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Taking inspiration from recent literature about algebraic thinking at early grades, we wonder if and how we can prompt and recognize relational thinking at the kindergarten level. Adopting a design-based research approach, we analyze students' answers to a task, both with the aim of developing its potential in prompting relational thinking and the aim of getting clues about how to recognize relational thinking at the kindergarten level. Analyzing students' behavior while facing our task, we find evidence of relational thinking in students aged 5, even if at different stages. The task proves to be effective in stimulating children relational thinking and in making distinguishable their answers.

Introduction

The distinction between instrumental and relational understanding of mathematics has been originally defined as, respectively, knowing just how mathematical procedures work and knowing both the how and the why [START_REF] Skemp | Relational Understanding and Instrumental Understanding[END_REF]. Such definition found application in the field of arithmetic: several researchers paid attention on prompting students in understanding operations' properties standing behind calculation algorithms. A commonly proposed task consists in finding the missing number in an equality between two arithmetical operations like 39 + 52 =  + 55. Usually, it is assumed that relational thinking is shown if students do not resort to calculation of the results on the two sides of the equality, but they find a solution by compensation or other strategies based on operations' properties and numbers decomposition [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF][START_REF] Stephens | Investigating some junctures in relational thinking: a study of year 6 and year 7 students from Australia and China[END_REF].

According to [START_REF] Mason | How Early Is Too Early for Thinking Algebraically?[END_REF], "recognizing that 87 + 54 = 84 + 57 without doing any calculation contributes to and is part of algebraic thinking" (p. 343) and it is never too early to let children thinking in this way. He claims that "the use of natural powers which, when expressed in words and symbols is recognizable as algebra, is called upon from birth if not before" (Mason, 2018, p. 347). Such claim is a starting point for us in wondering if and how we can prompt and recognize relational thinking at the kindergarten level. Adopting a design-based research approach, we analyze students' answers to a task, both with the aim of developing its potential in prompting relational thinking and the aim of getting clues about how to recognize relational thinking at the kindergarten level.

Number sentences written with arithmetical symbols could be inaccessible to students aged 5. This same issue was dealt by Steinweg and colleagues (2018) and Lenz (in press). They developed a suitable task to let kindergarten students approach unknowns. In their task, there are two fictitious characters playing with marbles. They both have the same amount of marbles, but some of them are visible and others are inside colored boxes. Boxes of the same color contain the same amount of marbles. The student is asked to understand how many marbles are in the boxes. [START_REF] Steinweg | Making Implicit Algebraic Thinking Explicit: Exploiting National Characteristics of German Approaches[END_REF] observe that many fourth graders show relational thinking while facing this task. However, according to their data, it seems that younger students have difficulties in dealing with it relationally: "While the majority of kindergarten children indicate numerical values, some children in grades 2 and 4 are already able to describe relationships or dependencies" (Lenz, in press). Kindergarten students "neither describe a relation nor display the dependency between the amounts of marbles in the boxes" (Steinweg et al., 2018, p. 19). We modified the task: In our modified version, students know that there are two characters having the same number of marbles. The first character's marbles are completely visible, while part of the marbles of the second character are in a box. Children have to figure out how many marbles are in the box. Differently than the original task, the amount of marbles in the box is fixed. An example of our task is obtainable taking away the red boxes from Figure 1. We analyzed students' behavior in solving this task assuming the perspective described in the following section.

Theoretical framework

When analyzing their data, [START_REF] Steinweg | Making Implicit Algebraic Thinking Explicit: Exploiting National Characteristics of German Approaches[END_REF] consider as evidence of relational thinking those cases in which a student can express verbally a relation between the quantities of marbles in the boxes: according to them, sentence like "In the green box is always one marble more, than in the orange box" (p. 19) can be considered as relational, because there is an explicit connection between the amounts of marbles in the boxes. Those cases in which students just tell the number of marbles that are in a box were interpreted by them as evidence of the fact that children see the amounts as fixed. We are convinced that some of these cases could be applications of relational thinking. We believe that this can be unveiled by analyzing the process that is enacted by the student to find such results. [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF] describe four different benchmarks in the interpretation of number sentences containing the equal sign.

