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Provoking students to solve equations in a content-oriented fashion and not using routines by solving slightly modified standard tasks
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A lot of time in algebra lessons is spent on solving equations using routines. It is assumed that after many hours of training, these routines will be easily recalled and performed fluently. A study of 480 students in grade 10, which was undertaken at the beginning of a school year, showed that many students had forgotten these routines and were not able to reconstruct (alternative) solutions for simple equations. Content-oriented solving, which does not involve algorithms, is one way of helping students to solve equations using insight. Results from the same study indicate that this kind of problem solving can be promoted if standard tasks are modified slightly.

Introduction

Students solve a great number of equations by using routines. Once a repertoire for these basic procedures has been established, a teacher can consider more challenging tasks in terms of solving equations. However, overemphasizing reproducing procedures monotonously can also be counterproductive [START_REF] Arcavi | The Learning and Teaching of Algebra -Ideas, Insights, and Activities[END_REF]. It may lead to making students inflexible when solving equations. If standard procedures are varied slightly, students cannot adapt the changes to the procedures they know. Solving tasks by routine and insight should be integrated. "In algebra teaching, therefore, procedures should be linked to an understanding of their meaning and to a flexible choice of solution methods; routine and insight go hand in hand and should be reconciled" (Arcavi, Drijvers, & Stacey, 2017, p. 92). Tasks should involve practising skills, but also address students' thinking, alertness and creativity. Another approach which can support students' thinking and alertness is solving tasks in a content-oriented fashion. It is a counterpart of solving tasks by routines. One example illustrates this way of solving. In the first week of semester, 30 beginning students of mathematics education were asked by the author to solve the equation (x -2)²= -9. Everybody calculated the equation by expanding the brackets, using equivalence transformation and the quadratic formula. Finally, they came up that there is no solution. All of them have noticed the square and triggered the procedure to solve it by the formula. Nobody had taken a closer look at the equation and noticed that on the left side there was a square and on the right there was a negative number, therefore the equation had no solution. The alternative solution can be defined as a contentoriented approach. The algebraic structure was consciously analysed and theoretical knowledge about square numbers was applied. Analogous to the example above, solving the routine way takes quite some time. Solving that equation content-oriented by analysing the structure, instead of just noticing an equation involving fractions can be much quicker and done with more understanding. A content-oriented way of solving could be: The difference has to be zero, therefore must be one, therefore x is equals one. All these steps can be done by mental arithmetic. In both examples the content-oriented approach is the more insightful way of solving. Especially when solving equations students stick to the routines. Promoting content-oriented solving of equations in class could break students' behaviour of using routines unrelatedly, and making them look at the equations given, using definitions or reflecting on methods already known and help them to solve equations with more understanding. Hence there is a need to find appropriate tasks or task assignments to enhance content-oriented solving.

Solving equations content-oriented

Content-oriented solving is one part of a large framework that characterizes mathematical tasks in school. After analysing hundreds of mathematics lessons, [START_REF] Fanghaenel | Zum Arbeiten mit Aufgaben im Mathematikunterricht an den zehnklassigen allgemeinbildenden polytechnischen Oberschulen der DDR[END_REF] concluded that solving mathematical tasks in school should be organized in such a way that all students develop high mental activity by themselves as much as possible (p. 189). His detailed categorization of mathematical tasks has been used to analyse a great number of tasks in schoolbooks. One category describes a method for solving tasks. In addition to following routines, he distinguishes direct and indirect transfer of procedures and content-oriented solving (ibid., p. 98). Content-oriented solving (in German, inhaltliches Loesen) is realized if the person solving the task gains a clear understanding of the given situation by realizing characteristics and relationships, interpreting symbols and using theoretical knowledge, and then employs these to solve the given task. It stands in contrast to using routines, which are appropriate for solving a definite set of tasks.

Arcavi, Drijvers, and Stacey (2017) describe a class situation experienced by a teacher. After teaching 14-year-old students about quadratic equations, the equation (x -3)² + 5 = 30 was still on the board. The 12-year-old students entering the room for the next class could solve the equation without knowing the formal algorithms. They concluded that the number within the bracket had to be 25, therefore x = 8 or x = -2. Whereas the 14-year-olds were struggling with the algebraic operations, the 12-year-olds were analysing the structure of the equation and making conclusions. This phenomenon can be explained by the concept of content-oriented solving. The 14-year-olds have had an introduction of formal procedures to solve quadratic equations. According to [START_REF] Fanghaenel | Zum Arbeiten mit Aufgaben im Mathematikunterricht an den zehnklassigen allgemeinbildenden polytechnischen Oberschulen der DDR[END_REF] they followed routines or have used a direct transfer, i.e. the equation is identified as a very similar task, which has been solved before and will be solved in the same way.

