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Introduction to the Thematic Working Group 17 on Theoretical Perspectives and Approaches in Mathematics Education Research of CERME11 1 Theory as a fundamental part of mathematical education research

The discussion about what a theory is, why theory is needed, and how theory is used is a necessary and ongoing debate in the community of mathematics education as a scientific discipline. Although there is no clear agreement in the field [START_REF] Assude | The notions and roles of theory in mathematics education research[END_REF][START_REF] Niss | The very multifaceted nature of mathematics education[END_REF], we can gather some of the essential elements of theories from this debate. Theories can be taken as tools or objects [START_REF] Assude | The notions and roles of theory in mathematics education research[END_REF]; as lenses to "see," "observe," and "understand" phenomena of teaching and learning mathematics. Researchers can draw on theory to improve coherence and consistency of scientific argumentation, but researchers also need to guard against becoming blind to aspects that a theory does not capture. While theories provide a language, a more or less structured and coherent system of concepts, theorizing is a way of sense making [START_REF] Mason | The role of theory in mathematics education and research[END_REF]. Background theories encompass a philosophical stance to "understand what are taken to be the things that can be questioned and what counts as an answer to that questioning" [START_REF] Mason | The role of theory in mathematics education and research[END_REF], p. 1056), while foreground theories are about particular research objects addressing a foreground aim such as "what does and can happen within and without educational institutions?" (p. 1056). Some of these foreground theories may developed into an epistemological tool for investigating a specific phenomenon, for example, the epistemic action model of Abstraction in Context (Tabach, Rasmussen, Dreyfus, & Hershkowitz, 2017). Theories are integral to the research process because "[t]heory is the essential product of the research activities, and theorizing, therefore, its essential goal" (Bishop, 1992, p. 711).

2 An overview about the previous work of the CERME theory groups [START_REF] Kidron | Theoretical perspectives and approaches in mathematics education research[END_REF] have offered a comprehensive overview about the theory working groups of CERME over the years, and we would like to highlight some aspects of the groups in view of the Theoretical Perspectives Thematic Working Group (TWG) of CERME11.

We aim to provide insights as to why continuing work on theory is necessary for an ongoing establishing and re-establishing of mathematics education as a scientific discipline. The founding of this working group can be taken as a reaction to the increasing diversity of theoretical approaches towards the end of the millennium which provided varied perspectives, such as cognitive, sociological, institutional, or activity theory-based views, to name a few. This diversity of theoretical approaches raised the question of how coherence can be maintained in the field since in these approaches, similar words may be used for different things or different words for similar phenomena, thus causing problems when communicating research results [START_REF] Bikner-Ahsbahs | Networking of theories-why and how? Special plenary lecture[END_REF]. From the discussion on the diversity of theories at CERME4, the notion of networking of theories emerged (Artigue, Bartolini Bussi, Dreyfus, Gray, & Prediger, 2006). This notion takes the diversity of theories as a rich feature of the field, thus, respects the identity of different theory cultures, and does not aim at achieving a unifying theoretical understanding in the field [START_REF] Bikner-Ahsbahs | Networking of theories-why and how? Special plenary lecture[END_REF]. Important steps to understand how the networking of theories can maintain coherence in the field of mathematics education research include the use of networking strategies in research involving multiple theories [START_REF] Prediger | Networking strategies and methods for connecting theoretical approaches: First steps towards a conceptual framework[END_REF] and the development of networking methodologies for the investigation of theory use in research. When networking theories, the aim is not to create a uniform theory, but rather to embrace complexities and re-new our theoretical understanding arising from examining networking practices.

Differences in background theoretical views also create differences in the notion of what theories are. For this reason, the networking of theories faces difficulties not only through incommensurable and incompatible assumptions of theories but also because the notions of theory used by researchers may not be the same (cf., [START_REF] Niss | The very multifaceted nature of mathematics education[END_REF]. In many sessions over the years, participants generally agreed upon using the concept of theory developed by [START_REF] Radford | Connecting theories in mathematics education: Challenges and possibilities[END_REF][START_REF] Radford | On the growth and transformation on mathematics education[END_REF], whereby a theory [(P,M,Q)R] is a way of producing understanding based on a set of relatively stable principles (P), methodologies (M) related to the principles, paradigmatic questions (Q), and its use in research produces results (R) that contributes to its further developing. [START_REF] Monaghan | Theoretical genesis of an informal meta-theory to develop a way of talking about mathematics and science education and to connect European and North American literature[END_REF] proposed to consider "theoretical genesis" as similar to "instrumental genesis": A theory is an artifact addressing and developing a specific research practice, which in turn may allow researchers to use the theory more creatively in a new way. Thus, theories or theoretical approaches frame research practices as well as develop further through the act of research.

