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This work proposes a family of multiscale hybrid-mixed methods for the two-dimensional
linear elasticity problem on general polygonal meshes. The new methods approximate
displacement, stress, and rotation variables using two-scale discretizations. The first scale
level setting consists of approximating the traction variable (Lagrange multiplier) in
discontinuous polynomial spaces, and of computing rigid-body modes element wisely. In
the second scale level, the methods are made effective by solving completely independent
local Newmann elasticity problems written in a mixed form with weak symmetry enforced
via a rotation multiplier. Since the finite-dimensional space for the traction variable
constrains the discrete space for the local stress tensor, the discrete stress field lies
in the H(div) space globally and stays in local equilibrium with external forces. We
propose different choices to approximate local problems based on locally stable pairs of
finite elements defined on affine second-level meshes. Those choices generate the family
of multiscale finite element methods for which stability and convergence are proved in
a unified framework. Notably, we prove that the methods are optimal and high-order
convergent in the natural norms. Also, it emerges that the approximate displacement
and stress divergence are super-convergent in the L2-norm. Numerical verification assess
theoretical results and highlight the high precision of the new methods on coarse meshes
for multilayered heterogeneous material problems.
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1. Introduction

Mixed finite element (FE) methods for elasticity problems, based on the Hellinger-
Reissner principle, have been used since the very beginning of finite element history.
They are formulated simultaneously for stress and displacement variables, which are
of primary interest. When correctly designed, mixed methods usually give optimal
stress accuracy, and local momentum conservation, without locking-behavior for
incompressible or nearly incompressible materials.

We focus our study on conforming mixed formulations, meaning that approxima-
tions for the stress tensor g have continuous normal traces along the inter-element
boundaries (i.e. the stress approximation space & should be H (div)-conforming),
but without requiring stress symmetry. The displacement variable u is searched in a
discontinuous space % . The idea is to impose a weak symmetry condition through
the use of a Lagrange multiplier (rotation) living in an appropriate approximation
space 2. We denote this class of methods by the acronym MFEM-WS, and refer to
Ref. 3, 16 for overviews on this matter.

Our purpose is to create a multiscale hybrid approach for the MFEM-WS. It
shall be denoted by the acronym MHM-WS, for its design is in the spirit of the
Multiscale Hybrid Mixed (MHM) methods (e.g, as in the contexts of Ref. 19, 15).
In summary, this means that the MHM-WS scheme can be interpreted as a discrete
version of a characterization of the exact solution in terms of Neumann bound-
ary value problems locally defined on each (general polygonal) subregion ; of
a (non-conformal) macro-partition 7 = {€;}, which are assembled by using an
inter-element connection. The stress tensor is supposed to have normal components
strongly constrained to a given coarse finite dimensional trace space A, defined
over the subregion boundaries (mesh skeleton), making the referred inter-element
connection. This property implies that, in fact, the stress tensor is globally H(div)-
conforming.

The global system to be solved is expressed only in terms of the newly intro-
duced normal trace variable in Ask, and of a coarse displacement approximation,
piecewise-defined by rigid-body modes in each subregion. Small details are resolved
by the local problems in the subregions, using stable MFEM-WS for composite finite
element spaces {.(Q;), Z (%), 2(Q;)}, based on internal conformal shape-regular
partitions 7*%. Approximation spaces inside the subdomains can be enriched, with
respect to the boundary trace resolution, using different strategies: refining the in-
ternal mesh, increasing the polynomial degree, or both. Element geometry and mesh
resolutions in the subdomains may vary between them. For neighboring subdomains
Q; and Q;, T2 and T are allowed to be non-conformal over Iy = 0Q; N oQ,.
However, some mesh and space consistencies should be satisfied (see Sec. 3.1).

As shall be proved in Sec. 5.2, an important analysis aspect of the MHM-WS
method is that it may be interpreted as an equivalent stable MFEM-WS formulation
of the model problem in the whole domain, based on H(div)-conforming tensor
spaces with normal traces constrained to A,,. The required stability conditions,



namely, divergence-constraint and Stokes-coonstraint with respect to the potential
and rotation local spaces, are verifyied. In fact, we extend the methodology proposed
in Ref. 14 to construct new stable Stokes-compatible pairs: the pair used for stability
analysis at the coarser one-scale space setting (with mesh-width and polynomial
degree determined by AS &) is incremented with extra refined composite bubble terms
for the velocity in order to restore stability when using enlarged pressure spaces
Q(Qz), in the spirit of the methodology suggested in Ref. 6. Classical tools applied
to this equivalent MFEM-WS framework also guides the error analysis of the MHM-
WS solutions. We prove optimal and high-order convergence in the natural norms.
Stress and rotation variables are approximated with the same accuracy order as for
the trace variable. Notably, superconvergence in the L2-norm for the divergence of
the stress and enhanced displacement may be reached.

The original MHM method for elasticity problems, denoted here by MHM-H1,
was proposed in Ref. 19. It is based on a primal hybrid formulation, using H'-
conforming instead of mixed local solvers. Another difference between these two
MHM methods occurs in the way the Neumann boundary conditions are imposed by
their local solvers. For the MHM-WS scheme the tensor normal traces are strongly
imposed at the subdomain boundaries, whilst in the primal formulation they are
weakly imposed. Furthermore, the attractive properties of momentum conservation
at the micro-mesh scale, and locking-free behavior for nearly incompressible ma-
terials, typical for conforming mixed methods, are valid for MHM-WS. To be self
contained, some aspects of the MHM-H' method are described in Appendix A.

Recently, in Ref. 22, it was pointed out that the resolution of multiscale elas-
ticity problems by mixed stress-displacement formulations, based on domain de-
composition, had not been considered before. They proposed and analyzed a multi-
scale mixed formulation using the mortar domain decomposition with non-matching
grids, and weakly imposed stress symmetry. The mortar spaces use displacement
Lagrange multipliers to (weakly) enforce interface continuity of the normal stress.
Following a similar “divide-and-conquer” principle, but designed in the different
MHM context, the MHM-WS method also helps filling this gap.

Some other multiscale finite element methods have been applied to elasticity
problems. The Multiscale Finite Element Method (MsFEM) was applied in Ref. 7,
8. Each level in the MsFEM has its mesh and interpolation spaces that, in gen-
eral, fit inside the interpolations of lower levels. The MsFEMs have no local prob-
lems associated with the source function neither a rigorous mathematical structure
to guide the choice of local boundaries. The Localized Orthogonal Decomposition
(LOD) method of Ref. 24 is a multiscale method that requires low regularity on
the variational problem. To avoid the use of additional regularity, their multiscale
basis functions must be computed on a set (patch) of macro elements. A generalized
finite element method (GFEMs) using LOD is presented in Ref. 21.



1.1. Model problem and preliminary notation

Let © ¢ R? be a polygonal domain occupied by a linearly elastic body. The equa-
tions of static elasticity in Hellinger-Reissner form determine the stress ¢ and the
displacement u fields satisfying the following equilibrium and constitutive equations

~V.o=finQ, (1.1)
g=Ac(u) inQ, (1.2)
u=g ondf, (1.3)
T
where g(u) = % is the infinitesimal strain tensor, f is the body force, and

g is a given Dirichlet boundary data. The material properties are described by the
stiffness tensor A = A(x,y), which is a self-adjoin, bounded, and uniformly positive
definite linear operator acting on symmetric tensors S. We assume that A can be
extended to general second-order tensors M = R?**? with the same properties. In
particular, in the case of homogeneous and isotropic body, A £ = 2ue + A tr(g)L,
A and p being the Lamé parameters, and I the 2 x 2 identity matrix. The vari-
ables shall be assumed to be normalized, such that all considered formulations are
dimensionless.

Throughout this paper, for a region D C Q, n” denotes the external unitary
normal to D. The scalar Hilbert spaces L?(D,R) and H*(D,R) have the usual
meaning and norms. Spaces L?(D,E) and H*(D,E), taking values in finite dimen-
sional spaces E, shall be considered for E = R?, E = M, or for symmetric tensors
E =S C M. These spaces inherit the corresponding norms associated to L*(D,R)
and H*(D,R). The space H(div,D,R?) is composed by square-integrable vector
functions, for which the divergence is also square integrable. Similarly, we shall con-
sider tensor functions in H(div, D,E), taking values in E = M or E = S. We recall
that for tensor fields, the divergence is the vector field obtained by taking the diver-
gence of each row. The notation (-,-)p is used for the L2-inner products, and (-, -)op

refers to the duality pairing between H'/2(9D,R?) = {H = ulop, u € Hl(D,]RQ)}

and H~Y2(9D,R?) = {HzgﬂDbD, geH(div,D,M)}. The subscript D is
dropped if D = Q.

1.2. Mizxed formulation with weakly imposed stress symmetry

Problem (1.1) - (1.3) can be equivalently expressed, without a priori assuming stress
symmetry, in the following form
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Note that the original constitutive equation g = A £(u) has been modified by us-

. . o o 1 0 82u1 — 81U2
ing the relation g(u) = Vu l(g), where l(g) =5 01us — 00uy 0

new added equation ¢ —g” = 0 enforces the desired stress symmetry. In addition to
the displacement u, and the stress tensor g, without symmetry requirement, a new

. The

T

1
variable ¢ = - asym Vu is introduced, where asym 1 = 712 — 721 is the asymmetry

measure defined for tensors 7 = [Tﬂ 7'12] .
- T21 T22
Under this point of view, given g € HZ(0Q,R?), and f € L*(,R?), the

mixed formulation with weakly imposed stress symmetry searches for (o,u,q) €
H(div,Q,M) x L*(Q,R?) x L?(Q, R), satisfying

(Ao, 1)+ (Y 1)+ (gasymz) = (zn",g), Vze H(div,Q,M), (1.4)
_(y ) Q) = (7) Q)v Vo € L2(97R2)7 (15)
(asymg,w) =0, VYw € L*(Q,R). (1.6)

1.3. MFEM-WS

There exist in the literature a variety of finite dimensional approximation spaces
to be used in discrete versions of the stress formulation (1.4) - (1.6), here denoted
by Mixed Finite Element Method with Weak Symmetry (MFEM-WS). Classical
stable MFEM-WS stress formulations use FE space configurations £ = .% x % x
2 c H(div,Q,M) x L*(Q,R?) x L?(Q,R). They are defined in terms of finite
dimensional local FE spaces S(K, M), U(K,R?) and Q(K,R) for the elements K €
T of usual triangular or quadrilateral geometry, where 7 is a regular partition of €.
The functions 7 € % must have continuous normal traces over element interfaces,
but for v € % and pE 2 no interface continuity is required.

The applications of higher order schemes can lead to complications for the en-
forcement of the H(div)-conformity, and of the stability divergence-constraint

V- CU. (1.7)

One natural way to cope with that is to form S and U using Poisson-compatible
pair of spaces ¥ C H(div, Q,R?) and P C L*(Q,R). Having stress and displace-
ment approximation spaces verifying the above requirements, the finite dimensional
rotation approximation space 2 may be taken from a Stokes-compatible pair of
spaces {#', 2} such that the following stability Stokes-constraint is satisfied:

Vx¥WCS (1.8)

Based on the FE space configuration £, the MFEM-WS scheme searches for
(0,2,q) € .7 x U x 2 such that



(A7 6,7) + (@, V- 1) + (G asym7r) = (z n, g), Vre.7, (1.9)
-(V-g,0) =(fv), Ve, (1.10)
(asym g, w) =0, Vo e 2 (1.11)

Under the aforementioned stability conditions (divergence-constraint (1.7) and
Stokes-constraint (1.8)), the resulting MFEM-WS stress formulation is well-posed,
as originally proposed in Ref. 17 (see also Ref. 4, and 1). Some aspects of the
required Poisson-consistent and Stokes-consistent FE pairs are included in Appendix
B. Based on them, suitable mixed elasticity elements with reduced stress symmetry
are easier to analyze and implement.