The 12-year-old students couldn't do that, so they needed to apply theoretical knowledge. This way of solving can be identified as content-oriented, since they didn't know the procedure. If they do the same procedure several times, the solving behaviour can change from content-oriented to routine. Hence content-oriented solving depends on the reference field of a student and the tasks given, i.e. the same solution of a task can be seen as a routine or content-oriented, depending on a student's previous knowledge on solving the given task. Therefore tasks have to be chosen carefully to identify content-oriented solving in a written task.

Content-oriented solving is not the same as solving tasks semantically, although there are many commonalities. [START_REF] Kaput | Linking representations in the symbol systems of algebra[END_REF] defines semantic actions or elaborations as ones that "are guided by the features of a reference field for the symbol system rather than by its syntax (using the syntax implicitly)" (p. 175). Content-oriented solving encompasses more than semantic approaches. Tasks that are asking for an interpretation of an object are semantic actions, but they do not require content-oriented solving because only factual knowledge can be used. Tasks which require indirect transfer require semantic approaches and can be assigned to a semantic task.

Content-oriented solving of an equation occurs if students gain a clear concept of given preconditions and their deductions and consciously use these to determine a solution [START_REF] Flade | Inhaltliches Loesen von Gleichungeneine legitime Methode[END_REF]. A characteristic of solving equations that way is the use of heuristics [START_REF] Rosin | Inhaltliches Lösen von Gleichungen[END_REF]. [START_REF] Sill | Sicheres Wissen und Können -Arbeiten mit Variablen, Termen, Gleichungen und Ungleichungen -Sekundarstufe I[END_REF] characterize content-oriented solving as the solving of equations or inequalities without the use of routines. The regular use of this approach will continuously develop students' ability to identify term structures. Hence, they will become familiar with variables, terms and equations and tend to operate less with unknown symbols. Considering the variety of ways to solve a task content-oriented, it is likely that this type of solving will lead to a more comprehensive view of terms and equations.

The uses and objectives of content-oriented solving vary from lower grades to higher grades [START_REF] Flade | Inhaltliches Loesen von Gleichungeneine legitime Methode[END_REF]. Whereas in lower grades it can be applied to elementary equations, involving addition and multiplication, to help students in comprehending the elementary concepts of equations, it can be used at the upper secondary level to offer students creative approaches and allow them to solve mathematical tasks systematically and reflectively.

Seventh-grade students whose teachers promoted content-oriented solving even solved routines slightly better than students whose classes put more emphasis on routines [START_REF] Fanghaenel | Zu einigen Problemen der didaktisch-methodischen Gestaltung des Aufgabenlösens[END_REF]. This result is remarkable because students in the experimental group had less time for practising routines and got slightly better results. However, the major effect of that study was seen in a test at the beginning of the following school year. In the control group (routines), results decreased significantly, whereas, in the experimental group (content-oriented), correct results increased.

Emphasizing content-oriented solving led students to work out forgotten routines by themselves.

Such students, who have no formal knowledge of procedures, are forced to solve content-oriented.

In elementary school, students are able to solve simple equations like 18x = 13 or 3(x + 2) = 36. The first one can be solved content-oriented by trying out different values randomly or systematically or by asking oneself 'Which number subtracted from 18 will equal 13?' The second equation can be solved similarly by asking oneself 'Three times how much will be 36? 3 times 12 equals 36, therefore x must be 10'. Such students do not use an algorithm. They solve it by analysing the structure of the equation and using theoretical knowledge. The equation is solved with understanding because the given structure is analysed consciously. According to [START_REF] Fanghaenel | Zu einigen Problemen der didaktisch-methodischen Gestaltung des Aufgabenlösens[END_REF] definition, content-oriented solving can also comprise (un)consciously reflecting on the possible procedures and choosing the most appropriate one. One result could be a student's decision to use a routine to solve a specific task. In that case, the essential difference to using routines is that a student (un)consciously analyses the given structure and reflects on possible approaches to solving a task.

In contrast to using routines, content-oriented solving enhances students' ability to create, combine, and vary mental images of mathematical structures. Therefore, this type of solving should be part of algebra lessons.

