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Quasilinear Elliptic Problem in a Two-Component
Domain with L! data

Rheadel G. Fulgencio* and Olivier Guibé?

Abstract
In the present paper we consider the following class of quasi-linear equa-
tions:
—div(B(z,u1)Vuy) = f in Qu,
—div(B(z,u2)Vuz) = f in Qo
u; =0 on 052,

(B(z,u1)Vui)v1 = (B(z, u2)Vua)in on T,
(B(z,u1)Vur)v = —h(z)(u1 — uz2) on T
The domain 2 is composed of two components, 21 and 2, with I" being
the interface between them. The given function f belongs to L'(Q). We
will first give a definition of a renormalized solution for this class of equa-
tions. The main result of this paper is the existence of such a solution.

1 Introduction

In the present paper, we study the existence of a solution u := (u1,ug) of the
following class of quasi-linear equations:

—div(B(z,u1)Vuy) = f in Qy,
—div(B(z,u2)Vug) = f in Q9
uy =0 on 0f), (P)

(B(z,u1)Vui)rn = (B(x,u2)Vug)in onT,
(B(x,u1)Vuy)vy = —h(z)(u; — usz) onT.

Here, Q is our two-component domain with 9 as its boundary. The open sets
Q7 and € are the two disjoint components of €2 with I' as the interface between
them (see Figure 1) and the vector v; is the unit outward normal to ;. The
matrix field B is coercive but does not satisfy any growth condition, and the
data f is an L' —function. On the boundary 99, we have a Dirichlet boundary
condition, while on the interface I', we have a continuous flux and the jump of
the solution is proportional to the flux.

The existence and uniqueness of solution of (P) when f € L?(£2) was studied
in [3, 10, 11]. In [10, 11] the equations are linear, that is, the matrix field B does
not depend on the solution u, while in [3], the equations are quasilinear, which
is also the case in this study. The above mentioned papers are all motivated by
homogenization, which is also our main goal (see [9]).

Since we consider in the present paper an L'—data, we need an appropriate
notion of solution. Indeed, for the elliptic equation

—div(A(z,u)Vu) = f
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with Dirichlet boundary condition if the matrix A is bounded, a solution in
the sense of distribution exists (see [5]) but it is not unique in general (see the
counterexamples in [19, 20]). If the matrix field is not bounded, then we cannot
expect to have a solution in the sense of distribution since there is no reason
to have A(z,u) € Lj,,. In the present paper, we use the notion of renormal-
ized solution, which is first discussed in [8] by R.J. DiPerna and P.L. Lions for
first order equations. This notion was then further developed by F. Murat in
[17], by P.L. Lions and F. Murat in [15] for elliptic equations with Dirichlet
boundary conditions and L' data, and by G. Dal Maso et al. in [6] for ellip-
tic equations with general measure data. There is a wide range of literature
for elliptic equations with Dirichlet boundary condition and L! data, among
them are [4, 5, 6, 7, 15, 17]. Considering elliptic equations with Neumann or
Fourier boundary conditions and L' data, which are connected to our prob-
lem, gives in general additional difficulties due the lack of Poincaré inequality
or the low regularity of the solution (definition of the trace for e.g.). In the
case of one-component domain (and L' data), using the framework of entropy
solution existence results are given in [1, 2, 18], convection-diffusion equations
with mixed Neumann and Robin boundary conditions are studied in [12] by a
duality method, and in [14] the authors prove existence and uniqueness results
using the notion of renormalized solution for equations with Robin boundary
conditions.

The main originality of the present paper is the jump of the solution which
produces in the formulation a term in the interface I'. Recalling that the regular-
ity of the renormalized solution is given through the truncate, the first difficulty
is to give a sense on the interface for functions (u1,us) whose truncates belong
to H!. Following the ideas of [1, 14] (but in the case of one-component domain),
we define an appropriate notion of trace (see Proposition 2.2). The second dif-
ficulty is the regularity of ~1(u1) — v2(u2) (where 1 is the trace function for
H'(Q)—functions and 7y is the trace function for H'(y)—functions), since
we have to deal with terms on the boundary like (1 (u1) —v2(u2)) X {|y: (ur)| <k}
(where x4 is the characteristic function of any set A) in the renormalized for-
mulation. To have (y1(u1) — Y2(u2))X{jy; (uy)|<k} belonging to L'(T) is then
equivalent to have 2 (u2)X{|y, (u1)|<k} € LY(T'), which is unusual and is in some
sense a coupled regularity on the boundary. It is worth noting that it is not a
direct consequence of Ty (u1) € HY(Q) and Tk (uz) € H (). Using the struc-
ture of the equation, we give an extra regularity (see (2.11b) in Definition 2.4)
which allows one to complete our notion of renormalized solution for problem
(P). We are then able to give a definition of renormalized solution for problem
(P) for which we prove the existence (see Theorem 3.1).

