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Research in the field of early arithmetic and relevant international educational programs present a variety of approaches (activities, tasks and material) that aim at teaching children from early age to count verbally or count quantities or to recognize and compare without counting, etc. However, a deeper insight into underlying arithmetic thinking, reasoning and early generalization always remains required. In our study, 23 preschoolers (of 5 to 6 years) participated in a program focusing on generalizing in early arithmetic. Task-based interviews before and after this program were conducted to examine children's improvement in conceptual development and generalization related to numbers. Findings indicate that appropriated teaching approaches with relevant tasks and discussion supported children to extract more general ideas about numbers, their properties and interrelations.

INTRODUCTION

Arithmetic learning is one of the most well-known and recognized mathematical field of teaching and learning in early years, thereby, there is an extensive related literature with different approaches and views. Programs around the world suggest a wide variety of projects, tasks and materials aimed at effective numerical learning. Thus, children from early age learn to recognize and compare quantities without counting, recite the arithmetic sequence, count objects, etc. What is though genuine arithmetic learning and how can we ensure it? Researchers have long ago pointed out that daily numerical activities or involvement with arithmetical elements with numbers and operations could not assure the development of numerical meaning. First references regarding this issue started with [START_REF] Brownell | The place of meaning in the teaching of arithmetic[END_REF] who attempted to distinguish 'meaning of' from 'meaning for' that essentially differentiates the use of numbers in real life from generalizations that lead to mathematical conceptualization.

Long ago also, researchers highlighted the gap between everyday use of numbers and development of mathematical number concepts in education [START_REF] Carraher | Mathematics in the streets and in schools[END_REF]. The value of spontaneous or informal use of mathematics by students or practitioners is generally recognized and studied, but this use does not automatically link mathematical elements to relevant mathematical concepts. It could be supported that counting quantities or realizing other numerical tasks in everyday situations keep a 'concrete' aspect that is not simply transferred out of its context. Thus, the development of number sense towards the correspondent mathematical meaning demands a shift from the specific situation and content in which it functions to a broaden level through systematic generalization processes. As it was recently underlined by many researchers related to the learning and teaching of arithmetic in early years "…our knowledge of how children develop accurate and general understanding of basic arithmetic principles and make use of them as strategies for arithmetic problem solving remains incomplete…" (Björklund et al., 2018, p. 126)".

In this paper, we will attempt to highlight different levels of generalization that pre-schoolers can achieve in arithmetic learning when they are systematically encouraged by relevant teaching approaches.

Arithmetic Learning

Research in the field of early arithmetic and consequent educational programs presents a variety of supplementary or complementary approaches, activities, tasks and material, emphasizing their importance for later mathematical proficiency. However, while all these advances support the need of meaningful arithmetic knowledge and the development of number sense, cognitive expectations and educational outcomes remain to be clarified by teachers and educators. Moving away from the (initial) Piagetian logical operations related to arithmetic learning and from other relevant psychological research, newer approaches such as subitizing and counting-based arithmetic appear to focus more on quantity and number sense (e.g. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]. Current suggestions orient also their interest to number structure and connections [START_REF] Venkat | Mediating primary mathematics: theory, concepts, and a framework for studying practice[END_REF].

Researchers who emphasized the importance of counting as a base upon which number concepts could be developed, supported that counting connects knowledge coming from outside with inschool understanding [START_REF] Fuson | Children's counting and concepts of number[END_REF]. However, when children count quantities by reciting a sequence of number names and pointing out one by one different objects (even respecting the relevant principles: ordered names, one-to-one and cardinal principle, [START_REF] Carpenter | Young children's mathematics: Cognitively guided instruction in early childhood education[END_REF] follow a rather procedural than conceptual understanding (LeFevre et al, 2005). Studies have revealed that while young students, knowing in general object counting, attempted to complete a simple task of change (e.g. 4 to 8 or 8 to 5) stayed more depended on counting or perceptual information (use of fingers or blocks) than on numerical facts. Subsequently later, research in early arithmetic learning (e.g. [START_REF] Baroody | The developmental bases for early childhood number and operations standards[END_REF]Clements, 1999, etc.) studied the representational flexibility of subitizing that reinforced children to interconnect and generalize numerical concepts, maintaining however the importance of counting and recognition of number interrelations for arithmetic learning.

