Impact of nuclear inertia momenta on fission observables

Abstract. Fission is probably the nuclear process the less accurately described with current models because it involves dynamics of nuclear matter with strongly coupled manybody interactions. It is thus difficult to find models that are strongly rooted in good physics, accurate enough to reproduce target observables and that can describe many of the nuclear fission observables in a consistent way. One of the most comprehensive current modeling of the fission process relies on the fission sampling and Monte-Carlo de-excitation of the fission fragments. This model is implemented for instance in the FIFRELIN code. In this model fission fragments and their state are first sampled from pre-neutron fission yields, angular momentum distribution and excitation energy repartition law then the decay of both initial fragments is simulated. This modeling provides many observables: prompt neutron and gamma fission spectra, multiplicities and also fine decompositions: number of neutrons emitted as a function of the fragment mass, spectra per fragments, etc. This model relies on nuclear structure databases and on several basic nuclear models describing for instance gamma strength functions or level densities. Additionally some free parameters are still to be determined, namely two parameters describing the excitation energy repartition law, the spin cutoff of the heavy and light fragments and a rescaling parameter for the rotational inertia momentum of the fragments with respect of the rigid-body model. In the present work we investigate the impact of this latter parameter. For this we mainly substitute the corrected rigid-body value by a quantity obtained from a microscopic description of the fission fragment. The independent-particle model recently implemented in the CONRAD code is used to provide nucleonic wave functions that are required to compute inertia momenta with an Inglis-Belyaev cranking model. The impact of this substitution is analyzed on different fission observables provided by the FIFRELIN code.

Introduction

Nuclear moments of inertia have been very helpful since the early days of nuclear physics as a convenient tool to interpret several observables. Even if moments of inertia are more a nuclear property than a nuclear model itself it is widely used today as model ingredient. For instance as a parameter in a phenomenological parameterization carrying a more subtle dependency than a simple function of A. Its connection to macroscopic nuclear properties such as the nucleus size and shape make the moment of inertia a representative candidate for such parameters whenever one is looking for a parameter sensitive to global nuclear structure properties.

In the present work we highlight the presence and role of moments of inertia in well established and widely used models. We restrict our discussion to observables although a similar approach can be undertaken for other type of observables e.g. cross sections. In a first section we recall the usual classical and semi-classical models for nuclear moment of inertia. Then in a second section we present the cranking model based on the Finite-Range Liquid-Drop-Model [START_REF] Möller | Nuclear Ground-State Masses and Deformations[END_REF] that we have implemented to provide moments of inertia carrying a more refined mark of the nuclear structure. In a third section we a e-mail: pierre.tamagno@cea.fr show where these phenomenological "ingredients" are used in practical modeling of fission observables. The modeling scheme of the FIFRELIN code [START_REF] Litaize | Investigation of phenomenological models for the Monte Carlo simulation of the prompt fission neutron and γ emission[END_REF] will be used as an exemple. Finally the impact of the choice of model for nuclear moments of inertia will be illustrated on selected fission observables provided by the FIFRELIN code.

Classical and semi-classical moments of inertia

The dimensions of nucleons and nuclei imply that quantum mechanics must be use to describe comprehensively the dynamics of such objects. Yet classical moments of inertia remain in use today to provide at-least order of magnitudes, or parameters for various systematics for instance in the RIPL library [START_REF] Capote | RIPL -Reference Input Parameter Library for Calculation of Nuclear Reactions and Nuclear Data Evaluations[END_REF]. In classical mechanics, the moment of inertia I z about axis z for an object with a mass density ρ is given by

I z = d 3 r(r 2 -z 2 )ρ(r) . (1) 
It can be expected from Eq. 1 that I z will dependent on the global nuclear structure properties through the mass density ρ. A shape-edge surface with an homogeneous mass distribution is usually assumed and justified by the short-range of nuclear interactions. With this additional hypothesis this model is known as the rigid body model. The rigid body moment of inertia only depends on the nucleus mass (approximatively, the number of nucleons) and the macroscopic shape of the nucleus. Expressions for Yukawa-folded densities have been derived [START_REF] Davies | Calculation of moments, potentials, and energies for an arbitrarily shaped diffuse-surface nuclear density distribution[END_REF] and showed to be slightly increase the value of the moment of inertia compared to the rigid-body value. As long as only ground-state shapes are considered, one usually assumes that the macroscopic shape of the nucleus has a rotational invariance about the z-axis. In spherical coordinate system, one can thus describe the nuclear radius using an expansion on Legendre polynomials, for instance:

R(θ, ϕ) = R 0 λ(β 2 , β 3 , . . .)        1 + =1 β 2 + 1 4π P (cos θ)        . (2) 
In Eq. 2, R 0 is the radius of nucleus for a spherical shape, λ is a parameter that must be adjusted to keep a constant nuclear volume for different shapes (the nuclear matter is additionally assumed to be incompressible). Finally β 1 is also adjusted to keep the description in the center-of-mass of the nucleus.

