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Introduction

From the standpoint of the pre-and primary school education mathematics curriculums, measurement is a fundamental area of content and strongly related to the mathematics used in everyday life [START_REF] Battista | Understanding the development of students' thinking about length[END_REF][START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF][START_REF] Chamorro | Didáctica de las matemáticas para primaria[END_REF]Smith, van der Heuvel-Panhuizen, & Teppo, 2011;[START_REF] Antonopoulos | Measurement activities and teaching interaction in early childhood education[END_REF]. Nonetheless, sometimes not enough effort is invested in teaching length measurement formally because it is considered social knowledge that will be acquired by students outside school [START_REF] Chamorro | Didáctica de las matemáticas para primaria[END_REF].

Length measurement has the potential to connect different mathematical domains such as numeracy and geometry [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]Smith, van der Heuvel-Panhuizen, & Teppo, 2011). It is also a tool without which many descriptions of a spatial type would be vague and imprecise [START_REF] Battista | Understanding the development of students' thinking about length[END_REF] and it provides a practical skill that is important in everyday life [START_REF] Buys | Domain description Measurement[END_REF].

On the other hand, like Sarama, Clements, Barret, Van Dine and McDonel (2011) we believe that an understanding of the learning trajectory involved in length measurement gives us, as teachers, resources to improve teaching and learning strategies that support children's acquisition of this competence. The goal of this study is to identify the learning trajectories followed by pupils aged six to eight years old in order to construct the notion of length measurement.

Learning length measurement

Research on measurement learning at an early age shows that educators place the focus on arithmetic (counting, comparing quantities) and geometry (constructions, shapes and patterns) rather than on measurement [START_REF] Benz | Attitudes of Kindergarten Educators about Math[END_REF], despite the huge presence of measurement in children's day-to-day lives. [START_REF] Copley | The young child and mathematics[END_REF] expresses himself in similar terms when noting that measurement is an often-neglected mathematics topic in the education of young children; and also, Barret et al. (2012), for whom measurement learning is little connected to its mathematical foundations, often meaning that educators miss opportunities to strengthen measurement concepts such as the idea of the unit. And as pointed out by [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] mechanical learning of the notion of measurement should be avoided. [START_REF] Piaget | The Child's Conception of Geometry[END_REF] define the notion of length measurement as the synthesis of subdivision and change of position, which includes extracting a part of the total and iterating this unit throughout the entire object. Measurement for [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] "can be defined as the process of assigning a number to a magnitude of some attribute of an object, such as its length, relative to a unit" (p.163). These attributes are measured in continuous quantities so that they can always be divided into smaller quantities [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]. For these authors "length is a characteristic of an object found by quantifying how far it is between the end points of the object" (p. 164). Thus, to determine the length it is necessary to first subdivide the object into equal units of measurement and iterate them along the object [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF].

According to [START_REF] Clements | Early Childhood Mathematics learning[END_REF]2009), learning of measurement, and in particular of length measurement, involves the comprehension of eight concepts: (i) understanding of the attribute (of length); (ii) conservation (of length); (iii) transitivity; (iv) equal partitioning of the object to be measured; (v) units and unit iteration; (vi) accumulation of distance and additivity (the number of iterations indicates the space covered by the units up to a specific point); (vii) origin; and, (viii) relation between number and measurement.

Hypothetical Learning Trajectories

The construct of the Hypothetical Learning Trajectory (here in after HLT) was developed by [START_REF] Simon | Reconstructing mathematics pedagogy from a constructivist perspective[END_REF] as part of his teaching cycle model. According to this author, an HLT is built around three components: a) the learning goal, b) the mathematical tasks that will be used to promote learning, and c) the hypotheses about the learning process. The aim is to make a prediction of how students can learn a certain mathematical content based on their previous knowledge and experience. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] state that children follow natural processes of development when learning mathematics. These developmental paths form the basis of learning trajectories. Thus, in a similar way to what was proposed by [START_REF] Simon | Reconstructing mathematics pedagogy from a constructivist perspective[END_REF], these authors consider that learning trajectories involve three essential components: a) a mathematical goal; b) a developmental path; and c) a set of instructive activities or tasks typical of the levels of thinking of the path. They also suggest that the use of learning trajectories can help answer key questions concerning teaching and learning processes: the goals to be set; where to start; how to decide the direction of the next step; and how to achieve that next step. Specifically, in the case of length measurement, [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] propose an HLT organized at different levels of development, with some associated instructional tasks. It is assumed that these levels indicate the path taken by children while constructing meanings for length measurement. Some learning goals defined by key aspects of the curriculums of each pre and primary school class level are considered in order to specify these levels. Importance is given to the fact that children initially have to identify the attributes of measurement and compare objects using these attributes. Later they must be able to order objects according to their length. As the children advance in their understanding of numbers, their learning should be geared towards the recognition of connections between the metric and numeral systems, making measurements that imply the use of units and counting those units. Finally, children must be able to recognize the need to have units of equal length, through the use of standard units, and be able to identify and use measurement tools.

