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Computer simulations are used to teach and learn mathematics, and didactic research also uses the term. However, there are sometimes very different meanings of the term 'simulation'. As a possible result didactic research on the use of simulations can only be compared to a limited extent. The present article therefore clarifies the concept of simulation. Based on this, a scheme for the classification of digital simulations, independent of the concrete content, is designed, which allows to distinguish simulations a priori and objectively according to theoretically derived didactic criteria and thus to order the wide field of "simulations". Finally, it is briefly outlined how the scheme can help teachers to select suitable simulation implementations for teaching and learning purposes.

Introduction

There is a multitude of computer programs, apps and files for learning and teaching mathematics, which are called "simulations" by their authors. These are, for example, Excel data sheets for the replication of cube throwing [START_REF] Böer | Erst per Hand, dann am Rechner. Simulationen stochastischer Prozesse mit Excel[END_REF] or algorithms in computer algebra systems for calculating hiking trails within the framework of mathematical modelling [START_REF] Bracke | Mit Hilfe der Mathematik zum Gipfel: Bergsteigen als Thema der mathematischen Modellierung[END_REF]. In the online portal GeoGebra Materials (www.geogebra.org/materials), on which authors can publish GeoGebra files, over 1000 hits are listed under the search term simulation for the year 2017. It can be assumed that at least some of these documents were designed for teaching-learning contexts and are actually used for learning mathematics. MathEduc (www.zentralblatt-math.org/matheduc/), a database for publications with a mathematics didactic background, currently lists over 2000 publications that contain the term simulation.

These are just a few examples of "simulations". However, their consideration already suggests the interpretation that research, theory and practice for learning and teaching mathematics are currently concerned with simulations: simulations are used to teach mathematical content or procedures at present. The above examples also show how differently the term simulation is used: the examples refer to a broad variety of mathematical contents, use different representations, are based on different types of mathematical models, allow partly very extensive manipulations and partly none, are used to pursue different objectives or to fulfill different functions. This leads us to the thesis that the term simulation is used in connection with the teaching of mathematics, but that its meaning remains in general individual and vague.

If, however, didactic research aims to collect empirical research data on the use of computer simulations for teaching and learning mathematics and if these data and results are to be comparable, then a common conceptual basis for simulations is indispensable. This article presents ideas for the design of such a basis by theoretically deriving a multidimensional classification scheme for digital simulations. For this purpose, essential characteristics of simulations are first deduced, which then depending on their traits are combined into a system to distinguish between simulations. The article therefore investigates the following research questions:

(Q1) Which central characteristics and features do digital simulations for learning mathematics have? Which traits of these characteristics can be derived? (Q2) How can these characteristics and traits be used to assign computer simulations a priori and objectively into classes and to distinguish them from each other?

Methodological approach

In order to clarify research question Q1, a hermeneutical approach is pursued: it derives essential characteristics of simulations from existing theories (e.g. systems theory) and application sciences by means of a literature research and thus searches for the theoretical meaning of the term simulation. The focus will be on those aspects that are important from a didactic point of view. The approach is alternately confronted with a comparison with such properties of programs, apps and files which exist in reality (on the Internet, in textbooks, as learning apps or the like) and which are called "simulations" by their authors. They show concrete characteristics of the properties. In this way, the question is examined in the alternation of deduction from theory and induction from teaching-learning practice and thus does not lose its relation to the practice of teaching mathematics.

Theoretical foundations

When it comes to simulations, a distinction was usually made between physical simulation with concrete models and simulation with abstract or mathematical models [START_REF] Krüger | Simulation: Grundlagen, Techniken, Anwendungen[END_REF]. In the latter case, simulation is a calculation carried out on a computer, which Krüger (1974, p. 27) calls "calculation experiment" and which Hockney and Eastwood (1988, p. xix) call "computer experiment". On the one hand, this distinction is very rough. On the other hand, the two categories become blurred as soon as physical experiments are virtually mapped on the computer, as explained in detail in [START_REF] Wörler | Computersimulationen zum Lernen von Mathematik[END_REF]. Therefore, they are not useful for classification.