In this brief presentation, we attempted to justify why, despite the volume of research related to early arithmetic, a deeper insight into underlying arithmetic thinking, reasoning and early generalization remains always required.

Generalizing in early arithmetic

Generalization is an important prerequisite for arithmetic learning, similarly to every other mathematical learning. As presented in an earlier paper, generalization [START_REF] Tzekaki | Teaching intervention for developing generalization in early childhood: the case of measurement[END_REF], p. 1926) "…could be firstly identified as the level at which students, starting from specific situations, proceed to more general ideas and conclusions, identifying patterns, structures, relationships etc." (see, e.g. Döfler, 1991;[START_REF] Kaput | Teaching and learning a new algebra[END_REF], with fundamental elements the "reflection over actions" and the "expression of more generalized ideas or rules". Despite its importance in the mathematical development, research in early childhood generalization is mainly limited to patterns.

On the other hand, research and proposals in early arithmetic place its focal points on counting, subitizing, ordering and connecting quantities and numbers. Relevant proposals underline the need of pupil's shift from 'quantity sense' to 'number sense', by first perceiving the magnitude of numbers, then understanding their multiple interrelations and finally operating on them [START_REF] Wagner | Feeling number: grounding number sense in a sense of quantity[END_REF], thus, moving beyond perceptual or procedural practices, both in counting and subitizing or in operating with other means such as fingers or relevant material [START_REF] Dehaene | The number sense: How the mind creates mathematics[END_REF].

Combining views on generalization with proposals for early arithmetic we attempted to examine whether young children were able to overcome perceptual subitizing or verbally object counting in a concrete content and apprehend numbers in a more generalized level. Thus, in our study we examined whether preschoolers managed to approach and verbally express more global ideas about quantities, numbers and their interrelations, beyond perceptual or procedural practices in the four strands of early arithmetic (1) verbal counting up to 10, (2) subitizing, (3) analyzing and combining quantities and numbers, (4) relating and ordering quantities and numbers [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]. Moreover, we investigated whether these ideas could be evolved when working in teaching approaches that systematically encouraged generalizations.

Methodology

23 preschoolers aged 5 to 6 years (selected by classroom teachers on the basis of their common age and attendance in the same school and school area) participated in an 8-month teaching program focusing on generalization related to all fields of early mathematics education (shapes, patterns, measurement and numbers, [START_REF] Tzekaki | Teaching intervention for developing generalization in early childhood: the case of measurement[END_REF], with the number module to be the last, form late April to late May. Task-based interviews were conducted to examine pre-schoolers' arithmetic achievement and levels of generalization before and after the teaching program (following a design study). The content of the task-based interviews followed the strands mentioned earlier: counting quantities up to 10 (4 cases), subitizing quantities up to 10 (3 cards), combining numbers (1 task with quantities in dot cards) and transforming numbers (2 tasks of change, see tasks in Table 1). The interviews' questions aimed at examining statements related to children's conceptualization of numbers concerning their way of acting (e.g. what did you do to …, how did you do it…), children's thinking (e.g. what did you think to …, what did you notice to...), children's justification (e.g. why did you do it…) and finally children's more general ideas (e.g. Is it always the same or it may be different…, how can we find that…) [START_REF] Dougherty | Developing concepts and generalization to build algebraic thinking: The reversibility, flexibility and generalization approach[END_REF]. The interviews were conducted individually, recorded and transcribed.