The levels proposed by [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] for the learning trajectory involved in length measurement are as follows: Pre-Length Quantity Recognizer (PR); Length Quantity Recognizer (R); Length Direct Comparer (DC); Indirect Length Comparer (IC); Serial Orderer to 6+; End-to-End Length Measurer (EE); Length Unit Relater and Repeater (RR).

To improve children's understanding of length measurement, it is necessary to identify how they act in the various situations that involve this notion. We see the HLTs as a construct that serves to verify this understanding and thereby provide key elements for the definition of specific actions related to the teaching and learning processes.

In this study, we use the HTL construct in order to design our instrument and also as an analytical framework. Particularly we compare the current performance of each child with the hypothetical learning trajectory about length measurement.

Methodology

Our research uses qualitative methodology. An ad-hoc data collection instrument featuring open and manipulative activities was designed to respond to the research goal. The instrument was used in interview format with 20 students aged six to eight years old. The data was recorded audiovisually. The following factors were considered when defining the sample: a) Gender, there were eight boys and twelve girls. b) The time of the year when they were born, with six participants born in the first four months of the year, six in the second four months and eight born during the last four, the children were distributed by age, which resulted in a more homogeneous sample. c) Diversity in mathematical performance, we find children who are able to solve different mathematical activities and others who usually have some difficulty in carrying them out.

The data collection instrument considered the components of the HLT. It consisted of seven activities related to the key concepts underlying measurement: recognition, comparison, ordering and iteration. By way of an example, Table 1 presents instrument activities 1 and 3, consisting of the goal, the task, the description and a series of questions that guide the dialogue during its implementation. An object is placed on the table (notebook or box) that prevents the child from seeing both pencils at the same time. A pencil is placed on one side of the notebook and the child is asked to place his/her pencil on the other side. The child can look at and touch the pencils without moving them from their place. They can use any object they have available.

Goal

Can you use the piece of string to discover which pencil is longer? Can you use another object to measure them?

Table 1: Data collection instrument activities 1 and 3

The data collected came from 20 videos, one per student, lasting between 9' 21'' and 26' 28''. Each student was tagged with a number in chronological order. The analysis focused on the actions and processes performed by the children in order to situate their level (L) on the trajectory for each activity (Act.) carried out. Using the levels proposed by [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF], some indicators associated with each of the activities are described (Table 2).

Act.

L Indicators

R

The student is capable of identifying the attribute of length 2 DC The student is capable of making a direct comparison 3 IC The student is either capable of making an indirect comparison or does not do so properly, but he/she certainly understands the notion that two objects can be measured using a third one in order to know which is longer 4 O The student is capable of ordering the five strips using length as a criterion.

EE

The student takes into account the origin and purpose of the objects when measuring them but does not show any signs of understanding that the accumulation of units of measurement serves to measure the total length. He/she overlaps the units of measurement, leaves gaps between them, or does not show an understanding of the possible subdivision of units of measurement 6 EE/RR The student takes into account the origin and purpose of the objects when measuring them and shows some signs of understanding that the accumulation of units of measurement serves to measure the total length. He/she does not perform the procedures needed to carry out the measurement in the right way (i.e.by avoiding overlaps, gaps and unequal positioning of units of measurement) 7 RR The student takes into account the origin and purpose of the objects when measuring them, and shows that he/she understandsthat the accumulation of units of measurement serves to measure a total length Once the videos were transcribed, the dialogues generated by each activity were established as units of analysis. The information about each student was then organized according to the following factors: the activity, the unit of analysis, the graphic evidence and the researchers' observations. At this point the level evidenced by the children in each unit of analysis was identified (Table 3). 

Results

The results of this research visualise the individual trajectory of each student and these trajectories provide a characterization that encompasses the whole sample. Thus, it can be seen in Table 3 that student A10 is capable of recognizing the attribute of length, of making direct and indirect comparisons, and ordering. To contrast the hypothetical learning trajectory with the real trajectory of each student, we drew up a two-dimensional adhoc graph that relates the activities to the levels. According to Figure 1, student A10 performs the first activities (Act 1 -Act4) in consonance with the HLT. However, in the activities geared towards measurement levels (Act 5 -Act 7) there is no consonance. As shown by the data collected in Table 3 and Figure 1, we can position student A10 on the IC level. At this level children are able to use rulers but often show a lack of understanding or ability. We only find student A10 performing actions on the objects on the EE level during the last activity.