For this reason, we assume a more general approach: we interpret simulationin close agreement with [START_REF] Krüger | Simulation: Grundlagen, Techniken, Anwendungen[END_REF], [START_REF] Kobayashi | Modeling and analysis: An introduction to system performance evaluation methodology[END_REF] and [START_REF] Greefrath | Simulieren: Mit Modellen experimentieren[END_REF] as the conduct of experiments with models of systems. It is therefore necessary to clarify the terms experiment and model in order to understand the concept of simulation.

Models

According to Henn (2011, p. 419), "models are simplifying presentations, which consider only certain, somehow objectifiable parts of reality". This characterization corresponds well with the examples of simulations mentioned above, because they refer to a real situation or a real object, which is reproduced virtually on the computer. In addition, simulations are also conceivable that take up intra-mathematical phenomena: experimental work with geometric figures or with integral and derivative can serve as examples for simulations that have no explicit reference to reality. Therefore, the term model has to be understood more broadly with regard to simulations. For example, Velten (2009, p. 3) states: models are "simplified descriptions of a system". A system in turn "is an object or a collection of objects whose properties we want to study" (Velten, 2009, p. 8). It consists, according to [START_REF] Bossel | Simulation dynamischer Systeme: Grundwissen, Methoden, Programme[END_REF], of individual elements connected by relations. A model therefore contains a mapping of the relevant elements and relations of the system. This is illustrated in Figure 1.

Experiments and variations

Experiments are particularly widespread in the social and natural sciences, where they are a central method of gaining scientific knowledge. They can be used to create or to test hypotheses and usually they use the observation of the effects of targeted manipulations of a system. For physics education, for example, Kircher, Girwidz and Häußler (2009, p. 244) describe how to proceed in experiments: "Under fixed and controllable framework conditions, observations and measurements are carried out on physical processes and objects; variables are systematically changed and data are collected". Accordingly, the systematic variation of independent variables within defined framework conditions is the central component of conducting experimentsand thus also of simulations.

The important role of systematic variation in the learning and teaching of mathematics has already been emphasized: [START_REF] Schoenfeld | Mathematical Problem Solving[END_REF] sees variation as a heuristic principle in problem solving. [START_REF] Schupp | Thema mit Variationen: Aufgabenvariation im Mathematikunterricht[END_REF] adds that variation as a student activity can help to convey an authentic picture of mathematics and enable a deeper understanding. [START_REF] Philipp | Experimentelles Denken: Theoretische und empirische Konkretisierung einer mathematischen Kompetenz[END_REF] interprets intra-mathematical experimentationin the sense of hypothesis formation and hypothesis testing -as explorative problem solving. She considers this type of problem solving to be a process characteristic of mathematics, but also sees it as a fundamental competence with four partial competences: generating examples, structuring, formulating hypotheses, checking hypotheses.

These activities are addressed in the same way when experimenting with models of objects or systems in simulations. To vary allows the creation of different system states (called "data" by Kircher et. al., 2009, p. 244, andcalled "examples" by Philipp, 2013, p. 156) that can be analysed to learn something about the given system or to understand it. This applies to students as well as to scientists, which is why experimentation is also a central activity inquiry-based approaches (e.g. [START_REF] Artigue | Conceptualizing inquiry-based education in mathematics[END_REF]. Therefore, in the following we will distinguish simulations according to what types of variation they allow.

Types of variation

According to the above considerations, models can be traced back to their elements and relations. Furthermore, experiments are characterized by variation within controlled framework conditions. Under these assumptions, six different types of variations in simulations can be derived theoretically [START_REF] Wörler | Computersimulationen zum Lernen von Mathematik[END_REF]. Only the following three should be mentioned here, because the other three have mainly theoretical-epistemological value: these types are the possibility of variation of ... 1) the number of model elements, 2) the properties of the model elements, 3) the relations between model elements, They are hereinafter referred to as Possibilities of Interaction between the experimenter (e.g. the learner) and the underlying (mathematical) simulation model. Their existence can be checked objectively and a priori for each concrete implementation of a simulation. In this way, simulations can be distinguished according to the type and the number of implemented Possibilities of Interaction. We use this approach to clarify the research question Q2 below.

Specifics of digital simulations

With regard to the research question Q1 we conclude: Experiments involve the activity of varying. They also require the observation of the effects of the manipulation on the modelled system and its behavior. If experiments are transferred to the computer as digital experiments, these two aspects have to be translated, too.

