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Abstract

In this paper we study the large time asymptotics of the flow of a dynamical system
X' = b(X) posed in the d-dimensional torus. Rather than using the classical unique
ergodicity condition which is not fulfilled if b vanishes at different points, we only assume
that the set of the averages of b with respect to the invariant probability measures for
the flow is reduced to a singleton. We also rewrite the Liouville theorem which holds for
any invariant probability measure y, namely pb is divergence free, as a divergence-curl
formula satisfied by any regular periodic function. The combination of these two tools
turns out to be a new approach to get the asymptotics for some flows. This allows us to
obtain the desired asymptotics in any dimension when b = a £ with a a possibly vanishing
periodic nonnegative function and ¢ a nonzero vector in R%, or when b = AVv with A a
periodic nonnegative symmetric matrix-valued function and v a periodic function.

Keywords: dynamical system, flow, torus, Z%periodic, asymptotics, invariant measure, er-
godic theorem, divergence-curl result
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1 Introduction

This paper is devoted to the large time asymptotics of the solution X (¢, ) to the dynamical

system
0X

ot
X(0,z) =x € RY,

(t,2) =b(X(t,2), tER (L.1)

where b is a C'-regular Z?periodic vector field in R?. More precisely, we focus on the existence
of the limit of X(¢,7)/t as t — oo for z € R% This problem is strongly connected to the
asymptotic behavior of the transport equation with an oscillating velocity

ou,

g) -Vaue(t,z) =0 for (¢t,z) € [0,00) X R¢, (1.2)



which is dealt with in [1, 9, 6, 7, 13, 3]. Otherwise, this question naturally arises in ergodic
theory since it involves the flow T; defined by

(Typ)(x) :== (X (t,x)) for ¢ continuous and Z%periodic in R?, z € R?, (1.3)

which is associated with system (1.1), and the Borel measures u on the torus Y, := R9/Z4
which are invariant for the flow, i.e.

ViteR, poT,=p. (1.4)

A strengthened variant of the famous Birkhoff ergodic theorem [5, Theorem 2, Section 1.§]
claims that if the flow is uniquely ergodic, i.e. there exists a unique probability measure p on
Y, invariant for the flow, then any continuous Z%periodic function f satisfies

1 t
Vo eR? lim {—/ f(X(s,x))ds} = [ fy)duly), (1.5)
t—oo | t 0 Y,
and the converse actually holds true. In the particular case where f := b, limit (1.5) yields
X(t
VreR: lim 2l _ / b(y) duly). (1.6)
t—o00 t Y,

The unique ergodicity condition seems to be a rather restrictive condition on the flows of
type (1.1). For example, if the vector field b vanishes at two points x # y in the torus, then any
convex combination of the Dirac masses d, and J, are invariant for the flow. When b does not
vanish in R?, the unique ergodicity of the flow is not clear. This is true in dimension one (see
Proposition 3.1) but the situation is more complicated in higher dimension. As best we know
the asymptotics of the flow is completely known only in dimension two for a non-vanishing
vector field b. Specifically in dimension two, Peirone [I 1] obtained the asymptotics of the flow
through the following alternative:

e Under the existence of a periodic trajectory X (-, y) of (1.1) with respect to the torus (see
(1.14)), the limit of (1.6) does exist but may depend on z.

e In the absence of periodic trajectory with respect to the torus, the limit of (1.6) ex-
ists independently of . To this end, Peirone used an one-dimensional ergodicity result
transversally to Siegel’s curve, but his approach has nothing to do with the unique er-
godicity of the flow.

On the other hand, when the two-dimensional flow associated with a non-vanishing vector field
b = (b1, by) admits an invariant measure with a positive Z?-periodic density o with respect to
the Lebesgue measure, or equivalently, by virtue of Liouville’s theorem ob is divergence free

in R? then Kolmogorov’s theorem [10] implies the existence of a diffeomorphism on the torus
which transforms the dynamical system (1.1) into the dynamical system

oYy

() =alY(t,y)E teR

Y(0,2) =y € R?,

where a is a regular Z*-periodic vector field in R? and £ = (£, &) is a nonzero constant vector
in R2. In this two-dimensional setting with the additional assumption that b; is nonvanishing,
Tassa [13] also obtained the asymptotics of the flow through the following alternative which is
strongly connected to the above Peirone’s alternative:



e If & and & are rationally dependent, the limit of (1.6) exists but does depend on z.

e If & and & are rationally independent, or equivalently the so-called rotation number is
irrational (see, e.g., [12, Chapter I, Section 4.1]), the limit of (1.6) exists independently
of . The more general result where the vector field b (rather than b;) is nonvanishing
with an invariant density o € C®(Y3) is due to Kolmogorov [10].

Note that in [11, 13] the nonvanishing condition of the vector field b is essential to obtain the
asymptotics of the flow.