This paper is organized as follows. The next section discusses the assump-
tions on our problem and some definitions including the definition of a renor-
malized solution of (P). Section 3 is devoted to the proof of the existence of a
renormalized solution for (P).

2 Assumptions and Definitions

In this section, we present the assumptions and definitions necessary for our
problem. We begin by introducing the two-component domain 2. The domain
) is a connected bounded open set in RY with its boundary 9Q. We can write



&as the disjoint union Q = Q1 U Qs UT, where QQE an open set such that
0y C Q with a Lipschitz boundary T' and ©Q; = Q \ Q2. We denote by v; the
unit outward normal to ;.

o)

Figure 1: The two-component domain )

If we have a function u defined on Q \ T', then we denote u; = u|, the

restriction of w in ;. Furthermore, we have the following assumptions: .
(A1) The data f belongs to L'(Q).
(A2) The function h satisfies

heL*() and 0<ho<h(y)ae onTl, (2.1)

for some hg € RT.
(A3) The matrix field B is a Carathéodory function, that is,

(a) the map t — B(z,t) is continuous for a.e. & € §;
(b) the map x — B(x,t) is measurable for a.e. t € R,

and it has the following properties:

(A3.1) B(z,t)¢- € > al¢|?, for some a > 0, for a.e. © € Q, Vt € R, V& € RY;
(A3.2) for any k > 0, B(x,t) € L®(Q x (—k, k))NV*N,

The space for this class of equations is not a usual LP—space or a Sobolev
space due to the jump on the interface. We need the normed space V defined
as follows. Let V; be the space defined by

Vi={veH (M) :v=00n09} with ||y, := [|[VV12(0,)-
Define V := {v = (vy,v2) : v1 € V; and vy € H*(22)}, equipped with the norm
[ol[{ = ||Vvl||2L2(Ql) + HVU2H%2(92) + v = U2||i2(r)~ (2.2)

Identifying Vv := Vu; 4+ Vv, we have that vl = ||Vv||2L2(Q\F)+||v1 —v2||%2(r).



Proposition 2.1 ([16]). The norm given in (2.2) is equivalent to the norm of
Vi x Hl(Qg), that s, there exist two positive constants c1,ce such that

alllly < lollvixai@,) < elvllv, voeV.

We now define the function T}, which is known as the truncation function
at height +k.The function T} : R — R is given by

—k,  ift<k,
T(t) = { ¢, if —k<t<k, (2.3)
k, if t > k.

This function will be crucial in the definition of a renormalized solution of (P).

In the case of L'—data, we cannot expect to have the solution v belonging to
V. In general, in the framework of renormalized solution, the regularity of the
solution is given through the regularity of the truncate. So it is necessary in our
case to define the gradient and the trace of the solution u. For the gradient, we
follow the definition given in [4]. For the trace, we have to precise the trace of
uy on I and the one of ug on I'. With respect to [1, 14], we have the additional
difficulty for us since we do not have the Poincaré inequality.

Proposition 2.2. Let u = (u1,uz) : Q\T — R be a measurable function such
that Ty (u) € V for every k > 0. Fori=1,2,

1. there exists a unique measurable function v; : Q; — RN such that for all
k>0,
VTi(ui) = viX{ju|<k} a-€ i K, (2.4)

where X{|u,|<k} denotes the characteristic function of {x € Q; : |u;(x)| <
k}. We define v; as the gradient of u; and write v; = Vu,.

2. if
1
sup E”Tk(u)”%/ < 00, (2.5)
k>1

then there exists a unique measurable function w; : I' — R, for i =1,2,
such that for all k > 0,

Yi(T(ui)) = Te(w;) a.e. inT, (2.6)

where ~y; : HY () — L*(T) is the trace operator. We define the function
w; as the trace of u; on T' and set

'yi(ui):wi, Z:1,2

Proof.

1. This is proved in [4] (see Lemma 2.1).



2. The case ¢ = 1, or more generally the truncates have a zero trace on a
part of the boundary (which allows one to use Poincaré-kind inequality)
is presented in [14]. We just have to prove the result for i = 2.

The uniqueness is in the almost everywhere sense. Note that if we find a
function that satisfies (2.6), then the uniqueness of wy is assured by the
monotonicity of T} and the fact that ws is finite a.e. in T'.

By Proposition 2.1, we know that
1Tk (u2)|[ r1.(05) < erl|Th(w)]lv,
for some positive constant ¢y, independent of k. It follows from (2.5) that
1Tk (u2) 772 () < ME, (2.7)

with M € RT independent of k. Due to the regularity of T, o (T, (uz)) is
well-defined and

k*measp{|v2(Tk(uz))| > k} = (Y2(Tk(u2)))? do
DO{|Ti (uz) |2k}

< Iy (T (u2)) 172 (r)-

Hence, by Trace Theorem and (2.7), we have

k*measr{|72(Th(u2))| > k} < [72(Tk(u2))ll72(r)
< 1T (u2) 72 (0) + IV Tk (u2)lZ2(qy)
< Mk.

