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Introduction

Mastery of counting based addition is an important stepping-stone to the development of more mature, efficient and fluent arithmetic that involves retrieval and decomposition strategies, and the counting-on strategy is thus a critical competence in early arithmetic [START_REF] Clements | Rethinking early mathematics: What is research-based curriculum for young children? Reconceptualizing early mathematics learning[END_REF]. A conceptual shift occurs when the child refines informal use of a counting-all-strategy (e.g. count both addends in 3+2) into a counting-on-strategy and starts to count from the smallest or largest addend, which are termed respectively as the max-and min-strategy. The min-strategy involves stating the largest integer and count on the number of times equal to the smallest addend.

Several developmental theories (e.g. Vygotsky & Piaget) and an extensive research literature (e.g. [START_REF] Howison | The mathematical imagery trainer: From embodied interaction to conceptual learning[END_REF][START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF][START_REF] Seitz | The bodily basis of thought[END_REF] suggest that children learn best through play and bodily activities, which underlines a whole-child approach that stimulates cognitive, motor and social development. Moreover, there is a rapidly growing literature within the multimodal and embodied domain which highlights the use of fingers and gestures as mediating tools for the development of arithmetic skills and concepts (e.g. [START_REF] Crollen | The role of fingers in the development of counting and arithmetic skills[END_REF]. Yet, little is known about how children's informal motor skills and the use of other bodily semiotic resources might be integrated in multimodal interaction for the development of proficiency in addition. Hence, in order to address this gap, 10 pre-schoolers were engaged in a 5 weeks guided intervention. They used their body to physically map a counting-on-strategy on a 100-dotted matrix. Based on individual post-tests, this study examines the participants' ability to use and integrate multiple representations of numerosity into coherently structured articulated body-spatial mappings of an additive minstrategy. By coherence we mean the ability to integrate multimodal representations (e.g. kinaesthetic, tactile, auditory, visual, semantic) of numerosity according to the structure of the minstrategy (cf. [START_REF] Zmigrod | Feature integration across multimodal perception and action: A review[END_REF] as outlined below.

Theoretical framework

The view that mathematical knowledge is embodied seems to meet a growing acceptance in the research domain of mathematical education [START_REF] Thom | Radical embodiment and semiotics: Toward a theory of mathematics in the flesh[END_REF]. [START_REF] Stevens | The missing bodies of mathematical thinking and learning have been found[END_REF] uses the notions "embodiment as conceptualist" and "embodiment as interactionist" as two complementary theoretical understandings of embodied cognition. The conceptualist stand provides a profound understanding of the nature of human thoughts and how they are organised in vast unconscious and conscious conceptual systems that are grounded in everyday activities, motion and physical experiences. An interactionist perspective of embodiment acknowledges that the body produces meaning and actions in diverse modalities. These often happen in combination and include the use of supporting means and tools such as movement, gestures, pointing, physical position and speech [START_REF] Stevens | The missing bodies of mathematical thinking and learning have been found[END_REF]. Moreover, embodied cognition holds that basic arithmetic is closely related to physical and embodied experiences [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF]. Hence, embodied actions and use of tools might follow basic laws of arithmetic and therefore possess the potential to be an integrated part of mathematical cognition that might subserve mental calculations [START_REF] Johansen | Embodied strategies in mathematical cognition[END_REF]. [START_REF] Clements | Rethinking early mathematics: What is research-based curriculum for young children? Reconceptualizing early mathematics learning[END_REF] suggest that the understanding of counting-on strategies rests on the integration of the learning trajectories' counting, subitising and addition. The first trajectory might be elaborated by [START_REF] Gelman | The child's understanding of number[END_REF] five counting principles, which form a skeleton structure for children's early development of counting. Applied on a multimodal scene, the one-toone-correspondence between items of sets requires the child to relate countable units across modalities (e.g. kinaesthetic and visual tags). In counting-based addition, a prerequisite skill which addresses the stable order principle is verbal enumeration from a given number-word (e.g. "four, five, six" in 4+2). This requires the child to understand the relation between the semantic expression of the addend and the quantity [START_REF] Fuson | Children's counting and concepts of number[END_REF], which reflects the core of the cardinal principle. The abstraction principle is mediated via knowledge of the relations between countable items of sets with various abstract or physical modalities; for example, visual and mental units might be included in a count and in use of numerical equivalence for comparing sets across modalities. The next trajectory, subitising, refers to the immediate perception of the numerosity of small sets of items [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF]. Moreover, the term pattern recognition, which refers to direct visual perception of the numerosity of a learnt configuration (e.g. dice), is complemental and dialectical to subitising in early conceptualising of cardinality. Finally and central to the learning trajectory of addition is parts-whole relations of numbers that comprise an understanding of cardinality as an invariant property across any partitioning of a set (e.g. part-part-or part-ordinal-structure). Hence, mental fluency in additive manipulation might be mediated across modalities in the form of direct retrieval or decomposition strategies (e.g. 2+3=5 and 2+3=2+2+1=4+1=5, respectively), whereas countingon-strategies build on both ordinal and cardinal properties of numbers.