Actually, the unique ergodicity of the flow (1.3) associated with b is not needed to get
the desired asymptotics (1.6) which is much less restrictive than (1.5). Indeed, our approach
consists in replacing the unique ergodicity assumption by the weaker uniqueness condition

# { / b(y) du(y) : p is an invariant probability measure for the ﬂow} = 1. (1.8)
Yy

This new condition is obtained by observing that the Birkhoff time average in (1.6) is only
addressed (contrary to (1.5)) to the function b. Then, we revisit (see Proposition 2.1) the proof
of the existence of an invariant probability measure for the flow defined on a compact space (the
torus here). We conclude by proving (see Theorem 2.1) that condition (1.8) turns out to be
equivalent to asymptotics (1.6). On the other hand, we show (see Theorem 2.2 and Remark 2.2)
that the Liouville theorem satisfied by an invariant measure u for the flow associated with b
can be regarded as a divergence-curl result such that for any Z?-periodic C'-function 1,

/Y b(y) - V(y) duly) = 0. (1.9)

Our new approach consists in combining the tools (1.8) and (1.9) to obtain the limit of X (¢, z)/t
as t — oo for some dynamical systems (1.1). So, we get the desired asymptotics for the dynam-
ical system (1.7) (see Proposition 3.2) assuming that the Z?-periodic function a is nonnegative
and may vanish contrary to [I1, 13], and that the vector £ satisfies one of the two following
conditions which extend in any dimension the above two-dimensional conditions obtained by
Peirone (see Remark 3.3 and Proposition 3.4) and Tassa:

e There exists T > 0 such that T¢ € Z? which leads us to a limit of X (¢,z)/t depending
on .

e For any k € Z%\ {0}, £ - k # 0, which leads us to the limit

-1
at d) if @ > 0 in R?
=a*¢ with a* := (/yd (y) dy

0 if a vanishes in R%.

VzeRY lim M
t—o00

When a vanishes at different points in the torus, the unique ergodicity of the flow (1.5) is not
satisfied, while the asymptotics of the flow holds true for b in (1.6). The former asymptotics
result easily extends (see Corollary 3.1) to the case where the vector field b is rectifiable to a fixed
direction ¢ through a diffeomorphism ® on the torus, i.e. b = ao® V&~ for some Z?-periodic
nonnegative function a. Finally, again using (1.8) and (1.9) we obtain the zero vector limit in
(1.6) when b is a current field (see Proposition 3.5), i.e. b = AVv with A a regular Z%-periodic
nonnegative symmetric matrix-valued conductivity and v a regular Z?-periodic potential.



Notation

e Y, for d > 1, denotes the d-dimensional torus R?/Z?, which is identified to the cube [0, 1)?
in RY.

o C*(RY) for k € NU {oo}, denotes the space of the real-valued functions in C*(R?) with
compact support.

o Cf(Yy) for k € NU{oo}, denotes the space of the real-valued functions f € C*(R?) which
are Z%-periodic, i.e.
VkeZ' Yz eRY  flx+k)= f(n).

o L{(Yy) for p > 1, denotes the space of the real-valued functions in Lf, (R?) which are

loc

Z%-periodic.

o ./ (Y,) denotes the space of the Radon measures on Yy, and .#,(Y,) denotes the space of
the probability measures on Y.

e 2'(R%) denotes the space of the distributions on R¢.

Definitions and recalls

Let b: RY — R? be a vector-valued function in C;(Yd)d. Consider the dynamical system

0X
- (o) =b(X(L,2), tER (1.10)
X(0,2) =2 € R%

The solution X (-,z) of (1.10) which is known to be unique (see, e.g., [3, Section 17.4]) is
associated with the flow (7})cr, defined by

Ti(p)(z) == (X (t,2)) for ¢ € CP(Yy) and z € RY, (1.11)
which satisfies the semi-group property
Vs, t €eR, Tyy=T50Ty, (1.12)
and is well defined in the torus since
VteR, Ve e R VkeZ® X(t,o+k)=X(tx)+Ek (1.13)

Property (1.13) follows immediately from the uniqueness of the solution X to (1.10) combined
with the Z4-periodicity of b.
A solution X(-,z) to (1.10) is said to be periodic in the torus if there exists 7 > 0 and
k € Z% such that
VteR, X(t+7,2)=X(t,z)+k. (1.14)

If & = 0 the solution is said to be periodic in R
A measure p in #,(Yy) is said to be invariant for the flow T; (see, e.g., [5, Chap. 2]) if

VieR Vo eCln, [ Twwdut) = [

Yy

(X (t,y)) duly) = | V) duty), (1.15)
d
or equivalently, the image measure of y by the flow T; agrees with pu.

4



2 Some general results

2.1 Existence of invariant probability measures for the flow

When a flow preserves the set of the continuous functions on a compact metric space, the
existence of an invariant probability measure for the flow is a classical statement which can be
derived thanks to a weak compactness argument applied to sequences of probability measures
defined from the Birkhoff time averages in (1.5) (see, e.g., [5, Theorem 1, Section 1.8] in the
discrete time case). The following result adapts this statement restricting it to the limit points
of the Birkhoff time averages for a given function.