 First benchmark: a very first step in interpreting the equal sign is the student's ability to express his/her own interpretation of the equal sign.  Second benchmark is achieved when students accept equivalences that are not in the standard form a+b=c, for instance c=a+b or a+b=c+d.

 Students at third benchmark compare the two sides of the equal signs carrying out the calculations on each side of the equal sign.  Fourth benchmark is achieved when students can compare the sides of the equality without performing calculations. According to the definitions above, this is relational thinking.

We must stress that, in this paper, we are analyzing a task that is not the same that was used by Carpenter and colleagues to describe these benchmarks. Numbers, operations and equality are not expressed symbolically, but by means of boxes, marbles and verbally. Furthermore, our version of the task does not require calculation on both sides of the equality: the number of marbles on the left side is visible. The algebraic structure of our task is a=x+b with known a and b (number of visible marbles) and unknown x (number of marbles in the box).

We reinterpret benchmarks by [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF] in the context of our task. According to our interpretation the first benchmark is reached when children can explain that the number of marbles on the two sides must be the same. Literature shows that understanding the property of 'being the same in quantity' is not granted at kindergarten level [START_REF] Sfard | Why cannot children see as the same what grown-ups cannot see as different? -Early numerical thinking revisited[END_REF].

Second benchmark is achieved if students recognize the structure of the equivalence a=x+b. This is not the case if the student gives a as value for x, interpreting the first part of the equivalence as a=x. This is not reached even if the student counts all the marbles, interpreting the equivalence as a+b=x.

Evidence of the reaching this benchmark could be guessing a value for x that is smaller than a.

When the third benchmark is reached, students use counting to determine the value of x. They can count-on starting from b until they reach a, or they count backward from a to b. We can say that a student reaches the second benchmark, but not the third, when s/he tries to guess a number for x but s/he cannot use counting as a checking strategy. Students at the fourth benchmark can find the number of marbles in the box without a counting procedure, but decomposing numbers, hence showing relational thinking. For instance, they can split a marbles in a group of b marbles and consider that the remaining marbles are as much as those in the box.

We analyzed students answers to the task coding them according to the reached benchmark. The aim is that of answering the following research question: Administering the task, which benchmarks can we observe, distinguish and describe at the kindergarten level?

Methods

Kindergarten children may not be aware of what an adult means while saying that two quantities are "the same" [START_REF] Sfard | Why cannot children see as the same what grown-ups cannot see as different? -Early numerical thinking revisited[END_REF]. For this reason, we organized a first session in which the task was implemented with concrete objects. A group of 21 Italian kindergarten students (aged 5) was divided in small groups of four or five. They seated in front of two paper-characters, one of them holding a box (Figure 2a). Plastic balls were used as marbles. A certain quantity of balls was put in front of the character without box (Marco). The interviewer said that the character with the box (Penelope) had the same quantity of marbles. Some of them were onto the box and some of them were inside. Children were asked to say how many marbles were inside the box. After they said a number, they could actually check by opening the box. We will refer to this first session as training session.

In a second session, the students were again divided in groups of four or five. The task was administered showing images on an interactive whiteboard (Figure 2b), so this time they did not have the chance to open the box to check the number of marbles inside it. The interviewer asked them to say how many marbles are in the box. She also interacted with them asking how they figured it out. In this paper, we analyze video-data from this second session, that we call testing session. Both the training and testing sessions were completely video-reordered and fully transcribed. While transcribing, texts were enriched with screenshots from the video when gestures were performed. Students interventions have been coded with the benchmarks described in the previous section. Both authors discussed together to decide on such coding. 

Data analysis

Due to the limit of space, we are not able to show here the complete data analysis. We selected some examples of the different benchmarks that we were able to detect and interpret in our data.

The first benchmark is not reached by all children: When asked to explain the situation, few of them are not able to express in words that the two characters must have the same number of marbles. Apparently, they do not understand what is asked to them and they remain in silence or they change the topic. The following is an example in which we consider that the first benchmark is reached:

Interviewer: Do you remember what we did the last time?

Sofia: Because they always took the balls in the same number, so if he… if Marco took seven, Penelope could take seven because they became friends at the end of the story.