Main issues raised at the Thematic Working Group 17 at CERME11

The thematic working group on Theoretical Perspectives and Approaches in Mathematics Education Research of CERME11 has taken up the tradition of addressing multi-theoretic approaches but put more emphasis on the interplay between theory and methodology, and how this interplay may advance research practice. Key issues addressed included epistemological and philosophical considerations, ontology of concepts, and contributions on design research involving new directions such as embodied design and the use of technology. To advance our knowledge on the triad of theory-methodology-research, one specific objective was to identify argumentative grammars for design research, and (re-)new theory strands such as embodiment.

Nineteen papers and two posters were presented at the conference as part of the TWG. In the proceedings, these contributions are grouped according to five topics. In what follows, we present vari-ous interconnections between theory and methodology in a diagram and describebased on the diagramkey points raised by the papers to emphasize their contributions to the aims of the TWG.

Essential contributions to the interplay of theory and methodology

Building from [START_REF] Radford | Connecting theories in mathematics education: Challenges and possibilities[END_REF] theory triplets (P, M, Q), we propose a graphic organizer (Fig. 1) illustrating the interplay among researchers' work with theories, their elaboration of methodology, and enactment of research. We place Working with Theories in the top layer, because researchers' methodology-related decisions are driven by their tacit or explicit sensitivities to theoretical assumptions. When working with theories, researchers are expected to make explicit their sensitivities to research epistemologies, grain sizes of theories, kinds of mathematical knowledge, objects of research, ecologies of theories, and research problems, phenomena, or purposes. While we show each of these elements as discrete ovals in the graphic organizer, we view these sensitivities to be overlapping. For example, research-ers may choose to network theories of different grain sizes to investigate phenomena of students' ways of coming to know mathematics as research objects. Yet, networking of theories is not an aim in itself but was developed to solve problems. Further, decisions in networking are never neutral, because scholars developed theories with particular perspectives, for example, based on specific research results and within particular ecological paradigms. Researchers' methodological decisions relate to their research problem, phenomenon, and purpose. We view this relationship as reflexiveresearchers' theorizing informs their research problems, which in turn inform their methodologies, and their methodologies in turn inform their research problems.

There 

Reciprocity of theory and methodology: mutual affordances

The first topic, reciprocity of theory and methodology for research and design, sets the scene: The topic emphasizes the epistemological nature of research, highlights and describes the reciprocity of theory and methodology in research, and how such reciprocity may impact on design and research.

Kidron compared the procedures of a priori analyses and their epistemological roles in the application of two theories, suggesting that differences in the a priori analyses reflected different analytical focus priorities based on the theories and, hence, illustrated the reciprocity of theory and methodology. Chan and Clarke conceptualized and explained this reciprocity between theory and methodology in terms of mutual affordance, where affordance refers to "the investigative options made possible (and also constrained) by the choice of theory or methodology". In the case of design research, Hanke and Bikner-Ahsbahs encapsulated the mutual affordances between theory and methodology into a design principle "boundary crossing by design(ing)," linking the theoretical construct of boundary crossing with a course design for pre-service mathematics teacher training.

Philosophical considerations: interplay of epistemology and ontology

The second topic addresses philosophical, epistemological, and ontological considerations. The papers provide examples of the interplay of theory and methodology and this interplay's epistemological and ontological implications on the level of generality. The papers address analytical ways of arguing, thus generality, but also illustrating the generality by concrete examples.

Lensing argued that concepts and discourse form an ontological source of building mathematical objects. Radford illustrated the epistemological power of joint labor on tasks and material as ontological source in the classroom. Kuzniak and Vivier transformed the notion of the work mathematicians do as the epistemological source of concepts to the mathematical work in the classrooms. They conceptualized this work as the dialectic between the cognitive and the epistemological levels when learners build mathematical objects or concepts. Zarianakos developed a phenomenological research methodology to understand epistemic processes and highlighted the usefulness of a phenomenological attitude to investigating such processes. Finally, Flores advocated for the legitimization of a visuality's perspective for mathematical visualization. Using art laboratories as a case example, her poster challenged mathematics education researchers to rethink what mathematics and mathematics education are.