1.4. OQutline of the paper

The new characterization of the exact solution by a local-global hybrid variational
formulation is presented in Sec. 2. Next, Sec. 3 is dedicated to finite element dis-
cretizations for this formulation, namely, the new MHM-WS method. In Section
4 the MHM-WS method is proved to be equivalent to a MFEM-WS formulation
using FE spaces with constrained tensor traces. Examples of three families of two-
scale FE space configurations for the MHM-WS are included in Sec. 5. Stability for
them is proved in Sec. 6 using the equivalence with two-scale MFEM-WS schemes.
Error analysis of the resulting MHM-WS solutions is developed in Sec. 7, also via
the two-scale MFEM-WS with constrained tensor traces. The paper concludes with
some computational simulations in Sec. 8, which confirm the predicted theoretical
convergence results of Sec. 7, and includes comparative results with the ones given
by the MHM-H'! version. We also show the application of the MHM-WS method
for a heterogeneous media with high-contrast layers. Concluding remarks, empha-
sizing the main aspects of the obtained results, are listed in Sec. 9, followed by two
appendix sections containing some auxiliary results.

2. Hybridization and characterization of the exact solution

The main focus and results of the current research are on a new equivalent hy-
brid version at the continuous level of the formulation (1.4) - (1.6), and of its
discretization. It is a modification of the MHM-H?! formulation by replacing the
local downscaling problems (A.4) - (A.5) by stress mixed versions, with weakly im-
posed stress symmetry, and using the corresponding solutions to adapt the upscaling
system. Namely, the hybridization requires a partition 7 = {{;} of the computa-
tional domain, and associated to T a mesh skeleton I' is formed by the union of the
boundaries 09;. The following trace space plays an important role

A= AT, R?) = {p;p = T nloq,, T € H(div,Q,M),Q; € T},



where n is a given vector ﬁeld defined over T" and normal to 9€;, such that n|o, =
6; n'¥, where §;(e) = n - n®¥|, for all edges e C 99;. Notice that d;(e) = —J;(e) for
interface edges e C ; N QJ.

Similarly to the local-global hybrid primal formulation initially proposed in
Ref. 19, the displacement variable u is decomposed in the form v = w,.,, + ut,
where u,.,, is searched in the finite dimensional space %, defined over T by piece-
wise rigid-body modes

Uy = {u € L(Q,R?); w; = ul, € %m (), % €T},

where each w; verifies (u;) = 0, i. e., u; = (a4, 8;) + pi(—y, z) with a;, Bi, pi € R.
The term uJ‘ =U— U, iS a functlon in %% C L*(Q,R?), the L*orthogonal
complement of %, in L2 (92, R?). Consider also

S = {z € H(div,Q,M); 7 nlao, =0, Q; € T}.

Based on the above functional framework, consider the local (downscaling) and
global (upscaling) stages:

e Downscaling stage: For A € A, A # 0, and f € L*(Q,R?), let operators
{T2(A), T2(f)} € H(div, QM) x H(div, Q,M), {T*(0), T*(f)} € Uz X Uy
and {T9(}), T‘I(i)} € L*(Q, R) x L*(Q,R) be defined by the local mixed formula-
tions with weakly imposed stress symmetry and Neumann boundary conditions:

(V-TZ()\),v)q, =0, Yo e %L, (2.1)

(A7 TZ()), D)o, + (T(N), Y - D)o, + (T9(A),asym 1), =0, Vre.s, (2.2)
(asymTZ(A), p)o, =0, Vo€ L2(Q R) (2.3)

Z(A) nloe, = Alse, (2.4)

—(¥-T2(f),v)0, = (f;0)0,, Vv € Xy, (2.5)

(A T2(f), Do, + (T“(f), Y - D)o, + (TU(f),asym 1), =0, Vre.#, (26)
(asymTZ(f),¢)a, =0, Ve € LA(QR), (2.7)

T2(f) nloa, =0 (2.8)

e Upscaling stage: Given f € L*(Q,R?), and g € %(89 R?), find w,.,,, € % and
A € A that solve

(A7 T2, T2(0) + (¥ - T2p)) = — (£, 7)) + (pg), VpeA, (29)
7(2 ’ Tg(f)vy) :(iv Q)a Vv € U (210)
Neumann boundary value problems of linear elasticity are singular, with ker-

nel formed by the rigid motions of the body. This ambiguity can be removed by
enforcing that the solution is free of rigid-body modes, and by requiring balanced



force and Newmann boundary terms (see Ref. 23 for a discussion of this topic in
the context of algebraic multigrid).

Define R, : A = X, by (Rrm(A),0), = (6 A, v)oq,, YU € . The variables
TZ()\) € H(div, Q,M), T%(\) € %%, and T9()\) € L*(Q,R), provided by the local

mixed solvers (2.1) - (2.4), can be interpreted as solution, in the distributional sense,
of the boundary value problems

=V ag=Rm(d) inQ,
é_l g = Vu—(u)in €,
ag- gT =0 in Q;,

anlaq, = A,

for u free of rigid-body modes, with balanced force R,,,(A) and Newmann bound-
ary condition A. Consequently, the solution is unique. Analogously, T%(f) <
H(div, Q,M), T%(f) € %z, and T(f) € L*(,R), correspond to the unique weak

rm?

solution of the problem

=V-ag=[f-1I""(f), inQ;,
é_lg = Vu — vy(u) in Q;,

gng =0 in Q,,

a nfaq, =0,

where II"™(f) is the L*-orthogonal projection of f € L*(€2,R?) onto %.

Remarks

(1) If (W, A) solve the upscaling equations (2.9)-(2.10), then —V - TZ()) =

Zrmor 2

Ry (A) =" (f), for (2.1) and (2.10).

(2) Rym is a surjective operator. In fact, given v* € %, let Ao, = ¢* nlaq, €
A, where ¢* € H'(Q,S) satisfy V- ¢ = v*. Thereby, ||Q*H%2(QR2) =
> @, =Y (g 0¥ uea, = > (0 A )ea, = (Rem(AT),0")a0, -
Q; Q; Q; Q;

Then, the adjoint application of R,.,, is injective with closed range, which im-

plies the result. The surjectivity of R, is key to prove the well-posedeness of
(2.9)-(2.10), as shall be addressed next.

Theorem 2.1. The global upscaling system (2.9) - (2.10) has a unique solution
Uy, A) € U X Ao Moreover, (a,u,q) is the recovered solution from (u,.,,, ) by

=“rmy 2

0= TEN)+TE(f), 1=y, +THA)+TE(f), g = 3 asym Vi, + THN) +79(7),

if and only (o, u,q) solves the weak formulation (1.4) - (1.6).



Proof. To verify the uniqueness of the upscaling system, take zero data f = 0 and
g = 0. Then system (2.9) - (2.10) becomes

(A'TZ(N), TZ()) + (U, V- TE(p)) = 0, Ypu € A,
(z . Tg(A),y) = 07 VQ c %rm-
Taking test functions y = A and v = V - T%(A) € %-m, these equations turn into

(éing(A)a Tg(A)) + (@rm’ V- Tg(A)) =0,
(V-T=2(}),V-T=())) =0,

implying that V-TZ()) = 0, from which (A™'TZ()), TZ())) = 0 holds. The positive

definiteness of the tensor A implies that 7%(A) = 0 (meaning that A = 0, T*()) = 0,

and T9(A\) = 0 as well). Finally, w,,, = 0 follows from the remaining relation

(u

Upp, ¥ - TE(p)) = 0, Yy € A, recalling that V - T%(u) = — Ryp(p), and that
R () is a sujective operator over %y, .

Suppose (., A) € %m x A solves (2.9) - (2.10), and let (g, u, ¢) be recovered by

g =TEN)+TE(f), 4= Uy +THQ)+T), ¢= %asym Vit + 1) +T(f).
On the other side, let (s,w,r) be the solution of (1.4) - (1.6), define v = s n|r and
decompose w = w,.,,, + wr.

By testing (1.5) with v € %%

rm’

and (1.4) with 7 € j, both with support in §2;,

s ASYIMLT )y, We obtain

1
and using the fact that (wym,, V- 7)o, = —§(asym Vuw

= i

1
A7 gD, + @' VDo, + (0 = 5 asym Vg, asym)o, =0, (211)
-V 500, = (f0). (212

For arbitrary p € A, take 7 = T%(u) to test (1.4). Noticing that (r, asym T%(u)) = 0
(for (2.3)), and (w™*,V - T%(u)) = 0 (for (2.1)), then Eq. (1.4) becomes

(A" 5, TZ(p) + (W, ¥ - TE(p)) = (1, 9), (2.13)
and, from Eq. (1.5), we obtain
—(V-sv)=(fv), Yv€EUm. (2.14)

By confronting (2.11)-(2.14) and (1.4) with the set of equations (2.1)-(2.8), the
following identities hold for the differences s — g, wt —ut, and r — ¢

(V- [s—dlv)e, =0, Vo€ %y,

(A7 [s—gl.D)a, + (wh —u*, YV 1)o, + (r — g,asym1)g, =0, V£ € .7,
(asym(s — g], p)o, =0, ¥y € L*(Q,R),

(s —a)nloa, =v— A

These equations and (2.16) imply that s — ¢ = T%(v — ) having vanishing diver-
gence, w' —ut = T%(v — )\), and 7 — ¢ = T9(v — \). Furthermore, since Eq. (2.5),
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(2.2), and (2.7) imply that

TN (), TE(f))e, + (T9(w), asym TZ(f))e,
e = (T2(), A T2(f))a,
and by recalling that (T'%(f),v) = 0, Vv € %, we conclude from (2.9) - (2.10) and
(2.13) - (2.13) that
(A [s— o), TZ(1) + (W = Uy, V- TZ(p)) =0, Y € A, (2.15)
_(z [é_g]vy) :07 RS 62/rm~ (216)
By setting 4 = v — A and v = w,,,, — U, in (2.15) - (2.16), and using the positive
definiteness property of A™*, we conclude that s=o (ie, (v=A). Thus wt =ut

and r = ¢ as well. Finally, Eq. (2.15) becomes (w,.,, — U, V.- TE(p)) =0, Vp € A,
implying that w,.,, = ,.,,, from Remark (2). By uniqueness of the solutions in both

- =rm>
contexts, the equivalence property holds, and then the existence of a solution for
(2.9) - (2.10) follows from the existence of a solution for (1.4) - (1.6). O

3. The MHM-WS Method

This section is dedicated to discrete MHM-WS versions for the local-global stress
formulation (2.1) - (2.10) proposed and analyzed in Sec. 2. Firstly, let us present
the assumptions of the partitions and on the FE approximations. Notably, the first-
level mesh 7T is general in the sense that non-convex polygonal elements are accepted
under mild condition, and can form a non-conformal decomposition of (2.

3.1. Setting the main assumptions

We assue that a family of shape-regular conformal local partitions 7% = {K} can
be defined in each subdomain Q; € 7. The meshes 7% and 7%, for neighboring
subdomains €2; and €;, may be non-conformal over 9€2; N 9€);. The examples dis-
cussed here are for affine triangles or quadrilateral elements K € 7 (but general
frameworks with non-affine elements could be admitted as well, as in Ref. 1, 14,
27). For each edge e C T there is a partition 7¢, forming a partition 71 of the
mesh skeleton. The geometry and mesh resolutions inside the subdomains may vary
between them.