Proposition 2.1 Let b € Cﬁl(Yd)d. There exists an invariant probability measure on Yy for
the flow Ty (1.11) associated with b. Moreover, let g € Cé)(Yd) and x € R? be fized, and

let (tp)nen € RN be such that lim,t, = oco. Then, for any limit point a of the sequence
(tn ) nen € RY defined by

I
Up = t_/ 9(X(s,z))ds, neN, (2.1)
n Jo

there exists a probability measure p € M,(Yq) (depending a priori on x and g) which is invariant
for the flow T; and satisfies

azégwmmw. (2.2)

Proof. As above mentioned the following lemma is classical in ergodic theory. For the reader’s
convenience its proof is postponed to the Appendix.

Lemma 2.2 Let x € R?, let (rp)nen € RY be such that lim, 1, = oo, and let v, € M,(Yy),
n € N, be the probability measure defined by
1 [
f@)dny) =~ [ F(X(s.0)ds for | € GV 23)
Yy n JO0
Then, there exists a subsequence (Vy, )ken Of (Vn)nen which converges weakly x to some proba-
bility measure j1 € My(Yy) which is invariant for the flow T.

Let a be a limit point of the sequence (u,)nen (2.1), namely

. 1
a = lim
n—oo t@(n)

KMMMMM%

for some subsequence (tg(n))nen Of (tn)nen. Set 1, := to(n), and consider the associated sequence
(Un)nen of probability measures on Yy given by (2.3). By Lemma 2.2 we can extract a sub-
sequence (v, )ken Which converges weakly * to some invariant measure u € #,(Yy) for the
flow T;. We thus have

V[ eC(Ya), Jim /Y fy) dvy, (y) = Yf(y)du(y%

which implies in particular that

a=mmiAWMMam@=mn o) v (0) = [ 9w dnty)

k—oo rnk k—o0 Yd Yd



Remark 2.1 The second assertion of Proposition 2.1 may provide a simple way to find the
limit of Birkhoff’s time averages for a specific function, when the general form of the limit in
Birkhoff’s theorem is unknown. For instance, if the support of any invariant probability measure
for the flow is contained in a subset F' of Yy and if g € C’é](Yd) vanishes on F', then

1 t
VeV, lim [—/ 9(X(s,x)) ds] =0,
t—oo | T 0
since any limit point of these averages is zero by (2.2).

2.2 A criterium for the asymptotics of the flow

It is known (see, e.g., [, Theorem 2, Section 1.8] for the discrete case) that the uniqueness of
an invariant measure p € .#,(Yy) for the flow 7} is equivalent to the pointwise property:

Ve e R V€O, i (3 /Otf(X(sw))dS): [ fwdy. 2y

The following result which is new as the best we know, allows us to restrict condition (2.4) to
f = b and to derive the asymptotics of the flow at each point in R?, by assuming the uniqueness
of the averages of b with respect to the invariant probability measures on Yj for the flow rather
than the uniqueness of an invariant measure for the flow.

Theorem 2.1 Let b € C/(Yy)?. Define the sets
Iy = {u € My(Yy) : p is invariant for the flow Tt} and Cp = {/ bdu : p € ﬂb} . (2.5)
Yy

Then, %, is a nonempty set, and Cy is a nonempty compact convex set of RY.
Moreover, the following equivalence holds for any ¢ € R,

X
Ob:{C} = VﬂfERd, hmM

t—o00 t

= ¢. (2.6)

Proof. By virtue of Proposition 2.1 the sets ., and Cj, are nonempty. The set C}, is a convex
set in R since %, is clearly convex. Using the compactness of .#,(Yy) for the weak * topology,
we get that Cy is a closed set in RY. We also have Cj, C [0, ||b]|~], so that Cj is a compact set
of R,

Now, assume that C, = {¢}. Let x € R%, let (¢,)nen € RY be such that lim, t,, = co, and
define the sequence (uy,)neny by (2.1) with the function g := b- & for £ € R%. Let a be a limit
point of the sequence (u,,)nen. By Proposition 2.1 there exists an invariant measure p € #,(Yy)
for the flow T satisfying

az/yb(y)-édu(y),

which by hypothesis implies that a = (- £. Hence, (- £ is the unique limit point of the bounded
sequence (uy,)neny Which thus converges to ¢ - & Therefore, due to the arbitrariness of the
sequence (t,)neny We obtain that

Vo eRY  lim XB2) (1 /tb(X(s,x))ds) =(.
t Jo

t—00 t t—00



Conversely, assume that the right-hand side of (2.6) holds, which implies that

t—o0

VzeRY lim (%/0 b(X(s,a:))ds) = (.

Then, integrating over Y, the former equality with respect to any probability measure y € %,
then applying successively Lebesgue’s dominated convergence theorem and Fubini’s theorem,
we get that

¢ = lim G /0 tb(X(s,x))ds) ()

1 t
~ lim + < / b(X (s, 7)) du@)) ds — / b() dpa(z).
tooo t Jo \Jy, Y,
which shows that C, = {(}. This concludes the proof of (2.6). O

2.3 Liouville’s theorem and a divergence-curl result

Liouville’s theorem provides a criterium for a probability measure on a smooth compact mani-
fold in R? (see, e.g., [5, Theorem 1, Section 2.2]) to be invariant for the flow. The next result
revisits this theorem in .#,(Yy) in association with a divergence-curl result on the torus.