Embodied design: generativity and theory-methodology-design bundle as key ideas

The third topic focuses on embodied design with coordination as a key aspect, yet the nature of coordination presented in the papers varies. The papers reported on theoretical coordination, coordination of scientific criteria of design research, epistemological coordination, and coordination of individual affect and individual movement by a trans-individual activity and of disciplines.

Alberto et al. coordinated embodied design and instrumental genesis into the concept of embodied instrumentation; in this kind of networking, the researchers regarded the body as part of an instrumental genesis with an artifact. Their example illustrated a specific design genre where the movements of both hands must be coordinated to explore a problem of the sine graph. Referring to the same design genre, Bakker, Shvarts and Abrahmason made a plea for attending to generativity in addition to generalizability in education research. Such double attention generates the need for scientific coordination of generalizability and generativity-two criteria resonating with the two parts of design research, the design(ing) and the theorizing based empirical data. Based on a culturalhistorical approach, Shvarts' poster abstract added an example of embodied action-based design. She showed that in her research, three kinds of couplings could be epistemologically coordinated through the whole bundle theory-methodology-design: theory-methodology, theory-design and method-design, where the theory-methodology-design bundle serves as the comprehensive lens for the perception-action system distributed between the tutor and student during the teaching-learning process.

The fourth contribution on embodiment by de Freitas, Ferrara and Ferrari provided a theoretical idea which was based on affectivity as the responsive nature of the human body. This kind of affectivity was substantiated by examining the coordination of students' movements while they collectively performed a task involving body movements to produce and express a circle.

Research on teaching and learning paths: the need to go beyond existing solutions

The fourth topic continues discussions about design research, addressing the need to go beyond a single theoretical framework or existing frameworks. Johnson, McClintock, and Gardner coordinated Variation Theory as a pedagogical theory of learning with the theory of Quantitative Reasoning, as a subject-specific theory for design. This kind of networking was possible because the research linked two different but compatible theory grain sizes. Tasks, shaping a design genre already, were reconsidered for the new design step of transfer. This step required an additional theoretical model that was sensitive to transfer, thus allowing the generativity of the design genre be expanded. Similarly, Fonger, Ellis, and Dogan coordinated radical constructivist theory with Harel's Duality, Necessity, Repeated Reasoning principle for instructional design of a learning trajectory for quadratic growth. While exploring the design of the trajectory, the authors identified shifts of understanding among mathematics students, which demanded the inclusion of an instructional theory into the theorized trajectory, thus expanding the concept of the learning trajectory towards a teaching and learning trajectory.

While the first two contributions within the fourth topic addressed designing and investigating the (designed) learning path empirically, Gosztonyi's contribution turned this focus around. She described reverse engineering as a reverse design process of already designed series of mathematical problems: The aim is to reconstruct the rationale behind these series so that teachers can design new series of (selected) problems. Gosztonyi's research is an example of coordination between historical and empirical research methods.

Finally, Bampatsikou et al. took a unique approach to analyze students' learning paths applying Peirce's complete classification of sign relations. According to Bampatsikou et al., the take-up of these classes of signs may "mark those characteristics of the tasks that turn students' conceptualizations to higher level signs" in their semiosis, thus, resonating with the results of Fonger et al.

Theorizing the new: advancing research in terms of theory and methodology

The final topic aimed at showing how new requirements in educations (e.g., new mathematical problems, programming, social media), coming from outside or inside a theory culture, have become driving forces for new ways of theorizing and, hence, advancing research. Makar and Fielding-Well observed that socio-mathematical norms have not been investigated in recent developments of inquiry-based learning even though such norms can strongly impact on teaching. Similarly, Itsios and Barzel observed that the fundamental concept of Grundvorstellungen

has not yet been applied to students' difficulties in understanding exponential expressions. The two papers provide examples of ways to strengthen theoretical approaches that had emerged in different ecologies by expanding their scope and carefully consider the ontological status of the concepts involved. The lack of a theory's applicability can also lead to a theoretical expansion. Exactly this was presented by Otaki, Asami-Johansson and Bahn showing an extension of the Anthropological Theory of the Didactics to embrace and investigate the para-didactic system of the Japanese lesson study.

