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Transforming equations equivalently? -theoretical considerations of equivalent transformations of equations

Keywords: Grundvorstellungen, aspects, mathematical concepts, mathematics education

Although algebraic transformations of equations are commonly used to identify solutions of equations, it remains unclear, which transformations are explicitly considered to be equivalent transformations, and which are not. Therefore, equivalent transformations of equations are analyzed, by using the notions of concept image, concept definition, aspect, and Grundvorstellungen, as well as their relations to each other. Different formal concept definitions of equivalent transformations of equations are examined to get a first impression of possible characteristics of concept images. As a further approach, Grundvorstellungen are derived from aspects of the equivalence of equations and put in relation to the theory of concept images. Different contradictions can be identified using these notions, which are possible sources of misconceptions.

Equivalent transformations of equations

Learners of mathematics are being introduced to equations in primary school. Simple arithmetic equations are to be solved by adding, subtracting, multiplying, and dividing numbers. In secondary schools, with the shift from arithmetic to algebra, variables are expressed by the use of letters. This is usually when pupils are introduced to more formal techniques of solving equations. They are transformed to other equivalent equations, so that a formula can be applied, or the solution is apparent (as in the case of the equation . Since equivalent transformations of equations are a central tool for solving equations, the concept of equivalent transformations of equations should be well defined and known to every mathematician and teacher of mathematics. When considering the following two equations, the question whether the initial equation was transformed equivalently provides room for discussion:

Squaring the expressions of an equation is usually not considered to be an equivalent transformation of an equation (e.g. Vollrath & Weigand, 2007, p. 214), although it may lead to an equivalent equation, as in the example above. In order to analyze why some transformations are considered to be equivalent transformations, while others are not, even though they share the feature of leading to an equivalent situation, the theory of concept image and concept definition by [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] is used. This theory will then be related to Grundvorstellungen, which has a long tradition in Germany, due to the works of vom Hofe (2016), using a model provided by [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral[END_REF], which offers a further approach to the concept image. Subsequently the geometric model for teaching transformations of equations as described by [START_REF] Filloy | Educational algebra[END_REF] is being discussed in regard to the following theoretical considerations.

Concept image and concept definition

An individual's view on a mathematical idea is not only shaped by the subject matter itself but also by further experiences. Therefore, [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] differentiate between mathematical concepts and cognitive processes which resemble an individual's understanding of the concept. For the latter the term concept image is used "to describe the total cognitive structure that is associated with the concept" (Tall & Vinner, 1981, p. 152). When looking at the two equations above one may associate functions, variables, or something else with them. Given that within literature squaring is not considered to be an equivalent transformation of equations, it seems rather unlikely that the concept of equivalent transformation of equations is associated with the two equations above. It may even be declined to consider this as an equivalent transformation. Which leads to the assumption that the individuals concept image of equivalent transformations does not contain the operation of squaring. The question that naturally raises, from this little theoretical discourse, is how equivalent transformations of equations are defined. For this matter the term concept definition is used, which is "a form of words used to specify that concept" (Tall & Vinner, 1981, p. 152). A concept definition of an individual is referred to as personal concept definition and is not necessarily correct or existent (Tall & Vinner, 1981, p. 152). In contrast to the possibly erroneous personal concept definition, the formal concept definition is "accepted by the mathematical community at large" (Tall & Vinner, 1981, p. 152). It should be mentioned, that one can be able to state a "correct formal concept definition whilst having an inappropriate concept image" (Tall & Vinner, 1981, p. 153). It is the concept image that gives meaning to the concept definition (Greefrath et al., 2016, p. 103), while the definition may be just a memorized sequence of words. Prior to planning an empirical investigation of individual concept images and personal concept definitions of the concept of equivalent transformations of equations, it seems wise to examine the concept of these transformations theoretically by comparing different formal concept definitions.