Methodology Participants, intervention and qualitative analysis

Ten 4-and 5 year olds (4 girls, 6 boys; mean age at point of post-test 4:9) participated in a 5 weeks intervention programme, which included seven 1-hour sessions outdoors in the vicinity of their kindergarten (mean participation 6.4 sessions). Give-N-post-tests assessing knower-level of cardinality [START_REF] Lee | A model of knower-level behavior in number concept development[END_REF] showed that nine participants were Cardinal Principle-knowers (CP-knowers) as they mastered the use of verbal counting for exact enumeration. Moreover, one child showed consistency in the production of the maximum four objects on request and was accordingly classified as a C4-knower.

Each session integrated the min-activity as a guided part of a free construction activity. In order to get a piece for their design, they had to role two dice (e.g. 3 and 5), and outside a 100-dotted matrix (d = 4 m, see Figure 1) verbalise and physically express the largest integer in a simultaneous manner (i.e. use the feet to "tag" the dice and say "Five"). Then, inside the matrix and informed by the other dice, they had to verbalise and physically tag the smallest addend in a sequential order (i.e. "six, seven, eight"). In mapping the sum, they had to hold a one-legged body-pose.

Based on an interpretive stance, a mix of pattern and cross-case analyses [START_REF] Yin | Case study research: Design and methods[END_REF] were adapted to our objective to examine the participants ability to integrate multimodal representations of numerosity according to the min-strategy. First, we examined coherence in each participant's interaction and the use of cross-modal representations of numbers across trials. Then, in order to identify differences and similarities in use and integration of modalities, a cross-case analysis was conducted. Based on this, categories of task-solution emerged and were synthesised.

Procedure of the min-task

Individual post-testing in the 100-dotted matrix (see Figure 1) was conducted by a researcher and recorded on video. First, the participants were introduced to the min-task: "You are to do as we did in the game earlier (cf. the min-activity described above). Can you toss the dice? Which dice should you pick up? What do you do with the other dice?" If necessary, the child was guided via a practice trial. Next, in order to ensure variation in numbers to add, at least three tasks were given at each level 1 to 3: Level 1two dice 1 to 4; Level 2one dice 1 to 4, one 1 to 6; and Level 3one dice 1 to 6, the other set to 3, 5 and 6, respectively. During task-solution, the researcher could ask: "What did you get?", "What do you say/do?" and "How many did you get?"

Results

Figure 1: A The results show that five participants solved all tasks, two had one tagging error while one child developed solving abilities across trials after three errors on the first two levels. This adds up to a solution rate of 94 % (i.e. 82/87) for the eight participants who showed solving proficiency. The two remaining children, C4-knower Garth and CP-knower Hans, failed to solve the tasks (i.e. 0/19). With the exception of one-more-tasks (e.g. 6+1, 3+1), most participants showed consistency in strategy usage. However, some children used different representations depending on whether the smallest integer exceeded the subitising range 1 to 4 or not. Basically, the children's cross-modal representations of numerosity in the min-task involved four steps or stages: 1) Place the dice with the largest addend in the small circle, pick up the other dice; 2) Articulate and physically tag the largest integer simultaneously as a whole (see Figure 2); 3) Enter into the matrix and sequentially physically tag dots and verbally count the number of units equal to the smallest addend (see Figures 3 and4); and 4) Verbalise the sum and physically gestalt the final tag (see Figure 5). Guided by this framework, the next section provides an elaborated presentation of the general results.