Theorem 2.2 Letb € Cf (Yq)? and let i € M,(Yy). We define the Radon measure ji € A (R?)
on R? by
[ e@aita) = [ cant) where oi()i= X o8 orpe CHRY. (27
d kezd

Then, p s wnvariant for the flow Ty if, and only if, one of the two following conditions is
satisfied:
div (fib) =0 in Z'(R?), (2.8)

WeQ%xlﬁ@wwwwwﬂx (2.9)

Proof. Assume that g is invariant for the flow, i.e. (1.15). Let p € C}(R?). Since by (1.13)
we have for any ¢t € R and y € R?,

(X ( =Y o(X(ty+k) =D o(X(ty) +k) =e(X(t,y)), (2.10)

kezd kezd

it follows from (2.7) and the invariance of u that

vieR [ p(X(ta)dale) = | [pX0N],0dut) = | elX(t9))duty) =

/Yd es(y) duly) = /Rd () dii(z).

Taking the derivative of the former expression with respect to ¢, we get that

VteR, /R b(X(t,2)) - V(X (¢, ) dii(z) = 0,



which at ¢ = 0 yields
Vo QY. [ W) Vile) dite) = (2.11)
Rd

namely the variational formulation of the distributional equation (2.8).

Conversely, assume that equation (2.8) holds true. Let ¢ € C}(R?) and define the function
¢ € CY(R x R?) by ¢(t,z) := o(X(t,z)). By the semi-group property (1.12) we have for any
s,t € R and z € R,

0 0
a(gb(s +1t, X (—s, x))) = a(qb(t,x)) =0
= P24 1, X (8,2) — DX (—5,2)) - V(s 1, X (=s,2)),

which at s = 0 gives the classical transport equation

VteR, Vo € RY, %(t,x} = b(x) - V,0(t, ). (2.12)

Hence, since p(X (t,-)) is in C'(R?) and has a compact support independent of ¢ when ¢ lies in
a compact set of R, we deduce from (2.12) and (2.8) that

vier 4 ([ exaondiw) = [ o) 9. (px0.0) dit) o

or equivalently,

VieR, / (X (1)) () = / () di ().

R4
On the other hand, we have the following result.

Lemma 2.3 ([2], Lemma 3.5) For any smooth Z-periodic function 1 € C{*(Yy), there ex-
ists a smooth function with compact support p € C°(RY) such that ¢ = ;.

Hence, using relation (2.10) and definition (2.7) we get that for any ¢ € C{°(Y),

VieR [ w(X(ty)dut) - /Y o(X (1)) du(y) = / (X (1, 2)) dfx) =

R4

[ e@dita) = [ v duty),

which shows that p is invariant for the flow. We have just proved the equivalence between the
invariance of u for the flow and the distributional equation (2.8) satisfied by fi.

Finally, the equivalence between (2.8), or equivalently (2.11), and (2.9) is a straightforward
consequence of the relation

Ve e CURY. [ ba) Viole) o) = [ b6) - Viesa) duly)

Yy

which itself follows from [b- Vy]; = b- Vyy and (2.7), combined with Lemma 2.3. O



Remark 2.2 Fquation (2.9) can be considered as the divergence free of the vector-valued mea-
sure pb in the torus Yy, while equation (2.8) is exactly the divergence free of the vector-valued
measure jib in the space RY. Equation (2.9) is also equivalent to

Ve et [ b Vo) duty) - (/ ) ant)) - [ v ). @

since

Ve O o (mb(x)—x- Wy)dy) € Cl(Ya),

Yy

Condition (2.13) has to be regarded as a divergence-curl result combining the invariant measure
i for the divergence free vector field b and the Lebesgue measure for the gradient field V.

3 Application to the asymptotics of the flow

First of all, we apply the tools of Section 2 to the one-dimensional case.

3.1 The one-dimensional case
We have the following result.
Proposition 3.1 Let b € Cﬁl(Yl). We have the following alternative:

(2) If b # 0 surYy, then b/b(y) dy is the unique invariant measure for the flow T, associated

with b, and
X(t dy \
VeeR, lim b®) (/ —y) . (3.1)
t—o00 t v b(y)

(17) If b does vanish in Yy, then

VereR, lim X(t,z)

t—o00

~0. (3.2)

Proof.
Case (1). Let p € #,(Y1) be an invariant measure for the flow 7;. By the condition (2.8) of
Theorem 2.2 there exists a constant C' € R such that b= C in R, or equivalently,

Vo C®), [ w0 dita) = C [ oo do.
R R
Hence, by the definition (2.7) of i we have

Ve e CUR), /Y o1() b(y) duly) = /

R

o(z) b(z) dii(z) = C / o@)de=C [ o) dy.

Y1

Therefore, from Lemma 2.3 we deduce that
Yy e G (Y1), U(y) b(y) duly) = C | ¢(y)dy. (3.3)
Y1 Yl

Taking ¢ = 1/b in (3.3) we get that C' = b, which implies that p(dy) = b/b(y) dy is thus the
unique invariant measure for the flow.



