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This paper aims to propose a methodological tool for comprehensively studying variables on teachers' design and analysis of their own lessons. Our theoretical base is the anthropological theory of the didactic, especially the notion of para-didactic system and the scale of levels of didactic co-determinacy. Fusing these constructs, we create a new ecological scale of factors on teachers' didactic activities outside didactic situations, which makes us more sensitive to the ecology and economy of teachers' working. The functionality of the model is put to the test by an ecological analysis of data from an international lesson study situation where an archetypal phenomenon appears-teachers' excessive concern with either microscopic mathematical topics or general teaching methods. Our analysis of conditions on this phenomenon with the new tool identifies two constraints on lesson study in relation to teachers' professional terminology and authority.

Introduction

The Japanese lesson study as an approach for improving the quality of lessons has attracted great interest as a promising opportunity for developing of the scholarship for the teaching. There are many challenges for transplanting lesson study worldwide outside Japan. [START_REF] Winsløw | Theorizing lesson study: Two related frameworks and Two Danish Case Studies[END_REF] categorised two different directions of the research about lesson study: descriptive and intervention. The descriptive research investigates lesson study itself as a research object and the intervention research use it as a method for the professional development. Our approach in this paper is located in the descriptive direction. Lesson study is a complex and contingent entity, since it is originated from teachers' spontaneous effort, which deeply affected by the Japanese society and its schooling culture. Consequently, the development of theoretical and methodological tools for describing lesson study has been challenged within the research community. Our aim in this paper is to provide an additional contribution to this endeavour.

In this study, we try to expand the analytic range of lesson study research within the ATD, i.e. the anthropological theory of the didactic (cf. [START_REF] Chevallard | Introducing the anthropological theory of the didactic: An attempt at a principled approach[END_REF], which was created and developed by Yves Chevallard and his colleagues over the last 40 years (if we count from the birthyear of the didactic transposition theory, which is the origin of ATD). ATD is well established in both French and Spanish speaking communities and is still actively developing around the world. A feature of ATD is the ecological way of problematising didactic reality, that is, the habit of questioning conditions and constraints of all kinds and origins. This reality is related to any didactic fact of all types regarding the diffusion of knowledge, e.g., explaining a proof of the Pythagorean theorem in a classroom, writing a mathematics textbook for elementary school students, and so on and so forth.

The ecological questioning in didactics is crucial for both the understanding of the didactic world and the intervening to it. It is because any specific teaching activity is definitely determined not only by student, teacher, and content at stake, but also by institutional, cultural, and historical variables. However, in our view, the ecological approach has not fully percolated through a relatively new research field of ATD: the paradidactic field. The adjective paradidactic was introduced into didactics by [START_REF] Winsløw | A comparative perspective on teacher collaboration: The cases of lesson study in Japan and of multidisciplinary teaching in Denmark[END_REF]-with a special focus on lesson study-for studying teachers' didactic activities outside didactic situations: the planning and reflecting upon their lessons. In the paradidactic field, the ecological analysis is usually conducted by the notion of paradidactic infrastructure (ibid.), which is an application of the notion of didactic infrastructure. Within ATD, the noun infrastructure means the fundamental construction to make a certain human activity function-their nature, size, and materiality do not matter-e.g., the infrastructure of camping activity consists of a tent, cooking equipment, firewood, a camping car, a camping site, etc. Regarding teachers' activities, lesson study is based on a paradidactic infrastructure, that is, a structured set of basic conditions for paradidactic activities, e.g., the open lesson-which is an opportunity for many teachers to observe a same lesson and discuss it-conditioned by a time table, an equipment of the school where the event is held, a theme of the conference, organisers and advisers in the discussion, the lesson itself, and so on (cf. [START_REF] Miyakawa | Developing mathematics teacher knowledge: The paradidactic infrastructure of ''open lesson'' in Japan[END_REF]. Indeed, the notion of paradidactic infrastructure allows us to study the ecology of paradidactic activities. However, this notion does not amply enlarge and indicate our scope of ecological analysis in the paradidactic field. In other words, following kinds of methodological questions cannot be answered clearly: what kinds of conditions have to be investigated in the analysis for understanding and explaining paradidactic phenomena? To what extent do we need to look for paradidactic conditions? Which conditions are uncontrollable for teachers? Which connections are there between different paradidactic conditions? In this paper, we will propose a new methodological tool for the ecological approach, adapting a well-known hierarchical model of types of conditions-the scale of levels of didactic co-determinacy-to the paradidactic field.