As a result,

measr{|y2(Tk(u2))| > k} — 0 as k — 0. (2.8)

Define I',, = {z € T : |y2(T(u2))| < n} for n € N. From (2.8), it follows
that
r=|Jr.,u4, (2.9)

n>1
where A is a subset of I" with zero measure.

Note that for k < n, we have Ty (T, (uz)) = Tx(uz2). Fix k > 0. Then for
every n € N such that n > k, we have the following equality

T (v2(Tn(u2))) = 72(Tk(Tn(u2))) = 72(Tk(uz)) ae. onT,
and then
Yo (T (uz)) = v2(Tn(uz)) a.e. on T'. (2.10)
Since for every ny < n, we have I'y, C T'y,, in view of (2.9) and (2.10), we
can define wy in the following way:
wy = 72(Tr(uz)) onT,

and noting that I' = J T';, (up to measure zero set), we have for any
n>1
k>0
Yo(Ti(uz2)) = Tr(wz) a.e. onT.

This concludes the proof.
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Remark 2.3. In the following, we give an example of a measurable function u
where T (u) € V but uy is not defined on a part of the interface. We consider
Q= (-1,2) with O, = (-1,0) U (1,2) and Q3 = (0,1) (so T = {0,1}), and
u = (uy,us) is defined as

() = up(x) = (z+1)(z — 2) if v €y
ug(x) = 272 if v € Qa.

We have for some positive constants Cy,Ca,

(2z — 1)%dx < / (2z —1)*dx < C4,
Q

IV T (1) B,y = /

Jluy |[<k

and

1 7

1
(—2¢7%)?dr =4 [—x] = é(k7/2 —1).
r=k1/2

IV () 0y = [ -

kl/2
Thus, we can see that

kT2 2 7/2
ol < Tk(u)lly < CkYZ,

for some C > 0 but clearly ua does not have a trace on {0} C I
We are now in a position to give the definition of renormalized solution.

Definition 2.4. Let u = (uy,u2) : Q\T — R be a measurable function. Then
u is a renormalized solution of (P) if

Ti(u) €V, Vk >0 (2.11a)
(u1 — u2)(Tp(u1) — Ti(uz)) € LNT), Vk > 0; (2.11b)
.1
lim — / B(z,u)Vu - Vudz =0, (2.12a)
e b Jjul<n}
1
lim — /(u1 —ug)(Th(u1) — Tn(uz)) do = 0; (2.12b)

and for any S € C1(R) (or equivalently for any S € WH°(R)) with compact
support, u satisfies

/ S(u1)B(z,u1)Vuy - Vo do + / S"(u1)B(z,u1)Vuy - Vuy vy da
Ql Q1

+/ S(ug)B(x, ug)Vug - Vug da:Jr/ S (uz) B(z,u2)Vug - Vug ve dz (2.13)
Qz Q2

+ /F h(@) (w1 — ) (1S (1) — vaS(us)) do = /Q FuS(u) da,

for allv e VN (L®() x L>®(Qa)).



Remark 2.5. Conditions (2.11a) (the regularity of the truncate) and (2.12a)
(the decay of the “truncated energy”) are standard in the framework of renor-
malized solutions. As mentioned in Introduction, the main originality of the
present paper is the presence of the trace.

In view of Proposition 2.2, v(u1) and v(uz) are well-defined. Condition
(2.11b) is an extra regularity of (u1 — uz)(Tk(u1) — Tk(uz)). Indeed, (u1 —
u2)(Tk(u1) — Ti(uz)) cannot be written as

(ur = w2) (Th (ur) = Th(U2)) X (jus | <n} X {Jus|<n}
for any n € RY, so that having (u1 — u2)(Tk(u1) — T(u2)) belonging to L*(T)

is not a consequence of (2.11a).

Conditions (2.11a) and (2.11b) allow one to give a sense of all the terms in
(2.13). Let S € CY(R) with compact support. Then for allv € V N (L%°(Qy) x
L>(9Q3)), i = 1,2, we have if supp(h) C [k, k]

S(u;)B(x,u;)Vu; - Vo; = S(ui) B2, Ti(us)) VT (us) - Vo, € L' (),
S’ (ug) B(z, us ) Vug - Vg v; = S (ug) B(, T (u;)) VT (ws) - VT (ug) v; € LH(S),
fvS(u) € LY(9Q).