Stage 1: Most CP-knowers used subitising or pattern recognition to determine the outcome of the dice. However, one CP-knower had to count dice with numerosity 6, and C4-knower Garth used verbal touch counting to perceive the numerical value of dice from 4 to 6. Regarding the more-andless-relation, all participants shared the ability to distinguish between the two dice according to size. However, in contrast to Garth who picked up the dice with the largest addend, the rest of the children placed the dice with the largest integer in the small circle.

Stage 2: While the CP-knowers verbalised and body-tagged the largest addend in the little circle, C4-knower Garth ignored the dice on the ground. Physically, some stated the largest integer in the form of a two-legged tagging, while others integrated the tagging in gait or jumped into the circle to perform a distinct one-legged pose in parallel with an exaggerated articulation of the number word.

Stage 3: Inside the matrix, the CP-knowers mapped only one physically tagging of a dot onto one semantic expression of a number word (cf. the one-to-one principle). This transformation of units from the hand-held-dice was based on visual, tactile or mental representations of numerosity. Except for Hans who linguistically treated the two addends as separate parts, the CP-knowers showed verbal skills in counting on from the largest addend (cf. the stable order principle). C4knower Garth also started to count from "One", but he kept on counting past the cardinality of the hand-held dice. Regarding the spatial and temporal features of the kinaesthetic modality, some participants walked in a delayed mode while others combined jumping and rhythmic moves in a rapid, precise and flexible appropriation of the spatial layout of the dots.

Stage 4: Regarding the final body-spatial tagging that stated the sum, a recurring kinaesthetic pattern for the CP-knowers was to halt in a one-legged body-pose. Some also attributed an auditory dimension as the final step was expressed in a more physically distinct way. This behaviour was often accompanied with an accentuated and prolonged articulation of the sum. Some children also attributed personal gestalts, bodily rotations and aesthetic moves to the physical tagging of the cardinal value. In contrast, C4-knower Garth continued to count and walk past the numerosity of the hand-held-dice without assigning a final tag to any physical or semantic significance. Regarding conceptualisation of the sum, participants with solving proficiency either stated the cardinal value unasked, repeated the last articulated number-word by request or via the counting-all-strategy. The results show that major differences across solution proficiency were mediated in their multimodal use and synthesis of numerosity in the counting-on part of the min-task (cf. Stage 3). In particular, four children showed a preference for the use of tactile support, two for visual and two for mental based representations of numerosity, while two showed flexibility in a varied use of these forms of representations in the integration with the semantic and kinaesthetic modalities. Based on this, the next section presents examples and rich description for each of these categories.

Preference in tactile based representations of numerosity:

A shared feature for this group is the use of fingers for touch-counting the dots on the dice (cf. Stage 3, see Figure 3). Hence, tactile sensory information supported the synchronisation of articulation, visual perception and physical tagging of the configuration of the dice and the spatial layout in the matrix.