As a consequence the set %, defined by (2.5) is a singleton, and C, = {b}. Therefore, due
to the equivalence (2.6) of Theorem 2.1 we obtain the desired asymptotics (3.1). We could
also have concluded directly thanks to the unique ergodicity theorem. However, the unique
ergodicity theorem does not apply in the following case, while Theorem 2.1 does.

Case (it). Let p € A,(Y1) be an invariant measure for the flow T;. The equality b = C
still holds true in R for some constant C' € R, as well as equality (3.3). Take the function
Y= (|b|] +¢)~! for € > 0, in equality (3.3), and make ¢ tend to 0. Then, using that b is regular
and vanishes in ¥ (which implies that 1/b ¢ L;(Ya)), and applying successively Beppo-Levi’s
theorem and (3.3), it follows that

= lim inf
e—0

|C| x 0o = |C| x ﬂ:hm _Cdy _bly)
v )| =0 Sy, [b(y)] + ¢ v [by)| +e
which implies that C' = 0. Finally, taking ¢» = 1 in the equality (3.3) with C' = 0, leads us to
Cy, = {0}, which by virtue of the equivalence (2.6) of Theorem 2.1 yields the asymptotics of
the flow (3.2).
As a by-product, using Lebesgue’s dominated convergence theorem in the third integral
of (3.4), we also get the equality

du(y)| <1, (3.4)

[ -0 (3.5)
w20y 10l

O

3.2 The rectifiable case
3.2.1 The case with a fixed direction

This section deals with the case where the vector field b has a fixed direction, namely

bly) =a(y)§, yEeYsy, (3.6)

for some nonnegative function a € C;(Yd) which may vanish, and for a given vector £ € R?
with |¢] = 1.
We have the following result.

Proposition 3.2 Let b € Cf (Yq)* be given by (3.6) with a >0 and & € R* with |¢] = 1.
(i) If €k #0 for any k € 24\ {0}, then we have
a ifa>01inYy

=a*¢ with a* = { (3.7)

0 if a vanishes in Yy,

VzeRY lim X(t,2)
t—o0

where a s the harmonic mean of a.

(i) If there exists T > 0 such that TE € 72, then we have

VzeR? lim Xt,2)

t—o00

=a*(z)§ with

a*(x) = a(s€ + ez

0 if JueR, a(u£+H5¢(x)) =0,

(%/ﬂ ds <I>)> ¢ if YVueR, a(u§+H§l(x))7é0 (3.8)

where Il denotes the projection on the hyperplane &4 orthogonal to €.

10



Remark 3.1 The two-dimensional framework is completely covered by the disjoint cases (i)
and (ii) of Proposition 3.2, since

JkeZ\{0}, £ k=0 < 3T >0, TEcZ?
This equivalence does not hold in higher dimension.

Proof of Proposition 3.2.
Case (i). Assume that for any k € Z¢\ {0}, £ - k # 0.

First assume that a does not vanish in Y. Let o € R?. Since the vector field b is parallel to
the fixed direction &, we have

VteR, X(t,z)= (X(t,z) &)+ (X(t,2)) and e (X(t2)) =Iee(z),  (3.9)

which implies that

(X -
( T 3 (t,z) =a((X-&(t, ) +1er(x)), tER (3.10)
(X-8)(0,2) =z-&
Then, the solution X - ¢ to equation (3.10) is given by
_1 t ds
VteR, X(t,z)-E=F'(t+Fy(z-§) where Fu(t):= /0 (e T (@) (3.11)

By approximating in C’é’ (Y;) the continuous Z?-periodic function 1/a by Fejér’s type trigono-
metric polynomials, and noting that by hypothesis

I
Vkez\ {0}, lim (—/ g 2imsEk ds) =0,
t—oo \ T 0

it follows that

t—oo Tt

F.(t d 1
lim x():/—y = -,
a

which taking into account that F, (X (¢, z) - €) N t with X(¢,x) - & — oo as t — oo, implies
— 00
that

Therefore, we get that

Ve eR: fim G0 _ o (X)) T ()

t— 00 t t— o0 t

Otherwise, if a vanishes in Y, let us prove that
Vue s [ alpduty) =0,
Yy

or equivalently, Cpe = {0}. Then, Theorem 2.1 will allow us to conclude. Assume by contra-
diction that there exists a measure pu € ;¢ such that

/Y a(y) du(y) > 0.

11



Set a. := a + ¢ for £ > 0, and define the probability measure (recall that a > 0)

(] e, N
() = (/Ydae@)du(y)) 2 o) (3.12)

which is well defined since

/Y aly) du(y) > ;/y a(y) du(y) > 0.

ac(y) lalloo + &

Since p is invariant for the flow associated with a £, by equality (2.9) we have

veeaitn. | ()€ Vi) dufe) = ( / d i(ij)) du(y)>1 / o) € ola) d(x) =0,

hence pi. € S, ¢. But from the former case a > 0 combined with Theorem 2.1 we deduce that

Cace = {/ a-(y) ug(dy)f} = {a-&} or equivalently / a:(y) pe(dy) = a..
Y, Y,

This combined with the expression of a.(z) du.(x) given by (3.12) leads us to the equality

(] 22 ) = ([ 2 i) ([ autortan)) = [ atoutan)

Then, applying Beppo-Levi’s theorem and using that a is regular and vanishes in Y, (which
implies that 1/a ¢ L;(Ya)), it follows that

o< [ etwntan) = ([ e5an) e <o (f %> =0

which yields a contradiction. Therefore, we get that C,e = {0}, and by the convergence (2.6)
of Theorem 2.1 we obtain that

X(t,x)

Ve eRY  lim

t— 00

=0.