A methodological tool for questioning the ecology of the paradidactic

In this section, we would develop a methodological tool for analysing the ecology of lesson study. However, at first, let us tell beforehand for readability that our analysis consists of two phases. The first one is the economic (or classically didactic) phase which means the analysis of the dynamics of target systems, e.g., a lesson. In the economic phase, we will clarify some properties of teachers' foci or interests in the lesson study, by using the original scale of levels of didactic co-determinacy (Fig. 1). Next, at the second phase-called the ecological-we will identify some constraints on the lesson study, by using our new model-the scale of levels of paradidactic determinacy (Fig. 2).

The scale of levels of didactic co-determinancy: an economic tool for paradidactic research

One of the main purposes of didactics is to investigate the ecology of didactic systems. Any didactic system is made of a group of students, one or more teachers, and a didactic stake, i.e., something to be learnt by the students. In didactic systems of mathematics, student's mathematical activities are affected by the teacher's didactic activities, and vice versa. Such dynamics of didactic systems are called the didactic co-determination, which works under conditions of different kinds and origins.

The scale of levels of didactic co-determinacy is a model of hierarchy of genres of such conditions on the functioning of the didactic system (Fig. 1). The level of didactic system is divided into five sub-levels depending on degrees of taxonomical generality of didactic stakes-discipline, domain, sector, theme, and subject. The level of pedagogy includes every condition about teaching methods, ideas, and approaches which are independent of the nature of each disciplinary field. Subsequently, a didactic system with a pedagogy functions within a school system, which in turn depends on a set of characteristics of a given society, civilisation, and ultimately humankind.

In any didactic system, the role of teachers is to make students study a certain didactic stake. This is a fundamental type of works of the teacher. However, there exists another important sort of activities of teachers outside didactic systems. It is to design, observe, and reflect upon didactic systems themselves. The role of such kinds is played in "institutional systems about didactic systems" which is called paradidactic systems. In the studying of such systems, we can use the didactic scale (Fig. 1) in the economic way-e.g., the assorting of teachers' foci-rather than the ecological way. In other words, it cannot work well as a tool for investigating conditions on paradidactic systems. Then, we need some new model for the paradidactic ecological analysis.

The scale of levels of paradidactic determinacy: an ecological tool for paradidactic research

Let us describe here any paradidactic system by a nested system-an institutional system containing its participants and a didactic system as its object of study which we call a paradidactic stake. Then, similar to the case of didactic systems, we can think of a determinative mechanism inherent in paradidactic systems. Since the didactic system and the paradidactic system live in different types of institutional environments, let us propose a new hierarchical model of levels of conditions and constraints for studying the ecology of paradidactic systems (Fig. 2).

The paradidactic determination acts on different groups of conditions starting from the first level of paradidactic system. Principal conditions at this level mean properties of each item of the paradidactic system. In addition, as portions of conditions at the paradidactic system level, let us indicate the set of local clauses of paradidactic systems as what we name the paradidactic contract-implicit rules, e.g., avoiding negative comments about students' abilities or attributing every failure in the lesson to the teacher's didactic acts-applying the notion of didactic contract in the theory of didactic situations led by Guy Brousseau. The second level is the paradidactic profession-about the notion of profession, see also Chevallard (1992a)-professions more or less acting paradidactic activities. In this paper, we would focus on the profession of teacher, but there exist other kinds of professions which could be involved in different paradidactic systems: governmental official, teacher educator, mathematician, and so on. The third level is the didactic noosphere. Roughly speaking, the noosphere is the institution related to designing and evaluating school systems in some way (cf. Chevallard, 1992a, b). Noospheres are usually fuzzy and heterogeneous institutions which consist of professionals within professions of different kinds. Simply illustrating, a meeting responsible for developing a national mathematics curriculum could be an epitome or miniature of the noosphere. In any noosphere, an institutional worldview consisting of visions of different types-e.g., transformative, pedagogical, ethical-implicitly integrates professionals of different kinds-politician, teacher, mathematician, and so on-into a noosphere. Higher levels than the society are similar to the original didactic scale. 