For the boundary term, let us define S, : R — R by

0, if s < —2n

i—|—27 if —2n<s< -—n

n

Sn(s) =<1, if —n<s<n (2.14)

s

—— 42, ifn<s<2n
n

0, if s > 2n,

then since S has a compact support, for some large enough n, we have
h(U1 — UQ)U1S(U1) = h’Ul(U1 — ug)(S(ul) — S(ug))Sn(ul)
+ h'l}l (Ul - UQ)S(UQ)SH(U:[)

Since both S and S,, have compact support, we have that hvi (u; —u2)S(uz)Sy (u1)
is bounded and is therefore in L'(T). Moreover, since

S(uy) = S(uz) = S(Ton(ur)) — S(Ton(uz))
and S is Lipschitz, we have
|hv1(uy — u2)(S(ur) — S(u2))Sn(ur)| <[[hvi || Los () 1S”] Lo m)
X Jur — ua||Topn (u1) — Ton (us2)],

a.e. in T. Thus, in view of (2.11b), h(u; — u2)v1S(u1) € LY(T'). Similarly,
h(u1 — UQ)UQS(UQ) € LI(F)
It is worth noting that condition (2.11b) is equivalent to have

UaX{jus <k} € L (T) and  urX{jug|<ky € L'(T), (2.15)
for any k > 0. Indeed,

U2 X {Juy |<k} = (U2 = U)X {[uy | <k} (Sn(u1) — Sn(uz)) + u2Sn (U2) X {jus | <k}
+ w1 Sn (U1) X {uy |<ky — W1 Sn (U2)X{|uy | <k}



and by condition (2.11b), the first term on the right-hand side belongs to L*(T")
while the next 3 terms are bounded and thus also belong to L'(T).

Finally, let us comment that conditions (2.12a) and (2.12b) which are cru-
cial to obtain uniqueness results (see other paper [13]) and also to recover that
formally, for any k > 0, Ti(u) is an admissible function in (P), that is,

B(x,ul)Vu1VTk(u1)dx+/ B(z,u2)Vua VT (usz) dx

Q Qo

+/Fh(x)(u1 — ) (T (1) — Ti(uz)) dor = /Qka(ul)da:.

To prove this, fir k > 0. Using Sy, (u)Tk(u) which is an admissible test function
for any n € N, we have

Sn(u1)B(x,u1)Vuy - VT (uy) dx

1951
+ [ S (u1)B(z,u1)Vuy - Vug Ty (uy) do
Q
+ Sy (u2)B(x, u2)Vus - VT (ug) dx
2 (2.16)
+ S! (u2)B(x,u2)Vus - Vug Ty (uz) dz

Q2

+ / h(z)(ur — u2)(Sn(u1)Tk(u1) — Sn(u2)Tk(u2)) do
I
= / FTi(u)Sy (u) de.
Q

Condition (2.12a) allows one to pass to the limit of the second and fourth integral
in (2.16) while condition (2.12b) is useful for passing to the limit of the integral
on the boundary in (2.16).

Remark 2.6. As observed in the previous remark, we have the condition (2.11b)
for the integral on the interface to make sense. We can avoid this problem by us-
ing the Boccardo-Gallouét estimates presented in [5]. However, these estimates
are heavily dependent on the Sobolev constants. With the final aim of doing the
homogenization process, we try as much as possible to refrain from using these
estimates (see Remark 3.2).

3 Existence Results

In this section, we present the proof for the existence of a renormalized solution

of (P).

Theorem 3.1. Suppose the assumptions (A1)-(A3) hold. Then there ezists a
renormalized solution to (P) in the sense of Definition 2.4.

Proof. The proof is divided into 4 steps. In Step 1, we consider an approximate
problem (see (P.)) in which B is approximated and f¢ is an L?—data. Using
Schauder’s fixed point theorem, the existence of at least a variational solution of
(P.) can be shown. Step 2 is devoted to prove some a priori estimates and then



extracting a subsequence. In Step 3, we prove that conditions (2.11a), (2.11b),
(2.12a) and (2.12b) are satisfied. Finally, in Step 4, we pass to the limit and we
show that the constructed function is a renormalized solution.

From this point until the end of the proof, we let i € {1,2}.
Step 1: Introducing the approrimate problem and showing the ezistence of
solution of the approzimate problem
Let € > 0. Suppose {f¢} C L*(Q) such that

f¢ — f strongly in L' ()

as € — 0. Define B.(x,t) = B(x,T1/.(t)). We now consider the following
approximate problem

—div(Be(x, uf)Vui) = f¢ in Oy,
—div(B(z,u5)Vu§) = f° in Q,,
uf =0 on 012, (P.)
(Be(z,u§)Vu§)vy = (Be(x, u§)Vu)vg on I,
(Be(z,u§)Vui)vy = —h(z)(u§ — uj) onT,

The variational formulation of problem (P.) is the following

Find u® € V such that Vo € V

/ B (z,u])Vui - Vi dx—i—/ B (z,u5)Vus - Vg dz (3.1)
Ql QZ ’

/h §—u5) (1 — 2 dO’—/fE(pdl‘

Using Proposition 2.1 and Schauder’s Fixed Point Theorem, the proof of the
existence of solution for (3.1) is quite standard (see e.g. [3]).
Step 2: Extracting subsequences and examining convergences