Hypotheses for the internal FE space configurations: Concerning the FE spaces
based on the local partitions 7%, the basic requirements are:

(i) Finite dimensional composite local spaces S () © H(div, Q;, M), % (%) C
L*(94,R?), and 2(Q;) C L*(,R) should be constructed by piecewise poly-
nomials based on 7. The representations .7 (Q;) = .79 (Q;) ® . (Q;) hold in
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terms of functions of interior type .#(£);), with vanishing normal traces over
99, and functions associated to the subdomain edges .#?(€2;).

(ii) The local FE space configurations £(€;) = () x % (Q;) x 2(;) should
be stable for the MFEM-WS formulation for elasticity problems defined in €;.
For instance, the stability constraints (1.7) and (1.8) are supposed to be valid
locally.

(iii) Uniformly bounded interpolants 7% : H'(Q;, M) — .#(Q;) can be defined
verifying the divergence-commuting property, i. e.,

(Y- (;—Tr“i;),y)g =0, Yu € % (). (3.1)
(iv) Moreover, it ~is assumed that %.,(Q;) € V- j(Qz) - @(91)7 and that

Hypotheses for the the normal traces: Assume there is a finite dimensional subspace
Mgk C A verifying the following properties:

o Ay CAis piecewise defined by polynomials based on 7T, with degree kg > 1.
e A, should verify
Ag, C A= {M? p =T nlaq,, Vgej(ﬂi), Q; ET}. (3.2)

This trace space embedding property is valid under the following circumstances.

(1) There is a coarse conformal shape-regular partition T, = {K} of Q, formed by
the union of coarse sub-meshes 7':,31 satisfying:

(a) 7T is the partition induced over I' by Ty.
(b) T is obtained by refinement of the subdomain partition 7.

(2) The polynomial degree kg used in Asx should not exceed the one of A.

Notice that the interpolants 7% verifying the divergence-commuting property
(3.1) can be obtained component-wise directly from the interpolants of the asso-

ciated Poisson-compatible pair of spaces (see B.1): for 7 = [ﬂ @} € 5;(92) ,

let 71-912 = |:7'|'D’Q7"ﬂ angi@] Accordingly, the representation r?,’é; = 7\'9""82 +

7 [z — w%97] holds, where %91 € Z9(€), and & [z — 71'?,;’82} e.7().

Some aspects of the partitions and FE space configurations for the MHM-WS
method are illustrated in Fig. 1. A macro-partition 7 and a skeleton mesh 71 are
shown in the top-left and top-center sides. The local meshes of the top-right side do
not verify the mesh hierarchy. In fact, there is one element induced by the local mesh
T over the edge e =I'y o which is not totally included in one of the elements of 7°.
To form a proper mesh hierarchy, firstly consider a conformal partition Ty inducing
TV over T, as shown in Fig. 1 (bottom-left side). Then, local refined partitions T
are constructed by subdivisions of the partitions 7;% = Tsklq,, as shown in the
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bottom-right side of Fig. 1. The kind of polynomial spaces verifying trace space
hierarchy that can be used for the MHM-WS method is also illustrated.

Fig. 1: Diagram illustration of some aspects of MHM-WS partitions and FE space con-
figurations: a macro-partition 7 (top-left side), a skeleton mesh 7r (top-center side),
and example of not allowed refined partitions T (top-right side); conformal partition
Tsk inducing 7T over T (bottom-left side); allowed refined partitions TQ", and FE space
configurations verifying the trace space hierarchy (bottom-right side).

3.2. The method

Let FE spaces . C H(div,Q,M), % C L2(91R2), and 2 cC L{(Q,R) be con-
structed by the assembly of the local FE spaces Y(Qi),~% (Q;), and 2(Q;). Consider
also %+ . the L?-orthogonal complement of %, in %, and define

™m>

y:{geﬁ;;mmi:o, QiET}. (3.3)

Following the principles of the local-global setting for the stress mixed method for
elasticity with weakly imposed symmetry, and based on the aforementioned finite
dimensional FE spaces, consider the corresponding discrete downscaling-upscaling
stages, which correspond to the MHM-WS method.
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) Downscaling stage: For A 6 A, A # 0, and f € L? (Q, RQ), approximations

TZ()), T‘T(f) e .7, %)), T“(f) € UL, and TI()), 1:1 1(f) € 2 are determined
in each subregion €; such that

(V- T2(0),0)0, =0, VoL, (34)

(A7 TZ(3), D)o, + (T4, ¥ D)o, + (T(}), asymp)a, =0, Ve s, (3.5)
(Nsy~mT‘7() ) =0, Ype2, (36)

TZ(3) nlae, = Moo (3.7)

~(¥-T2(f),v)0, = (f0)a,, VueZh.  (38)

(A7 T2(f), D)o, + (T2(£), ¥ 1o, +<i“ (f).asymzo, =0, Vres,  (3.9)
(abymT (f),¢)a, =0, Voe 2, (3.10)

TAE(?) f) nlag, = 0. (3.11)

e Upscaling stage: 4., € Urm and i S Ask are determined by the global system

(A7'TZQ), W) + (@, ¥ - TE(R) = —(f, T*(W) + (1. 9),V

Remarks

(i) By construction, & = TZ()) + T”(f) € . has normal trace over I included in
Agp. In other words, ge fsk, where

Sk = {7’ S ,5” 7’L|F S Ask:}

(ii) The strong interface normal trace constraint imposed in the MHM-WS method
is a process that can be accomplished in a similar manner of conforming con-
strained functions commonly used in hp-adaptive strategies. Neumann bound-
ary conditions in the MHM-H"' method are imposed in a weak multiplier sense.

(iii) The approximate displacement @ given by the MHM-WS method decomposes
into the form o = w,,, + @J‘, as in the MHM-H' version. However, unlike
the approximation given by the MHM-H'! formulation, for @
constraint is required inside Q;, over element interfaces of 7% . This aspect,
combined with the global H(div)-conformity of the tensor g, is crucial in the
proof of the local conservation property verified by the MHM-WS method at
the micro scale level, over the partitions 7%, which is essential for ensuring a
locally equilibrated approximation. Furthermore, for f = 0, the resulting tensor
g is strongly divergence-free, due to the divergence-compatibility condition (1.7)

no continuity

valid for tensor and displacement local spaces .(Q;), and % ().
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The next result is paramount for the well-posedeness of (3.12) - (3.13).

Lemma 3.1. The mapping Ry @ Asp — Uy, defined by Ry = er|;\sk, 18
surjective.

Proof. Recall that, for u € Agp, (erﬁ7y)gi = (dip, V)00, YV € Um- As in the
continuous setting analysed in Sec. 2, given v* € %.,,, let ¢ € H*(9Q,S) satisfying

V- ¢* =" Then, define " = " nfoq,, 4 € T, where g* =117, ¢* € i, and
the interpolant H%Sk, defined for 7 € H'(Q2, M), is such that (V (T - H%Skr) ) =
0, Vv € % . The existence of such mappmg is postponed to Theorem 4.2. Thus,

/\ € Ay, and the assumption %, C w implies that V - 6" = v". Consequently,
(@, 0)0, = (3" 0%, v)o0, = (6 A ,v)aq,, meaning that R, (A") = v*, and the
result follows. O

Theorem 3.1. Solution uniqueness holds for the MHM-WS defined by the local
solvers (3.4) - (3.7) and (3.8) - (3.11), and by the global system (3.12) - (3.13).

Proof. Due to the stability assumptions on the FE spaces .7 (Q;) X % () x 2(%;),
the local upscaling solvers (3.4) - (3.7) are well-posed MFEM-WS versions in
Q; of the local mixed formulations (2.1) - (2.4). Thus, uniqueness holds for
(TZ(A), T%(N),T9(N)) € For x % x 2. Analogously, (TZ(f),T™(f),T9(f)) €
Sk X U x 2 are locally defined by unique solutions of well-posed MFEM-WS
formulations (3.8) - (3.11) in the subdomains ;.

Uniqueness for the solution of the upscaling stage (3.12) - (3.13) follows by
similar proof steps, as observed for the formulations in the continuous level. Take
zero data f = 0 and g = 0. Thus, the well-posedeness of the local problem (3.8) -
(3.11) implies that Tﬂ(i) =0, T%(i) =0 (and Tq(i) = 0). The upscaling system
(3.12) - (3.13) becomes

(A 2R, T2(0) + (i, ¥ - T2()) = 0, Vs € A,
(y ~g(A)7Q) = Oa Q € %rm-

Testing with p = dand v =V - TZ(\) € % (for (3.4)), these equations turn into
(A7 TZQA), TZ(X)) + (Eyp ¥ - TE(A)) = 0,
(V- T2(2).¥-T%(2)) =0

implying that V-TZ(A) = 0, from which (éflj’%@), TZ())) = 0 holds. The posmve
definiteness of the tensor A implies that TZ(\) = 0, meaning that A\ = 0 (and
thus 7%(A) = 0 and T9(A) = 0 as well). Consequently, the remaining relation
is (a,,,, V-T2 (n)) = 0, Yu € Agp. Noting that —V - T%(u) = Ry (p) in ©Q;, for
JIXS Ask, and since from Lemma 3.1 there exists u* € A4 such that er( ) = Uy
we conclude that @,.,,, = 0, and the result follows. D

rm7
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4. The MHM-WS method as a MFEM-WS

The purpose of this section is to establish the relation between this MFEM-WS
solution with the approximate variables given by the MFEM-WS scheme based on
the same FE space setting .

Theorem 4.1. Assume the FE space configuration Eg, = Te X U X 2 verify
the divergence and Stokes compatibility constraints. Then the well-posed MFEM-
WS based on E is equivalent to the MHM-WS method using the same FE space
configuration.

Proof. Let us follow similar steps as in the proof of Theorem 2.1. Firstly, suppose
(A, @,,.) solves the upscaling system of the MHM-WS ~method, and consider the

r=rm

recovered solution of the downscahng stage & = T”()\)—i—T” (f), @ it T“()\)—i—T" (f)s
1

and ¢ = 3 asym,,, + T9(A) + Tq(f) After the combination of the systems (3.4) -

(3.7) and (3.8) - (3.11), we obtain the following set of equations in the subdomains:

1 2
(é_l i);)ﬂi + (@J_,z : ;)Qz + (d - § asyin Vﬂrm’asymg)ﬂi = 0’ vg € y’

(asymg, ¢)o, =0, Vo€ 2,
nlaa, = Ao

ISH

On the other hand side, let (3, @, 7) € Esi be the MFEM-WS solution, and set
U =3n|r, and @ = @,.,, + wt. By confronting the above system of equations with

milar one valid for (5 w,7), we conclude that ¢ — 5 = TZ(\ — ), at — ot =

sim
T%(A—17), and §—7 = T\ - B).

For arbitrary pu € A, (3.8), (3.5), and (3.10) imply that (f,T*(u))a,
(T%(E),éflfg(i))gi. Using this relation and the properties p|sq = TZ() n? (by

(3.11)), and (V- TZ(f),v) = 0, Yv € %, Eq. (3.12) and (3.13) become

(A3, TE(R) + (@yn, ¥ - T2()) = (1, 9), Vi € A

-V a,v)= (f,v), Yv€Umn.