An economic analysis

The paradidatic bipolarisation in the post lesson discussion

The teachers at the Attached School of the University of Tsukuba play a leading role in the community of Japanese mathematics teachers at elementary level by publishing a number of educational books and performing lectures about teaching practice. Seiyama, who designed and implemented the demonstration lesson, is an experienced mathematics teacher in elementary school and has demonstrated several lessons in foreign countries. The participants were given his lesson plan beforehand. In this Seiyama describes the goal and the intended lesson process. The demonstration lesson is about considering how the total number of a fold lines on a paper changes when one repeats folding it in half. This was followed by a post lesson reflection session, where teachers from different schools in the region participated. Also, teacher educators from different universities in Copenhagen, as well as, a professor of the University of Copenhagen who specialises in didactics of mathematics were invited to give the participants some feedback regarding the observed lesson. The number of participants was approximately 180.

The discussion was organised in three phases: the Japanese teachers', the first group's and the second group's. The division of the Danish participants depended on their experience of post lesson reflection: the first group consisted of the teachers and researchers who had experienced some post lesson reflections before, and the members of the second group did not have such experiences at all. Below, we describe a representative phenomenon, from the paradidactic situations described above, that we call the paradidactic bipolarisation, i.e., the shortage of didactic viewpoints in teachers' interests. This phenomenon is observed as the thematic confinement (cf. Barbé, Bosch, Espinoza, & Gascón, 2005) and the pedagogical generalism cf. lorensa, osch, uadros, asc n, 2018)-it has two opposite poles. Teachers could usually focus on the level of specific topics (at the pole of thematic confinement) or the level of generic educational matters (at the pole of pedagogical generalism) without questioning interlevel intermediates between the both levels, e.g., the entire design of a course in a school discipline (for example, a geometry course in secondary school mathematics). Let us illustrate each of the two poles with data from the international open lesson. Thematic confinement: teachers' exclusive concern on specific matters in the demonstration lesson enerally speaking, teachers' discussion of the teaching tends to focus on the piece of knowledge taught in the lesson itself under the predetermined body of knowledge-to-be-taught. As a result, teachers usually talk about not the domain of the subject matter, but its topic, e.g., not treating Euclidian geometry but considering the Pythagorean theorem. Let us note that the analysis has the neutral nature, that is to say, we are not evaluating in any way. As we discuss in the next section, this focus of the teachers is systemically produced. The discussion of the first group including several Japanese teachers was not an exception Hereafter, "DP" and "JP" means a Danish participant and Japanese participant respectively; these comments are not from a dialogue.): DP 1: …) regarding the girl who answered 5. She could reason 1 + 2 + 2 using preceding numbers. It could express the richness of the task? What is your idea of (helping the students) finding out the next number by adding some of the preceding numbers of the folds (when you constructed this task)?

JP 1: Seiyama should have let the pupils observe the figure more consciously. If I were him, I would use the paper more effectively when I let the pupils guess the answer. There were so many different conjectures by 3 folds, so, before I let them to fold paper I would let them look at the paper (individually) and let them guess again. Therefore, if they guess the number of lines at the same time they fold the paper, they could have understood the relation between the rule of the increasing of the lines and the figure much better. Thus, he should have used the figure more not only they control the answer but even when they guessed.