This means that at least some of the Possibilities of Interaction (see above) have to be technically implemented and offered to the experimenter. Some control elements like checkboxes, sliders, input fields or selection menus must be available in every digital simulation to set and change parameters; [START_REF] Moreno | Interactive Multimodal Learning Environments Special Issue on Interactive Learning Environments[END_REF] call this type of interaction "manipulating" (p. 311). They distinguish manipulating from "controlling" (p. 311), which includes control elements for the speed or sequence of content (such as pause/play key) but does not influence properties of the modelled system. It occurs especially with moving images or animations. It is, however, consequent also to consider controlling in the classification scheme for simulations: On the one hand, both types of interaction occur in simulations side by side, although only manipulating allows experiments. On the other hand, the connection to preliminary work on the potential of moving images for learning mathematics [START_REF] Kautschitsch | Der Videofilm: Geeignetes Mittel zur Visualisierung und Entwicklung mathematischer Begriffe und Modelle[END_REF][START_REF] Samson | Video clips and cell phones: VITALmaths in the palm of your hand[END_REF] succeeds.

Digital experimentation also requires the possibility to observe and evaluate the modelled system and its states. Therefore, a computer output device is indispensable. This can be a conventional PC or smartphone screen. Alternatives could also be virtual reality glasses or simply a PC printer. On such output devices the result of a digital simulation (as final state after a manipulation) or the respective simulation model itself (with intermediate states during manipulation) has to be represented, for example as table, graph or diagram, but also as dynamic visualization of processes or experimental environments. Each digital simulation is therefore necessarily connected with an external representation of these model states.

Based on Bruner's modes of representation (enactive, iconic, symbolic) from 1964, [START_REF] Ladel | Multiple externe Repräsentatio putereinsatz: Zur Bedeutung für das Mathematiklernen im Anfangsunterricht[END_REF] proposes a scheme for the analysis of mathematical learning software on the basis of the forms of external representation used. She derives eight computer-based forms of external representation and specifically distinguishes between static and dynamic representations. [START_REF] Ladel | Multiple externe Repräsentatio putereinsatz: Zur Bedeutung für das Mathematiklernen im Anfangsunterricht[END_REF] also shows that how computer programs can be classified with regard to these forms.

Result: classification scheme

In order to answer the research question Q2, the above explanations were combined into a twodimensional classification scheme: The first dimension is formed by the Level of Manipulation (LoM). This number indicates how many Possibilities of Interaction are implemented in a concrete digital simulation, i.e. whether and to what extent a concrete digital simulation allows variations by the experimenter.

For clarification, imagine a dice throwing simulation with two sliders: One controls the number of the dice, one the number of the throws. There are then two ways to interact with the underlying simulation model, which gives the simulation a LoM of 2 (labeled as: LoM 2).

In the broadest sense, the LoM indicates the degrees of freedom that the implementation gives the experimenter for interaction with the underlying simulation model (in the sense of manipulating, according to [START_REF] Moreno | Interactive Multimodal Learning Environments Special Issue on Interactive Learning Environments[END_REF]. In this way, different implementations of a simulation can be analyzed with regard to their LoM and arranged on an ordinal scale.

If we accept LoM 0 (zero) on this scale, animations (generally: moving images) can also be located in the range between LoM 0 (no controlling or manipulation implemented) and LoM 1 (manipulation implemented). We thus take into account the type of interaction in the model that Moreno and Mayer (2007) call "controlling" (p. 311). The distinction between animation and simulation, which is not clear to outsiders in many cases, is transferred into the concrete specification of LoMs: If any controlling option is implemented, the LoM is increased by 0.5.

The second dimension of the classification scheme presented here can be defined according to the scheme of Ladel ( 2009 The result is a 5 × n-classification scheme with the dimensions external representation (with the four traits ISR, IDR, MSR, MDR) and plurality of variations (indicated in LoM), see Figure 2.

Each digital simulation can be assigned to the scheme: Let's assume that the dice throwing simulation from above represents only the final results of the experiment as bar chart. That would be an isolated static representation (ISR). The simulation would therefore be classified in the cell ISR × LoM 2 of the schema. If, in contrast, the dice throws are represented sequentially so that the result of the experiment is assembled step by step and the bars in the chart "grow", the representation is dynamic (IDR), so that the classification IDR × LOM 2 results. And if, in addition, a further controller is integrated which allows the speed of the process to be regulated, the LoM would be increased by 0.5 (classification: IDR × LoM 2.5); in this case, the position between two cells indicates that a dynamic sequence can be controlled that does not affect the final result.