Let u® = (u§, u§) be a solution to the approximate problem (P.). By Stam-
pacchia’s theorem, for k > 0, Ti(u®) € V since u® € V. Using Ty (u®) as a test
function in the variational formulation (3.1), we have

B (z,u3)Vui VT (uf) dx + B (z,u5)Vus VT (u3) dx
Ql Q2

/ B(@) (@ — uS) (T (u) — Th(u)) dor = /Q FTo(wf) do. (3.2)

By the definition of T}, the coercivity of B, and the assumption on h, we
have

B (z,u])Vui VT (uf) de + Be(z,u5)Vus VT (u3) de
(o Q2

+/Fh($)(U§ = u3)(Ty(uy) — Th(u3)) do

> | VTk(u)ll72(0,) + ol VTk(u5) 720, + holl Te(ui) = Th(ud) 72 r)
> C1|[To(u)|[¥,



for some positive constant C7. On the other hand, by Holdér inequality,

[T (uf) dx + FeT(u) do

/ FeTe(u) dx
Q

(o) Q2
< e ller ek
< Mk,
for some positive constant M, which is independent of e.
Thus,
Mk
1T < 5 (33)
1

that is, the sequence {T}(u®)} is bounded in V for every k > 0.

By the Rellich theorem, the inclusions V < L?(Q)x L?(Qy) and HY/?(T') —
L?(T") are compact. Consequently, since {T}(uf)} is bounded in V for every
k > 0 (countable), by the diagonal process, we can extract a subsequence of
{T)(u®)} such that for any k& > 0 (k being a rational number), there is a v, € V
such that for

’

T (uS ) — vk strongly in L%(€);), a.e. in €,
Ty (ufl) — Uk weakly in V, (3.4)
Yi(T(us)) — 7i(vr,)  strongly in L2(T'), a.e. on I

Now, we show that {us } and {7;(u')} are Cauchy sequences in measure.
For uS, we follow the arguments developed in [4]. For ~;(uS ), we have additional
difficulties which are overcome by using Proposition 2.1. Note that we have

Tt ey = |

TP dot [ (TP da
{luf’ |2k}

{lus’| <k}

:/ kzd:n+/ us'|? da.
{Jug’|>k} {lus’ |<k}

It follows by Poincaré inequality, Proposition 2.1, and (3.3), we have

k*meas{|u®'| > k} = / k% dx —|—/ k? dx
{lug' 12k} {lus' 12k}

< NTe(ui) 1z, + 1Tk (u5) 172 (00
< Gl VT(ui)1Z2 () + 17651 )
< Cu| To(u) I,
CyMEk
< :

Gy

for some C3,Cy € RT. Thus, we can find a positive constant C independent of

€ such that o
meas{|uS | > k} < - (3.5)

10



For ~; (uil), observe that by Poincaré inequality and (3.3),

k*measp{|v1 (uS )| > k} = k* do
{lv (s |2k}

— [ w@m)?
{Im(ui)| 2k}

< I (Te (i) 22
< Cs|I VT (w5 )1 720y
< Cgk.

Consequently,

measr{|'yl(u§/)| >k} < % — 0 ask — oo (3.6)

For 4o (ug ), by the Trace Theorem, Proposition 2.1, and (3.3), we have

k*measp{|v2 (ug )| > k} = k% do
{2 (ug") 12k}

=/ (M) do
{Iv2(us’ )| >k}

< y2 (T (us ))H%?(r)
< Crl| T (u3 ) 31 )
< Cgk.

It follows that

measp{|y2(ug )| > k} < % — 0 as k — oo. (3.7)

By (3.6) and (3.7), for every n > 0, there exists ko such that for every k > ko,
measp{z € T; |y;(uS)| > k} <. (3.8)

Let w,n > 0. By (3.5) and (3.8), we can find k large enough such that

meas{|u | > k} < g (3.9)
measp{z € ['; |y (uf)| > k} < g, (3.10)

for every ¢ > 0. Note that from (3.4), we can deduce that the sequences
{Tk(u$)}, {7i(Tk(us))} are Cauchy in measure. Hence, there exists g9 > 0 such
that

meas{| T (uS ) — Tp(uS )| > w} < (3.11)

"

measr{|vi(Th () — %i(Tk(uf )| > w} <

WIS W3

: (3.12)

for every 0 < ¢’,¢” < &o.

11



Observe that

"

{lui —ui | 2w C{luf | 2k} U{lui | > kY U{[Th(uf ) — Th(uf )] = w}
and thus,

meas{|uf/ — uf//| >wh < meas{\uf/| >k} + meas{|uf”| >k}

+ meas{|Tk(uf/) - Tk(uf”)| > wh.
It follows from (3.9) and (3.11) that
meas{|uf —uf | > w} <1,

that is, {uS'} is indeed Cauchy in measure. Using the inequalities (3.10) and
(3.12), and similar arguments, it can be shown that {y;(u$')} is Cauchy in
measure.