It is important to clarify that the purpose of the graph contrasting the HLT with the real trajectory (Figure 1) is to provide a visual overview that shows where each child is situated during the performance of each activity. For this reason, although the transition from one level to another is not always the same, when drawing up the graph the levels have been positioned equidistantly. This makes the HLT appears to rise on a steady gradient, which is not really the case.

In Figure 2, the results obtained by the sample are presented visually, indicating in what levels the students are for the set of activities. Each point on the graph represents one student's level in each of the respective tasks of the instrument. Once the individual trajectories of the children had been established, it was observed that 70% of the group were either moving between the EE and RR levels or on the RR level. Only 20% showed no signs of the RR level, with 15% located at the EE level and 5% at the CI level. On the other hand, we can see that in activities 5, 6 and 7 related to the levels of measurement, the students were moving between the EE, EE/RR and RR levels but they did not necessarily stay at the same level during the performance of the three activities. In activities 1 and 4 all students were situated at the corresponding HLT levels. In Activity 2, all students except one were on the DC level.

Discussion

This study provides an overview of the group on the basis of the children's levels and trajectories. All the children, except one, were situated on levels EE and RR or were moving between them. According to [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] and [START_REF] Barrett | Evaluating and improving a learning trajectory for linear measurement in elementary grades 2 and 3: A longitudinal study[END_REF] children reach the EE level of measurement when around six years old and the RR level when around seven. This affirmation concurs with the data generated by this study. The transition between these two levels is very subtle and for this reason we decided to divide it into two sub-levels so that we could see more clearly where the children were situated.

During the analysis of the data, it was observed that children, although they are shown to be working mostly on one of the HLT levels, apply concepts and perform actions on the objects that correspond to levels considered higher. And, of course, they also apply strategies and perform actions on objects that belong to lower HLT levels [START_REF] Sarama | Evaluation of a learning trajectory for length in the early years[END_REF].

Once the data was analysed, we noted that despite the fact that all the children except one were above the EE level, not all of them were able to cope with the challenge of transitive inference. Although we are aware that the study is limited by the performance of only one activity linked to the IC during data collection, and the fact of working with only 20 children, in our case we suggest the following explanation: the EE level is either usually reached a little before the possibility of transitive inference, or work on specific mathematical experiences related to this inference is needed prior to its development. In this respect [START_REF] Sarama | Evaluation of a learning trajectory for length in the early years[END_REF] conclude in their study: "(...) children achieved the Indirect Length Comparer level of thinking just prior to the End to End measurer level" (p. 678).

In this study we found students who, despite being mostly on the RR level, were not able to make explicit transitive inferences. This finding also supports the idea that children do not need to acquire conservation, nor the concept of transitivity, in order to acquire certain notions about measurement [START_REF] Hiebert | Cognitive development and learning linear measurement[END_REF]Clements, 1999, cited by Sarama et al., 2011).

It is noteworthy that in this type of study is relevant to consider the influence of the interaction between the child and the tutor, as it could make a difference in the evaluation of actions in the various activities. In some cases, this could be considered a limitation of the study. In our case, the tutor who participated is a teacher who knew the children and was involved in the research.

A knowledge of the Hypothetic Learning Trajectory and its levels can enhance the teaching of length measurement [START_REF] Barrett | Evaluating and improving a learning trajectory for linear measurement in elementary grades 2 and 3: A longitudinal study[END_REF]. This study showed us where the six-to-eight-year-olds in our sample were situated and which mathematics topics demand greater attention to enable them to move on to the next level of the trajectory and thereby consolidate their learning.

  length. The idea is children talk about the attributes of the pieces of string during the activity and that they clearly refer to the notion of length.What differences do you observe between these pieces of string? Are the four the same? How are they different? Can you see any other features that are different? How do you say it when they are different in their "bigness?

  's it. Tutor: That's it? How many paperclips long is it? Student: (counts) 6. Tutor: 6? Ok Student: 1,2,3,4,5,6. Tutor: And why do you do it like that? Can you tell me? Student: Because I put them in 3s. 1,2,3, 1,2,3 and that's how I know. Tutor: Ok. And why have you put them on both sides. Wasn't one side enough? Student: No... Tutor: Did you have to put them like that? Student: Yes, I had to put them like that. Tutor: (...) Student: I think it's 6 metres. Tutor: 6 metres? Or 6 paperclips? Student Well, 6 metres I think 7a 7. Do you know what number that is? A 1 and a 7? Student: Twenty.... seven? Isn't it? Tutor: I don't know, I'm asking you.... Student: 17. Tutor: 17 what? Studen: 17 metres.
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 1 Figure 1: Real learning trajectory of student A10 in relation to the HLT
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 2 Figure 2: Learning trajectories in the sample

Table 2 : Correspondence between activities and levels
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Table 3 : Example from analysis instrument corresponding to student A10
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