To approach children's ideas about numbers, we analyzed their utterances in the transcribed interviews and categorized them in a three-stage generalization model, following current literature. Preschoolers' explanations at a first stage do not present any characteristics or properties or relationships related to quantities or numbers, as children remain verbally reciting the number sequence (see, e.g. [START_REF] Baroody | The developmental bases for early childhood number and operations standards[END_REF]). Children's explanations at a second stage show a perceptual or procedural approach of characteristics, properties or relationships related to quantities, as children order or combine quantities mainly by counting or by subitizing small quantities and recognize only a part of interrelations (see, e.g. [START_REF] Clements | Subitizing: What is it? Teaching children mathematics[END_REF]). Children's expressions at a third stage start presenting a certain awareness of characteristics, properties or interrelations of numbers, as children conceptually subitize and stabilize number facts (see, e.g. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]; due to space restrictions examples of each stage will be presented along with the results). After their initial examination and categorization, these 23 pre-schoolers, individually or in teams, dealt in their classroom with rather usual arithmetic tasks, materials and games for four weeks (e.g. games for verbal counting quantities forward and backward, games for subitizing dot cards with different configurations, tasks for comparing, ordering or analyzing quantities, recognizing numbers in numbers cards, etc., see [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]. During this program, they were systematically encouraged by their teacher to discuss about their actions, strategies, methods, decisions, reasoning and to proceed to verbal formulations regarding more general ideas related to their outcomes of their activity. Thus, they were reinforced to move from a local level with conclusions made out of a specific task or activity (e.g. way of doing it) to a broader level with assumptions about mathematical ideas (e.g. number 4) and finally formulation of rules or propositions (e.g. numbers' relations) [START_REF] Dougherty | Developing concepts and generalization to build algebraic thinking: The reversibility, flexibility and generalization approach[END_REF] and they were reexamined in similar tasks. After working for several months on other mathematical fields, these children improved, in general, their flexibility to find common elements in different contents, to reflect on their actions and produce more general conclusions deriving from specific situations.

Results

The table below (Table 1) shows differences between the initial and final examination of the children as they appear in the transcripts of their interviews. These results provide an overview about pre-schoolers' achievement and progress in relevant tasks after a rather short teaching period.

Items

Quantities Correct answers in this table concern: for verbal counting, correctly counting in all four cases (one by one or by twos, forward and backward), for subitizing, correctly recognizing all dot cards with 5, 7 and 8 dots without counting, for combining, putting together dot cards in all possible combinations (5+1, 3+3, 4+2 and 2+2+1) and for transforming from 7 to 4 and 2 to 6, correctly completing both changes.

Seeking for a deeper insight into preschoolers' number conceptualization and, thus, their underlying more generalized ideas about numbers and interrelations, we analyzed their explanations in the interviews according to the three-stage generalization model, presented earlier (in brief: reciting the number sequence, perceptually subitizing or procedurally approaching relationships, conceptually subitizing and stabilizing number facts). In general, there were no children at the first stage.

-In the initial examination of verbal counting [START_REF] Baroody | The developmental bases for early childhood number and operations standards[END_REF]), all 23 children were able to recite the arithmetic sequence one by one forward, but did not show the same stability in all counting tasks (by twos or backward, by ones or twos). Seven children who were identified as being at the second stage (mostly procedural) were able to count one by one, but could not do it backward, hesitating especially for numbers after 7, missing one or two numbers in the sequence or starting counting with their fingers. They had greater difficulties in counting forward or backward by twos, not being, thus, able to realize that number sequence was stable (e.g. 5,7… so backwards 7, 5…) or to perceive relationships between numbers. For example, a child said, "It may be something else..." and another one "10, 8, 6, 2, 0, … there must be some numbers missing". Eleven children, who were considered as being at the third stage (more advanced procedural), recited the arithmetic sequence fluently, but did not have the same fluency in counting backward or counting by twos, while the rest ( 5) with the same procedural approach were able to count by using the one by one correspondence and to explain based on it, e.g. "0, 2, 4 (plus 1), 5, (plus 1), 6, …", showing, thus, an awareness of stability and simple relationships between numbers (see Table 2).