Case (ii). Now, assume that there exists 7' > 0 such that T¢ € Z9. Let z € RY. We have to
distinguish two cases.

If a(uf + ILex (.r)) > 0 for any u € R, then by the T-periodicity of u a(uf + 1Lee (x)) we
have

 F() 1 /T ds
lim ——- = — ,
tooo ¢ T J a(sf + e (x))

. X(x) (1 T ds B
tli}goT_ (T/O a(5£+H§L<I’>)> 3

On the contrary, if there exists uo € R such that a(uef + . (z)) = 0, then the part (i) of
Proposition 3.1 applies to the one-dimensional solution X -£ to (3.10), where u — a(ué+11¢. (z))
is T-periodic and vanishes at the point ug. We thus deduce that

hence

lim M =0, then lim M =0,
t—o00 t—o0 t
which concludes the proof. O
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3.2.2 Rectification to a fixed direction

In this section we extend the result of the former section thanks to a diffeomorphism on the
torus.

Definition 3.3 A mapping ® € C1(RY)? is said to be a C-diffeomorphism on the torus if ®
satisfies the following conditions:

o det(®(z)) # 0 for any x € RY,

o there exist a matriz A € Z* with | det(A)| = 1, and a Z-periodic mapping ®; € C§ (Yq)*
such that
Ve e RY  &(z) = Az + Oy(). (3.13)

Note that the invertibility of A and the periodicity of ®; in (3.13) imply that ® is a proper
function (i.e., the inverse image by the function of any compact set in R? is a compact set).
Hence, by virtue of Hadamard-Caccioppoli’s theorem [1] (also called Hadamard-Lévy’s theorem)
the mapping @ is actually a C'-diffeomorphism on R?. Also noting that due to A~! € Z4*4,
we have

O(x+ k) — d(x) = Ak € 74

O Yo +k)—0 () =A"1k €79,

® well defines an isomorphism on the torus.
Using a diffeomorphism on the torus the result of Proposition 3.2 can be extended to the
following general result.

VkeZi YzeRY, {

Corollary 3.1 Consider a vector field b such that there exist a C-diffeomorphism ® on the
torus given by (3.13), a nonnegative function a € C’ﬁl(Yd)d and a vector £ € R with €] = 1,
such that

VreRY,  b(z) = a(®(z)) VO(x) L. (3.14)
Then, if £ satisfies one of the two conditions of Proposition 3.2 we get that
X(t
Ve RY Jim % =a*(®(z)) A'E, (3.15)
—00

where a*(y) is given by formula (3.7) or formula (3.8).

Remark 3.2 A similar result as Corollary 3.1 was proved by Tassa [19, Theorem 2.1] in
dimension two assuming that the first coordinate by of b does not vanish in R?, and that there
exrists an invariant measure for the flow associated with b, having a density in Cﬁl(}/g) with
respect to Lebesque’s mesure. More precisely, under these two conditions Tassa showed in the
spirit of Kolmogorov’s theorem the ezistence of a Cl-diffeomorphism on the torus satisfying
(3.14) with the matrix A = Iy. In the present case, we only assume the weaker rectification
formula (3.14) in any dimension d > 1, with any diffeomorphism ® on the torus and a possibly
vanishing nonnegative function a.

Conversely, consider a vector field b € C}(Yq)? satisfying (3.14) with a > 0. By making the
change of variables o(x) = ¥(y) with y = ®(x) for any function p € CX(R?), it is easy to

check that
/ det(VP(z))
]Rd

2(3(0)) b(z) - Vo(r)dr = g §-Vi(y)dy =0,
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which implies that

det(V2(y)) )_1 det(V®) _ (3.16)

a(®(y)) aod
Since the function o is Z%-periodic, by virtue of Theorem 2.2 (3.16) means that the density
probability measure o(x) dx is invariant for the flow associated with b.

Therefore, the rectification formula (3.14) of a nonvanishing vector field b can be regarded

as a (more restrictive) substitute to (3.16) in dimension d > 2 for which Kolmogorov’s theorem
does not apply.