Preference in visual based representations of numerosity: A core feature of the "visual counters" is their use of the eyes to coordinate visual pointing and tagging of dots in the transformation of numerical information to the counting-on part of the min-task (cf. Stage 3, see Figure 4). Rich descriptions of Jon's task solution aim to illustrate this group's proficiency: A recurring pattern was to physically tag the largest addend as a whole, then slowly walk into the matrix and, supported by visual examination of the dice in between each tagging, continue to map the numerosity onto the semantic and kinaesthetic domain to produce the sum. However, in the following excerpt, which starts after the dice show 6 and 6, he deviates from his normal pattern: C4-knower Garth is also categorised as a "visual counter", although incompletely compared to the proficiency described above. For example, in the 5+3-and 6+5-tasks, he counted to 10 and 22 respectively and only partially based his actions on what seemed to be "visual tagging". Moreover, in these sequences, he lost control over the feet-dot mapping. Preference in mental-based representations: Shared features for this group comprise the use of subitising or pattern recognition to perceive numerical information from the dice (cf. Stage 1), articulated one-legged body-pose in mapping of the largest addend (cf. Stage 2) and mentally maintaining and retrieving numerical information to support the counting-on part of the minstrategy (cf. Stage 3). The smallest addends within the subitising range were most often mapped directly. However, when the smallest integer was larger than three, they could also perceive visual information from the dice one time during the process. Additional recurring patterns were in the form of precise and rapidly articulated body-spatial mapping, which was mediated as rhythmic verbalisations and steps in between dots in expressing the ordinal structure of the counting based addition (cf. Stage 3, see Figures 7 and8). Moreover, they often attributed an exaggerated verbalised and prolonged physical mediation of the sum with creative moves and aesthetic bodyposes (cf. Stage 4, see Figures 5 and9). Below, rich description of Oda's task solution illustrates this group's proficiency. In tasks where the smallest addend is less than and sometimes equal to four (e.g. 5+2, 5+3, 6+3 and 6+4), Oda showed mental fluency in the numerical mapping, as she did not look at the dice after entering the matrix (cf. Stage 3). The following excerpt exemplifies her behaviour when the smallest addend was larger and it starts after the dice show 6 and 6:

Oda:

[Oda picks up one dice and tags the other with her left foot] Six. [She briefly holds the gestalt, jumps into the matrix and tags dots in a rapid motion in synchronisation with articulating] Seven, eight, nine, 10 [She halts and quickly looks at the dice before she continues in rhythmic tagging] 11, 12 [The articulation of the sum is extensive as she performs a one-legged bodily rotation]

Cross-modal variations in use of representations: Two participants showed flexibility across tasks in terms of a varied use of mental, tactile and visual support for modulation of numerical information in the counting-on part (cf. Stage 3). This is exemplified by Viola, who applied retrieval of mental magnitudes when the smallest addend was within subitising range and varied between using visual-and tactile based representations to solve other tasks (e.g. 6+5 and 5+5).

Discussion

Based on the shared experiences of 4-and 5-year olds in a matrix to support early appropriation of the min-strategy, this study investigates the participants use and coherence of multimodal representations of numerosity in task-solution. The post-tests show that eight of the participants mastered the min-task, while two of the children lacked solving proficiency. Beyond this dichotomy, the preference for touch-counting, visual-counting or mental based representations of numerosity reflects major categories concerning the integration of modalities in the min-task.

A core signature for children with a preference to the retrieval of numerical information to support embodiment of the ordinal structure of the min-strategy is a fluent numerical interaction between the semantic and kinaesthetic modalities. This is exemplified by Oda in the 5+3-task, where she projects a visual pattern recognition of the largest addend and the subitising of the smallest integer into a two-staged coherent motion in parallel with the articulation "five" and then "six, seven, eight" (cf. Stage 2 and 3, respectively). This group's ability to maintain mental magnitudes and modulate cognition of addition into compound body movements is further exemplified in the 6+6task. Based on visual pattern recognition of the numerosity, Oda's interaction suggests that she mentally decomposes the additive structure into three parts (i.e. 6, 4, 2), which are perceived and retrieved one at a time and holistically expressed as a three-staged movement trajectory reflecting a part-part-part-structure of the whole (i.e. 12). Moreover, this group's preference in mental retrieval seems to support motor creativity and verbal manipulation across the four stages of task solution. This is mediated in the form of a louder articulation and a harder physical tagging of the largest addend and the sum, rhythmic mappings of the smallest addend and in the integration of personal gestalts and bodily rotations in expressing the sum (cf. Figures 5 to 9).

