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Preservice teachers experience a fragmentation in their study program between two academic
areas, university mathematics and mathematics education. To reduce this problem, we conduct a
design study linking mathematics and mathematics education on two levels: First, the “dovetailing”
of mathematics (here the course on complex analysis) and mathematics education, and second,
students’ “interlinking” of content and pedagogical content knowledge in the development of
learning materials for talented pupils. This paper contributes to the topic on theory and
methodology by introducing the design principle “boundary crossing by design(ing)” in “nested
design cycles”.
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Introduction

Many preservice teachers in mathematics experience two types of discontinuities in mathematics
teacher training. First, in their views, much of the mathematics they learned in school does not seem
very helpful for the rigorous proof-oriented style in university mathematics courses. Second,
preservice teachers may not see how the mathematics in their university courses is related to their
practice as a teacher (Hefendehl-Hebeker, 2013; Prediger, 2013). Several attempts to minimize the
perceived gap between university and school mathematics have been developed, for example with
special exercises, or through capstone courses (e.g., Bauer & Partheil, 2009; Winsloew & Grenbek,
2014). Furthermore, empirical studies show that the combination of mathematical knowledge and
pedagogical content knowledge for teaching and learning mathematics (i.e. in the sense or similar to
that of Ball, Thames, and Phelps (2008)) is important for evaluating situations in the classroom
(e.g., Blomeke et al., 2014). Mehlmann and Bikner-Ahsbahs (2018) give an overview of recent
trends in German mathematics preservice teacher education around the “double discontinuity” and
the general criticism of preservice teachers towards their study programs which they experience as
fragmented. Because there is barely any explicit research on how preservice teachers may link the
scientific disciplines of mathematics and mathematics education® concerned with school
mathematics, we ask how this fragmentation between the mathematical discipline at university and
mathematics education in preservice teacher training can be overcome at least partially by making
changes in the curriculum, and how preservice teachers establish interlinkages of the two areas. At
the University of Bremen, we conduct the design study “Spotlight-Y”* on these issues. Two out of

! We understand mathematics education as the scientific discipline about the teaching and learning of mathematics. In
German preservice teacher training, mathematics education is mainly concerned with school mathematics.
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three design cycles have been completed so far, and as a theoretical result from our first design
cycles, we will establish the design principle boundary crossing by design(ing) in a nested design
cycle to initiate the overcoming of the fragmentation in preservice teacher training. We will show
how this design principle is interwoven with the methodology and theory of our study. At the end,
examples of empirical findings round off the paper.

Linking mathematics and mathematics education in a two-fold way

Linking mathematics and mathematics education can be viewed as a two-fold phenomenon in
higher education: On the institutional level it is a matter of curriculum and we call the linkage of the
domains on this level dovetailing (German: Verzahnen). On the students’ level we call the linkage
of the domains in students’ thinking and acting interlinking (German: Vernetzen). This distinction
corresponds to a distinction between “curriculum to be taught” and “learned curriculum”. Our
design study is devoted to an empirically grounded description of these two notions and their
connections. Thus, with this terminology our general research questions in the project can be
rephrased as: How can dovetailing be realized to initiate interlinking? Which circumstances foster
or hinder students’ interlinking and which interlinking strategies can be identified? To interlink the
two scientific areas, our students have to cross the boundaries between them.

Theoretical background: Boundary crossing

The idea of boundary crossing has origins and applications in the fields of general education and
social theory (Akkerman & Bakker, 2011). Boundaries can be described as “sociocultural
differences that give rise to discontinuities in interaction and action” (Akkerman & Bakker, 2011, p.
139) and boundary crossing as the “efforts by individuals or groups at boundaries to establish or
restore continuity in action or interaction across practices” (Bakker & Akkerman, 2014, p. 225).
Means to achieve this are boundary objects which “are artifacts that articulate meaning and address
multiple perspectives” (Akkerman & Bakker, 2011, p. 140), e.g., a concrete task or solution. Aside
from this initial understanding of a boundary object, it can also be conceptualized as a “shared
problem space” (Akkerman & Bakker, 2011, p. 147) where motives of different domains act
together and “materiality derives from action, not from [...] ‘thing’-ness” (Star, 2010, p. 603).