How to implement content-oriented solving in class

Whenever a procedure is not yet known, students have to solve problems content-oriented [START_REF] Fanghaenel | Zum Arbeiten mit Aufgaben im Mathematikunterricht an den zehnklassigen allgemeinbildenden polytechnischen Oberschulen der DDR[END_REF]. However, once routines are introduced, using a content-oriented approach can be ignored easily, as [START_REF] Freudenthal | Didactical Phenomenology of Mathematical Structures[END_REF] notes: "sources of insight can be clogged by automatism" (p. 469). To maintain student alertness when solving equations, unusual elements can be included in a set of exercises [START_REF] Arcavi | The Learning and Teaching of Algebra -Ideas, Insights, and Activities[END_REF]. Another way to maintain content-oriented approaches is to lead students to constantly check every equation to be solved content-oriented [START_REF] Sill | Sicheres Wissen und Können -Arbeiten mit Variablen, Termen, Gleichungen und Ungleichungen -Sekundarstufe I[END_REF]. This method strongly relies on teachers' patience and persistence. Hence, it is useful to find other ways to promote content-oriented solving that are more independent of teachers' methodologies. To highlight the advantage of solving tasks content-oriented, all tasks need to be of the type that can be solved much more quickly in this way than by using a routine.

Provoke students to solve content-oriented by suitable tasks

As part of a study to promote content-oriented solving, research questions included how well students were able to solve equations in that fashion and how the task assignment influenced students' solving behaviour. For this study, a test was given at the beginning of the school year in September 2017. A total of 480 students in grade 10 at eight different Gymnasiums (schools for higher-skilled students) took part in the 45-minute test. The test included solving linear, quadratic, and exponential equations. All equations were set up with simple numbers and simple structures, i.e., they could be solved content-oriented by analysing the structure, using mental arithmetic and faster than using routines. Some of the items were written in a standard form, such as 'solve the equation', and other items were varied slightly.

All items were checked and validated in advance by members of the mathematics department at the University of Education Schwaebisch Gmuend and tested on 149 grade 10 students in nine classes at three different schools in January 2017 [START_REF] Zell | Zum inhaltlichen Loesen von Gleichungen in der Klassenstufe 10[END_REF]. As a result, small changes were made to two items and validated by interviews with students attending the University of Education. The coding of students' solutions was differentiated in routine and content-oriented approaches. Within these categories it was distinguished into correct, incorrect and incomplete. Approaches, in which no routine or meaningful answer could be derived, were classified to other approaches. These categories were created by the author and cross-checked by members of the mathematics department and by the answers of the pre-test. Students are not given any instruction how to write down the solution. They were confronted with these tasks as in a regular testing. The first four tasks follow the familiar assignment "solve the equation". Task 1c and 1d are slightly modified by not allowing the standard routine to force students solving these equations content-oriented.

Task 1: Determine the solution(s) of the following equations. a) x 2 + 4 = 0 b) 2 x + 1 = 16 c) Determine the solution of 3 (x -2) = 81 without using logarithms. d) Determine the solution of 2 (x -2) = -32 without using logarithms.

The first two tasks can be solved by both routine and content-oriented. A students' solution was considered content-oriented, if he or she didn't follow the routine introduced in class. For tasks 1b-1d using/comparing the exponents to solve the equation was the expected content-oriented solution. This way was not mandatory taught in school and therefore considered content-oriented.

Task 2 had a modified assignment. Students had to give a reason for a statement. Because no concrete solution was demanded, there were more possible ways of solving each task. All tasks could be solved by using both routine and content-oriented approaches.

Task 2: Give a reason for these statements. Hence, if the assignment of a task matters, the percentage of content-oriented approaches on these modified tasks should be considerably different.

Results

The range of correct solutions is from 13.3% solving the equation 2 x -2 = -32 to 63.1% solving 2(x -4) = 0. Students' answers for four tasks are shown in more detail. Looking at the results for Task 1a shows how using a routine dominated (see Table 1). Only one out of 480 students solved it content-oriented by writing down an explanation. Twenty-six who just wrote down the solution might have solved it content-oriented. Because the test was done in a real classroom setting, some students might have copied their neighbour's answer. Consequently, only one student has solved that task content-oriented. Having a more open perspective, 5.6% solved the equation content-oriented. It is possible that they have seen the answer just by looking at the equation, like experts in mathematics do. Those students who solved the equation by using the square root tended to make mistakes. The most common mistakes were taking the square root of the left-hand side, which resulted in x + 2, or taking the square root of -4.

When solving Task 1b, only a small number of students remembered how to use logarithms to solve exponential equations (see Table 2). Because the numbers used in that task were simple, students had the chance to solve it content-oriented by noticing that 2 4 is 16 and therefore x must be 3, or they could compare the exponents formally. These students who were able to take a contentoriented approach, tended to make less mistakes.

Task 1b: Determine the solution(s) of 2 The equation structure in Task 1c is the same as in Task 1b, but using logarithms was not allowed. 54% of all students tried to look at the exponents, and 48.9% of them solved it correctly. Results in Task 1d are similar: 39.8% tried to solve it content-oriented, 13.3% of them correctly. Not allowing the standard procedure made the students to attempt solving the task content-oriented.