Consequently, there is a subsequence of {uf'} that is convergent a.e. to some
measurable function u; : Q; — R, that is

uf —s u; ace. in Q. (3.13)

It follows from (3.5) that u; is finite a.e. in €;. This u := (uy,uz) is our
candidate for a renormalized solution for problem (P).

We now prove that u satisfies the conditions (2.11). Indeed, by the continuity
of T}, we have

To(u) — T(u) = v, €V ae. in Q\T. (3.14)

Moreover, we can deduce that {'yl(uf/)} is convergent a.e. on I' up to a subse-

quence. Hence there exists w; : I' — R such that
'yi(uf/) — w; a.e. onl, (3.15)

with w; finite a.e. on I" by (3.8). We now identify w; and ~;(u;). Using (3.3)

and (3.4), we obtain
1 M
HIT@IR < 2,
for any k£ > 0.
By Proposition 2.2, v;(u;) (the trace in the truncate sense) is well defined.

From (3.4), (3.14) and (3.15), we obtain that for any k > 0,
Tk(wi) = 'Yi('UkJ) = 'yl(Tk(ul)) = Tk(%(ul)) a.e. on I'.

Then we have w; = 7;(u;) a.e. on I By Fatou’s Lemma, T} being non-
decreasing, we have for all k£ > 0,

/F (u1—u2) (Tp (u1)— T (uz)) do < liminf | (uS —u§ ) (Te(uS ) =T (us)) do < kM,

e’—=0 r

which is (2.11b).
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From this point, we just denote our sequence by . Rewriting all the results
we got in terms of €, we have the following: for all k > 0,

uj —> U; a.e. in §)
Ty (us) — Th(u;) strongly in L?(;), a.e. in ;, (3.16)
~i(u§) — vi(u;) a.e. on I, '
Yi (T (u5)) — 7i(Tk(w;)) strongly in L*(T), a.e. in T.
In addition, we have
VT (u$) — VTi(u;)  weakly in (L?(;))V. (3.17)

Step 3: Showing conditions (2.12) of Definition 2.4.
From the continuity of B and (3.16), we have that for any fixed n > 0,

B(z, T, (u®)) — B(z,T,(u)) a.e. in Q and in L¥(Q\ ') weak- . (3.18)

Due to (A3.1) and the lower semi-continuity of the weak convergence,

1 1
= / B(z,u)Vu-Vudr = — / B(z, T, (w))VT,(u) - VT, (u) dz
S {|ul<n} n Jao\r

1
< liminf — / B(z, T, (v®))VT, (u)VT, (u¥) dz,
o\r

e—=0 n

and by Fatou’s Lemma,

]. . . ]‘ £ > £ g
- /F(ul —ug)(Ty(ur) — Tn(u)) do < liminf — /F(ul —u§)(Ty(uf) — T (u)) do.

n e—=0 n

Since

/ B(z, T, (u®))VT, (u®)VT, (u®) de and /(ui —us)(Th(uf) — Tn(uy)) do
O\l r

are nonnegative, it is sufficient to show that

1
lim limsup — ( B(z, T, (u®))VT, (u*)VT,(u°) dz
o\r

n—o00 -0 N

(3.19)
+ [ =) (T 0) - Talu) o) =0,
r
1 L .
We use —T,,(uf) as a test function in (3.1) to arrive at
n
1 1
7/ Bg(m,uf)Vu‘iVTn(u‘i)dx—l—f/ B (z,u5)Vus VT, (us) dz
n N n Qo
1 1
b [ B~ ) (@) - To(u)) do = = [ FT () do
nJr nJao

Consequently, for € small enough, we have
1

1
- B(z, T, (u3))Vu; VT, (uf) do + - / B(z, T, (u5))VusVT, (u3) dx
Q1 Q2

1 € _ ut ul) — Ul 0’21 € uE) dx
1 =T - T do = 5 [ 7T () do

13



Furthermore, since T,,(u®) converges to T, (u) in L> weak-x and f€ converges
to f in LY(Q), we have

1 1
— [ ffr,(uw)de — — | fT.(u)dx ase— 0.
Q nJo
It follows that

. 1 e B =
hmsup(/Q\FB(%Tn(u )V, (u®)VT, (u¥) de

e—=0 TN
1
+ [ =) ) - T ) = - [ 70
r nJo
Observe that since u is finite a.e.,
1
ETR(UJ) — 0 ae. in Q\T.