From the scale of levels of didactic co-determinacy, these comments are exclusively related to the levels of theme and subject-a specific issue of school (early) algebra. The absence of the concerns on broader organisations of mathematics-discipline, domain and sector-indicates that it is difficult for teachers to deal with lessons beyond the thematic level: the thematic confinement.

Pedagogical generalism: teachers' exclusive concern on generic matters in the demonstration lesson

Indeed, didactic facts beyond the thematic level usually disappear from teachers' eyes, but it does not mean that teachers always ignore all other levels higher than the theme. Factors at the pedagogical level-out of the levels within a certain discipline-may become visible for teachers as is the case of the thematic confinement. In our case, such tendency is distinct in the second group: DP 4: How do you instruct the students who think fast and find the answer quickly? How do you give them more difficult task so that they do not get bored? I think this is the weakness of this kind of lesson that very talented students get bored if they found the pattern very fast.

DP 6: There are other students who do not see the pattern. …) If you implement this kind of teaching method, can you see even those weak students can find those patterns easily? Can you actually train their ability to see the pattern?

The issue they are problematizing exclusively concerns about generic teaching methods, which are not related to any specific contents: the pedagogical generalism.

An ecological analysis: constraints on post lesson discussion in lesson study

In the previous section, we have analysed data coming from the participants' comments in a paradidactic system regarding a didactic system. This analysis conducted by the original didactic scale (Fig. 1) has been a clarification of a law regulating teachers' activities-the paradidactic bipolarisation-at the paradidactic system level within the new paradidactic scale (Fig. 2). In this section, we will discuss some constraints, which bring about the law, using our new model.

The lack of didactic notions: a constraint at the levels of society and noosphere

The history of didactics is relatively young. The motion initiated by some pioneers, e.g., Guy Brousseau, emphasized the existence of didactic phenomena, which are irreducible to as cognitive, semiotic, pedagogical and so forth [START_REF] Bosch | Twenty-five years of the didactic transposition[END_REF]. Since then, didacticians have been producing a number of theoretical constructs, didactic contract, praxeology, etc. However, these notions have not permeated into the community of teachers. [START_REF] Florensa | Helping lecturers address and formulate teaching challenges: An exploratory study[END_REF] reported the result from interviews of university teachers, where they were asked about questions or difficulties in the beginning of their educational courses for preparing teaching at universities. The study showed that the participants' concerns are fulfilled with general issues and detached from the target content, i.e. the didactic stake: the pole of pedagogical generalism. Through reflecting upon the teachers' responses, the authors indicate the problem of the lack of didactic notions within the university teacher education, which could be identified as a condition at the society and noosphere levels.

Commonly, the teachers do not have words to talk about how to connect between the target content and the way of teaching it. Thus, even if they can think about the didactic stake, their foci are limited at very specific ecological levels: the pole of thematic confinement. As a consequence, it becomes difficult for them to recognise and overcome the paradidactic bipolarisation phenomenon.

Generally, one cannot inquire the target content fully without using didactic notions. It is because "knowledge" tends to be regarded as an unchanging reality. This commonsensical belief is based on a prospering epistemology which is possibly set at the civilisation and society levels: the epistemological absolutism. This absolutism often gives a privileged authority to scholarly knowledge, regarding knowledge at school as some deficient form of it. In other words, absolutists consider that scholarly knowledge has universality. They cannot accept the principle of institutional relativity of knowledge-as the historian emphasizes the importance of the historical analysis from not current perspective but from the analysed period's, the ATD-didactician insists that school mathematics exists in its own right. Then, knowledge-to-be-taught easily becomes unquestionable for teachers (see also [START_REF] Chevallard | Readjusting didactics to a changing epistemology[END_REF]. Consequently, the pedagogical generalism as one pole of the paradidactic bipolarisation-focusing on wide-ranging teaching methods and purposes-flourishes in many paradidactic systems including the one in our case. At the same time, controllable conditions among the didactic levels from the discipline to the subject are limited for teachers, i.e. the thematic confinement as the other pole of the paradidactic bipolarisation. In both cases, there exists passivity towards bodies or organisations of knowledge.