Analogously, using in Eq. (1.9) the facts that (7,asymT%(u)) = 0, and (w*,V -
T%(p)) = 0, and recalling Eq. (1.10), we obtain

(é_l ER Tg(ﬂ)) + (@, V- Tg(ﬁ)) = <H7 Q>ﬂ Vi e Aslﬁ
_(y éay) = (ivy)a Vv € Um.
Consequently,
(é_l[i - é]’ Tg(ﬁ)) + (Qrm - wrmay : Tg(ﬂ)) = 07 VH € ]\sk-
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By setting u = )\ vand v = 4,.,, —W,,, in the above relations, and since we already
know that ¢ — 3 = ~%(i — D), the positive definiteness property of éfl implies that
g =3 (e , A =1). Thus @ = w' and § = 7 as well. Finally, the remaining
equation (ﬂ,,m — Wy, V- TE(p)) =0, YV € Ak, and Lemma 3.1, concerning the
surjectivity over %, of V - Ti(i) = —Rym(p), o € Mgy, imply that @, = w,.,,
By uniqueness of MHM-WS and MFEM-WS solutions in &, these methods are
equivalent. O

As shall be used in further sections, the equivalence result of Theorem 4.1 is an
important tool for stability and error analyses of the MHM-WS method via some
known methodologies for the MFEM-WS, which require the construction appropri-
ate interpolants, as defined in Ref. 4. Then error estimates are bounded in terms
of the interpolation errors. The next theorem shows how these operators can be
defined for the particular cases of interest in the contex of the MHM-WS method.

Theorem 4.2. Assume the composite FE space configuration &y, = S XU X 2
verify the divergence and Stokes compatibility stability constraints. Then, a bounded
interpolation operator H%k : HY(Q,M) — L4, can be defined satisfying

(Y- (z - H%,é),@) + (asym(g — H%,é),gp) =0, VWweX, Yo € 9,
I 2] 2 aiv.enn) < Cllzl mraiv.o.m- (4.1)

Proof. The construction of H%}é = H%Sk; + H%S,é is done in two steps, as sug-
gested in Ref. 4. Firstly, for divergence consistent pairs S X U, the mapping
1T, : H'(Q,M) — . is constructed such that

(y-(g—nl ) )_o Yo e . (4.2)

It can be formed by the combination of local versions 7Sy : H(€;, M) — Zox (%)
verifying (4.2) in §2;. As for the one-scale FE settings, aodirect sum decomposition
for the constrained tensor space .7, (Q;) = .Z9,() @ () also holds, playing a
crucial role in the definition of 7\'?,; Precisely, in the spirit of the projection-based
interpolants 7% hold by the one-level frameworks . () (), WQ,;T can be factorized

Q Q5,0 Q4,0 Q;,0
in terms of edge and internal terms as 7w\ = 7“1 + 7% -7z, 7T €

F3 (), and & [T — Q“a 7] € 5”( i), where the edge component is modifyied to
be constrained by A,y (1nstead of A for the uncostrained cases),

(m Q“87' n, 1oo, = <T “n, (oa;, Vi€ Ag.

The uniform boundness of 71'8,;' 7 and the required divergence-commuting property
hold as for unconstrained one-scale spaces.
For the divergence-free correction H%Sk : HY(Q,M) — %4 such that

(asym II3 7, ¢) = (asym (IIT, 7 — 1), ), Ve € 2, (4.3)
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consider the Stokes-compatible pair {Vﬂsk, 2}, which is assumed to ex1st so that
the stability constraint V x Wi, C S is satisfyied. To construct H2 kD> let ¢ =

[p1 b2] € W, solving the Stokes problem such that —(V-0,0) = (asym(HLskl

D21 —O1¢n

I))SO)? VSOG ga and deﬁne H%WI:YXQb: [a¢ 8¢
B - - Q2 —0102

] S fsk. It can be
verified that H%Skg is divergence free and

I ozl aiv.0m) = M5zl 2 @my < CIIT, T — Tl L2 (om)- (4.4)

Since asym H%Sk; = —01¢1 — 02 = =V - ¢, the required property (4.3) holds. O

5. Examples of FE Spaces for the MHM-WS

We know from Theorem 4.1 that, under dlvergence and Stokes compatibility con-
straints of a FE space setting E = Fap X U x Q the MHM-WS method and the
MFEM-WS formulation based on it are equivalent. Some stable two-scale examples
shall be derived and analyzed in this section. Their constructions start from basic
stable one-scale composite frameworks.

5.1. The one-scale FE space cases

Suppose partitions 7;° of e C I' are given, with characteristic size h > 0. Internal
partitions ’7;?1' of the subdomains (; are defined with the same characteristic mesh-
size h, and verifying the geometric properties stated in Sec. 3.1, excepting that they
are supposed to be compatible with the edge partitions 7, for each e in 0, so
that T, = UTQi is a conformal shape-regular partition of €. Let us also assume
that aspect ratios of 7, are mdependent of h.

Consider one-scale FE spaces Eh k= Yh kX ?/h E X Qh r composed by stable
discrete local settings Yhyk( i) X %hk(Ql) X Qh’k(QZ) for the MFEM-WS in Q;,
based on 7719", for which the assumptions made in Sec: 3.1 hold. For them, define
the trace space ]\h’k, k > 1, of piecewise scalar polynomials of degree k based on

i, C 08, so that 7 n|. € Ah’k|e, for 7 € jhk(ﬂl)

For k > 1, let parameters ¢, € {—1,0,1} be such that the local approximation
spaces S(K,M), U(K,R?), and Q(K,R), K € T*, used in the construction of
the one-sale space settings jh}k(ﬂi) X ?Zh,k(Qi) X Qh’k(Qi), satisfy the following
properties:

Py.(K, M) C S(K,M), (5.1)
Pry+ (K, M) C U(K,R?), (5.2)
Pk+r(K7 M) C Q(Kv R) (53)

Table 1 summarizes some examples of stable one-scale FE space settings veri-
fying th ies. Notice that & c c 1
ying these properties. Notice that SBDM; and 5BDM:+v and 5717’[4;] are recently

constructed stable enhanced versions of Ezp M, and SRT[M methods, respectively.
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They are obtained by an enrichment procedure enforced by incrementing the ten-
sor space with extra bubble terms to restore divergence-constraint and/or Stokes-
constraint for stability condition when higher order displacement and/or rotation
spaces are applied. The parameters (¢,7) characterize their optimal conditions (5.2)
and (5.3). Condition (5.1), with k£ > 1, is valid in all the cases. Eventually, their
stability analyses require two new auxiliary types of Stokes-compatible space con-
figurations, namely, the enriched versions of Crouzier-Raviat CR,JCr 4, for triangles or
Girault-Raviart GR™ ] for quadrilaterals. More details shall be given in Sec. 6 for

[k+1
these and for general two-scale FE space configurations.

Table 1: One-scale stable FE methods gh,kv k > 1 for the MFEM-WS for triangular (T)
and affine quadrilateral (Q) elements K: Stokes pairs, FE spaces S(K,M), U(K, ]Rz), and
Q(K,R), for K € 7;?"; the accuracy parameters (¢,7) verify (5.2) and (5.3).

K| & | Stokes | S(K, M) | UWRY) | QUCR) | (t.r) |Ref
BDMy, - PY (K, M) & Py (K, M) Py_1(K,R?) P (K) |(—=1,-1) [3]
T |BDM; | CRiyr | PU(K, M) @ Py (K, M) P (K, R?) Pi(K,R) | (0,0) | [14]
BDM;H CR,, P (K, M) ® Ppyo (K, M) Per1(K,R?)  |Pepy(K,R) | (1,1) | [14]
RT i | GRpet1) SrT . (K, M) Qrr(K,R?) Pi(K,R) | (0,0) [1]
Q| RTYy |9R sy [SRT (K, M) @ SRT )y (K, M) U,y (K, R?) [Pyt (K,R) | (1,1); | [14]

5.2. The two-scale space cases

The family of two-scale MHM-WS methods are parametrized by v = (Vsk, Yin ),
where 7y and -y;, represent the pair of mesh widths and polynomial degrees asso-
ciated to the trace and local FE spaces. Specifically,

o vor = (hsk, ksk), ksk > 1, are parametrers for a fixed coarse one-scale stable set-
ting 57% . for the MFEM-WS. Namely, the trace space ]\% . 1s plecewise defined
by polynomials of degree kg based on a skeleton partition 773; of characteristic
mesh-size hgg, and the FE spaces ENAM are based on a conformal shape regular
partition Ty, of  formed by the union of local meshes 7;&

® vin = (hin,kin) are the parameters for refinded local FE spaces inside the
subregions, £, (%) = 7., (%) X U, () X 2., (;), based on the partitions

e It is assumed that h;, = hsk/Qg, £ >0, and k;, = ks +n, n > 0. Thus,

E,.. () C &, (). For the particular case SBDMW” (), with kg = 1, we
assume n > 1 (such that %.,,(Q:) C %, (Q) holds).

Owing to the previous assumptions, observe that the requirements stated in Sec.
3.1 concerning the well-definition of the MHM-WS method hold. Precisely, we get
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(1) The local FE spaces &, (%) = %, (%) X %, () x 2, (Q;) verify the
stability constraints for the MFEM—WSNSCheme for elasticity problems in ;.

(2) Um(S4) C Uy, () and Po(Q;,R) C 25, ().

(3) Trace hierarchy naturally holds: A,,, C A, .

Let us define the following two-scale local FE spaces:

() = I e () B T e (), (5.4)
%Vm(ﬂi) = %himkm (Ql) (55)
g’)’m (Q’L) = ghm,km (Ql) (56)

Recall that the internal tensors jhnkn (€;), with vanishing normal traces over

99, are enriched versions of .7, x., (%) C .. k., (%) by uniformly refining the
local meshes 7'}2; to get 7;3;, and/or by adding internal tensors of higher degree
ksi +n. However, the edge tensors jfik,ksk (€2;) are maintained at the coarser level,
their normal traces over 0€2; being constrained to the coarse space A, C A, .
This means that if

o = {1 € H(div,Q,M); 7]q, € %, ()},

then the interface normal trace constraint 7 - n|r € Avsk holds for all T € 5%.

Following the general construction described in Sec 3.2, here the focus is on the
analysis of MHM-WS methods relying on the two-scale FE space configurations
£ = F XUy, % D,

in

Remarks

e The two-scale pairs .7, () x %,,, () can be interpreted as being constructed

from two-scale Poisson-compatible pairs 7 (€;) x 2., () defined in Ref. 15,
where ,%Y(Ql) = %Zk,ksk (Ql) @ Athukin(Qi) and ‘@%n(Qi) = ‘@hivukin(ﬂi)'

e It should be mentioned that more generic stable one-scale FE space configura-
tions can be used to form two-scale FE spaces &, for the MHM-WS method. For
instance, the cases proposed in Ref. 30 and 9 could be considered. They are con-
structed by the inclusion of some extra divergence-free bubble tensor functions
to an approximation space formed with rows taken from standard Poisson-
compatible FE spaces. Their stability are not based on a Stokes-constraint, as
for the cases considered in Table 1 and analysed in the following section.

6. Unified Stability Analysis for the Two-Scale MHM-WS Methods
This section is dedicated to the stability analysis for the MHM-WS methods based
on the two-scale FE space configurations Egpa., s Egp M and &g, derived from

the one-scale settings gh’BDM,C, gh BDM; and gh,RT[k.]; for £k > 1, displayed in
Table 1.
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Recalling the statement of Theorem 4.1, the principle is to prove stability of these
MHM-WS methods via the equivalent MFEM-WS methods (generally denoted by
MFEM-WS(v)) that search for two-scale approximations (&,1,q) € 5~7 = 1777 X
?Zﬂ,m X g,yn satisfying

(A" 6, 7)+ (@Y 1)+ (§asym1) = (zn,g), Vre€.7, (6.1
(Y G,v) = (f,v), Yv€%,, (6.2)
(asymg,p) =0, Voe Q:,m. (6.3)

By construction, the divergence-constraint V - 5’@ C %~%” is verified by the
FE pairs .7, () x %, (Q:). To complete stability of the MFEM-WS(~) scheme,
enriched pairs {#,, 2., } of Stokes-compatible spaces verifying the constraint
V x #., C .7, are required, which shall be constructed in this section.