Formal concept definitions of equivalent transformations of equations

Equivalent transformations of equations can be defined as transformations which do not alter the solution set (Vollrath & Weigand, 2007, p. 242). In this definition no further information is given about the characteristics of a transformation. The key is the property of not losing or adding any solutions of (or to) the equation, which is crucial when it comes to solving equations. This would lead to the conclusion that the example above is an equivalent transformation of equations. Walz (2017, p. 361) defines equivalent transformations of equations in contrast to transformations which possibly alter the solution set, which justifies the claim of squaring not being an equivalent transformation. When taking this condition into account, which is rarely made explicit, there are only few types of transformations left to be considered as equivalent transformations of equations. Adding (and subtracting) numbers, as well as multiplying (and dividing by) numbers other than zero always, lead to equivalent equations (Langemann & Sommer, 2018, p. 172). This demand for generality of not altering the solution set can only partially be granted when it comes to adding or multiplying expressions containing variables. One might accidently divide by zero and lose one or more solutions:

Another definition highlights the reversibility of the transformation and states that transformations, which can be reversed, without changing the meaning are equivalent transformations (Langemann & Sommer, 2018, p. 172). Since it is not explicitly stated what meaning refers to in this context, this definition appears rather doubtful. Considering that an equation containing variables determines a set of elements for which it becomes a true statement (Kirsch, 1987, p. 106), it can be assumed, that meaning refers to the solution set as well. [START_REF] Drouhard | Symbols and language[END_REF] translate the German term "Bedeutung" (with respect to Frege), as denotation (instead of meaning as done in the translation above) as a subdomain of meaning and refers also to the truthfulness of equations (pp. 232-234). Therefore, it can be assumed that this is the case in this definition. None the less it is interesting in the manner that it highlights reversibility as a property of equivalent transformations.

When comparing these different definitions, it appears crucial, that the solution set does not change when an equivalent transformation is applied. This is the defining property of an equivalent transformation, in the first definition discussed. The second one extents it by demanding a certain generality and claiming it never alters the solution set. Although the third definition is not quite clear, it highlights another characteristic: equivalent transformations have to be reversible. It is noteworthy, that all of these definitions relate, more or less explicitly, to the solution set.

Aspects and Grundvorstellungen an additional approach to the concept image

Given that (formal) concept definitions are the basis of concept definitions (Greefrath et al., 2016, p. 103) predictions about possible individual concept images can be derived from them. In order to draw further conclusions of possible characteristics of concept images the construct is approached by using the idea of Grundvorstellungen (GV) as an addition to the concept definition, which may also be part of a concept image (Greefrath et al., 2016, p. 103). Greefrath et al. (2016, p. 101) defined the term in the following manner: "A Grundvorstellung of a mathematical concept is a conceptual interpretation that gives it meaning" (for a more detailed discussion, see vom [START_REF] Vom Hofe | Grundvorstellungen" as a category of subject-matter didactics[END_REF]. Unlike the concept image, a GV relates to aspects of mathematical concepts (Greefrath et al., 2016, p. 101), while the concept image describes the whole cognitive structure that is associated with a mathematical context. The term aspect of a mathematical concept is defined as "a subdomain of the concept that can be used to characterize it on the basis of mathematical content" (Greefrath et al., 2016, p. 101). Because of these relations, identifying and examining aspects of equivalent transformations of equations offers new insights into possible characteristics of a concept image. Since the equivalence of equations appears to be the defining property of the equivalent transformations of equations and therefore characterizes it, it will be examined in greater detail in the following section.

Aspects of equivalence of equations

Equivalence of two equations means that they share the same solution set (Kirsch, 1987, p. 108). Another possibility to determine the equivalence of two equations is by transforming one equation into the other using valid transformations (Oldenburg, 2016, p. 11). Since this takes into account transformational activities, the focus will be on this aspect of equivalence, which from here on will be referred to as transformational equivalence. This aspect of equivalence requires defining valid transformations. For this matter, two similar but different types of rule sets are described in the following.