In the final examination of verbal counting, 22 children verbally counted correctly in all cases and, furthermore, declared that the order of number sequence was stable, being identified thus at the third stage. However, their explanations regarding this order might be indicative of different levels of generalization, as 6 of them who recognized certain relationships (e.g. 8 and 1 is 9 or 3 and 2 is 5) could not generalize them throughout the whole number succession, or other 5 children who had stabilized knowledge of succession one by one, were not in the same state when counting by twos. Finally, with more or less complete understanding, 11 children seemed to be aware of numbers' interrelations that generate the number sequence, appearing to be at a more advanced level (see Table 2).

-In subitizing dot cards [START_REF] Clements | Subitizing: What is it? Teaching children mathematics[END_REF], initially most of the children (15) could not recognize quantities or explain how to do it by perceiving subgroups of quantities and interrelations between them, being thus at the second stage. Very few children (3) could recognize quantities with more than 3 dots and, except one, they said that they counted silently. Some other also (5) used the combinations they knew, e.g. "I saw 3+3 that is 6 and then 7…" (partly recognizing and partly counting). These 8 children were identified as being at the third stage. In the final examination, after working with relevant tasks and discussing on number characteristics and relationships, 15 children declared that they recognized subgroups and did not use counting, e.g. a child said "No, I didn't count, I did 3+3 and plus 2…". Some children (6) made use of patterns of previous cards and said "this was 7, then this is 8". Some other still (2) combined subitizing small quantities and counting. These different approaches (some procedural and some conceptually subitizing) show also different kinds of generalization at the third stage (see Table 2).

-While combining dot cards to form the number 6 [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF], 15 children initially presented only the combination 5+1 of one 5-dot card and one 1-dot card. The children (8 in total) who provided all the right combinations were divided into two groups: in the first group 3 preschoolers mainly used a 'trial and error' method and counted the dots one by one, without knowing if always 4 plus 2 was equal to 6. For example, a child started with a 5-dot card and put it together with a 2-dot card and counted all the dots, as the result was 7 s/he changed with a smaller card. In the second group, 5 children put cards together using the relationships they already knew, but they checked the result by counting. This group of children remained mainly at a procedural and, thus, second stage.

In the final examination, 15 children were able to present all the combinations for 6 (third stage) while 8 remained in 1 or 2 -3 of them (second stage). Eleven of the 15 pupils did not use the method of "trial and error" or of counting, but, in general, they were able to put together groups of quantities, showing, thus, an awareness of relationships of quantities and numbers. They could be considered being in a course of a conceptual understanding, as they were competent to explain with numbers e.g. "I said 3+2 makes 5, plus 1, 6…" and "…then 3+3 makes 6". For the other four pupils of this stage, the interrelations between quantities and numbers were generally less developed, as they verified every suggestion by counting, showing that they remained at a procedural stage.

-Finally, in the task of transforming 7 to 4 or 2 to 6, initially all the children were at the second stage. Twelve of them counted in different ways, e.g. a child said "I counted with my fingers and (showing) if I put out 3 remains 4 fingers", or, more generally, they did it with number sequence, "I put out 1, 6 and then 5, so we get 4", while 11 children were not able to find a way of doing it (see Table 2).

But in the final examination, 12 children were identified as being at the third stage, but in different levels of conceptualization. Thereby, a group of 5 children explained the changes with numbers in a more general way e.g. "3 and 3 and 1 equals 7, if you keep 4 you have 3..." showing a conceptual understanding, while 7 others did the same without being sure about the results (between conceptual and procedural). E.g. for 7 to 4, a child said "I can see a group with 3 and a group with 4… so (hesitates)… then 3…" or they put groups together and counted (in a procedural stage). The rest 11 children were still not able to do it correctly. This analysis is summarized in the Table 2 in which the initial three-stage model was analyzed in more details, as there was no child in stage 1 but, as it was previously presented, differences were revealed in other stages.

