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Although inquiry-based education is an approach that supports student-centered ways of teaching involving students in the development of their own learning, it seems that inquiry-based instruction has not been employed broadly in the subject area of mathematics and the few studies that have been conducted are not focused on very young children. In this paper an inquiry-based implementation of a mathematical activity in a kindergarten classroom is presented investigating the way it was applied by the teacher and the way students participated into it. The activity was related with plane geometrical shapes as a mathematical construct that cause difficulties to young students. From the results it emerged that even though the inquiry-based implementation is a demanding approach it had many benefits for both teacher and students.

Introduction

A mathematical construct that cause difficulties to young students is the plane geometrical shapes. It is a concept that needs to be communicated multimodally [START_REF] Clements | Early childhood mathematics learning[END_REF], because their iconic representations need 'observation', 'reading' and parallel 'description of this reading' in order to be understood [START_REF] Skoumpourdi | Different modes of communicating geometric shapes, through a game, in kindergarten[END_REF]. The 'observation' factor has to do with shape's visual perception. The 'reading' factor is focused on shape's figural properties. The 'description of this reading' factor requires the description/communication of the above. The above three factors can help students face their difficulties, so as, to develop gradually the shape's concept, but through the appropriate teaching method, since, geometrical thinking is main influenced by instruction.

Inquiry-based teaching is a theoretical approach that supports more student-centered ways of teaching. It is an approach that actively involves students in the development of their own learning supporting their active participation to the teaching/learning process. But, the effects of inquirybased teaching remain limited and the inquiry-based education has been slow in mathematics due to several reasons such as the very low attention that has been paid to that approach, the imprecise definition of the approach, as well as, the peculiarities and the demands that are required for its adoption and promotion.

Taking the above into consideration an educational design research study is conducted, aiming to investigate how teachers and students adopt and apply the inquiry-based approach in the mathematics classrooms. In this paper an inquiry-based implementation of a mathematical activity related with plane geometrical shapes in a kindergarten classroom is presented investigating the benefits and the demands of such an implementation in order to design the gradual adoption of the approach in the subsequent educational levels. The research questions were the following: 1. How the teacher implements a mathematical activity related to plane geometrical shapes, in a kindergarten classroom, grounded on the inquiry-based approach? 2. How the students participate in the inquiry-based implementation of a mathematical activity related to plane geometrical shapes?

Geometrical Shapes in the Kindergarten

Kindergarten children identify and describe shapes through levels. The first one is the prerecognition level [START_REF] Clements | Early childhood mathematics learning[END_REF], in which children may recognize only a subset of a shape's visual characteristics. In this level, children cannot distinguish the basic shapes from their counterexamples. The other levels are the first two of Van Hiele's levels of thought [START_REF] Yin | Young children's concept of shape: van Hiele visualization level of geometric thinking[END_REF]. At the first one, 'visualization', children identify shapes according to appearance and cannot form mental images of them. At the second level, 'analysis', children start analyzing and naming properties of geometric figures. They use shapes' properties to recognize and characterize shapes.

Circle, square, triangle and rectangle, when represented in a prototype way can be recognized and named by kindergarten children. Shape's features and whether they can be defined (closeness, straight sides and exact number of sides) or not (orientation, position, sides' length and angles' size) influence the accuracy of children recognitions [START_REF] Satlow | When is a triangle not a triangle? Young children's developing concepts of geometric shape[END_REF]. Young children identify circles accurately, they are less accurate in identifying triangles and their average accuracy for rectangles is low [START_REF] Clements | Early childhood mathematics learning[END_REF].

Children in the age of five-years-old have a difficulty in describing shapes. The language that children use to describe shapes is gradually developed [START_REF] Clements | Early childhood mathematics learning[END_REF]. Initially they answer the question "what shape?" with the use of just a word, the shape's name. Then they match this word with specific shape examples. After that, they combine the correct shapes' names with the prototypical examples of the shapes. When children are asked to explain their decision, they are induced to describe shapes' features, using, initially, a subset of the shape's visual characteristics, such as the quantity and the size of sides [START_REF] Yin | Young children's concept of shape: van Hiele visualization level of geometric thinking[END_REF]. Although children's primary descriptions may include various terms and attributes they usually base these descriptions in the comparison with the specific shape's representation. Later, children become more capable of distinguishing attributes and adding to their descriptions other visual-spatial elements like right angles.

Children's written schematisation for a circle is something closed and 'rounded', for a square something closed with almost equal sides and nearly right angles, for triangle something closed and 'pointy' and for a rectangle something closed with 'long' like-parallel sides [START_REF] Clements | Early childhood mathematics learning[END_REF].