As already mentioned, the stability of some particular scenarios were analyzed in
Ref. 14 for one-scale triangular or quadrilateral meshes (i.e. h;, = hgi), when only
internal polynomial degree enrichments k;, = kg + 1 or k;,, = ksi + 2 were adopted
(see Table 1). A similar methodology can be successfully applied to the more gen-
eral two-scale composite FE space settings 57, as shall be detailed in Sec. 6.1 and
Sec. 6.2, and summarized in Table 2. The construction of these two-scale Stokes-
compatible FE pairs is guided by incrementing the velocity spaces Wer, | +1 (K,R?)
or Wgry, ,+1(K,R?)) for K € T, with some bubble vector functions to recover
stability when pressure spaces are enlarged (see Ref. 6). These extra terms are de-
fined by the multiplication of appropriate vector spaces, containing the gradient of
the enlarged rotation elements, by a fixed scalar bubble function defined for each
K e 77& As far as we understand, these two-scale Stokes-compatible FE pairs, for
the Girault-Raviart family for affine quadrilaterals, and for the Crouzeix-Raviart
spaces for triangles, are new in the literature.

Table 2: Two-scale Stokes-compatible FE pairs {#4(;), 2+, (%)}: local spaces in K €
7’}19']‘; for triangular (T) and affine quadrilateral (Q) elements.

Ls

Spaces D, (ﬁfn ,R) W, (K,R?)
CR’Y Pksk-‘rn—l(ﬁfn ’ R) WCRk5k+1 (I_(7 R2) + éCka (771]; ) Rz)
gR['y] ]PkskJrn (ﬂfn ) R) WgR[kSkJ,-l] (Kv R2) =+ BQR[km] (771[; ’ R2)

Ol | =

The next two sections describe the construction of two-scale Stokes-compatible
FE pairs to be applied in the stability analysis of the MFEM-WS(y) schemes.
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6.1. Stokes-constraint for local triangular meshes

Let us consider two families of FE space settings c‘:',Y for triangular local meshes ’7;3;

Family gBDMf Consider first the FE space settings based on the conformal coarse
partitions 7;?,1 (without internal mesh refinement) and polynomial increment k;,, =
ks + 1, for which the local spaces are defined by

. B
{Shw DM, (2 )@thk,BDMk (), Uy DMy, 2 (), Py BDM,, 2 ()}

They correspond to the BDMh o Eak (€2;) cases considered in Ref. 14. For them, a
stable choice thk7BD/\/[ksk+l(Ql) = Py, (T % R) for the rotation space is guided
by considering the Stokes-compatible Crouzeix-Raviart spaces CRy,, +1(€2;), with
local FE spaces Wer,., ., (K, ]R22 =Py, 1(K,R?) + bgPy., 1 (K, R?) for velocity,
and Py, (K,R) for pressure, in K € Eﬂk

For a general two-scale scenario, using internal polynomial degree increment
kin = ksk + n, and internal refined partitions 7;1 with h, = hgr/ 2f , stability of
the new proposed two-scale FE space settings

{j}ik,BDMksk (Qi)@jhm,BDMksk+n (Ql)’ %hivL,BDMkSk+n (Ql)’ ghi7“3DMksk+n (QZ)}

requires two-scale Stokes-compatible Crouzeix-Raviart spaces %R Q) C
H'(Qi,R?), Qer,, () C L*(Q4,R). They are defined for K € TQ by the
composite pressure space QCRW," (K) = Pr,ptn— 1(771 R) = D, BDM,. kM(K)
piecewise-defined over the refined partition ’Efﬂ ~ induced on K, and the velocity
space Wer,, 4, (K,R?) + éCka (771}?" ,R?), where the stabilizing bubble spaces are

Ber,, (T, R?) = {w € H'(K,R?);w|x = bk VP, ,(K,R), K € T,F}.

sk4+n—1 (

Using these local FE pairs, the requirements of Corollary of Theorem 2 in Ref. 6
are fulfilled, and the Stokes-compatibility of the resulting two-scale space con-
figuration holds. Furthermore, V x  Beg, (77LKTL ,R?) are divergence-free bubble

functions in K € 7719;, with degree ks + m. Therefore, the required property
Y x Wer, () C L) = I, soam, (%) © Fhi DM, 1 () holds. Conse-
quently, 2., () = Pr_, tn_ 1(TQ R) is a stable rotation choice for E’BDMW(Qi).

Family E:’BD M As for its original one-scale setting, it is clear that the local FE
spaces {jBDMi (), QZBDM;? (), gBDMi ()} of this two-scale family verify

yBDMJr( i) = j}ik,BDMksk (), ~BD/\/!;r () = L%Lin7B’DMkin+l (),

@BDM;FM (QZ) = %hin,7BDMkm+1 (Qi)7 QBDM%H (Ql) = ghmﬁDMkaA (QZ)

In other words, EBDM;r = gBDMW; where v© = (Vsg, 'yjn), and 7;; = (hin, kin+1).
Thus, the stability analysis valid for S}gDMW+ ensures that EBDM;r is also stable.
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6.2. Stokes-constraint for local affine quadrilateral meshes

Firstly, let us recall the FE space settings based on the conformal quadrilteral
partitions ThQZ (without internal mesh refinement) and polynomial increment k;,, =
ksr + 1, for which the local spaces are defined by

-5 B . -
{yhsk-,’RT[ksk] (Ql) D yhskyRT[ksk+1] (97)7 %hsk7BDMksk+1 (Ql)a thkvnT[ksk+l] (Ql)}

They correspond to the RTF,‘M o) (€2i) cases considered in Ref. 14. For them, a
stable choice ghsk’RT[kswu Q) = ]P’ksﬁl(ﬁs:;,R) for the rotation space is guided
by considering enriched Stokes-compatible Girault-Raviart spaces GR" (),

[ksk+1]
with local FE spaces WgRﬁ N ](K,]RQ) = Qroot 1 b1 (K R + Bory, (K, R?)
cskt1 sk

for velocity, and Py, +1(K,R) for pressure, in K € 77% Functions w in the bubble
spaces égnm”u (I_(,_RQ) are of the form w = bz Qx., x., (K, R)}, bg being the basic
bubble function on K.

This enrichment methodology can also be extended to prove stability for general
local FE space scenarios Er .. with local spaces

{yhask,RT[ksk] (€2) @ Lo kor4n (i), %hin;RT[kSk+n] (), ghi?L7RT[ksk+n] ()},

where both internal polynomial degree increment and partition refinement are ap-
plied. The stability of the rotation space 2, r7, .. () = Pksﬁn(Th?i,R)
is guided by the FE Stokes pair {#gr, (%), 2gr,, (%)} C H'(Q,R?) x

. ~ = 7 = Q;
L?(9;,R), with local pressure space anhm](l() = Pksk+n(ﬁlﬁ,R), K eT,,
piecewise defined over the partition 775; induced in K, and the local ve-
e 5k+11(K’R2) + égn[kin](ﬁlffn,RQ), where the bubble spaces
Bgr,,, (Ti",,R?) C H'(K,R?) is composed by the functions w such that w|x =
b Qkoptn—1kp+n—1(K,R), K € ’775” Since Q. +n—1.k.p+n—1(K,R) contains
Pr.,+n—1(K, Rz) = VP, +n(K,R), and according to Corollary of Theorem 2 in
Ref. 6, the stability of the resulting enriched Stokes-compatible space configuration
holds. Furthermore, the tensors in V X Bgr, (775;,]1%2) are divergence-free bub-

nl

locity space Wgg,,

ble functions with degree k. +n defined in K € 7;?1 . Therefore, as in the previous
cases, the required property V x %RTM - jRTM holds, concluding that QNRTH. |

is a stable choice for the rotation space in Er .
The conclusions of this section are summarized in the following theorem.

Theorem 6.1. The MFEM-WS(~) formulation (6.1) - (6.3) is well-posed for any
of the two-scale FE spaces Egp.,, gB’DMf;’ or Er,,- Moreover, it is equivalent to
the respective MHM-WS method defined by (3.4) - (3.13) by means of Theorem 4.1.
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7. Unified Error Analysis

An unified error analysis is presented for stable MHM-WS schemes derived via an
equivalent MFEM-WS(~) formulation (6.1) - (6.3). Namely, we shall consider stable
two-scale FE spaces f:',y defined in Sec 5.2, which are composed by local approxima-
tions .7, () X %, (%) x 2, (D i) proposed in (5.4) - (5.6), the tensors being con-
strained to the trace vector space A'v . The analysis is general enough to be applied
to the three stable families EBDM , EBDM+, or 5727’ considered in the previous
section, but also to other stable two-scale FE settlngs eventually constructed from
other examples of Poisson-compatible FE pairs under similar circumstances.

7.1. Interpolation error estimates

For stable two-scale FE space configurations 5~,Y = jv X 02271." X QN%TL, veri-
fying the divergence and Stokes compatibility constraints, consider interpolants
I : H*(Q,M) — 7., as presented in Theorem 4.2, satisfyind (4.1). In order
to derive interpolation error estimates, recall the three mesh parameters involved in
the discretizations: H (size of subregions), hsr, < H (mesh size of the elements in the
skeleton partition), and h;, < hgj referring to the mesh spacing of the shape-regular
refined partitions 77Z which are obtained from 77L by uniform subdivisions. There
are also two polynomlal degrees used in the contructlon of the FE spaces: kg re-
ferring to the trace approximations over the mesh skeleton, and k;, of the internal
local FE aproximations.

Theorem 7.1. For a stable two scale FE space configuration &, =Ly X Uy, %
Qﬂ,m, consider the interpolant H* H?(Q, I\/JI)~ — Y being defined for suﬂ‘igiently
smooth tensors, and let 117, LQ(Q,RQ) - Uy, and 112, - L*(Q,R?*) — 2., be
L?-orthogonal-projections. If the properties (5.1) - (5.3) are verified, then:

Iz = 5zl lmny S 2 Izl e s (7.1)

V- (z— H:I)HLQ QR2) S < hpn |y Tl grin+t+1(0,R2)s (7.2)
llv =115, vllr2or2) S hkm+t+1||U||H’“in+‘+1(Q,R2)7 (7.3)
(7.4)

hkm +7+1|

o — I, ollL2@r) S @l Freintr+1(0R)s

where t and r are the optimal parameters defined in (5.2) and (5.3). The leading
constants appearing on the right hand sides are independent of ~y.

Proof. Being a L2-projection over %, (), 115, is bounded in L?*(Q,R?), with
unitary norm. Then, the estimation (7.3) follows from usual L2-projection conver-
gence errors valid in the one-level FE space configuration with mesh size h;, and
containing polynomial spaces with degree k;, + t.

For the same reason, (7.2) holds due to the divergence- compatlblhty property
derived in (4.2), meaning that V - H T is the L?-projection over % mof V.1
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Similarly, the estimation (7.4) follows from usual L*-projection convergence er-
rors by recalling that QN,YM () are composite spaces over the local meshes ’T,f?n
piecewise defined by scalar local spaces containing polynomials of degree k;,, + t.

Concerning the error estimation (7.1), firstly observe that it holds for H%'y'
In fact, this is a consequence of the corresponding interpolation error for 71_5
H? (Q,R2) — ”IZY associated to two-scale Poisson-compatible space configurations,
proved in Ref. 15. It is valid as a consequence of classic arguments, where the
leading constant appearing on the right hand side only depends on the shape-
regularity factors of the meshes ’Thﬂj, which are supposed to be independent of the
the mesh-widths, and on the bound for the projection #P on the corresponding
master element K, K € 7731 (see Theorem 4.1 in Ref.2). Recalling (4.4), we ob-

tain ||H%7£||Lz(QM) < CHH%vl — 7[lz2(o,m), completing the proof of (7.1), as a
consequence of the error estimation hold for H%ﬂ{ . O

We should observe that:

i) Interpolation errors for tensors are limited to order O Rlertd , independently
sk

of internal enrichment, because the edge terms live in the coarser discretization
level of the normal traces over the skeleton interfaces.

