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A Criterion for Piece-wise Mid-Frequency Vibro-acoustic Modelling
Using the Condensed Transfer Function Approach
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1.3 Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hong Kong, China
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ABSTRACT

Analyses of vibro-acoustic systems in the mid-to-high frequency range are technically challenging due to the
complex wavelength composition involved in different vibro-acoustic components. The problem needs to be
tackled in order to cope with the crying need in various applications fields such as vehicles and buildings. In
the present paper, an improved condensed transfer function (CTF) approach is proposed, using a benchmark
model consisting of a plate-cavity system. In the improved CTF approach, the uncoupled subsystems are
firstly modelled separately, by decomposing the force and velocity on the coupling surfaces between
subsystems over a set of CTFs. The entire coupled system can then be assembled and solved by applying the
force equilibrium and velocity continuity conditions over the coupling surfaces. The modelling efficiency is
shown to be greatly increased by properly selecting the condensation functions in terms of their type and size.
It is shown that a better spatial match between the wavy feature of the condensation functions and the
wavelength of the system would allow a more efficient modelling within a prescribed frequency range. Given
a set of truncated CTF series, a piece-wise convergence behavior is observed, leading to the proposal of a
convergence criterion. The proposed convergence criterion allows the entire system to be modelled in any
prescribed frequency band, one at a time in a piece-wise manner, thus resulting in a great reduction in the
computational time. The proposed criterion is then tested using various excitation and damping
configurations in one-third octave bands.

Keywords: vibro-acoustic, substructure method, mid and high frequency I-INCE Classification of Subjects
Number(s): 76

1. INTRODUCTION

The development of dedicated methods for the mid-to-high frequency vibro-acoustic modelling
has always been a challenge and arousing vast interest in the vibro-acoustic community. Methods
based on sub-structuring philosophy are often employed in such cases. Upon the proper handling of the
interfaces between the sub-systems, these methods allow reducing the number of degrees of freedoms
involved in the calculation. Among existing methods, the Patch Transfer Functions (PTF) method is a
representative example(1). The PTF method allows the subsystems to be modelled separately, before
being assembled over the coupling surface based on continuity conditions. The coupling surface can be
either the interface between a structural domain and an acoustic domain(2), or between two acoustic
domains(1). The method consists in dividing the coupling surface into patches using a criterion based
on the wavelength of the propagative waves on the coupling surface. Then, for each uncoupled
subsystem, the transfer functions between each pair of the patches should be calculated. In the final
stage, the patch transfer functions are assembled to predict the behavior of the global system. The
method has been applied to airborne noise predictions(3), sound transmission problems in buildings(4),
and transmission loss predictions in silencer designs(5) etc.. The method was extended and cast into a
more general form, referred to as the Condensed Transfer Function (CTF) approach(6). The CTF
approach extends the patches to any orthogonal function sets over the coupling surface such as the
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complex exponential functions and the Chebyshev polynomials, referred to as the Condensation
Functions (CF). This method has been applied to the modelling of non-axisymmetric internal frames
for the investigation of the radiation efficiency and energy distributions (7). However, the research on
CTF approach, has only focused on the cases of line coupling like frame-shell connections. This paper
examines the use of different types of condensation functions to the problem of structure-acoustic
coupling over a surface. The choice of different types of CFs as well as their impact on the modelling
efficiency and accuracy will be the focus of the paper.

2. Theoretical Analyses

2.1 Basic Theory

Consider a rectangular acoustic cavity with one of its walls covered by a vibrating plate while the
others being acoustically rigid, as shown in Fig.1. The plate, simply supported along all four ed ges, is

subjected to a prescribed harmonic sound pressure excitation P® with an angular frequency w. The
two subsystems, structural (plate) and acoustic (cavity), are coupled over their interface 2, denoted by
superscript s and a, respectively.
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Fig. 1. The cavity-plate configuration and coordinate system

A set of N orthonormal functions {@.},..., , referred to as condensation functions (CF), is

employed to approximate the velocities and the forces on the coupling interface. The value of N
should warrant the convergence of the results, to be discussed later. One assumes that the velocity

U“(x,y) and the force P“(X,y) can be approximated by the condensation functions for

subsystem a(« €[s,a]) with a sufficient accuracy. Notice that the coupling interface is two
dimensional.