Instruction influences the development of geometric thinking more than age does (Van Hiele, 1986). But in traditional geometry programs, during formal and informal instruction, little emphasis is given on understanding plane shapes, incorrect statements and terminology are used, no new content is added [START_REF] Clements | Early childhood mathematics learning[END_REF] and inappropriate examples of geometric shapes are used. On the other hand, in contexts such as team games, that teacher's guidance is limited, it seemed that kindergartners recognized shapes in different types, sizes and orientations and could describe some of the shapes' basic attributes such as sides and angles [START_REF] Skoumpourdi | Different modes of communicating geometric shapes, through a game, in kindergarten[END_REF]. But children did not use more sophisticated descriptions related to shapes' specific characteristics like the equality of shapes' sides, and the schematisations they used in the game, to describe an atypical shape, were not accurate. Thus, it was hypothesized that inquiry-based approach could be an effective method of teaching plane geometrical shapes in the kindergarten.

Inquiry-Based Mathematics Education

Inquiry-based mathematics education, is one of the main aspirations of innovation in the field of mathematics education focusing more on cooperative problem solving, on understanding, on learning processes and strategies, on posing and answering questions and on cultivating exploratory practices, than learning mathematical skills only [START_REF] Calder | Student wonderings: scaffolding student understanding within student-centred inquiry learning[END_REF]. Students in that approach are in the center of the learning process. They are actively involved in explorations and discussions, in posing questions, in making assumptions, in expressing, explaining and communicating their opinions, presenting their solutions to a problem, justifying them in a way that is understood both by the other students and the teacher [START_REF] Eckhoff | Partners in inquiry: A collaborative life science investigation with preservice teachers and kindergarten students[END_REF]. Teachers create opportunities to students and work cooperatively with them to facilitate and support their mathematical constructions. They transfer the problem-solving responsibility to the students by posing questions linked with the inquiry-based activity, giving meaning to student's actions and developing their understanding without, at least initially, intervening and suggesting ways of thinking.

Research results highlight the benefits and demands of inquiry-based method on teaching practices. When analyzing a teacher's practice following an inquiry-based program, it emerged that although the teacher at the beginning of the program had very limited knowledge of the subject, after the program he was able to apply inquiry-based practices [START_REF] Towers | Learning to teach mathematics through inquiry: a focus on the relationship between describing and enacting inquiry-oriented teaching[END_REF]. Also, in a research program, it came out that although the process brought uncertainties and tensions within the teachers' practice and between the practices of teachers and didacticians, the value of the approach for the learning emerged by the knowledge gained by participants [START_REF] Goodchild | Critical alignment in inquiry-based practice in developing mathematics teaching[END_REF]. In a study on how prospective teachers adopt inquiry-based approach in their professional development it seemed that they: 1. resisted to the adoption of the inquiry approach, 2. partially adopted the inquiry approach, or 3. fully adopted the inquiry approach. At the end of the course all students stated that they built a theoretical understanding of the inquiry teaching and they felt a bit more able to design and implement inquiry-based activities (Σκουμπουρδή, 2017). Teachers' difficulties to adopt inquiry-based pedagogies, to develop and manage collaborative cultures within the classroom and plan lessons that adapt to the emerging needs of learners [START_REF] Swan | Designing and using professional development resources for inquiry-based learning[END_REF] are mentioned in research. Other obstacles and difficulties that the teachers face in adopting the inquiry-based method for teaching are the lack of experience and of complete understanding of the method, the lack of enough allocated teaching hours, as well as the lack of believe that students can be prepared for succeeding in tests with that method [START_REF] Chin | A survey of the practice of a large-scale implementation of inquirybased Mathematics Teaching -from Taiwan's perspective[END_REF]. The lack of teachers' familiarity with the method and the need of advanced professional development, which will equip them with multiple teaching strategies to create an adaptive and enriched learning environment is also indicated in research [START_REF] Wu | Inquiry-based mathematics curriculum design for young childrenteaching experiment and reflection[END_REF]. In sum, active teachers lack knowledge of the inquirybased approach, they have difficulty in adopting and applying this approach in practice, as well as they have difficulty in designing inquiry-based activities. These obstacles might cause the lack of inquiry-based instruction being employed broadly in the subject area of mathematics and the lack of studies being conducted with a focus on very young children.

Taking into consideration the above results an 'inquiry-based implementation' of an activity related to plane geometrical shapes, was conducted in a kindergarten, investigating the way it was realized by the teacher as well as the way that kindergartners participated in such an intervention.