With the shape parameterization R(θ, ϕ), one can compute Eq. 1 (applied for an axis perpendicular to the symmetry axis) either numerically or using a power expansion in β 2 , in such a case one obtains [START_REF] Bohr | Moments of Inertia of Rotating Nuclei[END_REF]:

I rigid-body ⊥ = 2 5 MR 2 0 (1 + 0.31β 2 + 0.44β 2 2 + . . .) . ( 3 
)
Here M is the mass of the nucleus, it can also be replaced by A times the average mass of a nucleon. In our calculations we observed that the last term in Eq. 3 amount to few percent of the total value while using usual tabulated ground state shape parameters [START_REF] Möller | Nuclear Ground-State Masses and Deformations[END_REF]. This correction is slightly larger than the remaining difference with the numerical calculation carrying all orders in all β. An alternative approach is to consider the nuclear matter as an irrotational fluid in such case the moment of inertia reads [5]

I irrotational ⊥ = 9 8π AMR 2 0 β 2 2 . ( 4 
)
Such an approach is not investigated further here as it yields very small values that are inconsistent with nuclear spectroscopy results.

Cranking model for nuclear moment of inertia

A refined method consists in calculating moment of inertia from microscopic nuclear structure model. We have implemented [START_REF] Tamagno | Challenging fission cross section simulation with long standing macro-microscopic model of nucleus potential energy surface[END_REF] an Inglis-Belyaev cranking model [START_REF] Inglis | Nuclear Moments of Inertia due to Nucleon Motion in a Rotating Well[END_REF][START_REF] Belyaev | Effect of Pairing Correlations on Nuclear Properties[END_REF] based on the Finite-Range Liquid-Drop-Model (FRLDM) [START_REF] Möller | Nuclear Ground-State Masses and Deformations[END_REF]. In this model, the nuclear moment of inertia is not deduced from a macroscopic shape of a sharp-edge uniform volume but from single-particle wave function of the nucleons.
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The FRLDM is a macroscopic-microscopic model, which means that the macroscopic shape is still used in order to parametrize the potential well (mean field) felt by the nucleons. The cranking moment of inertia I cranking is the sum of the neutron and proton components I (n) and I (p) . For instance for neutrons, the moment of inertia is given by

I (n) ⊥ = 2 2 νµ | ν| j x |µ | 2 E ν + E µ (u ν v µ -u µ v ν ) 2 , (5) 
where |ν and |µ are the single-particle wave functions obtained with the Yukawa-folded independent particle model of the FRLDM. Energies E ν and occupation probability v 2 ν are obtained from the independent particle states by applying either a BCS [START_REF] Bardeen | Microscopic Theory of Superconductivity[END_REF] or a Lipkin-Nogami [START_REF] Lipkin | Collective motion in many-particle systems: Part 1. The violation of conservation laws[END_REF][START_REF] Möller | Nuclear pairing models[END_REF] pairing correlation correction. These developments where originally designed for the CONRAD evaluation code [START_REF] Saint | Status of CONRAD, a nuclear reaction analysis tool[END_REF] but are now shared with FIFRELIN.

Before we investigate the impact of different models for nuclear moments of inertia, we make a comparison with experimental moments of inertia that can be extracted from spectroscopy measurements. To obtain experimental moments of inertia, the ENSDF database [START_REF] Bhat | Evaluated Nuclear Structure Data File (ENSDF)[END_REF] has been automatically explored to find low-lying 0 + , 2 + , 4 + patterns in level schemes. If the ratio of the two transition energies is close to 2(2 + 1)/4(4 + 1) then a moment of inertia is extracted from the lower transition energy. In Fig. 1 the different models presented in this paper are compared with experimental data. The wellknown overestimation by the rigid body model by about a factor of 2 and the dramatic underestimation by the irrotational model are clearly visible. The rigid body model has two kinds of structure, the mass dependency and the shape dependency, this latter being an indirect consequence of the nuclear quantum structure. The cranking model follow much more closely the trends in experimental data, this is a clear evidence that nuclear structure impacts the moment of inertia in a much deeper manner than just modifying the macroscopic nucleus shape. 

Moments of inertia in nuclear models

As mentioned in introduction, moments of inertia are used as nuclear-structured parameters in systematics (phenomenological parameterizations). These systematics are obtained from broad analyses of experimental data in order to exhibit ad-hoc trends or gross dependencies. The parameterization obtained can be used in turn to estimate not-measured data and provides thus prior values of nuclear observables. Many nuclear models such as TALYS [START_REF] Koning | TALYS-1.0[END_REF], CONRAD [START_REF] Saint | Status of CONRAD, a nuclear reaction analysis tool[END_REF] or FIFRELIN [START_REF] Litaize | Investigation of phenomenological models for the Monte Carlo simulation of the prompt fission neutron and γ emission[END_REF] partly rely on phenomenological expressions for intermediate nuclear observables e.g. the nuclear level density. These intermediate observables can be provided by the phenomenological expressions. In the present work we will focus on two kinds of nuclear observable in which moments of inertia are involved: level densities and rotational energy. This latter is the easier concept as moment of inertia is involved in the classical or semi-classical description of the rotational energy. For a classical total angular momentum J the rotational energy of a rigid-body is given by