The "eyeand touch-counters" are characterised by the use of visual or tactile based representations of numerosity in a resource demanding integration with the kinaesthetic and semantic modalities. Shared features include the use of the hand-held dice for cross-modal transformation of one unit at a time and this ordinal structure seems to be projected in a stiff body-spatial mapping. However, in the 6+6-task "visual counter" Jon deviates from this pattern as a pre-count enables him to mentally maintain the sum of the addition during action. Hence, he replaces visual counting and a delayed gait with a fluent multimodal mapping of the counting-on-strategy.

Regarding the children who do not solve any of the tasks, Garth is not able to follow the rules of the min-strategy, nor is he able to recognise or enact the multimodal correspondence between the spatial information of the affordances and the kinaesthetic and semantic domains. Moreover, his proficiency in exact enumeration as a C4-knower might explain his lack of the necessary abilities to embody the parts and the whole of the additive structure. By contrast, Hans demonstrates proficiency in coherent mappings of numerosity across modalities, but he is not able to use verbal skills to combine the two addends into a whole. Thus, this suggests that his mastery of the min-tasks is a linguistic matter in terms of a flexible use of the stable order principle [START_REF] Gelman | The child's understanding of number[END_REF].

To sum up: The findings show cross-modal variations in the participants' mediation of partitioning, boundaries and the interior of the additive structures. The results also suggest that the ability to apply the abstraction principle in terms of storage and retrieval of mental magnitudes supports fluency in the semantic and physical modalities of numerosity. In contrast, participants that mapped information from the dice in between each mapping seem to use their cognitive and motor resources with the complex synchronisation of eye, dice, finger, feet and matrix. These variation in strategy usage might be explained in individual differences in working-memory capacity [START_REF] Noel | Working memory as a predictor of addition skills and addition strategies in children[END_REF], the participants' competences in applying bodily semiotic resources and their proficiency in the learning trajectories counting, subitising and addition [START_REF] Clements | Rethinking early mathematics: What is research-based curriculum for young children? Reconceptualizing early mathematics learning[END_REF].

Summary and concluding remarks

Countering a view of cognition which sees mathematics as a fixed disembodied phenomenon, this study presupposes that arithmetic structures must be embodied by each child, as the body with its motor system is an integrated part of thinking that works dialectically with and under the guidance of both external factors and cognitive processes [START_REF] Seitz | The bodily basis of thought[END_REF]. Thus, by grounding the additive structure in the body language of 4-and 5-year olds, we examine their use and coherence of multimodal representations of numerosity in counting-based addition. The findings show that mediation of the min-strategy rests on the children's ability to structure and synchronise crossmodal and mental based partitioning of numbers and manipulation of the interior and the boundaries of sets. Hence, this study contributes to embodied cognitive theory, which regards the body as an open and available resource for thinking, learning and social activity [START_REF] Stevens | The missing bodies of mathematical thinking and learning have been found[END_REF]. In particular, it demonstrates how embodied experiences in ecological rich milieus might conflate with arithmetic structures [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF]. However, the study is limited in the sense that we cannot make any claims of strategy generalisation [START_REF] Siegler | How children discover strategies[END_REF]). Yet, even though some participants have problems to discern the additive structure embedded in the complex scene, our overall results

suggest that the min-activity might facilitate 4-and 5-year olds ability of to synchronise multimodal representations of numerosity in a manner that reflects coherence of the min-strategy.

  Figure 1: A small circle outside the 100-dotted matrix Figure 2: Tagging the largest addend (Stage 2) Figure 3: Touchcounting (Stage 3) Figure 4: Visual counting (Stage 3) Figure 5: Physical expression of the final tag (Stage 4)

  Jon: Six and six [Jon uses a finger to touch-count the dots on both dice] One, two … 11, 12. [He picks up a dice and tags the other using his right leg] Six. [He jumps into the matrix and without looking at the dice he continues in direct physical tagging in synchronisation with verbalising] Seven, eight … 11, 12 [In a onelegged pose, he articulates the sum in an extended manner]

Figure

  Figure 6: Multimodal mapping of the largest addend (Stage 2) Figure 7: Rhythmic mapping (Stage 3) Figure 8: Rapid, fluent and precise physical mapping (Stage 3) Figure 9: Bodily rotation in expressing the sum (Stage 4)