1/ (/ ol dt)dt

4C%T? (T?(a) +1
srz(a)< )%/ AOIRY

Finally, adding together the estimates Z1, Zs, and Z3 we get

T ) 6C2B2(a) r
/0 o) =y D 2 0y sy 2 < ﬁTi %lw’o'g
6B%(a) N 120272 (T?%(a) )
+7(1—04)2)\1 %1(/0 |£i(2)] dt) + (a) ( ) m+1/ [ fs (&)t

Thus we obtain

1/2
T r
/0 ||yr ymHHl < Cl(a A1, ) ( Z |y?|2)

i=m+1
/2

+ Co(a, A\, T) fi(t)|"dt ;
A (z m+1/ ‘ | )

CB(a) [6T B 6B2%(«) 12C?772 (T?%(a) + 1
Aol n Gl )_\/(1—04)%4r T2(a) ( M )

with

Ci(a, A1, T) =

As in the previous case, the norm in L?(2) is computed as
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(3.13)
T 9 T T 9
/O Hyr - ymHLQ(Q)dt = /0 i:;rl (yl(t)) dt
— g - . o~ 30],,0 (1 — a)CZ ) ) t _a—1 e aal g 2
_/o i:%l{QE“[ W+ T fz(t)Jer/O (t—5)" " Baal = 7ilt — 3) ]fz(S)ds} dt
T r 2 T T 2
B[ — it y0 (I-a)G
§3/0 > |GEL[ =it }yl} dt+3/0 > Blo) fz(t)} dt

i=m+1 i=m+1

T T t 2
+3 / > K} [ / (t— )" "Eaal —7ilt — )] fi(s)ds] dt.

0 j=m+1 0
From the previous estimations in the first step of the proof, we have that

T 2 R2 r r T
2 _ GCB(OZ) 0112 E / ) 2
o = vl = G X W+ X [l

i=m-+1 i=m-+1

22 2 a r T
+ oo (”é“) > [ sk

i=m+1

(3.14)

Thus we obtain

sup [9r = mll 120

t€[0,T
r 1/2 r T ) 1/2
<clorn ) X WP) + alern) | X [ lnoPa)
i=m+1 i=m+1+70
with
 CB(a) 6 120777 (T2 (a) + 1
C3(Oé, )\1,T) = m 6T, C4(Oé, )\1,T) = \/)\—% + F2(Oz) ( )\% )

From the fact that y° € H}(Q) and f € L?(Q), we have that

- 1/2 - T 1/2
. 02 o . ] 2 o
m,}grim( > |y@-|) =0, m}ggw( > [ sl dt) = 0.

i=m-+1 i=m-+1

Hence we have that
T

) 2
lim i lyr — yme((o,T);Hg(ﬂ)) =0,

m,r—-400

and

T
. 2
m,}gr}koo 0 Hyr - ymHLQ(Q) =0,

which means that the sequence (yy,,) is Cauchy sequences in L? ((0,T); H}(2)) and C ([0, T]; L*(12)).

Therefore we have that
ym — y in L?((0,7); Hy(Q)),
ym — y in C([0,T];L*(Q)).
Now proceeding as in [23], one can prove by interpretation that the solution y is equivalent to
the initial problem (1.1). Furthermore, setting A; = max (Ci(a, A\1,T), Co(a, A1, T)) and Ay =
max (C3(a, A\1,T), Cs(a,A\1,T)), an using the estimates obtained at the beginning of the proof, we

have that
T
(/0 ||y”Hg(Q)dt>

Ci(e, A, DYl 22 ) + Cala, A, DI fll 22
< 81 (1800 + 11200

1/2

”yHL2((O,T);H%(Q))

IN
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and
SUPye(0,T] HyHLz(Q) < Cs(a, A, Tyl o) + Calas, A, T fll 220
< Ao (I8ll2) + 1£lz2@))
Hence we get the desired result, which ends the proof. ]

Remark. We would like to draw the attention of the reader that in the case for the Caputo fractional-
time derivative, the existence and uniqueness of solutions for the fractional diffusion equation of type
(1.1), were obtained under the conditions that o € (1/2,1) [16, 17, 23]. But here in our case using the
Atangana-Baleanu fractional-time derivative, we got the existence and uniqueness of solutions for the
fractional diffusion equation of type (1.1) for all « € (0, 1).

Next we state two corollaries which give the estimates of the solution y(¢) in L2 ((0,T), H*(Q) N H(Q))
for the case f = 0 and in the case where the initial data y° = 0 respectively in the problem (1.1) or
(3.1).

e FIRST CASE: f=0.
For f =0 in the problem (1.1) or (3.1) we have the following Corollary.