(if) Divergence of the tensor, displacement and rotation projection errors can reach
arbitrary high accuracy orders, profiting from finer meshes and higher polyno-

mial degrees used for the approximations in %,,, and in 2, .

7.2. Convergence error estimates

As a consequence of the interpolation errors given in Theorem 7.1, the following
convergence error estimates hold for the two-scale MFEM-WS(v) formulation.

Theorem 7.2. For a convex region S, let 5} = 527 X OZZ,M X Q}m be a two-
scale composite FE space setting for the MFEM-WS(vy) formulation verifying the
divergence and Stokes compatibility constraints. If ¢ € 7, u € 022%1, and § € 97
are the solutions of (6.1) - (6.3), and the evact fields o, u and q verifying (1.4) -
(1.6) are regular enough, then the next estimates hold:

lle — llez @ + llg = dllzzom) S PG el e @
+ h?’riln-‘rr-i_l||q||Hkin,+"'+1(Q7]R), (7.5)
IV - (@~ Dllezze) S BTN - allpron s g2y (7.6)
lu — @l z2gmey S B2l prmin s oy + BE Tl e 0 m2)
+ hskhfﬁnﬂﬂ||Q||Hkm+7'+1(9,R), (7.7)

where t and r are the optimal parameters defined in (5.2) and (5.3).

Proof. The following error estimates hold for the approximate variables in terms
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of interpolation errors (see Ref. 14 or the references therein)

la —3allzzcamy + lg = dllzzor) S llg —5allrz@m + la — 12, qllzzor),  (7-8)

IV (g —3)llrzre SV - (@ —15a)| L2k, (7.9)
T w— @720 pe) = (Alg — §),0 - o) + (117, ¢ — g,asym(v — [I5v)), (7.10)

where v € H(div, ,S) is the solution of the elasticity problem V -v = H%mg -1

and v = A7 'e(w) in Q, with w = 0 on 9. Consequently, estimates (7.5) and (7.6)
)

follow directly by inserting the interpolation errors (7.1), (7.2), and (7.4) in (7.8
and (7.9). Using Cauchy-Schwartz inequality in (7.10), we obtain

T w— @202 < Al — @)z lle — T5ull L2 @
I, g — qll2(o.r) | asym(v — [I50) || L2 r)-

Since [[v|mr@m) ~ |lwllmzom is bounded by |15, w — @l 12(q,re), due to the
elliptic regularity property, valid for convex €2, and recalling that |jv —H%g 2oy S

g .
hsil|2ll 2 o), and || asym(v — T5v)| 22 or) S Pskll2ll g ), We obtain

155, u — @l L2 r2) S hsk <||g — 2 + T2, g — 6]||L2(Q,R)) -

Finally, (7.7) follows by inserting the above estimate in the triangular inequality

lu —@llp2orey < |lu— 105, ullpeore) + 115, w — @l 2o r2),

and by recalling the interpolation errors (7.3) and (7.4), and using (7.5). O

Remark: Theorem 7.2 holds for the stable methods gRTM and SBDMj with t =
r =0, and fflgpj\,lw for kg > 1, or kg = 1 with k;, > kg, with t =7 = —1.

8. Numerical Verification Tests

This section is dedicated to the presentation and discussion of some verification tests
for the MHM-WS formulation analyzed in the previous sections, based on two-scale
space configurations €, corresponding to FE local spaces .7, () x %, () X
2., (Q;), as defined in (5.4) - (5.5) - (5.6). The results are compared with the ones
given by the corresponding one-scale MFEM-WS versions and by the MHM-H? for-
mulation described in Section A.2. For these implementations, H (div)-conforming
shape functions of edge and internal types, required in the construction of stress
approximations, are the ones presented in Ref. 29, 13. The MHM-H' simulations
adopt spaces spanned by the hierarchical shape functions described in Ref. 12. Both
types of shape functions are available in the computational framework®.

#NeoPZ open source platform: http://github.com/labmec/neopz
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Problem 1: Oscillatory Young’s modulus

Consider the elasticity problem defined in the square region (0,1) x (0,1), hav-
ing Poisson ratio v = 0.3, and oscillatory Young’s modulus E(z,y) = 100(1 +
0.3sin(107(x — 0.5)) cos(107y), with exact displacement solution

1
—(f)zy2 cos(6mz) sin(77y)
u(z,y) = | 33
—eY sin(4mx)
5
The plots for E(z,y), the components of the displacement and the corresponding
stress tension field g are shown in Fig. 2.
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Fig. 2: Problem 1: Young’s modulus, analytic displacement and stress tensor components.

The results shown in this section are for enhanced FE approximations ERTM
based on square meshes, for Egp M., and SBD o+ based on triangular elements. Two
types of convergence curves are considered: mesh-based and space-based conver-
gence rates. In the first scenario, convergence rate is based on the usual H-refinement
of the macro-partition, and taking hgr = H (no mesh-skeleton refinement). The goal
is to verify the error estimates predicted in Theorem 7.2.

Note also that the macro mesh-size H does not appear explicitly in the error
estimates of Theorem 7.2. Thus, convergence is achieved by making hg, — 0, even
if Ty stays unchanged. Thus, the second case is for a fixed macro-partition, and the
skeleton partitions are refined (as well the internal ones). The purpose is to verify
if an extra convergence rate of order hif occurs, as observed in the numerical tests
of Ref. 20, 26 using the MHM-H' method.
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8.1. Problem 1: mesh-based convergence with square elements

In this part, all the verification tests for Problem 1 are for FE spaces éRT[.,] based
on square local partitions.

The results for the tensor component oq; obtained by the application of the
MHM-WS method are displayed in Fig. 3, for different FE space configurations.
Precisely, the plots are shown for: (a) 8 x 8 subregions, H = 273 hew = H, kg, = 2;
(b) 8 x 8 subregions, hy, = H/4, kg = 0; and (c) 32 x 32 subregions, H = 272,
hsk = H, ks = 2. In all the cases, h;, = 2_7, and k;,, = ks + 1. It is clear that the
space configuration (a) is not sufficiently refined to capture the essential features
of the solution. The other two space configurations, which are equivalent in terms
of element sizes on the edges, show similar approximations, but the errors for the
configuration in (c) are the smallest ones.

sigma_11 sigma_11
-86.43 0 63.48 -86.44 0 63.47

Ees = = =

Fig. 3: Problem 1 - tensor component o137 solved with MHM-WS using approximation
space configurations 8~R7—M for different square partitions: 8 x 8 subregions, hg, = H,
ks = 2 (left side); 8 x 8 subregions, hy, = H/4, kg = 0 (middle side); and 32 x 32
subregions, hg = H, and kg = 2. In all the cases k;, = kg + 1, and hyy, = 277,

Concerning the errors for displacement, the three terms in the right hand side of
the displacement error estimate (7.10) may have different influence on the results,
as shall be illustrated in the simulations of the next section. Fig. 4. For instance, for

g’RTM and gBDM;r cases, the last term hskh%”‘*'l is always dominated by h]scfg’”z

(Term 1) and h¥s# "1 (Term 2) appearing in the first and second terms. Different
regimes may be observed for Term 1 and Term 2, depending on the configuration
parameters. For instance, when internal polynomial degree increment is applied with
n > 1, the influence of Term 1 dominates Term 2 in the range of hg illustrated
in Fig. 4 (top side), independently of the internal mesh refinement h;, = hgy/ 2f,
¢ > 1. These effects shall be verified in the simulations of this section.

1
Fig. 5 - 8 show L%-error curves for u, a,V-g, q, and energy norm (A _(g),g(y)) ’ ,

in terms of the macro mesh size H =277, j =1,2,--- ,6, for the MHM-WS method
based on FE spaces SRTM; using hg, = H, ks, = 1,2. For comparison, results are
shown for MFEM-WS, using uniform mesh-size H, and polynomial degrees k = 1,2.
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=1 kg =2

10-10

Fig. 4: Effects of h*;*™2 in Term 1 (T1), and A%}" in Term 2 (T2) in the displacement
error estimate: kg = 1,2, kip = kg +n, n =0,1,2, and h;, = hsk/ZZ, {=1,2,3.

8.1.1. Effect of polynomial degree increment

Fig. 5 is for ks = 1, and Fig. 6 is for kg, = 2, both with h;, = hg/2. The purpose
is to analyze the effect of increasing k;,, = ks +n, n =0,1,2.

As predicted in (7.5), the errors in g and ¢ are of order kg + 1, independently
of n, and these errors are about the same magnitude, in all the cases. The stress
symmetry errors, which are proportional to the stress errors, also have convergence
rates of order kg + 1, but the increment of the polynomial degrees inside the
subregions reduces significantly their magnitudes. As expected, the divergence of
the stress systematically improves accuracy to order kg +n + 1 (recall that ¢t = 0
for gRTM)- For these space configurations, the dominant effect of the first term in
the displacement error estimate (7.7), of order ksx +2, is also verified when n = 1, 2.
For n = 0, i.e. k;;, = ksg, the second term takes place, and convergence rate of order
ks 4+ 1 occurs, in accordance with the illustration of Fig. 4 (top-left-side).
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Fig. 5: Problem 1 - Mesh-based convergence for MHM-WS using FE spaces ERT[W in

terms of the macro-element size H = 277, j = 1,2,---6: hg, = H, hip = hsk /2, ksp = 1,
and k;, = kg +n, n=0,1,2; MEFEM-WS for mesh-size H, and k = 1.
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Fig. 6: Problem 1 - Mesh-based convergence for MHM-WS using FE spaces éRT[v]’ in
terms of the macro-element size H = 27j, J=1,2,--6: hgp, = H, hin = hs/2, ks, = 1,

and k;n, = ks +n, n=0,1,2; MFEM-WS for mesh-size H, and k = 2.

8.1.2. Effect of internal mesh refinement

The purpose in Fig. 7, for ks, = 1, and Fig. 8, for kg, = 2, taking k; = ks,
is to analyze the effect of refining the internal meshes, comparing the cases for
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hin = hsk/Qtz7 ¢ =1,2,3. Again, for coarser levels (¢ = 1,2) the second term in the
displacement error is the most significant, of order ks + 1, in accordance with the
plots of Fig. 4 (top-left-side). However, by further refining the internal grids (¢ > 2),
the convergence rate tends to order kg + 2 of the first term in (7.7). It should also
be pointed out the different regime for the divergence of the stress, which is now
always of fixed order kg + 1, but with magnitude reducing as ¢ increases. The
behavior of the other variables are not significantly affected by using these space
configurations.

Error in displacement
Errorin stress
Energy error

Errorin rotation
Errorin stress asym

Fig. 7: Problem 1 - Mesh-based convergence for MHM-WS using FE spaces gRTM ,in terms

of the macro-element size H = 27j, 3 =12,---6: hgp = H, hy, = hsk/2z, l=1,2,3,
ks = 1, and k;p, = kgp; MFEM-WS for mesh-size H, and k£ = 1.