For the structural subsystem, the condensed mobility between ¢;(X,Y)=a (X)¢;(y) and
o, Y)=0,(X)p (y) , is defined and calculated by applying an excitation pressure
P*(x, ) =@ (0)e;(y) onQas:

Yk?,ij = <Dy >

=< Uf, >
< Ps,% > i @a >, (1)



inwhich < f,g > isascalar product defined as with g” being the complex conjugate of g, and U.S,
is the uncoupled velocity on Q when the structural subsystem is subjected to an external excitation
P*(X,y). Additionally, the uncoupled free condensed velocity l]; of the structural subsystem is
defined by
0y =<U* ¢, >, (2)
where U* is the uncoupled velocity of the structural subsystem at Q2 when only external excitation
exists.
For the acoustical subsystem, the condensed impedance Zﬁ’ij is defined by imposing a prescribed

velocity U“(X,y) =@, (X)¢o;(y) onQas:

a <5?‘, > —=a
Zyii :J—(Pm:< Pij, ¢4 > (3)

a
<U*% ¢, >
—a
where Pijj is the uncoupled acoustic pressure on Q when the acoustical subsystem is subjected to the

prescribed velocity U“(X,Yy). Similarly, the uncoupled free condensed acoustic pressure of the
acoustical subsystem is defined by

p; =< P2, L >, (4)
where P? is the uncoupled acoustic pressure of the acoustical subsystem at 2 when only internal
sound sources exist. In the present case, this value is null.

Then one obtains the approximations of the uncoupled velocities and forces on the coupling surface
for each subsystem:

U =YY GaWe () [FxN=Y 5aXey)

U (xy) =3 Y B0 ™ [Py =23 Ba®ey)

where ui‘;‘ and pi‘j’ are the amplitudes of velocity and the pressure with respect to condensation

function @
On the other hand, the velocity continuity and force equilibrium principle over the coupling

interface write
ur=u (6)
PS=-P*

According to the orthogonal property of the condensation functions, the following relationship can be
deduced from Eq. (6):
s _ ,a
{ Uij = Uij @

p;+pi?=0.

Substituting Eq. (7) and Z?* into Eq. (5), the velocity on the coupling surface U° can be finally
calculated as:

ue=[1+v:z*] u. ®)

2.2 CTFin the plate-cavity system

S

Following the definition of CTF, Ykl,ij can be calculated by applying an excitation pressure
RP(xY)=¢;(x,y). Assuming BS(x,y) is harmonic, the equation of motion of transverse

displacement of the simply supported plate writes



—*M*W (X, ¥)+ D' VW (X, y) =g (X, Y), 9)
in which V\F(X, y) is the plate displacement; M*® is the mass per unit area; w is the angular
frequency, D" =E h®/12(1-0?) is the bending stiffness, and E =E(1+ jn°) is the complex
Young’s modulus with the structural damping taken into account with 7° being the damping loss
factor. W' (X, y) can be decomposed over the in-vacuo plate modes as W* = » Wy, where W,

. (rax). [s
and w,, =sin (LL]S"] {LLyJ are the modal amplitude and displacement mode shape of the plate,

X y
respectively. One obtains the plate velocity:

Vel @ (Y (X, y)dS
U(xy)=le, {;lZSIJ_L (0 - )
r.s X~y rs

: (10)

x 2 2
D r
in which a)fs = YE [—ﬂj +£T_—7[J is the natural frequency of the rs plate mode. Substituting Eq.
y
(9) into Eqg. (1), one obtains the condensed mobility kavij
ry.r:
YkT“ — ja) Kl,rs= ij,rs , (ll)
K rZS“MSLXLy(a)fS—a)z)

for the vibrating plate,

in which T

s =j(pij(//deS is the coupling coefficient between the condensation function ¢, and

Q
the plate mode . . Notice that |

S

i rs is independent of the frequency. Therefore, the coupling matrix

[I""°]and [ I"®] can be calculated beforehand to form a database before assembling at a later stage. In

the present case, [ 1" °] and [ I"°] can be calculated analytically due to the simple geometry of the
system. In a more complex scenario, numerical scheme or asymptotic approximations could be used,
such as finite element method.