It is the interpretation of the members of the communities that give objects their meaning as
boundary objects in social contexts (Star, 2010). Consequently, even if teachers or researchers
intend to implement objects as boundary objects in their teaching or research, it may not be the case
that the people who work with the objects understand them as such. However, because the aim is
“to integrate different types of knowledge typically developed in different practices” (Bakker &
Akkerman, 2014, pp. 224-225), boundary objects “may provide learning opportunities” (Akkerman
& Bakker, 2011, p. 141), and students working with boundary objects may carry out interlinking
actions or even practices, probably implicitly. Interesting for our purpose are three out of four
mechanisms for the process of boundary crossing identified by Akkerman and Bakker (2011) when
considering learning in terms of boundary crossing in the broadest sense. Identification is about
finding out particularities of the social practices and seeing the relevance of different practices
which meet at a certain border. Coordination means to mediate between social worlds. Reflection
differs from identification in the sense that particularities of one community’s practice are made



explicit for another community (perspective making) or are regarded from the viewpoint of the
other community (perspective taking). In Spotlight-Y the notion of reflection is much broader than
the boundary crossing mechanism of reflection (see section “Boundary crossing by design(ing)
through a nested design approach”), but perspective making and taking can be part of it.

Methodology
Curricular linkage: Dovetailing in the lecture on complex analysis

The project “Spotlight-Y” consists of three cycles of developing the course on complex analysis
with the aim to overcome fragmentation (see Hanke & Schéfer 2018a, 2018b; Mehlmann & Bikner-
Ahsbahs, 2018, for details). Each cycle takes a year with a lecture in complex analysis being split
into a branch for future teachers and future mathematicians after around nine weeks of the lecture.
While the future mathematicians continue with more advanced complex analysis, the preservice
teachers prepare learning materials (exercise sheets and means to explore and visualize with
GeoGebra) for talented secondary school pupils about a mathematical topic they identified in the
lecture (e.g., power series expansion, spherical geometry, or differentiation as dilation-rotation) and
implement this on a day for experimental mathematics for classes of school students visiting
university (XMasSll). In parallel with the complex analysis lecture, the preservice teachers
participated in a seminar in mathematics education which also covered the design of tasks. Our
assumption is that through boundary crossing in preparing and implementing of this practical
teaching, the preservice teachers will overcome fragmentation by showing interlinkage between the
knowledge from both areas. So far, 35 students participated in the teacher branch in complex
analysis during the last two years.

Approach for designing the lecture

To develop the teaching of complex analysis as described above we conduct a design study
(Gravemeijer & Cobb, 2006). It aims at achieving a design as well as local theoretical knowledge
about how the design works, clarifying circumstances under which the fragmentation in teacher
training can be alleviated, and helping to identify obstructions. Each design cycle consists of four
elements (Prediger et al., 2012; see Figure 1, left): First, a learning object or phenomenon has to be
restructured. This leads to the development of a (local) design® based on a specific aim. Then, the
design is executed in a design experiment. Insights from these steps are used to theorize the
phenomenon, and these insights allow for a better description of the learning object or phenomenon,
changes in the curricular implementation, design of the lecture, and execution. The cycle can then
start over again. The core idea of our methodological frame is the nature of the design experiment.
It contains an embedded cycle of the same structure that initiates “boundary crossing” in students’
work (Figure 1, right).

2 The word local is used here to distinguish the overall design in the design study “Spotlight-Y” from the designs
developed in it: In the outer research cycle it is the course design of complex analysis including teaching strategies, and
in the inner cycle it stands for the designs the students develop for their learning arrangement (see Figure 2).