Discussion and outlook

The classification scheme currently presented indicates the possibilities of experimentation in the form of LoM. With this construct, simulations can be ordered locally, i.e. two implementations of the same phenomenon or mathematical model can be compared with regard to their cognitive requirements: The higher the LoM is, the higher the cognitive requirements are.

Limitations of the scheme

Global ordering is currently not possible with the scheme, however, as the following example shows: A simulation is given in which one unbound variable b can be manipulated (LoM 1) and which displays the function graph (IDR). While the effect of the manipulation is easy to interpret for the graph of the function f(x) = x + b, it is much more difficult for f(x) = x 2 + b⋅x or even f(x) = x b + 2. Thus, the scheme currently lacks an analysis of the complexity or difficulty of the content, which is reflected in the complexity of the underlying mathematical model. It should take into account the prior knowledge of the experimenter (or learner). Therefore, it is planned to extend the scheme by a didactic analysis of the concrete simulation that examines the mathematical requirements for each possibility of interaction. In this way, the model could also enable global ordering of simulations.

Learning and teaching mathematics

Since extra-mathematical references are often taken up in simulations in order to learn mathematics, content references to related sciences are indispensable in mathematical simulations. Therefore, the scheme is not limited to learning and teaching mathematics. It can be useful whenever mathematical representations are used to experiment with models as a learner activity. That is the case, for example, in teaching and learning of modelling or problem solving in mathematics, but also in biology, physics or technology. This makes the classification scheme useful for Science, Technology, Engineering and Mathematics (STEM) education, too. Here, mathematical competences (e.g. Process Standard "Representation", National Council of Teachers of Mathematics, 2000, pp. 67-71) are also addressed via subject-specific content (physics, biology and so on).

Implications

A first explorative application of the category system to randomly selected "simulations" from GeoGebra Materials provides that in most cases the user can vary one to four aspects of the application (LoM 1-4; hardly LoM > 5). Often dynamic representations occur and also different forms of representation are combined to multiple dynamic representations (MDR).

One of the aims of the research work on the scheme is also to use the scheme to assess whether a concrete simulation is good or less suitable for a (concrete) learner. According to this, there should be good and less suitable classes in the scheme, depending on the individual prerequisites and goals. First cautious pointers to such classes are: for a pure visualization of dynamic processes, an implementation with 0 < LoM < 1 is sufficient; this includes video clips as well as animations. If simulations are to be used for explorative work in the context of teaching and learning, they have to allow some variations. Thus, only implementations with LoM ≥ 1 are suitable. With them, the modeled system can be understood by linking variation and effect, which can serve in problem solving, mathematical modelling or generating and testing hypotheses. It can be assumed that simulations with a high LoM generate a high cognitive load (according to [START_REF] Chandler | Cognitive Load Theory and the Format of Instruction[END_REF] for the experimenters (i.e. learners). The performance of the users would thus determine how high the LoM should be at most when selecting a simulation. The respective external representations offered in a simulation, although they bring benefits for the learning process, can also create further obstacles in the learning process (e.g. [START_REF] Ainsworth | Analysing the Costs and Benefit of Multi-Representational Learning environments[END_REF][START_REF] Ainsworth | DeFT: A conceptual framework for considering learning with multiple representations[END_REF][START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF]. Building on this, at least one implication is conceivable: in order to keep the simulations understandable, rather small LoMs should be used for MDR, whereas higher LoMs would be suitable for ISR and IDR (as indicated in Figure 2). By means of such considerations, the presented scheme can help teachers to find suitable simulations for a certain group of learners.

A detailed analysis of the classification scheme as well as the empirical and theoretical validation of the conclusions is still pending.
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 1 Figure 1: Components of a simulation

  ): The eight types of external representations she proposes can be aggregated into the disjoint categories isolated static representation (ISR), isolated dynamic rep. (IDR), multiple static rep. (MSR) and multiple dynamic rep. (MDR). Every concrete implementation of a simulation can be analyzed in terms of how the changes in the model states triggered by the variation are represented on the output device.
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 2 Figure 2: Two-dimensional classification scheme for digital simulations