Similarly, the CTFs for the acoustic cavity can be obtained by setting a boundary velocity

U?(X,¥)=@;(x,y) on Q and solve the Helmholtz equation:

2
w
Vip*+| —| p*=0, (12)
CO
in which CO* =(1+ jn®)c, is the complex sound speed with a damping loss factor 7* of air taken
into account.
The resulted pressure response p®(X,Y,Z) may be calculated using Green’s formula and the

modal expansion method.
The whole procedure yields

[ @i (%, y,0)dS

Q2 & (X,Y,2), 13
2 R (o =) Voo (XY, 2) (13)

p; (X% Y.2,0) = jop,c;

NzX m Z
in which ;= cos( f )cos( Ii[y)cos( pli[ ) is the acoustic mode shape functions of the

X y Z

and @, arethe generalized acoustic modal mass and the nmpth acoustic

rigid-walled cavity; A,
natural frequency, respectively. According to the definition in Eq. (3), the condensed acoustic

impedance Zy ; writes:



FI:I,nmpF

ij,nmp

Zl?l,ij = ja)pocg Z A (14)

2 2\
n,m,p £ *nmp (a)nmp - )

in which I'; =.[goijw:mpd5 is the coupling coefficient between condensation function ¢, and
Q

acoustic mode ‘//:mp- Substituting Eq. (11) and Eq. (14) into Eq. (8), the response on the coupling
surface can be obtained accordingly.

2.3 Examples of CFs

2.3.1 Gate functions
The gate functions are defined as:

1

P10 y) = {—
0 elsewhere

where Lgx and Lgy are the length of the gate function and i and j are the gate indices x and y

if (i = Dlgye =x =ilgy,  — Dlgy =y = jLg, (15)

directions, respectively. As illustrated in Fig.2, each condensed mobility term kavij physically

corresponds to the velocity response U,, when a unit excitation Pij is applied. When the gate

functions are employed, the CTF method retreats to the PTF method as a special case of the general
CTF approach. Owing to the intuitive and explicit physical meaning of the gate functions, the
corresponding condensed mobility and impedance can be obtained using various calculation schemes,
or even from experimental measurements.
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Figure 2. The working principle of gate functions

As to the convergence criterion, it is well established that at least two gate functions are needed to
describe a wavelength (1), analogous to the spatial Shannon criterion used in signal processing.
Therefore, for a given structural or acoustical wavelength A, the length of the gate functions Lgx and Lgy
should satisfy:

L, SE'Lgy SE. (16)
2.3.2 Complex exponential functions
The complex exponential functions are defined by
0y (xy) == exp(o 2 )exp(o 27 )
1) 1 LX Ly LX Ly .

in which 6=+/—1 is the imaginary unit, and i€[0,+£1,+2, ..., #I* Jand je[0,£1,%+2, ...,

max
ilrfm] are the function indices in x and y directions, respectively. Different from the case of the gate

functions in which the coupling interface is divided into more intuitive ‘patches’, the use of the
exponential functions spatially decompose the velocity and the force over the entire coupling
interface.

A truncation criterion has been proposed and has been validated in Ref. (7) for line coupled
mechanical structures, expressed as:



max max —

2L
| 22/2‘*—1 and 1) >Ty_ : (18)

3. Validation and Improvement

In the following numerical analyses, the dimension of the cavity is set to be 2.5mx2mx3m (xxyx
z). The simply supported plate is 1.8mm thick, located at z=0 forming one wall of the enclosure. The
plate has a Young’s modules 7.2x10'°Pa with a Poisson’s ratio 0.2 and mass density 2.53x<10%kg/m?.

Damping ratios 7° and 7" are set to 0.001 and 0.01 for the cavity and the plate, respectively. An

oblique acoustic excitation with an amplitude of 1Pa is impinging on the plate, with both the dihedral
angle and the intersection angle with x axis being 452 The frequency band of interest is [1, 1000] Hz.