Method

For the main research study, which aims to investigate how teachers and students adopt and apply the inquiry-based approach in the mathematics classrooms, the design-based research is used, as the methodology to develop learning theories and tools designed to support learning [START_REF] Cobb | Design experiments in educational research[END_REF]. Through this method, which is intrusive in nature, changes and revisions are taken place, in every stage of the main research which enables the simultaneous development and testing of the inquiry-based approach as an innovative learning environment, giving an insight into whether, how and under which circumstances this approach can work. In this paper the benefits and the demands of the approach in a kindergarten classroom is presented.

The kindergarten classroom and the mathematical activity

The kindergarten classroom, where the intervention took place, had 25 students divided by the teacher in four teams and was chosen because the teacher uses student-centered methods, cultivating the conditions for math discussion. She is also positive to innovations.

The author explained to the teacher the basic characteristics of the inquiry-based approach and encouraged her to use it through the Framework for Inquiry-Based implementation of Activities (FIBA) [START_REF] Skoumpourdi | A framework for designing inquiry-based activities (FIBA) for early childhood mathematics[END_REF]. The FIBA consists of seven stages: 1. Τask: A problem-based task is invented and presented. 2. Exploration: Children use their own problem-solving strategies to explore the problem. 3. Presentation: Children share their explorations with the whole class by presenting their solutions. 4. Connection: Teacher, in cooperation with students, connect the presented solutions with each other, with the task that was explored and with the mathematical aims. 5. Generalization: Teacher is generalizing students' solutions. 6. Translation: Students translate their solutions through different modes-verbalizing, gesturally and schematizing. 7. Expansion: Expanded problems are posed. For the implementation of the mathematical activity by the teacher the FIBA was used.

The mathematical activity, designed by the author, was developed in such a way as to problematize and incite children, engaging them in a problem solving and posing process. The problem to be solved was a non-standard, unfamiliar, a bit complex and novel situation in order not to be solved just by applying existing knowledge and already-known strategies, but through exploration and discussion. The scenario of the task was the following: "Once upon a time, a strange magician, who envied the happiness of the Shape-Town, captured with his spells its inhabitants (shapes) on the wings of butterflies flying around his enchanted forest. This strange magician would be good enough to solve the spells only if the children would help the inhabitants-shapes to liberate. The spells would be solved only if the children managed to recognize the shapes hidden in the butterflies' wings". The butterfly had in its wings the four-basic plane geometrical shapes (circle, square, rectangle and triangle) in various types and orientations, as well as counterexamples of them (Figure ,1).

Results

In the beginning, the problem-based task was presented by the teacher through the context of the 'Enchanted Butterfly' (FIBA's 1 st stage: Task). The teacher in this stage asked each team of children to mark one kind of shape. The 1 st team had to mark the shapes they thought to be circles, the 2 nd team the squares, the 3 rd team the rectangles and the 4 th team the triangles.

Each team independently explored the shapes on the Butterfly, posing questions to each other and to the teacher in order to identify and mark the correct shapes giving a right answer to the problem (FIBA's 2 nd stage: Exploration). Although, in general, each child thought about the problem on their own and marked a shape, each in turn, there were instances in which wrong shapes were marked and thus interesting discussions between children of each team and with the teacher took place regarding the identity of the shapes. Debates of whether a shape is a triangle or not, is a square or not, is a rectangle or not, is a circle or not, took place. An example is described in the following dialogue [The letter T refers to the teacher and S1, S2 etc. refer to the young students. The symbol ( ) is used when many children speak simultaneously and our notes are in brackets]: S1: Is this a circle? T:

You will discuss with your team and you will find out.

():

It is circle, it is not, it is circle, it is not, it is circle but is a small circle [a girl tried to mark it but the other girl pushes her hand away] …., it is not a circle, is an oval. Similar debates were also carried out for the other shapes and especially for the non-prototypical examples and the counterexamples. The identity of the triangles, the squares and the rectangles were justified, by the children, by counting shapes' angles. But this strategy was not always effective. For example, when a girl showed a counterexample as a triangle, another child told her: "No, this is a 'square' because it has four angles" and the other team members disagreed by saying "No, it is not, it is a shuttle". The orientation of the shapes did not seem to confuse the children. This might have occurred due to the way the team members sat around the table, allowing them to have different perspectives of the shapes. Once they explored the shapes and discussed about them each team marked 'their shapes'.

After that, each team shared their explorations with the whole class by presenting/describing their shapes (FIBA's 3 rd stage: Presentation). The teacher, in that stage, observed and organized each team's presentation, posing questions to help children describe, explain and open out their explorations, as well as to ensure effective and understandable presentations. For example, during the 'circle team' presentation the following discussion took place:

T: How did you understand that all these shapes are circles?