As in previous ERME conferences, this group agreed upon the dynamic, evolving nature of theories in research. From this perspective, scholars should neither demand that theories be used with absolute rigor nor allow arbitrarily applications of theory. To form coherent research frameworks, scholars engage in reconsidering, reinterpreting and reusing theories to investigate new phenomena, solve new problems and serve new purposes. Thus, theories develop and evolve through research.

Working on coherence and consistency is an ongoing research task, particularly necessary for the Networking of Theories, in which reconsidering the compatibility of the theories or theoretical approaches is an additional epistemological necessity. Achieving generativity, generalizability, and generality affords the potential of the research results to be useful for answering new questions.

Bridging theory and methods to advance research is methodological work. To do so in a coherent and consistent manner, researchers need sensitivity, which is both, brought in by scholars in the field and required from the field. Our graphic organizer (Fig. 1) shows the different sensitivities that were considered during our group's discussions. The presentations on embodied design challenged the group to discuss what counts as mathematics (4.3). Theory ecology was an implicit topic in several contributions (4.5, 4.2). In the presentations focused on philosophical contributions, the group more explicitly addressed sensitivities to the ontology of concepts (4.2). In the presentations on teaching and learning paths, the group examined links between the grain size of the research focus and what researchers took up as research objects, whether the focus was on a micro-step while solving a task, a whole learning path, series of problems or on transfer of knowledge (4.4).

The different sensitivities intertwine, following the epistemology of research in mathematics education-what counts as new knowledge, how that knowledge is achieved and substantiated in the field. New knowledge was gained in terms of epistemological criteria (affordance, generativity, generalizability, generality, phenomenological methodology), extending the scope of theoretical constructs (Grundvorstellungen, socio-mathematical norms, para-didactic system, and interdisciplinary research), the nature of design research (on transfer, on teaching learning trajectories, on embodied design), strengthening theoretical constructions analytically (mathematical work, Theory of Objectification, formation of objects), or in terms of advancing the networking of theories strand by adding networking cases.

With our graphic organizer (Fig. 1), we offer a space for the interplay among researchers' theoretical working, elaborating of methodology, and enactment of research. Notably, we are not trying to find a homogenous, one size fits all epistemological path. Rather, we are working to navigate in the field in order to advance our research in different directions, for example, in the directions of methodology, methods, theory, scope, design, epistemology and ontology. Looking ahead, as topics on epistemology and ontology were addressed and the problem of discerning different argumentation grammars is not yet solved, both should be included in future calls of the TWG on Theoretical Perspectives and Approaches in Mathematics Education Research of ERME.
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 1 Figure 1: A graphic organizer outlining the interplay among researchers' theoretical working, elaborating methodology, and enactment of research.

  are three overarching kinds of research which inform researchers' methodological decisions: design research, empirical research, and theoretical research. For these three kinds of research we distinguish three quality criteria: generativity, generalizability, and generality. To illustrate what we mean by generativity, generalizability, and generality, we draw on research presented in the Theoretical Perspectives TWG of CERME11. The design research carried out by two different groups-Bakker, Shvarts, and Abrahamson, as well as Alberto, Bakker, Walker-van Aalst, Boon, and Drijvers-resulted in new tasks generating a design genre. The theoretical research conducted by de Freitas, Ferrara, and Ferrari addressed affectivity as a general concept of the body's responsivity, illustrating it through an empirical example. Liljekvist, van Bommel, Randahl, and Olin-Scheilier addressed a particular research problem, engaging in empirical research to develop generalizable knowledge. The base layer of the diagram focuses on the enactment of research. Researchers' theoretical frameworks afford and constrain their methodology-driven and methods-driven decisions, when collecting and analyzing research data, and vice versa.

  Connecting mathematics and programming, Lagrange and Laval explained how a framework of connected working spaces may account for students' work across domains; hence, contributing to the generativity of designs for cross-domain research. Liljekvist et al. illustrated how they combined theoretical frameworks for investigating professional development through the social media as a new way of interacting. Lagrange and Laval as well as Liljekvist et al. provided new dimensions to the work of research, suggesting new complexities that may emerge.