Proof of Corollary 3.1. Define
Y(t,y) = ®(X(t,z)) for (t,z) e R x R? with y:= ®(z). (3.17)
By the chain rule and (3.14) we have

o (ty) = V(X (t,2))

Y(0,y) = ©(X(0,2)) = ®(x) =,

div (ob) =0 in R with o := (/
Yy

(t,2) = VO(X(t,2)) b(X(t, 7)) = a(®(X(t,2))) € = a(Y(L,y)) €

which shows that Y is the solution to the dynamical system associated with the vector field a &.
Hence, if £ satisfies one of the two conditions of Proposition 3.2, we get the asymptotics of the

flow Y(t.y)
—(t’y =a’(y) &,

where a*(y) is given by formula (3.7) or formula (3.8). Therefore, by the boundedness of ®;
in (3.13) we have for any » € R? and y := ®(x),

VyeRY  lim
t—o0

-1 A(@ (Y (¢
t t t t t  tooo
which yields the desired asymptotics (3.15). O

Remark 3.3 Peirone [11, Theorem 3.1] proved that in dimension two and for a nonvanishing
vector field b € C}(Y3)?, there is no periodic solution in R* to system (1.10) (see the definition
after (1.14)), and that the limit of X (t,z)/t as t — oo does exist for any x € R? with the
following alternative:

o [f system (1.10) has no periodic solution in the torus according to (1.14), then the limit
of X(t,z)/t ast — oo is independent of v € R? as in (3.7).

o [f system (1.10) has a periodic solution in the torus, then the limit of X (t,x)/t ast — oo
may depend on x € R? as in (3.8).

Actually, in any dimension the alternative on the vector £ in Corollary 3.1 (see also Proposi-
tion 3.2) is naturally connected to the former alternative due to the following result.

Proposition 3.4 In the framework of Corollary 3.1 assume in addition that
Jz eRY VEER, a(t&+He(z)) > 0. (3.18)
Then, the following equivalence holds:
3T >0, T¢ € Z¢ < system (1.10) has a periodic solution in Yy but not in RY.  (3.19)
Moreover, the implication (<) of (3.19) is always true. When condition (3.18) is not satisfied,
the implication (=) of (3.19) does not hold in general.

14



Proof. First note that the definition (3.13) of the C'-diffeomorphism on the torus ® implies
that a solution X (-, z) is periodic in the torus if, and only if, the function Y (-, ®(x)) is periodic
in the torus. Therefore, it is enough to prove the result in the case b = a £.

If system (1.10) with b = a £ has a periodic solution X (-, ) in the torus but not in R?, then
there exists 7 > 0 and k € Z¢\ {0} such that by (3.9) we have for any t € R,

o () = 1 (X(t+T1,2) = gL (X(t,x)+ k)= o (X(t,z)) + o (k) = o (x) + gL (k).

Hence, we obtain that Il¢. (k) = 0, or equivalently, there exists 7' > 0 such that T¢ = £k € VAS
Conversely, assume that (3.18) is satisfied for some z € RY, and there exists 7' > 0 such
that T¢ = k € Z%. The solution X (-, z) of (1.10) is given by (3.9) and (3.11). Define

T./T ds
A a(s&+ e (z))

Then, by the T-periodicity of the function ¢ +— a(t§ + Hgl(l’)) we have

z-&+T ds
Foe-c+T) /0 G(Sg‘i‘HgL(Zﬁ))

g ds v &t T ds
- /0 a(s¢ + e (x)) ' /x{ a(s &+ e (x))
=F(z-&)+7=F,(X(r,2)-£) by (3.11),

which implies that X(7,z) - & = x - £ + T. Moreover, the functions t — X (t + 7,2) - £ and
t — X(t,x) - £+ T are solutions to the system 2/(¢) = a(z(t)§ + Il¢L(z)), and agree at ¢ = 0.
Hence, by a uniqueness argument these two solutions are equal, which yields

VteR, X(t+7x)-{=X(tx)-(+T=(X(t,z)+k)- &
Moreover, again by (3.9) and recalling that IT;. (k) = 0 we have
VieR, Mo (X(t+72)) =He(z) = (X(t,2)) = Her (X (¢, 2) + k).
The two previous identities imply that
VteR, X(t+r7,2)=X(tx)+k.

namely, X (-, z) is periodic in the torus.
Consider the vector field b(z) := a(z)e; with a(z) := £ cos?(7z;) > 0 for € R%. Here, the
vector £ = e clearly satisfies the left-hand side of (3.19). However, since

Vo e R a(zer+1l; (@) = 7 cos’(3) =0,

condition (3.18) is not satisfied. Moreover, for any = € R? the solution X (-, z) to (1.10) is given
by

1 ifx1:%+ n € 7

Xl(t,l’) = {

Xi(t,x) =z; for i > 2

n?
Larctan(t + tan(rzi)) +n if 2y € (=3 +n,5+n), ne’Z (t,r) € RxR?.

It follows that any periodic solution in the torus is necessarily stationary and a fortiori periodic
in R? in the sense of (1.14). Therefore, the implication (=) of (3.19) does not hold. O
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3.3 The case of a current field

The following result deals with the case of a current field b = AVwv defined with some matrix-
valued conductivity A and some electric field Vo with zero average.

Proposition 3.5 Assume that
AeCi(Y)™?!, A=A">01inYy,

ve AV (3.20)

b= AVv in Yy with {

Then, the flow T, associated with b satisfies the asymptotics

VzeR? lim M

t—o00 t

=0.