E rot = J 2 z 2I z + J 2 y 2I y + J 2 x 2I x . (6) 
In case of axially symmetric nuclei, the rotation invariance can be interpreted as an infinite moment of inertia with respect of the z-axis, additionally one can write I = I x = I y , thus

E rot = J 2 x + J 2 y 2I = J 2 -J 2 z 2I . (7) 
In case of a K = 0 rotational band and for quantified total angular momentum with J 2 = J(J + 1), it becomes

E rot = J(J + 1) 2I . ( 8 
)
This expression occurs often in nuclear spectroscopy where low-lying levels of even-even nuclei follow the 0 + , 2 + , 4 + , . . . rule. Equation 8 is also useful to determine the part of the excitation energy of a nucleus that is taken by collective degrees of freedom. For instance, the FIFRELIN the fission simulation starts with sampling fragments and fragment properties. The fragments are sampled from experimental fission yields, a similar procedure is done for the TKE. Before the decay simulation starts, the fragment intrinsic excitation must be determined. The total intrinsic excitation for both fragments is deduced by subtracting the rotational energy and the TKE of the two fragments from the total reaction energy. The total intrinsic excitation is then dispatched between the two fragments according to a temperature law. Nuclear moments of inertia are also used in phenomenological expressions for spin cutoffs. Spin cutoffs σ are introduced in Fermi gas theory in order to describe the statistical distribution of total angular momentum of the gas. This model is used to describe the distribution of spins in a nuclei. It is for instance this type of law that is used in FIFRELIN to sample initial fragments spins or to attribute a spin of a level sampled in the continuum. In such an approach the probability that a given level is of total angular momentum J is given by [START_REF] Bethe | An Attempt to Calculate the Number of Energy Levels of a Heavy Nucleus[END_REF][START_REF] Gilbert | A composite nuclear-level density formula with shell corrections[END_REF] 

P(J) = J + 1/2 σ 2 exp - (J + 1/2) 2 2σ 2 (9) 
Expression 9 is close to a Relight distribution, the energy dependency of the distribution is carried by the spin cutoff, which reads σ 2 = I √ U/a, where U = E * -∆ is the available energy (∆ is the pairing energy) and a is the level density parameter [START_REF] Capote | RIPL -Reference Input Parameter Library for Calculation of Nuclear Reactions and Nuclear Data Evaluations[END_REF]. It should be noted that expression 9 is not normalized, in practice a normalization coefficient close to unity must be applied to preserve the statistics.

Impact on fission observables

We now investigate the impact of using the cranking-FRLDM model instead of the usual rigid body prescription. In FIFRELIN, fives parameters must be tuned in order to reproduce target observables e.g. heavy and light fragments neutron multiplicities. These parameters are the spin cutoffs for the heavy and light fragments1 , the fraction of the moment of inertia k used in the rotational energy (E rot = J(J+1) 2kI ) and two parameters for the temperature law. The adjustment of these five parameters is cumbersome and time-consuming we thus used a set of parameters fitted previously for the rigid-body model. As the value for the rigid body model is about twice larger than the cranking model, we adjusted k so that the order of magnitude is preserved. We attempt thus to see the impact of the structure of the
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 1 Fig. 1. Comparison of the different model for moment of inertia with experimental data.

These are imposed, not obtained from systematics, the initial fragment spins is thus not affected by the change of model for the moment of inertia.

cranking moment of inertia (cf. Fig. 1) instead of the impact of the change in magnitude. We also did not change the prescription for the spin cutoffs for the sampling of level spin. Indeed we realized that the RIPL prescription [3] σ 2 = I rigid a ã U a , used in FIFRELIN was already altered in order to introduce shell correction in the spin cutoff. Replacing I rigid by I cranking would count twice these effects. We thus tested the two sets of parameters for the 252 Cf spontaneous fission. In Fig. 2 one can see the impact of changing the moment of inertia for two fission observables provided by FIFRELIN. On the sawtooth, an unexplained hump near A = 140 appears but it is interesting to notice that in the small mass region (A < 100) the cranking model is closer to the most recent measurements, whereas the rigid body values are closer to oldest experimental data. The impact on the average neutron energy can be seen in Fig. 2 as well, it can be observed that the gross structure in the region 120 < A < 140 is well reproduced with the cranking model. Additionally the hump near A = 90 that can be seen in the experimental data is reproduced (although with a too strong magnitude) with the cranking model only. 

Conclusion

In this work, strong arguments are given for the use of moments of inertia based on microscopic approach (FRLDM+cranking) instead of the usual rigid-body model. The cranking model is in better agreement with data obtained from nuclear spectroscopy but also tends to have an impact on fission observables that is consistent with experimental data. In the future more comprehensive study should be performed in order to obtain a new set of parameters that could reproduce the FIFRELIN target observables without relying on previously established (and rigid-body dependent) parameters. Additionally the impact of the cranking model on the spin cutoff is an open field in which the cranking model would be very useful.