Assume f =0, y° € L%(Q) and the bilinear form a(-,-) defined as in

Corollary 3.2. Let o € (0,1).
(1.1) or (3.1) has a unique solution y € L? ((0,T), H*(Q) N H(Q)) given

(2.12). Then the problem
by

y(@,t) = +Oj {CiEoz[ Yit*]y} }wz,

(2
where the constant ; is defined as in (2.17). Moreover y satisfies the bounded conditions

T
2 _ 2 0
(3.15) syt = Wl < A3l g

where A3 = ((le(s)) VT.

Proof. Following the same procedure as in the first step for the proof of the Theorem 3.1, but now in
HZ(€), the solution of the problem (1.1) or (3.1) for f = 0 is given by

—+00

NOEDY {C@'Ea[ —it”] y?}wz,

i=1
where the constant (; is defined as in (2.17). Furthermore the estimate of y can be obtained as follows

T T 7 2
[ Wt = [ 3 e = [ 5 sfam et} a

i=m+1 0 i=m+1

<y e[ (Ez[—wa])ﬂrym?dt
i=m+1
T S bl

C B?(a)
Oé) i=m-+1

(3.16)

T

<Cs(aT) Y- [odIl”

i=m-+1

e SECOND CASE: ¢! = 0.
For Y = 0 in the problem (1.1) or (3.1) we have the following Corollary.

Corollary 3.3. Let a € (0,1). Assume y? =0, and f € L*(Q). Then the problem (1.1) or (3.1) has
a unique solution y € L? ((0,T), H*(Q) N H (Q)) given by

(1 ) a—1
T, t) = g i(x,t) + K; t—s Eoo| —7i(t — )% fi(s)ds pw;,
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where the constants v;, ¢; and K; are defined as in (2.17). Moreover y satisfies the bounded conditions

(3.17) HyHL2((o,T),H2(Q)) < TA4 fllz2@)

where Ay = \/(2 + 402772 {1 + FQ;(Q)D’

Proof. Let a € (0,1). Assume 3? = 0, and f € L?(Q). Then the problem (1.1) or (3.1) has a unique
solution y € H?(2)) given by

y(x,t) = Z{(lB_(a <Z —i—K/ ) 1Eaa[ ’yi(t—s)a]fi(s)ds}wi,

i=1

where the constants %, ¢; and K; are defined as in (2.17). Furthermore we compute the estimate of
y in the space H2(Q) as
(3.18)

/ 11772t = /Z;HV{ +K/ ) By o[- 'yi(t—s)o‘]fi(s)ds}th
2 [%W

i=m+1

2 > k[ (/Ot(u—s)a-lEa,a[ Wt =) )(/ I:6s rds>

i=m+1

<2 3 [IRO1F a0 (14 55) [ sl

1= m+1

<e 3 [ Il

i=m+1

Now, we consider the following fractional differential equation:
{ =5 Dpn(t) — An(t) = (), te(0,T),
n(T) =0,

(3.19)

where a € (0,1), g € L?(Q). We state the following Lemma.

Lemma 3.4. Let a € (0,1), g € L2(Q). Then problem (3.19) has a unique solution n € L*(Q) given
by

=X(a-a)
3.20 K; | (t—s5)"Eq.a i(t—s s)ds p w;
(3:20 )= S { U 5 [ ¢ S

with the same constants as defined in (2.17). Moreover

(321) H771HL2 OT Hl Q)) \/C_Z”gHLQ(Q

Proof. Using Lemma 2.6, we found that the backwards in time with the Atangana-Baleanu fractional-
time derivative at the based point T is equivalently written as a forward in time operator with the
Atangana-Baleanu fractional-time derivative at a based point zero time a negative sign. More precisely,

EDE 7(t) = =" DF ().

Using this relation and by making the change of variable t — T'— ¢ in (3.19), we obtain the fractional
differential equation

{ PEDf(t) — Ail(t) = g(t), T —te[0,1],
1(0) = 0,
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with g(t) = g(T — t). This fractional differential equation can still be written in the short form as
{ WEDInN(r) = An(r) = g(r), T E(0.T],

n(0) =0,
Next to show that (3.20) holds, we just apply the Laplace transform on (3.22) and get the inverse

following the steps as in [22, Proposition 3.3], and by taking into account the fact that n(0) = 0.
Hence one get

(3.22)

) = U5 800+ K [ (0= 9 Bl = (e = 9 lg(s)ds,

where (;, v; and Co were defined respectively in (2.17) and in (3.3)

Finally proceeding as for the proof of (3.2) in Theorem 3.1 once can obtain

"ni"LQ((O,T);Hé(Q)) < \/672||9HL2(Q)-

4. OPTIMAL CONTROL PROBLEM
In this section, we want to approach the state y(v) of the problem (1.1) by a desired state zg in

controlling v.