3.1 Pressure Validations

The sound pressure is calculated at a receiving point chosen at (0.5, 1.3, 2)m. The sound pressure
level (SPL) results are given in Fig. 3, in which the CTF results using two different CFs are compared
with the reference solution obtained from the reference results. The latter was calculated using modal
method, which has been fully validated in a previous study. It can be seen that the pressure predictions
by both types of CFs agree well with the reference result in the low frequency range. However, the
performance of the gate functions slightly deteriorates as compared with the exponential functions in
relatively high frequency range, especially at the troughs of the curves where system becomes less
dynamic. Upon averaging the acoustic pressure within the entire cavity, the averaged overall SPL is
shown in Fig. 6, leading to the same observation as that obtained in Fig. 5. Generally speaking, the
truncation criteria allow acceptable calculation accuracy for both type of CFs, knowing however
exponential functions perform better at non-resonance frequencies in both single point and overall
predictions.
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Fig. 3: SPL with reference to 2x10-°Pa: (a) at (0.5, 1.3, 2)m; (b) overall within the cavity.

3.2 Approximations with CTF method
The approximation calculations will be focused on using the complex exponential functions,
whose efficiency and advantage has already been shown in the last section. In this section, it will be
seen that the high efficiency of the complex exponential functions is attributed to their wavy feature,
which lead to a strong coupling to a certain wavelength range of the acoustic cavity and the vibrating
structure.
Two generalized wavelengths A4, and A are defined to connect the condensation functions and

the acoustic cavity and vibrating structural, respectively.



y)
A =L 19
) (19)
A
== 20
) (20)
where A4, is the wavelength of the exponential function ?; (X, y), defined as
T 2”2_ , (21)
( 17[ 2+( 17[ 2
L, Ly

A,and A, are the acoustic wavelength and structural wavelength, respectively, which are frequency
dependent. When A, is smaller than one, it refers to the stiffness modes of the cavity, otherwise, it
refers to the inertia modes of the cavity. The same rule also applies to A, .

For a targeted frequency band [ f,, f, JHz with the wavelength range in [ 4,, 4, Jm, where 4, and
A, are the longest and the shortest wavelength within all sub-systems, respectively, we include all CF

terms satisfy A, <A, <24, . This selection criterion will be used to calculate the dynamic response of

the plate-cavity system, and applied to calculate the overall pressure response of the cavity within the
one third octave band [560, 707] Hz (with a central frequency 630Hz), with the results shown in Fig. 4.
It can be observed that the system responses at the resonance frequencies are predicted well by using
only 60 CF terms while the traditional convergence rule requires 80 terms. Slight discrepancies exist at
some non-resonance frequencies especially in the higher frequency part of the band. The one-third
octave band SPL error is calculated, giving only 0.06dB within the entire frequency band contained in
Fig. 4. For the higher frequency band, the efficiency will be more evident because more long
wavelength terms are neglected. Therefore, it is understandable that the proposed criterion is to
guaranty the calculation result within a prescribed frequency band, instead of covering the entire low
frequency range using traditional criterion, as shown in Fig. 5. It can be observed in Fig. 5 that the
calculation is only focused on the targeted frequency band while the lower frequencies are abandoned.
Nevertheless, the proposed criterion can be applied to each frequency band at a time in a piecewise
manner so that the entire frequency range can be covered by moving the bands in a sequential way.
This way, the calculation efficiency can be maximized in each frequency band of interest.
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Fig. 4 SPL calculation under the proposed selection rule at the piecewise frequency band [560, 707] Hz.
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Fig. 5 The calculated result in [1, 1000]Hz with the selection criterion targeting to [560, 707]Hz.

4. Conclusions

Aiming at the modelling of the coupled vibro-acoustic system at mid-to-high frequency range, the
condensed transfer function method has been re-examined. The method uses an orthonormal set
functions to describe the force and velocity on the coupling surface of each subsystem, before being
coupled together through the force equilibrium and velocity continuity. The condensation functions
can be any functions satisfying the orthogonal condition. For a given targeted frequency band

[ f,, f, 1 Hz, all exponential functions with their wavelengths A, delimited by A, <A, <24, are

advised to be included in the calculation so that the efficiency can be increased with a good accuracy
being kept. The most significant advantage of the proposed criterion is that it allows accurate
modelling of the system in a piecewise manner in terms of frequency bands at a much reduced
calculation cost. Therefore, the criterion brings a significant increase in calculation efficiency when
only the mid-to-high frequencies are focused. More discussions on the choice of the series sub-set, as
well as the impact on the calculation accuracy and the frequency band to be covered will be given
during the presentation.
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