In addition, for any n > 0, |T,,(u)| < n a.e. and thus,

L fTuw)| < 1] € 1),

By the Lebesgue Dominated Convergence Theorem, we obtain

which gives (3.19).
Step 4. Show that u satisfies (2.13) of Definition 2.4.
Let S € CY(R) with compact support and let & > 0 such that

supp S C [k, k]. (3.20)

We need to show that for any v € V.N (L () x L*>(Qs)), u satisfies (2.13).
We use the function S,, defined in (2.14). Note that

Sn(uf) = Sn(Ton(uf)) € H' () N L™ ()
and thus, for any v € VN (L>(Q1) x L>®(2y)),
¥ =vS(u)S,(u) € V N (L®(Q) x L>®(Qy)).
Using 4 as a test function in (3.1), we have
i1+ Tio+Ioy + Iog + I31 4+ I3 + Iy = I, (3.21)

where

(2 K2

I = /Q B (z,u)Vui - VS (u;) S (uf) da
I, = /Q Be(z,u)Vu§ - VuS' (u;) Sy (uf) da
I3, = /Q Be(z,u)Vu§ - Vui S(u;) S, (uf) da
= [ Bo)f — 0 (015 (01)S0 (1) ~ 02 (0)S, (u5)) dor

r
Iy = [ fuS(u)S,(u®)dx.
Q

14



We look at the behavior of each integral. In particular, we will pass to the limit
as € — 0 and then as n — oc.
Note that for n > k, we have

Sn(s)S(s) =S(s) and S,(s)S'(s)=95'(s), forae. seR. (3.22)
We first look at I7;. Observe that if € is small enough, we have

Be (2, u7)Vu; VugS(u;) S (uf) = B(w, Ty e (uf))VTon (uf) S (ui) S (u5).
Choosing ¢ small enough, we have

B(x, Ty /e (u))Sn(ui) = B(w, Ton (u7)) Sn(ui) — Sn(ui) B(z, Tn(ui)),
a.e. in ;. Moreover, by the assumptions on B, we have

|B(2, T1 e (u))Sn(uf)| < sup  |B(z,t)].
Q; X[—2n,2n]

It follows from the Lebesgue Dominated Convergence Theorem that
B, Ty e (u5)) S () = B, Ton (u2))S(u5) —> S (115) B, Ton (1)),

a.e. in ©; and in L°(£;) weak-*. This and (3.17) imply as e — 0,
L — / Bla, Ton (115))V Ton (115) V058 (w3) S (1)
Q;
= / B(z,u;)Vu; VoS (u;) Sy (u;) de.
Q;

By (3.22) we have,

n—00 e—0

lim lim IM:/ B(x,u;)Vu; Vv;S(u;) da. (3.23)
Q;

We now observe the behavior of I;. For small enough ¢, we have
B (z,uf)Vu; Vu; ;8" (u;)Sn (u5) = B(x, Ton (u$)) VT, (uf) Vi v;5 (i) Sp (us),
a.e. in Q;. Since Vu; v;8(w;) = VT, (u;)vS (u;) € (L2())N and by (3.17),
we obtain as ¢ — 0,
I — B, Ton(u)) VT, (u)VuvS (u)S, (u) dx
O\

= / B(z,u)VuVuvS' (u)S, (u) dz.
Q\r

By (3.22),
lim lim Iy, = B(x,u)Vu - VuvS'(u) dz. (3.24)

n—o00 e—0 O\

For the behavior of I3;, we observe that

IS/ (s)] < for |s| < 2n.

)

S|
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Consequently,

||Ui||L°°(Qi)

|13 <
n

S )
{lus|<2n}

By (3.19), we have
lim limsup I3; = 0. (3.25)

n—=0o0  £—0
For I, we note that
h(@) (u] — u3)viS(ui)Sn(u7) = h(z)(u] — ug)viS(ui)Sn(ug)San (u7)-

(3

Then we can write 14 as
Iy = Iyy + Iyo + 143 — Iy,

where

(@) (ui — u5)v1S (u1)Son (u7) (Sn(ui) — Sn(u3)) do

)
=
|

() (ui = u3)015(u1)Sn (u3)S2n (uf) do

)
[\
|

>
—
&
—~

<
=0

— u3)vaS(u2) S (u3)San (uf) do.

)
=~
|

|
|

L = / B(w) (w5 — u5)0sS (12) San (u5) (S (u5) — Sn(u5)) do
I

Observe that S,, is Lipschitz and S, (u$) = Sy (Ton (u$)). This gives
[Sn(ui) = Sn(u3)| = |Sn(T2n(ui)) = Sn(Tan(us))|

1
= | Ton(ui) = Tan(u3)]-

Consequently,
h|| g oo S| Snll Lo
| < [l Lo ooy lloa ]l (F)TU [z () [[nllL (F)/|ui7u§||T2n(u§)fT2n(u§)|dcr,
r
and then by (3.19) we get
lim limsup Iy = 0. (3.26)

n—0o0  ¢0
By similar arguments, it can be shown that

lim limsup I43 = 0. (3.27)

n—oo E—>0
For 145, we observe that
|h(ui — u3)v1S(u1)San(ur)Sn(u3)| < M,

where the constant M depends only on the L°°—norms of h, S, S,, and Sa,, and
n. Also,

(@) (ui = u5)v1S(u1)Son (u7) S (uz) — () (ur — uz)v1S(u1)San (u1)Sn(us),
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a.e. on I as e — 0. By Lebesgue Dominated Convergence Theorem, as e — 0,
Iy — / V(w1 — ug)v1S(u1)Son (ur)Sy (ug) do

and similarly,
Iyy — / V(w1 — ug2)v2S(usz)Say, (uz)Sy (ur) do.