Let v € L?(Q). As it has been shown in the existence and uniqueness part, the problem (1.1) have a
unique solution y = y(v) which belongs to L?(Q). In this way, we can define can define the functional
as

2 N
(11) T0) = [90) - zulltaigy + 0l
where zg € L?(Q) and N' > 0. We are interested on finding the control parameter, say, @ € L?(Q)
such that the functional
(4.2) J(@)= inf J(v).

vel?(Q)
Now we state the following Proposition.

Proposition 4.1. Let consider the problem given by (1.1). Then there exists a unique optimal control
u such that (4.2) holds true.

Proof. The functional 7 is continuous, coercive and convex. Therefore, there exist a control called 4.
By calling § = g(a), the associated state of 4 then its come that, § satisfies

WED§g — Aj = for (z,t) € Q,
(4.3) 9(x,0) = 9°(z) for x € Q,
g(xz,t) =0 on 0 x (0,7),
where y € L2((0,T); H}(Q)) N C([0,T); L?(Q2)). O

Remark. Another way of proving this result is to use minimizing sequences. The reader interested
could follows the idea proposed by the second author in [17].

In the following we are concern with the interpretation of the Euler-Lagrange first order optimality
condition with an adjoint problem defined by means of the backward Atangana-Baleanu fractional-
time derivative. As a result, we obtained an optimality system for the optimal control given by the
following Theorem.

Theorem 4.2. If i is a solution of (4.2), then there exist n such that
(2,9,m) € LA(Q) x L* ((0,T); H3 () x L? ((0,T); H*(2) N Hy (%)),

satisfies the following optimality system

(4.4)
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~ %D~ Ay =§-z  inQ
(4.5) n(T) =0 in €,
n =0 on 00 x (0,T).
(4.6) Q= —% in Q.

Proof. In order to prove the theorem, we start by expressing the Euler-Lagrange optimality conditions
which characterize the optimal control 4. We means

(4.7 %j (@ + p(v — @) |umo, for all ¢ € L*(Q).

The state z (v — @) € L% ((0,T); H*(Q) N H}(2)) associated to the control (v —4) € L*(Q) is a solu-
tion of

abeDey — Az =v—14 in Q,
(4.8) z(0,v—1u) =0 in€2,
z =0 on 90 x (0,T).

Now we find the following behaviour of our functional when p converges to 0.

wo) T (it (o — @) — (@)
u—0 M

Using the functional defined in (4.1) we have that

J (G + p(v—a)) =

=0, forallve L*Q).

E(ﬁ—i—u(v —a)(t 4 p(v —a)

45 (5(8) — 20+ (o — ) (5(8) — 74+ piv — )

N N .
= 7“““3 + pNa(v —a) + M27”U - u”%?(@)

Hence we get that
LT (6 plo = ) — I (4)

u—0 M

= 2(§(0) — 2zg9) + Na (v — 1) =0, forall v € L*(Q).

Now integrating over () we get that

(4.10) / / (9(0) — zq) dz dt—i—/\// / (v—a)drdt=0  forall ve L*Q).
In order to make the interpretation (4.10), we consider the adjoint state equation

{ ~MEDfn = Ay =§ -z inQ,

(4.11) n(T) =0 in €,

n =0 on 90 x (0,7T).

But since § — zq4 € L?((0,T), H}(9)), applying the Lemma 3.4, we deduce that the problem given by
(4.11) has a unique solution in L? ((0,7); H*(Q2) N H}(£2)). In this scenario, by multiplying the state
equation system (4.8) by the solution 7 of (4.11), we obtain by 2.9 that

/ / abCDaz—Az ndm dt = / / abCDan An) zdx dt
/ / — zq) zdz dt.

Hence one get the following relation from (4.8) and (4.10), we deduce that

/0 /(v—u) n dx dt = —./\// / )t drdt  forall ve L*Q).
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We then get finally that
i = —J% in Q.

5. CONCLUSION AND REMARKS

In this work the existence and uniqueness of solution in L?(Q) were proved by means of a spectral
argument and the control problem has also been studied. We have shown in the first step that the
existence of solution were obtained for all values of the fractional parameter o € (0,1), contrary to
the Caputo and Riemann fractional-time derivative where the existence and uniqueness results were
obtained for a € (1/2,1) with y° = 0. This reveals one particularity of the fractional-time derivative
with the nonsingular Mittag-Leffler function. Moreover, we have also shown that one can approach the
state y(v) of (1.1) by a desired state z4 by controlling v and compute the control @ using the algorithm
given by the optimality system and following the method of Lagrange. Let us also mention that by
proceeding as in this work, one can also study the same problem by considering the Atangana-Baleanu
fractional-time derivative in the Riemann-Liouville sense.
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