Boundary crossing by design(ing) through nested design cycles

In our design study, two cycles are nested (Figure 1). The outer cycle (grey, left) is the methodical
frame for research and teaching: The learning object for us as researchers is dovetailing and
interlinking university mathematics and mathematics education in preservice teacher education. The
general design of the lecture was described in the section “Curricular linkage: Dovetailing in the
lecture on complex analysis” and the design experiment is the course work in the branch for
preservice teachers in the lecture on complex analysis. The inner circle (red, right) frames the
development and implementation of the learning materials by our students. Here, the learning
objects (for students and pupils) are the mathematical phenomena the students choose from the
lecture.
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Figure 1: Nested design cycles in Spotlight-Y

The process is accompanied with three types of written reflective activities. We understand
reflection as anticipatory as well as retrospective (re-)consideration of own work, including
experiences of various kinds, thoughts about personal relationships to the two disciplines
(mathematics and mathematics education), the own role as a future teacher, and possibilities for the
improvement of local designs of learning arrangements. In a preflection, the preservice teachers
describe the mathematical phenomenon and anticipate difficulties at the beginning of their planning,
in ad-hoc-notes, they reflect on observations right after the execution of XMaSll, and in a final
portfolio® they reflect on the full process and their professional development, each with guiding
stimuli (Hanke & Schafer, 2018a, 2018b). This is in accordance with the notion of reflection-on-
action as proposed by Schon (1983) and reflection-pre-action by Bikner-Ahsbahs (2017).

Instances of interlinking mathematics and mathematics education can be identified in students’
reflections from which we extract interlinking strategies (see results section). Such a strategy may
be a certain local mechanism a student implemented, or a personal insight. Since the reflections are
written after a teaching episode with classes of school students (the design experiment), we might
also reconstruct interlinking strategies which have not appeared in action, but which have been
thought about by the students. The reflections have two functions: First, they serve to reconstruct
and typify the interlinkages between university mathematics and mathematics education, and

® A portfolio is a collection of all written work, this includes the exercise sheets, written planning and description as
well as answers to final reflective questions (see Hanke & Schafer, 2018a, 2018b, for details).



second, students experience reflection as a means to learn from own practical experience (planning,
executing, assessing) and be aware of interlinking activities (Mehlmann & Bikner-Ahsbahs, 2018).

In the inner cycle, in the branch for the preservice teachers, the boundary of the scientific lecture
and mathematics education is crossed by referring to each other. The initial boundary object is the
student task to create the XMaSlI-day learning arrangement. This task can be interpreted from the
mathematical as well as the mathematics education side. The specificities of the implementations
and reflections indicate how the students interlink both areas. The work of the students leads to a
design process which initiates boundary crossing. All data, in the form of exercise sheets, computer
arrangements and different kinds of written reflections shape a dynamic boundary object which is
assembled by the students’ work at the boundary of mathematics and mathematics education and
which, at the same time, is subject to change. We call this design principle (van den Akker, 1999)
boundary crossing by design(ing). “By design” refers to the curricular implementation, and “by
designing” refers to the processes the students engage in. The boundary crossing or interlinking
mechanisms we observe stand for the interlinking practices of students and can be further used for
the next cycle of the branch for preservice teachers in the lecture on complex analysis. In that sense,
the design principle boundary crossing by design(ing) serves as our epistemic means to describe to
which results acting at the boundary of mathematics and mathematics education may lead. In other
words, dovetailing is the attempt to initiate boundary crossing and the students’ boundary crossing
may lead to thinking and acting between mathematics and mathematics education, i.e. interlinking.
Thus, boundary crossing is regarded as a mediator between dovetailing and interlinking.

The novelty of boundary crossing by design(ing) is not the fact that mathematics and mathematics
education are asked to be combined—this is expected practice of any (future) teacher. It is that the
linkage we try to establish is between the two scientific domains, mathematics at university and
mathematics education for preservice students’ teaching (cf. Introduction).

Exemplary results of the first two cycles

Having developed the methodology and the design principle, we conjecture that implementing the
design principle into the third cycle will initiate students’ interlinking between complex analysis
and mathematics education, and we ask whether we will find the same or new interlinking strategies
of the students. But how do these interlinkings show up and what conditions foster or hinder them?
Until now, this is answered by analyzing the data of the first two cycles, and here, we give some
examples.