Here the interviewer prompts the child to recall the training session. The student uses the expression 'the same number' to refer to the fact that the two characters have the same amount of balls. According to Sofia, the two sets of balls must have the same property of being seven. Similar explanations are found in other children. They never talk about a correspondence between the two sets of marbles; in other words, they never refer to the fact that for each marble of Marco there is one of Penelope. Statements like that by Sofia, with different numbers as example, are common.

Concerning the second benchmark, we have several examples of children who did not achieve it. For instance, the following excerpt reports the discussion of a group while facing the task in the case in which Marco has six marbles and Penelope has just two marbles outside her box.

Interviewer: What is going on there?

  Figure 1 schematizes a possible instance of the task by Steinweg et al. They administered the task to students aged from 5 to 10.

Figure 1 :

 1 Figure 1: Schematization of the task by Steinweg and colleagues (2018)

Figure 2 :

 2 Figure 2: Settings during training session (left side) and testing session (right side)

We are convinced that the task proved to be effective in terms of eliciting students' processes in determining an unknown quantity in a simple number sentence. Taking the perspective of the designers, we can notice that the task is effective both in stimulating children and in making distinguishable their answers. However, there is still a problem in evidencing those cases in which the second benchmark is reached while the third one is not. Modifications to the task could solve this problem. We can also notice that in our data we have interesting examples of kindergarten students' arguments; it seems that the task could be suitable also to solicit argumentation.

Martina:

Penelope has just two balls.

Interviewer: Just two balls? […] Martina:

No, because the others are inside the box.

Interviewer: And where are those two? […] I heard 'outside'. Is it right?

Emma:

The two balls are outside, but the others are inside.

Interviewer: How many are inside?

Asia: Eight! Asia answers to the interviewers' question naming the number eight, that is the total amount of marbles that are shown in the image (two belonging to Penelope and six belonging to Marco). Even if the question is specifically referring to the marbles inside the box, the student is interpreting the equivalence differently than expected. She is not considering the situation in the form 6=x+2 but as if it were 6+2=x. According to our interpretation, the second benchmark is not yet reached. This happens again in the same little group of students when they face the situation of Marco having five balls and Penelope with four balls outside the box. The students suddenly state that they have the same number, so the interviewer invites them to check by counting; they react counting all the marbles that are shown in the figure. We can notice that reaching the first benchmark is necessary to achieve the second one, but it is not enough. This is shown clearly in the following excerpt.

Luca:

They must have the same number.

Interviewer: They must have the same number; Marco has seven and Penelope has three, how many has she got in the box?

Luca: She must have… Emma: Seven balls?

Luca: Seven.

Luca can state that the two character must have the same number of marbles, however he interprets this sentence relating the number of Marco's marbles with those in Penelope's box. Emma and Luca seem to interpret the equivalence 7=x+3 as if it were 7=x, ignoring the role of the '+3', and so they give the number seven as answer. This is like some cases documented by [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF], who found children justifying the presence of an additional number after the equal sign with statements like "it is there just to trick you".

In our data, we do not have cases of students who reached the second benchmark but not the third. Indeed, all those who interpreted correctly the equivalence, then used some counting strategy.

Leonardo: If Penelope has two outside…

Ginevra:

The other four are inside the box.

Leonardo:

Because two plus four… Ginevra:

Here she has two [she points the two marbles that are drawn outside the box] so here she has four [she points the box].

Leonardo: Two [he raises two fingers of his right hand] plus four [he raises four fingers of his left hand], how much is it? Count! [he faces Ginevra, Figure 3a] Ginevra: One, two, three, four, five, six.

Giulia: Indeed, they are six.

In this last excerpt, we can see that Leonardo do not determine the sum 4+2 by himself, but he involves his peers in calculating it to check if the result of such operation is the number of marbles owned by Marco. It is not clear how Ginevra determined that the number of marbles in the box is four. One possibility is that she guessed. Indeed, we have evidence of tentative numbers that are put aside after checking that they are not correct.

(a) (b) (c) Sofia: Penelope has got two outside. Like the last time. Marco has got six, so if she has two outside, it could be that she has… that she has two inside. […] Emma:

If there are two balls outside and other two inside it makes four and Marco has six, so it is not the same number.