Proof. Let u € #,(Yy) be an invariant measure for the flow 7;. By the div-curl relation (2.13)
combined with the zero average of Vv, we have

| Awut0) - Votw) utdy) = [ o) Vo) i) =,

~—
>

which implies that AVv - Vo = 0 p-a.e. in Yy Since the matrix-valued A is symmetric and
nonnegative, by the Cauchy-Schwarz inequality we deduce that AVv = 0 p-a.e. in Yy, and thus

/Y b(y) p(dy) = / Ay)Vo(y) p(dy) = 0.

Yy

Therefore, C;, = {0} and the equivalence (2.6) of Theorem 2.1 allows us to conclude. O

A  Proof of Lemma 2.2

Since Yy is a compact metrizable space, there exists a subsequence (v, )ren Of (Vn)nen which
converges weakly * to some probability measure i € .#,(Yy), namely for any f € CP(Ya),

) = [ X = [ o dut). (A1)

Let us prove that p is invariant for the flow 7;. For the sake of simplicity denote 73, := r,, and
[ty 7= Vn,. Let t € R and f € CJ(Yy). By the semi-group property of the flow (1.12) we have

L(ﬂf)(y) dur(y) = Tik/om f(X(s+t,x))ds.

By the change of variable r = s + ¢, it follows that

t+T7g
/Y (T£)(9) dyanly) = = / FX(rx)) dr

T t+75 i
= l f(X(r,x))dr—i—l f(X(r,x))dr — l f(X(r,x))dr
Tk Jo Tk Jry Tk Jo

Since f is bounded and ¢ € R is fixed, we deduce from (A.1) that

lim [ (Tf)(y) du(y) = Yf(y)du(y).

k—o0 Yy
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However, by the definition of p we also have

iim [ (TH)) i) = [ (TH))duty).

k—00 Y, Y,

Hence, we get that

VIER Ve [ @NW ) = [ 1)du)

which implies that p is invariant for the flow 7;. U
References
[1] Y. BRENIER: “Remarks on some linear hyperbolic equations with oscillatory coefficients”,

2]

3]

Proceedings of the Third International Conference on Hyperbolic Problems (Uppsala 1990)
Vol. I, II, Studentlitteratur, Lund (1991), 119-130.

M. BRIANE: “Isotropic realizability of a strain field for the two-dimensional incompressible
elasticity system”, Inverse Problems, 32 (6) (2016), 22 pp.

M. BRrIANE: “Isotropic realizability of fields and reconstruction of invariant measures
under positivity properties. Asymptotics of the flow by a nonergodic approach”, SIAM J.
App. Dyn. Sys., 18 (4) (2019), 1846-1866.

R. CaccroppoLl: “Sugli elementi uniti delle trasformazioni funzionali: un teorema di
esistenza e unicit ed alcune sue applicazioni”, Rend. Sem. Mat. Padova, 3 (1932), 1-15.

I.P. CORNFELD, S.V. FoMIN & YA.G. SINAL: Ergodic Theory, translated from the
Russian by A.B. Sosinskii, Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences| 245, Springer-Verlag, New York, 1982, 486 pp.

F. Gorse: “Moyennisation des champs de vecteurs et EDP” (French), [The averaging of
vector fields and PDES/], Journées Equations aur Dérivées Partielles, Saint Jean de Monts
1990, Exp. no. XVI, Ecole Polytech. Palaiseau, 1990, 17 pp.

F. GOLSE: “Perturbations de systemes dynamiques et moyennisation en vitesse des EDP”
(French), [On perturbations of dynamical systems and the velocity averaging method for
PDEs|, C. R. Acad. Sci. Paris Sér. I Math., 314 (2) (1992), 115-120.

M.W. HirsSCH, S. SMALE & R.L. DEVANEY: Differential equations, Dynamical Systems,
and an Introduction to Chaos, Second edition, Pure and Applied Mathematics 60, Elsevier
Academic Press, Amsterdam, 2004, 417 pp.

T.Y. Hou & X. XiIN: “Homogenization of linear transport equations with oscillatory
vector fields”, STAM J. Appl. Math., 52 (1) (1992), 34-45.

A.N. KoLMOGOROV: “On dynamical systems with an integral invariant on the torus”
(Russian), Doklady Akad. Nauk SSSR (N.S.), 93 (1953), 763-766.

R. PEIRONE: Convergence of solutions of linear transport equations, Ergodic Theory Dy-
nam. Systems, 23 (3) (2003), 919-933.

17



[12] Dynamical Systems II, Ergodic Theory with Applications to Dynamical Systems and Sta-
tistical Mechanics (Translated from the Russian), Edited by E.Ya Sinai, Encyclopaedia of
Mathematical Sciences 2, Springer-Verlag Berlin 1989, 281 pp.

[13] T. TassA: “Homogenization of two-dimensional linear flows with integral invariance”,
SIAM J. Appl. Math., 57 (5) (1997), 1390-1405.

18



	Introduction
	Some general results
	Existence of invariant probability measures for the flow
	A criterium for the asymptotics of the flow
	Liouville's theorem and a divergence-curl result

	Application to the asymptotics of the flow
	The one-dimensional case
	The rectifiable case
	The case with a fixed direction
	Rectification to a fixed direction

	The case of a current field

	Proof of Lemma 2.2