Results indicate that interlinking is an additional demand (concerning mathematical expertise and/or
time) which is often not accomplished by our preservice teachers, and happens in microscopic
ways. Besides others, the students were asked to describe which elements of the course on complex
analysis changed their views on the scientific discipline of mathematics and mathematics as a
school subject. This question aimed at a retrospection on the course as a whole. One of the students
wrote (we note that the learning arrangement of this student did not deal with extension of nhumber
sets but with differentiation):

The extension of number sets with the set of complex numbers is very demanding at first. Pupils
who encounter negative numbers for the first time might feel similarly. The experiences | made



in this course can help me to empathize with pupils and understand why the extension of
numbers with the set of irrational numbers can be difficult for them and why they may not
consider the number © as a number.

In addition, the experience of the lacking imagination of the graphical representation of complex
functions can help to understand the difficulties pupils have with the visualization of graphs of
functions. (translated from German)

This description expresses the sensitization for pupils’ difficulties by analogy. The example in the
quote shows an experience-based perspective on problems with extensions of number sets and
diagrams which can be regarded as a coordination mechanism with the potential for a
transformation mechanism (see: Akkerman & Bakker, 2011). For example, a transformation could
occur if the student presented a suggestion for how to deal with these issues in class. We may
conclude that in this case the student’s own experience with subject matter sensitizes for learning
processes of pupils. What is not important is that the content in the student’s learning process is
beyond school but that what is learnt, in each case, is new for the respective learner (student and

pupil).
To the stimulus “What did you learn personally? Do you feel assured in your role as a teacher?
How and why (not)? ” another student expressed (his learning arrangement was about power series),

So | find the problem to prepare a very complex and alien (German: fremd) topic for pupils very
interesting and instructive because I, myself, had to cope with this topic intensively once again.

Unfortunately, I had to realize that exactly in this transformation very much time and work had
to be invested which lacked for example for the precise planning and execution. At any time, the
subject specific understanding (German: das fachliche Verstdndnis) was the most important
aspect of the planning. (translated from German)

This utterance shows that the creation of a learning arrangement about a demanding mathematical
topic requires resources in order to engage deeply with the subject matter. Here, the need for these
resources sidelined the planning actions for the actual planning and implementation.

Discussion and reflection

Reflecting on the two design cycles at the university level we went through, the steps of how the
design principle developed becomes clear. Due to the fragmentation in preservice teacher education,
our first design principle was to link university mathematics and mathematics education through
providing practical experience for our students in one mathematics lecture. The method seemed
clear; the students identify a mathematical phenomenon from the lecture, plan and implement
learning materials for talented pupils, and thus, overcome fragmentation. But this did not happen
with most of the students. Therefore, after the completion of the first design cycle, we clarified the
relationship between this method and our research design. That is, our students were actually
performing a design cycle similar to ours on the research level. Thus we obtained a more precise
methodology, the nested design approach. Since we were not able to rely on previous research, we
had to bridge the distinction between dovetailing and interlinking theoretically. The theory of
boundary crossing serves this purpose. The concise link between theory and methodology was



achieved after the second cycle and on this basis we obtained the current design principle. Boundary
crossing by design(ing) condenses the theoretical approach of boundary crossing and links it to the
task of creating and implementing learning materials while taking into account two scientific
domains. This design principle addresses two different kinds of design: design research at the
university level for course development in which the students design learning arrangements. These
threads together can lead to insights into the reduction of the fragmentation in teacher training we
strive for. Ultimately, our project exemplifies that a suitable design principle does not necessarily
stand at the beginning of a design study but can be achieved through development and confluence
of methodology and theory.

Our students valued the practical experience in the project. Even when they did not manage to
produce explicit interlinkages of the two domains, in some cases of interlinking the two domains we
observed a kind of coordinating, a mechanism of boundary crossing. Hence, we should ask what
kind of conditions hindered the preservice teachers to experience interlinking mathematics and
mathematics education (of school mathematics). We next aim at developing a scaffolding
procedure. For example, cognitive overload might be avoided by a concrete example of how a
phenomenon of complex analysis could be transposed into a learning arrangement for talented
pupils or by a more detailed structure for the task to create a learning arrangement that assists
preservice teachers in their boundary crossing.

Last, we highlight an important epistemic obstruction resulting from our methodological approach.
The contents and depths in the students’ reflections limit the depths of our insights. Also, reflections
mainly on a descriptive level are at most an indicator for students’ weak interlinking. This means
we also have to reconsider the stimuli which we ask our students to consider.
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