Balance rules

One type of rulesets for transforming equations are the balancing rules, which are expressed in regard to expressions (Malle, 1993, p. 219):

The main feature of this ruleset is, that the two expressions on each side of the equal sign is being modified in the same way. The procedure is often visualized, by using scales, which stay in balance when the same amount of weight is added to or withdrawn from both sides. This is the reason why Malle (1993, pp. 220-221) refers to them as balancing rules. It should be noted though, that these rules can be visualized in various other ways as well.

Elementary transformation rules

Another set of rules are the elementary transformation rules, which are again expressed in regard to expressions (Malle, 1993, p. 219):

( ( These rules may appear very similar to the balancing rules but require three expressions to perform a transformation of an equation. The given expressions of an equation therefore determine what kind of transformations can be performed. This may be seen as an advantage for choosing this ruleset over the balancing rules when teaching [START_REF] Malle | Didaktische Probleme der elementaren Algebra [Didactical problems of elementary algebra[END_REF].

In contrast to the elementary transformation rules, the balancing rules allow working with additional expressions, while the elementary transformation rules only allow using the given expressions. The latter may be considered as special kinds of balancing rules, which require fewer calculations [START_REF] Malle | Didaktische Probleme der elementaren Algebra [Didactical problems of elementary algebra[END_REF] as can be seen in the following example:

Grundvorstellungen and aspects of equivalent transformations of equations

An aspect is the basis of an individual GV, while at the same time the GV gives the subject meaning to the aspect (Figure 1). When applying this idea to equivalent transformations of equations, two different GVs can be derived, from the aspects described previously (Figure 1). It should be noted, that any GV that is derived from the balance rules can also be derived from the elementary transformation rules, given that they can be considered a shorter version of the balancing rules, which cover only certain cases. Using elementary transformation rules, the transformation may be perceived as a transposition of the expression according to the "change side -change sign rule" (Kieran, 1992, p. 400). This means that you exchange the operator in front of an expression with the inverse operation, while moving the expression to the other side of the equation. This idea of transposition appears to be coherent with the findings of [START_REF] Henz | Does bodily movement enhance mathematical problem solving? Behavioral and neurophysiological evidence[END_REF], in which their hypotheses, that algebraic manipulations take place in an algebraic symbol space (and is linked to movement) is empirically supported. The scheme of this rule can be represented in the following manner (Malle, 1993, p. 218):

Balancing GV

The balance rules may be interpreted as "doing the same thing on both sides". This can be represented visually by a scale that keeps the balance or as a more abstract scheme: . Overly generalizing a scheme, may lead to errors in performance (Malle, 1993, pp. 172-175). In this case it may lead to the misconception, that squaring two expressions of an equation always leads to an equivalent equation. This demonstrates how problematic generalizations of a scheme may be, if no further knowledge is being acquired about when it is appropriate to apply a certain rule.

Example: geometric model and GVs

So far models for teaching equivalent transformations of equations have only been mentioned, without discussing them in greater detail. One well known model is the balance model using scales which highlights that operations should be carried out on both sides of an equation and therefore may foster the balancing GV. In addition to this model, [START_REF] Filloy | Educational algebra[END_REF] propose a geometric model for visualizing linear equations and algebraic transformations of these equations (p. 100). Within this model "algebraic expressions are represented as lengths and areas of rectangles (x and its coefficients are lengths, and their products and the independent terms are areas)" (Filloy et al., 2008, pp. 100-101) (see Figure 2). The purpose of this model within the study is to teach early algebra learners how to transform an equation, with the variable occurring on both sides of the equation, such as (with being positive integers and ) into the equation [START_REF] Filloy | Educational algebra[END_REF]. This can be done by coloring and comparing areas (see Figure 2). Ideally followed by the conclusion, that the two left over areas must be of the same size [START_REF] Filloy | Educational algebra[END_REF]. Considering that the colored areas can be faded out, while focusing on the white areas, it seems like this approach embodies a subtraction of from both sides of the equation and therefore leads to the assumption that this model fosters the balancing GV ("doing the same thing on both sides"). At the same time the transformation appears to rather fit the elementary transformation rule than the balancing rules. Taking a closer look at the examples provided by [START_REF] Filloy | Educational algebra[END_REF] from their interviews, it is noticeable that the interviewee appears to move the expression from the left side of the equation, to the right side, while changing the sign (e.g. Figure 3). Therefore the, geometric model seems to rather foster the transposing GV than the balancing GV according to the data samples provided (Filloy et al., 2008, pp. 108-110;Filloy & Rojano, 1989, pp. 22-23). 