Apparently, Sofia is trying to guess the number of marbles in the box, she tries with the number two. Emma follows Sofia's reasoning and she confutes it by summing the supposed amount of marbles with the number of visible marbles owned by Penelope. She realizes that the total amount is different than the number of Marco's marbles and so she rejects Sofia's hypothesis. This kind of guessing and testing strategy could appear not sophisticated but, as Mason notices, "Guess & Test is not only good mathematics, but it can develop over time into more sophisticated versions: Try & Improve, in which the guess is modified according to some principle rather than being essentially random" (Mason, 2008, p. 85). It cannot be considered as relational thinking, but it constitutes a preliminary step for it.

Counting as strategy to determine a sum is frequently used to check the correctness of suggested amounts for marbles in the box. Determining the right number of marbles in the box with different processes appears less frequently. The following excerpt shows one of the few examples. The children are facing the task in the case of Marco having seven marbles and Penelope with three marbles outside the box. They are discussing about the number of marbles that are inside Penelope's box.

Leonardo: They aren't four.

Emma: Yes, four! Because there are seven there.

Ginevra:

Look! Here she has three [she moves her finger along the three marbles that are outside the box, Figure 3b]. Look: here he has three [she moves her finger along three of Marco's marbles] and he has four [she points with both hands to the remaining four Marco's marbles, as she were grasping them, Figure 3c]. So here she has three [she repeats the gesture in Figure 3b pointing to marbles that are outside the box] and here [she repeats the 'grasping gesture' on Penelope's box] she has four.

Interpreting Ginevra's gestures, we can notice that she creates a correspondence between Marco's marbles and Penelope's one. She selects three marbles among Marco's one and she isolates them from the remaining four. Then she notices that Penelope's marbles can be divided again in a group of three (that is shown) and a group of four that is inside the box. The correspondence is made evident by the use of the same gesture (moving the finger along the balls) to point to the groups of three, and a different gesture (grasping the balls with both hands) to point the groups of four. Ginevra is decomposing the number 7 has the sum 4+3 and so she finds the amount of marbles in the box making use of such decomposition. We consider this as an evidence of reaching the fourth benchmark.

Discussion and conclusion

Developing suitable task to let kindergarten students think relationally appears as an important objective if we believe that it is never too early to start thinking algebraically [START_REF] Mason | How Early Is Too Early for Thinking Algebraically?[END_REF]. In this paper, we try to develop such kind of task basing our work on that made by others before. We have modified the task proposed by Steinweg, Akinwunmi and Lenz (2018) because we were not convinced by the fact that they could not observe evidence of relational thinking in children at kindergarten level. Mutuating benchmarks by the work by [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF], in our data we can observe different levels of interpretation of a number sentence containing an equivalence. In particular, most of students reach the first benchmark, being able to state what they mean while saying that two amounts are the same in number. We noticed that there are children that are not achieving the second benchmark: they interpret the equivalence a=x+b as if it were a+b=x or a=x. Apparently, they reinterpret the equivalence according to schemes that are more familiar to them.

We do not have evidence of students reaching the second benchmark without reaching also the third one. Using counting to add numbers is used to check the correctness of the amount of marbles in the box. It is not clear if they are using a guess and test method [START_REF] Mason | Making use of children's powers to produce algebraic thinking[END_REF], or if there are other mental processes leading students to suppose a number for the unknown marbles in the box. Evidence of the fourth benchmarck are rare, but there are some. Eventually, we can answer to our research question stating that we find distinguishible evidence of all the four benchmarcks.

This result appears in contrast with that by [START_REF] Steinweg | Making Implicit Algebraic Thinking Explicit: Exploiting National Characteristics of German Approaches[END_REF], however we must notice that it is not easy to directly compare their work with ours. Indeed, even if we are both speaking about relational thinking, it is not sure that we are speaking about the same thing. We used the benchmarks by [START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in elementary school[END_REF] who consider relational thinking equivalent to the fourth benchmark. We interpreted students' utterances, but also their gestures, as evidence of the process enacted to solve the task. Steinweg and colleagues (2018) use just the words as data and so it is possible that they interpreted differently some cases that we would interpret as relational thinking.

We are aware that there are limitations in this study. Our theoretical framework is modified for this situation, adapting it from the original one that was thought for primary school level. This was necessary because we do not have frameworks for relational thinking at kindergarten level. The framework works well here in describing differences between the behaviors, however it should be tested in other contexts.