Task 2a contains a slight modification to the standard design 'solve the equation'. Not asking for the solution, but instead, the reason why the solution must be positive, had an effect on students' answers. Here, 27.9% of all students solved the task content-oriented, and 63.4% of these students did it correctly. 27.9 % is still a low percentage, but it is five times higher than the percentage that solved Task 1a content-oriented. Some examples of content-oriented solutions follow:

 "x must be positive, because having a negative solution, the result would be a negative value, because 4 is subtracted of x."  "Yes, because of product equals zero theorem: When multiplying one number with 0, the product is 0 as well; to attain 0, x must be 4, i.e. positive."  "2(4-4)=0 has a positive solution, if x is greater than 4."

Analysing the solutions to Task 2b (see Table 3), only 19.0% attempted to recall the formula on paper, and only 13.3% of them did so correctly. Only six students used the binomial formula, 23 students tried to solve it by considering parabolas, and 55 students used the term structure. The majority (51.2%) did not write anything down. Many students had forgotten the quadratic formula and were not able to reconstruct given knowledge to come up with a solution.

A small number of students used a content-oriented approach. Some examples will serve to exemplify the approaches used:

 "True, since the whole equation is an addition, the solution is always greater than 0, if one uses positive numbers."  "True, since using x = 0, f(x) will be the result. All positive x-values are too large."  "There are no positive zeros because 1 is always added at the end of the equation."  "Because this function has a y-intercept of 1 and because the slope equals 2, it cannot have zeros in the positive section." The content-oriented answers of tasks 2a and 2b show how a deep understanding of term structure can be promoted. Incorrect answers can show teachers what types of misconceptions the students have. Hence such tasks are very suitable for exercises recalling routines having been learnt long before. When discussing the students' solutions, not only are routines repeated but also contentoriented solutions. These solutions can show the meaning and properties of all the concepts involved. Students who have forgotten the routine needed also have a chance to find a solution.

Conclusion

The results show that the content-oriented solving of equations is used by only a small minority of students. The more familiar a procedure is, the more routines dominate and alternative ways are less taken into consideration. But changing the tasks slightly has an effect on students' solutions, the percentage of content-oriented solutions increases. Hence, setting up tasks which contain easy numbers does not automatically make students consider alternative approaches. But adding features like asking for reasons, not demanding concrete solutions, forbidding routines on tasks and consciously using functions makes students solve equations content-oriented more frequently. As students' solving behaviour gets socialised during a longer time, regular implementation of such tasks may help students to consider content-oriented approaches more often.

Besides confronting students with unknown tasks [START_REF] Fanghaenel | Zum Arbeiten mit Aufgaben im Mathematikunterricht an den zehnklassigen allgemeinbildenden polytechnischen Oberschulen der DDR[END_REF] or make them trying to solve every equation content-oriented [START_REF] Sill | Sicheres Wissen und Können -Arbeiten mit Variablen, Termen, Gleichungen und Ungleichungen -Sekundarstufe I[END_REF], slight modifications of standard tasks can promote this type of solving, too. The additional solutions are a fruitful element in a class discussion. So all students are able to see how equations can be solved in a different way and with more insight. These slight modifications can be created easily; therefore this approach to promoting content-oriented solving is a realizable one. Arcavi, et al.'s (2017) demand for more alertness and flexible use, when solving an equation, can be met by having such slightly modified tasks. When students are to solve similar tasks in the same content-oriented alternative, this approach might become a routine. However, it is still better having students to choose between two routines than only having one. To prevent such behaviour, suitable tasks for content-oriented solving should be varied appropriately.

The aim of this paper is not to lower the importance of using routines. They are a necessary part of mathematics lessons. The intention is to break the dominance of using algorithms by helping students to be more reflective about a given structure and making them think about it. Then, when looking at an equation, instead of initially starting the routine, a(n) (unconscious) process of consideration of how to solve it appropriately might be initiated. Suitable tasks for content-oriented solving are a possible and a realisable way to reach that goal.

a) 2

 2 (x -4) = 0 has a positive solution. f(x) = x² + 2x + 1 has no positive zeros. c) x² -10x + 25 = 0 has only one solution.

Table 1 : Types of solutions for Task 1a
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	Task 1a: Determine the solution(s) of x² + 4 = 0				
	Solved	correctly incorrectly incompletely	total
	by routine (taking the square root)	32.5%	52.1%	0%	84.6%
	Content-oriented (using term structure)	0.2%	0%	0%	0.2%
	by writing down the solution without	5.4%	0%	0%	5.4%
	calculation				
	by using incorrect other approaches	0%	6.7%	0%	6.7%
	nothing by giving no response	0%	0%	3.1%	3.1%

Table 2 : Types of solutions for Task 1b
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Table 3 : Types of solutions for Task 2b
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