Summary and discussion

Squaring is usually not considered an equivalent transformation of equations, although it may lead to an equivalent equation. Since this seems to be contradictory it raises the question, what does one consider to be an equivalent transformation of equations? In order to approach this question, the cognitive structure, that leads to certain assumptions, is described as concept image. Different formal definitions of equivalent transformations of equations were examined, all of which contained the idea of not altering the solution sets. Since this demand is fulfilled by squaring in the first example, this might not be what individuals consider as defining property. What seems more suitable in this case is the demand of generality, that an equivalent transformation does always maintain the solution set.

The second approach to identify factors that influence the concept image is, by using the notions of aspects and GVs. Considering that the equivalent transformations of equations should lead to equivalent equations, the transformational equivalence is examined in greater detail. This aspect requires defining valid operations, in this case the elementary transformation and the balance rules. These two rule sets are the basis of the transposing GV and the balancing GV. Using these rules, it can be argued that squaring is not covered by them and therefore might not be captured within the aspect of transformational equivalence. Then again it can be considered using the balancing GV, that it is an equivalent transformation of equations, even then when it is not, because "you do the same thing on both sides". Judging in which cases a transformation leads to an equivalent equation, requires the ability to recognize the equivalence of equations. Discussing the geometric model of equations and transformations of equations, it was pointed out that it is not necessarily the model that indicates a certain GV, but the individual's interpretation and use of the model. Rather than formulating a GV for every model, the approach used within this paper suggests deriving them from aspects of a given concept. This seems useful, given that different models may affect our transformation processes in the same manner. However, models cannot be abandoned, if we want to avoid that algebra learners simply perform meaningless transformations. Therefore, the GVs which are described in a rather schematic manner need to be linked to a model. It is rather the reasoning accompanying the model, than the model itself which is important.

Considering that algebraic transformations of equations are located at the transition from arithmetic to algebraic thinking (Filloy et al., 2008, p. 96), it seems like very little attention has been paid to this topic in recent research. Simply addressing it with reference to a certain model or a certain set of rules does not seem to be sufficient. More importantly is the link between models, the underlying concept and the individual, which needs to be addressed with closer regard in the future. It appears useful to examine the concept of equivalent transformations of equations in greater detail. As the discussion above shows, definitions of the concept do not necessarily grasp what is meant by equivalent transformations. But if we do not make explicit what we mean, when we talk about equivalent transformations of equations, it carries the risk that this implicit information is not acquired by the learner. Does it not make learning and teaching more difficult? The considerations presented within this article can help identifying sources of misconceptions and give an insight to educators about limitations of definitions, rules and models describing equivalent transformations of equations.
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 1 Figure 1: Relations between aspects and GVs (extracted from Greefrath et al., 2016, p. 103) applied to equivalent transformations of equationsTransposing GV

  Figure 2: in the geometric model, with being colored (Filloy et al., 2008, p. 102)
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 3 Figure 3: Example of a learner operating on the unknown, prior to being introduced to formal techniques of transforming equations (Filloy & Rojano, 1989, p. 110)All in all, it is not possible to draw a general conclusion on what GV is fostered by the use of the geometric model. Especially when considering that the data examined here was not intended to answer which GV it fosters. None the less it should be noted that GVs are not necessarily a question of model, but of what is made of it by the individual. It is possible that another person understands this model as subtracting the same expression from both sides of an equation.
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 4 Figure 4: Relations between aspect, Grundvorstellung, concept definition, concept, and concept image (by Greefrath et al., 2016, p. 103) applied to equivalent transformations of equations