8.1.3. Comparison of MHM-WS and MHM-H" methods

Convergence histories for MHM-WS and MHM-H! methods, are compared in the
plots in Fig. 9. The space configurations are for polynomial degree kg, = 1,2,
without skeleton subdivision (hsx = H) and internal polynomial degree enrichment
(n = 0), but ¢ subdivisions are used to form the micro meshes inside the macro-
elements (hy, = H/2%), 1 < ¢ < 3. For the MHM-H"' method, using scalar polyno-
mials in Qy,, x., (K,R), L?-stress and energy errors maintain of order kg, but as
the internal mesh refinement increases, the error magnitudes decrease. This error
decay is faster for ks, = 2, starting with a convergence rate of order 2 for £ = 1, the
error curves for the MHM-H' method approach the ones of the MHM-WS method,
having rate of order kg + 1, until they almost coincide at ¢ = 3. Concerning the
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Fig. 8: Problem 1 - Mesh-based convergence for MHM-WS using FE spaces SRT[W in terms

of the macro-element size H = 277, j = 1,2,---5: hg, = H, hin = hsk/2€, {=1,2,3,
ks = 2, and kj,, = kgp; MFEM-WS for mesh-size H, and k = 2.
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Fig. 9: Problem 1 - Mesh-based convergence for MHM-WS using FE spaces gRT[W and

MHM-H* formulations, in terms of the macro-element size H = 2_j, i=1,2--, hg =
H, kg, = 1,2, hin = hgp /25, € =1,2,3 and ki, = kg
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displacement variable, both methods show similar behavior, starting with rates of
order kg + 1 at low internal refinement levels, typical of one-level schemes, as pre-
dicted by the error estimate in (7.7) for this kind of space configuration (n = 0,
t =0, and hy, ~ h), whose first term on the right hand side is dominating. However,
as ¢ increases, with h;, < hgg, the error magnitudes decrease, with fast decay for
the higher degree kg, = 2. The enhanced rate of order kg, + 2 is observed at ¢ = 3,
illustrating the domination of the first term on the right hand side of (7.7).

8.2. Problem 1: Space-based convergence

Consider now a fixed macro-partition with mesh-size H = 272, and skeleton subdi-
vision, taking he, = 277H, j = 0,1,2, - --. Inside the subregions, uniform partitions
7;?} are taken with h;, = hs/2. The polynomial degrees used for the trace spaces
are ks = 1,2, and k;,, = ks + 1 is applied for the local FE spaces inside 2;.

Space-based error curves in Fig. 10 are for SRTM versus the number of equations
(DoF) in the condensed systems of the upscaling stage. Mesh-based results are also
included, where the macro-partitions and the skeleton discretization use the same
grid size H = hgj, and the other parameters are maintained. These plots show that
a desired accuracy can be obtained with about two orders of magnitude less degrees
of freedom when the space-based strategy is adopted.

Errorin stress divergence
Error in rotation

9

)
o
Energy error
5

9
3

Error in displacement

10° 10% 10°

Fig. 10: Problem 1 - Space-based convergence (s-b) for MHM-WS using (‘:'RTM Versus
DoF in the condensed upscaling systems: fixed macro-partition with 16 uniform square
subregions, hy, = 277, j = 2,--- ,6, for kg, = 1,2, hiyn = hgi/2, and ki = kg + 1;
mesh-based convergence (m-b) is for macro-partitions with H = hy.
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Table 3: Problem 1 - Space-based convergence for MHM-WS: L?-errors and convergence
rates using fixed macro-partition of 16 uniform squares for SRTM, or 32 uniform triangles

for SBDMA, and gBDMft; hsi, = 2_j, ks = 1,2, hin, = hgr/2, and ki, = kgp + 1.

Square local partitions
ERTp)

sk

=1

stress

displacement

divergence

rotation

asymmetry

energy

error
9.4146e+0
1.9264e+0
3.7643e—1
7.0104e—2

rate
2.29
2.36
2.42

error rate
1.7854e—3
1.7689e—4
1.7954e—5
1.7949e—6

3.34
3.30
3.32

error rate
4.7550e+1
6.3514e+-0
8.0654e—1
1.0121e—1

2.90
2.98
2.99

error rate
8.8385e—2
1.7487e—2
3.1986e—3
5.8776e—4

2.34
2.45
2.44

error rate
3.3533e+0
6.4913e—1
9.9418e—2
1.5477e—2

2.37
2.71
2.68

error rate
9.2503e—1
1.8732e—1
3.6507e—2
6.7932e—3

2.30
2.36
2.43

ksk

=2

stress

displacement

divergence

rotation

asymmetry

energy

error
2.5818e+-0
2.9517e+1
2.5628e—2
2.1734e—3

UL W Ml .

rate

3.13
3.53
3.56

error rate
3.0900e—4
1.8120e—5
7.7721e—"7
3.1703e—8

4.09
4.54
4.62

error rate
8.0800e+-0
5.3177e+1
3.3700e—2
2.1136e—3

3.93
3.98
3.99

error rate
2.1208e—2
2.3865e—3
2.2522e—4
1.9062e—5

3.15
3.41
3.56

error rate
6.8336e—1
7.6440e—2
9.7628e—3
9.2792e—4

3.16
2.97
3.40

error rate
2.5349e—1
2.9117e—2
2.5336e—3

2.1600e—4

3.12
3.52
3.55

Triangular local partitions
EBDM,,

ksk

=1

stress

displacement

divergence

rotation

asymmetry

energy

error
1.5298e+1
3.8547e+0
7.9571e—1
1.6220e—1

U W Ml <.

rate

1.99
2.28
2.30

error rate
6.1570e—3
1.2550e—3
2.8845e—4
7.1211e—5

2.29
2.12
2.02

error rate
2.3282e+2
6.6334e+1
1.7167e+1
4.3292e+0

1.81
1.95
1.99

error rate
1.5827e+4-0
3.8729e—2 2.03
7.245e—3 2.42
1.4674e—3 2.30

error rate
5.0094e+0
1.3566e+0
2.6268e—1
4.8063e—2

1.88
2.37
2.45

error rate
1.5277e+0
3.7603e—1
7.6726e—2

1.5543e—2

2.02
2.29
2.30

ksk

=2

stress

displacement

divergence

rotation

asymmetry

energy

error

27 6.5982e40
1.1056e—1
1.1581e—1
9.4750e—3

T W N S,

rate
2.58
3.25
3.61

error rate
1.4763e—3
1.2802e—4 3.53
8.1727e—6 3.97
6.4039e—7 3.67

error rate
1.0815e+1
1.0815e+1
1.4003e+0
1.7659e—1

2.79
2.95
2.99

error rate
6.8016e—2
1.0762e—2
1.1113e—3
8.5089e—5

2.66
3.28
3.71

error rate
1.4044e+0
1.9111e—1
2.3519e—2
2.6922e—3

2.88
3.02
3.13

error rate
6.4350e—1
1.0699e—1
1.1212e—2

9.2499e—4

2.59
3.20
3.60

&

BDMT

ksk

=1

stress

displacement

divergence

rotation

asymmetry

energy

error
1.5909e+1
4.0471e+0
8.2132e—1
1.6348e—1

U W Ml <.

rate

1.97
2.30
2.33

error rate
4.7291e—3
6.1283e—4
5.8335e—5
6.3446e—6

2.95
3.39
3.20

error rate
7.4825e+1
1.0815e+1
1.4003e+0
1.7659e+1

2.79
2.95
2.99

error rate
1.9752e—1
4.8076e—2
8.4784e—3
1.5663e—3

2.04
2.50
2.44

error rate
2.6632e+0
7.1458e—1
1.2752e—1
1.9175e—2

1.90
2.49
2.73

error rate
1.5436e+0
3.8563e—1
7.7762e—2

1.5442e—2

2.00
2.31
2.33

ksk

=2

stress

displacement

divergence

rotation

asymmetry

energy

error

27| 6.6848e40
1.1190e+0
1.1724e—1
9.6566e—3

[SEENU ST

rate
2.58
3.25
3.60

error rate
1.4911e—3
1.2639e—4
6.8611e—6
2.5853e—7

3.56
4.20
4.73

error rate
2.0206e+1
1.4320e+0
9.2555e—2
5.8340e—3

3.82
3.95
3.99

error rate
7.3370e—2
1.1316e—2
1.1689e—3
9.3046e—5

2.70
3.28
3.65

error rate
9.1499e+1
1.1343e—1
1.5131e—2
1.7545e—3

3.01
2.91
3.11

error rate
6.4407e+1
1.0775e—1
1.1291e—2

9.3336e—4

2.58
3.25
3.60

Errors and convergence rates are displayed in Table 3 for square and triangular

mesh scenarios, with fixed macro-partitions with 16 uniform squares or 32 triangles,



34

respectively. Excepting the divergence of the stress, all other variables experiment
this enhanced accuracy, which is more evident for ks, = 2. Since V - g is the L2
orthogonal projection of f over ?an, its accuracy is kept in the superconvergence

rate of order AFs* T ag predicted in (7.6). As for MHM-H? simulations shown
in Ref. 20, 26, a tendency in these MHM-WS space-based convergence rates to
extrapolate the predicted values by an exponent ~ 1/2 also occurs when using SRTM
and SBD ME families. Once stress convergence rate reaches the order h§2k+3/ 2, this
enhanced accuracy is translated to the displacement error estimate (7.7), improving
the Term 1 to order hfz’“+5/2. When this term is dominant, the extra hi,/f accuracy
order reveals, as for the cases of SRTM and EBD M families using the mesh sizes
and polynomial degree scenario of this test problem. However, this tendency is not
confirmed by the displacement errors given by the simulations with Esp M., a fact
that can be justified by a closer look in the bottom-side of Fig. 4: using n = 1 and

¢ =1 the Term 2 dominates the Term 1 as hy; diminishes.

Problem 2: Heterogeneous Media

The model set has 16 layers with constant physical properties, covering an area of
10 x 10 x 5 km, with maximum topography at about 500 m and maximum depth
at about 4500 m. From the binary data downloaded fromP”, and as suggested in
Ref. 26, the original layers 4 and 12 were replaced by the data of saturated clay:
p = 1760 kg/m?, v = 0.49, E = 15 M Pa.

We consider regridded 3D values sampled at h = Az = Ay = 19.53125 m
(10000/512), and Az = 4500/256 = 17.578125 m, for the compressional velocity V,,,
shear velocity Vs, and density p, from which the Poisson coefficient v and Young’s

sz —2V2
2(Vp2 - ‘/:92)
Fig. 11 shows the plots of these parameters defined at the central cross line at
y = 5000 m, which is defined as the computational region for Problem 2. The
top, left and right sides of the domain are stress free, and the bottom side has zero
displacement. The domain is loaded by gravity (9.81 m/s*). We chose as a reference
value the evolution of g, at the height of 2250.25 m.

MFEM-WS solutions with FE space configuration éh,RT[k], k = 1,2 and com-
pared to conclude that the finest mesh can be used as a reference solution. The
plots in Fig. 12 show the reference values of o ” along the horizontal center line of
the domain for four MHM-WS approximations, and compared with MHM-WS solu-
tions obtained using fixed 16 x 8 subregions (as documented in the right-hand side
of Fig. 13). The interior meshes in each subregion are also fixed, and are obtained
after five uniform subdivisions of it. The approximations are obtained using ERTM
spaces for kg = ki = 1, and £ = 0,1,2 and 3 divisions of the skeleton mesh. It

modulus E are obtained by the expressions v = and E = 2pV2(14v).

Phttp://hpcde.eu/downloads/datasets-and-software



Poisson's ratio

Young Modulus (MPa) 0.25 0.33 0.41 0.49
1.50e+01 1.00e+4 2.00e+4 3.29e+04 — D —

Fig. 11: Problem 2 - Young’s modulus (left) and Poisson’s ratio (right) at the cross line
y = 5000 m.

can be observed that by refining the skeleton mesh, the MHM-WS approximations
become closer to the reference solution, with quite well matching for ¢ = 3.