The teachers' developmental byplay: A constraint at the levels of noosphere and profession

So far, we have used the word teacher with twofold meaning, that is, as a professional institution-i.e. profession-in our societies, and as a general position of players in all kinds of didactic systems. However, let us focus here on the teacher as a profession by the notion of schoolteacher. The relatively restricted nature of the profession of schoolteacher is a frequently observed social fact, which is a main topic of ATD. For example, the schoolteacher has often been regarded as an occupation with limited autonomy in decision-making on its working process, compared with e.g., doctor and lawyer. This semiprofessional feature is typically visible in the work arranging knowledge-to-be-taught at school. In many countries, the national curriculum is more or less made by some kind of governmental paradidactic system. In the case of modern Japan, the committee organised by the ministry of education decides school disciplines, their domains and their sectors. In short, the type of tasks of curriculum development is generally not a main role of schoolteachers but of governmental curriculum-makers.

The supporting role of the schoolteacher in the process of development of curriculum-we call it the schoolteachers' developmental byplay, at the noosphere and profession levels-affects the different poles of the paradidactic bipolarisation phenomenon. Schoolteachers cannot freely decide sectors, domains, and disciplines, because the arrangement of knowledge-to-be-taught at these three levels is not their prerogative. This distribution of responsibility between schoolteachers and curriculum developers could percolate spontaneously through to most schoolteachers as a natural part of their professional common sense. For example, in the Japanese case, this tendency clearly appears as a paradidactic methodology of lesson study, which could be a condition at the profession and paradidactic system levels. Lesson study is usually conducted around a subject and a theme, applying some general pedagogy, e.g., competency-based education. As a consequence, the schoolteachers' developmental byplay tends to produce an implicit rule "the schoolteacher should focus on the thematic level when they talk about the target knowledge-not about the general matter". It is a clause in the paradidactic contract at the profession and paradidactic system levels.

Final remarks

We think that our new scale has dual value in didactic research. As the first, it allows us to study the ecology of the paradidactic. The second and rather indirect function is to invoke sensitivity to the boundary between the purely didactic and the para-didactic realities, since such a demarcation is difficult to recognise for most educators and researchers. In further research, we need to examine the functionality of our tool by explaining more various cases of lesson study, since our data was one specific and rather unique case. We consider that such examination of the tool should not limit its scope within lesson study. In addition, there are possibilities of application to teacher education research, research of curriculum and/or textbook development, and meta-research of didactics. It is because such domains have objects of study with the nested structure similar to the teachers' paradidactic system. We believe that the scale can cast new light on the various objects of didactics.

  Figure 1: Didactic ecological scale

  : The case study of an international lesson study Context of the open lesson The demonstration lesson and the post lesson reflection-of which the open lesson consists-under investigation in this article was part of a one-day conference at an ordinary public school, situated to the North of Copenhagen, Denmark. The content of the conference included two open lessons and a number of 30 minutes workshops on the function and usage of specific teaching materials. Conducting open lessons is not an ordinary practice in Denmark, but in the image of Japanese lesson study conferences (jugyō kenkyū kai), teachers and school leaders from several primary and secondary schools in and outside the municipality, municipality officials, teacher educators, researchers etc. observed and discussed the teaching of ordinary classes. While the classes were ordinary, the situation was extraordinary for the participants, though the class being taught in the open lesson under scrutiny here had tried a similar situation once before: one year earlier, Hiroshi Tanaka of the Attached School of the University of Tsukuba taught that same class in the first open lesson. A large number of the participating observers had joined the (single) open lesson of the first Danish jugyō kenkyū kai. The open lesson includes three different languages (Japanese, Danish and English) with several types of translations. During the demonstration lesson, the Japanese teacher used mainly Japanese and the third author mediated between the teacher and the Danish students. The post lesson reflection session was conducted in both English and Japanese, where the second and third authors interpreted every Japanese comment and question into English and vise versa.
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