Pre-schoolers' explanations of stage 2 are divided in three sub-stages: 2a, in which their utterances revealed a procedural recognition of quantities and basic relationships, with no specific awareness; 2b, in which they presented a wider procedural recognition of quantities and relationships and 2c, in which they showed children mainly able to manage procedurally quantities and numbers. For example, in the task of combining dot cards to form a quantity of 6 dots, children of 2a put together cards with 5 and 1 (basic) dots, without being able to present other combinations, while children of 2b started putting together more cards by counting them and children in 2c were able to find cards and in case of errors (e.g. 4-dot card and 3-dot card) to directly change with other dot cards but also count for checking.

Pre-schoolers' explanations of stage 3 were also divided in three sub stages: 3a, in which their utterances revealed recognition of a part of groups/subgroups of quantities and numbers or their interrelations, 3b, in which they presented a wider recognition of interrelations of quantities or numbers but without consolidation and (a final) 3c, in which children recognized numbers, their order and their interrelations. For example, in the task of subitizing, children of 3a started by recognizing small quantities and continuing by counting, while children of 3b recognized some of the proposed cards and explained e.g. for a 5-dot card "I saw these 4 and this 1", but still misjudged a 7-dot card, finally 3c children recognized all cards and explained e.g. "2 plus 2 and 1 equals 5" or "3 plus 3 plus 2 equals 8" showing the relevant groups in the cards. 

Discussion

The results presented indicate in brief that the participating children were initially able to count verbally up to 10, but they did not recognize more generalized interrelations between quantities or numbers, remaining mainly in this procedural counting. Conversely, after working in the teaching program that systematically encouraged them to reflect over this counting and express more generalized ideas related to quantities and numbers, most of these children (almost 19 out of 23) started developing flexibility in combining quantities and numbers, in realizing numbers' relationships and consolidating several numbers' facts. Despite the small sample that does not allow wider conclusions, these outcomes suggest that guiding young children to focus on dynamic and relational aspects of numbers and express more general ideas related to their numerical tasks could support decisive numerical understanding and more generalized arithmetic knowledge.

Arithmetical learning has many approaches, but the dominance of counting tasks does not often make apparent whether children develop number sense, structural numerical elements or relationships, as this study attempted to show. Many deficiencies in the first arithmetic learning prove to cause difficulties to students to conceptualize the multiplicative, relational and repetitive structure of numerical system. Teaching approaches that encourage children to generalize seem to be required for numbers as they are for any other mathematical concept, since learning mathematics is not only to practice in situations with material, but also to reflect and draw more general ideas out of this practice

Table 1 . Number of correct answers before and after teaching period in numbers.

 1 

		or Numbers	Initial	Final
	Verbal counting	Up to 10, one by one or by twos, forward and	6	18
		backward		
	Subitizing	Dot-cards with 5, 7, 8 dots	3	15
	Combining	Quantities with dot-cards to form 6	8	17
	Transforming	7 to 4 and 2 to 6 (in numbers)	3	15

Table 2 . Number of children in different generalization stages in the initial and final examination

 2 This table provides an overview of these children's improvement in approaching and verbally expressing more global ideas about quantities, numbers and interrelations indicating, thus, a more substantial conceptual understanding.

			Stage 2: perceptual and	Stage 3: procedural and
			procedural approach		conceptual approach
			Stage 2a Stage 2b Stage 2c Stage 3a Stage 3b Stage 3c
	Reciting	Initial	4	3	0	11	5	0
		Final	0	0	1	6	5	11
	Subitizing	Initial	8	5	2	5	2	1
		Final	0	0	0	2	6	15
	Combining	Initial	15	3	5	0	0	0
		Final	4	4	0	3	1	11
	Transforming	Initial	11	9	3	0	0	0
		Final	4	4	3	7	3	2