For large enough n, for j = 1,2, i # j, we have S(u;)Sa2n(u;)Sn(u;) = S(u;).
In view of (2.15) in Remark 2.5, (u1 — u3)S(u1) € LY(T) so that by Lebesgue
Dominated Convergence Theorem,

lim lim Iy = / h(u; — u2)v1S(uyr) do (3.28)
r

n—o00 e—0

lim lim Iy = / h(u; — ug2)v2S(ug) do. (3.29)
r

n—o00 e—0

Combining (3.26), (3.28), (3.27) and (3.29), we conclude that

lim lim Iy = / h(uy — ug)(v1S(u1) — v2S(u2)) do. (3.30)
n—o00 e—0 T

Finally for Iy, observing that S, (u®) weakly converges to S, (u) in L>®(Q\T)

weak-* and a.e. in Q\ T, f¢ converges strongly to f in L*(2\ T), we have

I = fEuS(w)Sy, (uf) de — foS(u) dxf/fvS

O\l O\l

From (3.22), we have

nll_)n(iogl_r)r%)]5 = /vaS(u) dx. (3.31)
Passing through the limit of (3.21) and using (3.23), (3.24), (3.25), (3.30),
and (3.31), we have the desired conclusion.
This concludes the proof for the existence of a renormalized solution. O

Remark 3.2. As explained in Introduction, it is possible to use the Boccardo-
Gallouét estimates, that is, to show that u® = (u5,u$) is bounded in W14 (1) x
Wh4(Qy), and that leads to u = (u1,uz) € WHa(Q1) x Wh4(Qy), for all ¢ <
N_1 Such a result may simplify the proof since it implies that v1 (u$), v2(u§) €
Wlf%’q(lj) and in particular, v1(u§),v2(u§) are bounded in L*T"(T), for some
small enough n. It follows that we can give another definition of renormalized
solution including u; — ug € Wlf%’q(l") instead of (2.11b) and then (2.12b)
is mot mecessary since it is a direct consequence of the reqularity uy — ug €
W a9(T).

However, dealing with homogenization does not allow to use the Boccardo-
Gallouét estimates since they are strongly related to the Sobolev constant which
may blow up in a varying domain. Moreover, our techniques allow to con-
sider more general equations (with a nonlinear boundary terms) for which the
Boccardo-Gallouét estimates are not useful.
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Remark 3.3 (Stability). By adapting the proof of Theorem 3.1, it is possible
to derive a stability result. More precisely, let us consider u®, a renormalized
solution of

—div(Be(z, u§)Vu§) = f© in Q4,
—div(Be(z, u5)Vus) = f© in Qo,
uf =0 on 08, (3.32)

ui)n = (Be(w,u3)Vuz)rn - onT,
(Be(z, uf)Vui)ry = —h®(z)(uf — u3) onT,

where
1. fe e LY(Q);
2. Be(z,t) is a Carathéodory matrix verifying
(a) B(z,t)€- &> alé]?, a.e. €, for allt € R, for any & € RY, and
(b) for any k >0, B(z,t) € L>®(Q x (—k, k))N*N;

3. h® € L®(T') with 0 < hg < he(y) a.e. on T and h(y) < M (uniform), for
some M > 0.

If f € LY(Q), B : QxR — RY*N s q Carathéodory function, and h :
I' — R with h > 0 are such that

e — f strongly in L*(Q);

B:(z,r.) — B(x,r)
for every sequence r. € R such that
re — 1 a.e. on R;

h®* — h a.e. inT,

then u® converges to u a.e. where u is a renormalized solution of

—div(B(z,u1)Vug) = f in Q,
—div(B(z,u2)Vug) = f in Qy
uy =0 on 082,

(B(z,u1)Vur)vy = (B(z,uz)Vug )1y on T,
(B(z,u1)Vur)vs = —h(z)(u1 — ug) onT.

The main point is to obtain the a priori estimates of Step 2. In view of (2.16)
in Remark 2.5, Ty, (u®) is an “admissible” test function, so that

/ B.(z,u])Vui - VT (uf) dz + B, (z,u5)Vus - VI (u3) dz
Ql QQ

/h e uS) (T () — T () da_/fsTk ) da,

which gives all the necessary estimates. Then we can extract subsequences so
that (3.16) hold true. In view of conditions on f¢, B., and h®, we can perform
Step 8 of the proof of Theorem 3.1.
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