S2:

Because it is round, and this is round, and this is round … T: I think that this is also round [showed an oval, placed horizontally].

S3:

No, this is like an egg.

T: So, is not a circle? (): No.

T: Is that shape circle [showed an oval placed vertically]?

():
No, this is not a circle.

T:

But in my opinion is round, why it is not a circle? S2:

Because it is oblong [showed with her hands] and the circle is not oblong.

T:

Why are these shapes circles? S3: Because they do not have angles.

S2:

And because circles are thicker than ovals

For the other shapes, children's answers in the question 'why these shapes are triangles (squares/rectangles)?' were focused on the amount of their angles as well as the amount of their sides, with the usual answer being that: "It is triangle because it has 3 angles and 3 lines/sides".

The teacher posed advanced questions to the members of each team. For instance, when a boy presented his teams' shapes and said that "this shape is rectangle because it has four sides", the teacher continued, by showing a square near it, asking "So I can assume that this shape is also a rectangle because of its four sides?" and vice versa. Or, she was addressing to the children supposing that "this shape (showing counterexamples) is e.g. triangle (rectangle)" calling them to reflect on that statement. Children, in general, had answers to those questions, justifying them by relying on the specific iconic representation. Their answers were as follows: "It is not a rectangle because it has different height", "It is not a square because it is thin", "It is not a triangle because this shape has seven lines". When children had difficulty in their justifications they used gestures in order to present their solution: "It is not a rectangle because it is like that … (trying to show the curvature sides by gestures)".

After the presentations, teacher, in cooperation with all the students, orchestrated a mathematical discussion trying to connect presentations with each other, with the 'Enchanted Butterfly' task, as well as with plane geometrical shapes concept so that a shared meaning to emerge (FIBA's 4th stage: Connection). She also tried to generalize plane geometrical shapes concept connecting it with students' previous knowledge (FIBA's 5 th stage: Generalization). She posed combining questions to the students, bringing back, for negotiation, issues that were discussed such as: "Does the circle looks like the triangle?" or "Does the square looks like the rectangle?". In the first question, children' one-word answers, through the re-questions of the teacher, were transformed into 'documentations', such as "Circle does not look like triangle because circle does not have angles", "the triangle is pointed … the circle is not". Teacher's second question seemed to confuse children and their answers differed, claiming that they look like, but the rectangle is bigger or that they do not resemble because they are different shapes with different sizes. These issues, such as the similarities and differences of shapes (circle and oval, square and rectangle), expanded the activity and could be the context of new activity in order to be discussed more thoroughly (FIBA's 7 th stage: Expansion). At the end of the activity, students were asked to make a painting in order to explain to their parents what they had done in that activity (FIBA's 6 th stage: Translation). Children's schematizations looked like the visual prototypes except the rectangle which was placed vertically (Figure 2).

Conclusions-Discussion

An inquiry-based implementation of a mathematical activity is a complex situation, that requires from the teacher time, effort and deep knowledge of both the approach and the subject matter and from the students to develop various skills, abilities and capabilities to be actively involved in their own learning, constructing mathematics concepts and ideas. From the results of the implementation it seemed that the FIBA, as a readymade framework, helped the teacher to adopt and realize an inquiry-based teaching process encouraging exploration, presentation, connection, generalization, translation and expansion, cultivating cooperation, communication and justification, through a child-centered approach. In all the FIBA's stages, teacher activated students' questions, ideas, actions and comments and tried to turn them into learning opportunities. She also successfully scaffolded the mathematical discussion between the students and herself, guided team work and the whole classroom as a community of learning. Inquiry-based approach helped students to develop their cooperation, communication and justification capabilities. It also helped them to construct the idea of plane geometrical shapes.

The research results about young children' abilities for plane geometrical shapes were confirmed in this paper. But it also became obvious that although there were children in the pre-recognition level, recognizing only some of shape's visual characteristics, they moved on the visualization and the analysis level using shapes' properties to recognize and to characterize typical and atypical shapes through the cooperative exploration, discussion and justification process. Children, initially, described or compared the shapes using specific shapes' representation features. All shape's features either defined or undefined were recognized by children because of the way the activity presented and implemented. Students had identified and named plane geometrical shapes in various forms and orientations, recognized them among counterexamples, communicating their descriptions, discussing about their characteristics and particularities. They had also translated their solutions and constructions to schematic representations that looked like the visual prototype but there were also variations.
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  Figure 1: The 'Enchanted butterfly'