Fig. 13 shows contour plots of o , comparing the reference results (left-hand
side) with the finest MHM-WS approximate results (right-hand side), using ¢ = 3.

be+7 be+7
de+7 de+7.
2647 2647

o
2e+7 2e+7
-de+7 de+7

-be+7- -be+7

-8e+7. -8e+7.

. —Reference . —Reference
1o+ — MHM-WS with (0 1o+ —MHM-WS with (=1

“1-28+8 600 2000 3000 4000 5000 6000 7000 8000 9000 1000 12048 1000 2000 3000 4000 5000 6000 7000 8000 9000 1000
be+7 be+7
de+7 de+7.
2647 2647
of of
2e+7 2e+7
-de+7 de+7
6o+ be+7.
Be+7. -8e+7
12848600 2000 3000 4000 5000 6000 7000 8000 9000 1000 “1-28+8 600 2000 3000 4000 5000 6000 7000 8000 9000 1000

Fig. 12: Problem 2 - Plots of g, at the height of 2250.25 m. The reference solution is

in black, and the solutions of MHM-WS, in red, 5~7 based on 16 x 8 macro subregions,
ks = kin = 1, hip = 10000/512 = 19.53m, hg, = H/2€ with £ =0,1,2,3.

9. Concluding Remarks

The family of stable H(div)-conforming multiscale mixed-method for elasticity
problems proposed in this work impose weakly stress symmetry on general polygonal
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Reference MHM-Ws
-9.37e+08 -7.00e+8 -4.00e+8 -1.00e+8 2.00e+8 5.76e+08 -9.37e+08 -7.00e+8 -4.00e+8 -1.00e+8 2.00e+8 5.76e+08
|

— e —

Fig. 13: Problem 2 - Solution g, obtained with reference FE using gh,RT[Q] (top), and
MHM-WS (right) with £, based on a 16 x 8 macro-elements, ko, = ki = 1, hop = H/8,
and h;;, = 10000/512 =~ 19.53 m.

meshes. Such a feature makes the methodology flexible to represent complex geome-
tries while it yields a systematic way to build multiscale finite element spaces with
upscaling-downscaling stages. The multiscale nature of the methods provides a de-
tailed representation of the solution (stress, displacement, and rotation multiplier).
Such discrete solutions combine fine scales computations within macro elements,
which are entirely independent of one another and prompt to be parallelized, with
coarse scales represented by constrained traction (Lagrange multiplier) on mesh
skeleton. As a result, the methods achieve optimal and high-order convergence by
refining the meshes’ frame and local sub-meshes only. Also, local stress fields are
in local equilibrium with external forces. Those properties are theoretically demon-
strated and validated through numerical tests, which also verified the robustness
of the methods on a highly complex multilayer problem using meshes non-aligned
with interface layers.
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Appendix A. The MHM-H"! formulation

In the classic H'-conforming approach for linear elasticity problems, the body dis-
placement u € H'(Q, R?) verifying the boundary condition is such that

(Ae(u),e(v) = (f,v), Yue Hg(Q,R?). (A1)
Given a partition T = {Q;}, the Lagrange multiplier space A and the broken space
H'(T,R?) = {v € LAQR?); tlo, € H'(,R?), Qi€ T},

its hybrid version is formulated as: find (u, \) € H*(7,R?) x A such that

S (Ac(w).e(w)e, + A 0) = (fv), Voe HY(T,R?), (A.2)
Q,eT
Z (B, woq, = (,g9), peA (A.3)
QeT

It can be shown that (u,)) € H'(T,R?) x A solves (A.2) - (A.3) if and only if
u € H'(Q,R?) is the solution of the H'-conforming formulation (A.1). Furthermore,

if ¢ = A £(u) is the stress tensor, then Agq, = —¢ n%%,

A.1. An equivalent local-global hybrid primal formulation

Let 2t = %.(T,R?): denotes L*-orthogonal complement of %,.,,, in H* (T, R?).

c,rm

The approach for the MHM-H'! method for linear elasticity problems, as proposed
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in Ref. 19, is based on the representation u = w,,, + u®, in terms of a coarse
approximation u,.,, € %, and of u* = u —u,,, € %C m

scales in u. The local-global hybrid primal formulation is the result of two stages:

containing the smaller

e Downscaling stage: u™ is characterized as u™ = T(A)—&—T(i), where {T'(}), T(i)}
denote the local solvers defined on each Q; € T

(é é(T(A))aé(Q))QI =—-<Av >0Q; 5 Vu € %cj;"mv (A4)
(A(T(f),e@)e, = (fv)0, Y0 E U, (A.5)
o Upscaling stage: u,.,, € %m and A € A solve the system

> sty + TN)o, = — > A T(f))oa, + (1.g), Yp € A, (A.6)
QeT QeT
> A vmdon, = (f1 V), Y0 € Y. (A7)
QeT

It is shown in Ref. 19 that this system can be rewritten in an equivalent form as in
(2.9) - (2.10), but using the downscaling solutions of the MHM-H"' context.

A.2. Discrete MHM formulation with H'-conforming local solvers

The MHM -H' formulation is driven into two discretization instances:

e A finite dimensional space V = %.,, + V* ¢ H'(T,R?). The construction of
this space rely on local H'-conforming FE spaces ‘N/(Qi) for each subdomain €;,
based on refined partitions 7°%. The functions v € V(£2;) are piecewise defined
over the elements K € 7% by mapping scalar polynomial shape functions in the
corresponding master elements. For the presented experiments, they are spanned
by a hierarchy of arbitrary high-order shape functions described in Ref. 12.

e A finite dimensional subspace A, C A of piecewise polynomials based on parti-
tions 7° of edges e C 0f);, embedding the piecewise constant functions.

According to the principles of the local-global hybrid setting (A.4) - (A.7), the
MHM-H" solutions (&,,, +@", A) € %m+V L x Ay are are characterized as follows:

o Ut = T\ + T( ), {T( ), T(f)} being the discrete local solvers

(Ae(T(Y),e)e, = —(Av)an,, Yo eV, (A.8)
(A=(T(f).2w)a, = (f.v)a,. Yoe T (A.9)
® .. € Um and X € Ay solve the system
> sy + T(N)o, = — <H>%(i)>69i + (, g), Yu € Ay, (A.10)
QEeT QEeT
> (A voa, = (f,0), Yo € Uy (A.11)

QeT
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This two-scale formulation is analyzed in Ref. 19. For

V=P Pk, (QR*) C H(T,R?), Ay =P, (e.R?) CA,
QeT eCIl’

well-posedeness occurs for k;,, > kg + 1 if kg is even, and k;,, > kgx + 2, otherwise.

ItV = @ Q,, (2%, R?*) ¢ H'(T,R?), well-posedness holds provided k;, > kg, +2.
QeT

Similar results hold if the local spaces are continuously piecewise constructed on

top of refined meshes 7 of each subregion Q;, under the same polynomial degree
constraints. For these kinds of polynomial, or piecewise polynomial approximation
spaces, a priori error estimations proved in Ref. 19 states that for a smooth exact
solution u, and under mesh shape-egularity and elliptic regularity assumptions,

||A7AHA+ ||Mrm 7Qrm||H1(TH) S HkSkJrl (A12)
Hly—Q‘Hl(T)—I—HQ—QHLz SHkSk+2, (A13)
where H is the characteristic macro-partition size of the subdomains Q; € T, || - |4,

||| 71 (7) and |-| g1 () denoting standard norm for H = (T', R?), norm and semi-norm
for H'(T,R?), respectively .

In the recent work of Ref. 26, the MHM-H" formulation was extended to more
general families of approximation spaces and meshes, allowing the use of polygons
in 2D and polyhedra in 3D. It is proved and verified numerically that there is a
superconvergence in the displacement when refining either the global partition or
the skeleton mesh. The accuracy of the MHM-H' method on non-aligned coarse
partitions was highlighted there using an elasticity problem in a high-contrast het-
erogeneous domain. An especial treatment proposed in Ref. 26, using Galerkin Least
Squares local solvers, also shows that this new MHM-H' method is locking-free, a
property that fails for classical H!-conforming low-order numerical methods.

Appendix B. Classical FE Pairs for Poisson and Stokes Problems

For an element K, there is a master element K and a geometric invertible map
Fx : K — K transforming K onto K. Fi induces transformations Fyx and IE‘?(‘V
used to map functions defined in K to functions defined in K.

(i) Scalar functions: p =Fgp = po Fgl; for vector functions: v = Fi 9 by applying
Fx to the components of ¥;
1

(ii) Vector functions (Piola transformation): v = F%V@ =Fg 3 DFKﬁ], where
K

DF is the Jacobian matrix of Fi, and Jx = |det(DFk)|.

In K, scalar polynomials are usually of the form: Py, (K ,R), of total degree at most
k, for the triangle; Qg + (K, R), of maximum degree k in x and t in y, for the square.



41

B.1. Poisson-compatible approximation spaces

Approximations spaces for flux ¥ C H(div,Q,R?) and pressure P C L*(Q,R),
for mixed formulation of Poisson problems, are generally piecewise defined as by
local spaces V(K,R?) ¢ H(div, K,R?) and P(K,R) C L*(K,R). They are usually
defined by P(K,R) = Fx P, and V(K,R?) = IF%V\A/', mapping polynomial spaces
V and P defined on a reference element K. We consider that V is spanned by
a hierarchy of vector shape functions organized into two classes: the functions of
interior type, with vanishing normal traces over all element edges, V, and the funcD—
tions associated to the element edges V?. Thus, the decomposition V = V? ¢V
naturally holds. For stability (inf-sup condition), the divergence-compatibility con-
dition V-V = P is required. This property can be extended to the spaces Y4
and 2 by the construction of a projection w” : H (Q,RQ) — ¥ such that
(V-(n— ﬂ‘DQ),zZJ) =0, V¢ € 2. There is an unified form to define «” by
the so called projection-based operators (see Ref. 11). They are represented as
ﬂ_DQ _ ﬂ_D,a77 T ﬁD(n _ Do

< D(‘? L 7¢> <7'EK3¢>3K; V¢EP(8K)7
(v.#P ﬁ, Vow)g = (V-7 V-w)g, Ywe ¥ (K),
#hw)x = (w)x, Ywe ¥ (K), V-w=0,

1) with edge and internal operators defined by

where P(K) represents the space of normal traces of vector functions in ¥ (K).
Two classical Poisson- compatible FE pairs shall be used in this paper:

BDMy, k > 1 & VBDMk(K R?) = ]P’k(K R?) and PBDMk(K R) = Pr_1(K,R).

RT[k]7 k> 1 VRT = Qk+1 k(K R) X Qk k+1(K R) and PRT = Qk’k(}:{?R).

B.2. Stokes-compatible approximation spaces

Stokes-compatible finite element pairs #, 2 C H'(Q,R?) x L*(Q,R), for velocity
and pressure approximations in mixed Stokes formulations, are generally piecewise
defined by local FE pairs W (K,R?), Q(K,R) K € T. The following two classical
Stokes-compatible FE pairs shall be used in this paper:

o Crouzeix-Raviart spaces (CRy) for triangular elements, proposed in Ref. 10 for
k = 2,3, and extended to higher orders in Ref. 25: Wer, (K, R?) = P (K, R?) +
bPr_o(K, RQ), bk = A1A2A3 being the bubble function defined by the barycen-
tric coordinates \; of the triangle K, and Qcr, (K,R) = P,_1 (K, R).

e Girault-Raviart spaces (GR{)) for quadrilaterals, considered in Ref. 18 or k > 2:
Wory, (K, R?) = Fi (Qp (K, R?) and Qgr,,, (K, R) = P,_1(K,R)



