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The third order Benjamin-Ono equation on the torus :

well-posedness, traveling waves and stability:.

Louise Gassot

Abstract

We consider the third order Benjamin-Ono equation on the torus

Oyu = Oy <—3mu - %uH@xu - gH(uﬁxu) + US) .

We prove that for any ¢t € R, the flow map continuously extends to Hf,o(’]r) if s > 0, but does

not admit a continuous extension to H, §(T) if 0 < s < % Moreover, we show that the extension

is not weakly sequentially continuous in L%O(T). We then classify the traveling wave solutions

for the third order Benjamin-Ono equation in L%O (T) and study their orbital stability.
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1 Introduction

We are interested in the third equation of the integrable Benjamin-Ono hierarchy on the torus

Oyu = O, <—8mu — ;uHaxu — ;H(uaxu) + u3> . (1)

The operator H is the Hilbert transform, defined as

-~ . —~ . R 27 )
Hf(ZL') = Z —1 Sgn(n)f(n) e, f= Z f(n) e, f(n) - 1/0 f(l') e~ INT qp.

n€Z\0 nez
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1.1 Benjamin-Ono equations and integrability

The Benjamin-Ono equation on the torus

Ou = HOppu — 8x(u2),

was introduced by Benjamin [2| and Ono [12] in order to describe long internal waves in a
two-layer fluid of great depth. This equation admits an infinite number of conserved quantities
Hp, k > 1 (see Nakamura [11] for a proof on the real line). The evolution equations associated
to the conservation laws

Oyu = 0(VHp(u)) (2)
are the equations for the Benjamin-Ono hierarchy [8].

From Nakamura [10] and Bock, Kruskal [3], we know that the Benjamin-Ono equation admits
a Lax pair
d
ELU = [Bu, L],

Ly =Dh—T,, B,=iD*+ 2iTp, — 2iDT,.
Here, D = —i0, and T, is the Toeplitz operator on the Hardy space
L2(T) = {h € L*(T) | V¥n <0, h(n)=0}

defined as
T, :h € L2(T) + M(uh) € L2(T),

and II : L*(T) — L%(T) is the Szeg6 projector. The Hamiltonians Hj(u) are defined from the
Lax operator L, as

Hy(u) = (Ly1[1). (3)
In particular, the Hamiltonian for equation (1) is
1 1 (/1 1
Ha(u) + iﬂg(u)Q = 277/0 <2(8mu)2 — ZuQHﬁmu + 4u4> dz. (4)

In |5], Gérard and Kappeler constructed global Birkhoff coordinates for the Benjamin-Ono
equation on the torus. In these coordinates, the evolution equations for the Benjamin-Ono
hierarchy are easier to understand. Indeed, denote by ® the Birkhoff map

1
B :u e L2(T) = (Golu))nz1 € h2,

where L2 (T) is the subspace of real valued functions in L*(T) with zero mean, and

w = {(Gnz1 | Yo nlGaP< +oo ).

n>1
Then in the Birkhoff coordinates, equation (2) of the hierarchy associated to Hj becomes
0 = z’wgk)(n, n>1
when the frequencies
b _ O(Hp o ®71)
! 9|l

are well-defined. For instance, this formula is valid if the sequence ((0) = ((,(0))n>1 only has a

finite number of nonzero terms, or in other words, if ®~1(¢(0)) is a finite gap potential. In this
(k) |2

case, the frequencies wy ' only depend on the actions |,|°, and the evolution simply reads

Calt) = Gu(0) e €O L e R, n>1.



For the third equation of the hierarchy (1), the frequencies write

wi(C) =n®+n > plGI*=3  min(p,n)?|G*+3 Y min(p,q,n)[¢pI ¢ (5)

p>1 p>1 p,g>1

(k)

More details about the frequencies wy, ’ and formula (5) can be found in Appendix A.1.
We refer to Saut |15] for a detailed survey of the Benjamin-Ono equation and of its hierarchy.

1.2 Main results

Our first main result is the determination the well-posedness threshold for the third order
Benjamin-Ono equation. For s € R, we use the notation

Hy3(T) = {u € H(T,R) | (u]1) = 0}.

We prove that the flow map is globally C’-well-posed (in the sense of Definitions 1 and 2 from [6])
in H;y(T) when s > 0, but is not globally CO-well-posed in H, §(T) when 0 < s < 1.

Theorem 1.1. For all t € R, the flow map for equation (1) St : ug — u(t), defined for finite
gap potentials, admits a continuous extension to qu’o(T) for all s > 0, but does not admit a
continuous extension to H, 5(T) for 0 < s < z.

Remark 1.2. Note that if s > %, the maps t € R +— u(t) constructed in this way are solutions
to equation (1) in the distribution sense.

We also investigate the question of the sequential weak continuity for the flow map.

Theorem 1.3. For all t € R, the extension of flow map for equation (1) St : ug — u(t) is
weakly sequentially continuous in Hﬁjo(’]l‘) for s > 0, but is not weakly sequentially continuous in
L7 (T).

In [6], Gérard, Kappeler and Topalov proved that the flow map for the Benjamin-Ono equa-
tion is globally C%-well-posed in H;o(T) for s > —%, whereas from [13] there is no continuous
extension of the flow map to H ;370('11‘) when s < —%. We expect that the well-posedness threshold
on the torus increases by % for each new equation in the hierarchy : for the equation correspond-

ing to the k-th Hamiltonian Hy, k > 4, the threshold should be Hﬁ(; 2(']I“) (see Remarks 2.6
and A.1). Note that all the equations for the Benjamin-Ono hierar(;hy have critical Sobolev
exponent —%.

Let us mention former approaches to the Cauchy problem for higher order Benjamin-Ono
equations. Tanaka [17] considered more general third order type Benjamin-Ono equations on
the torus

Oy = Oy (—Opzt — cruHOpu — co H (udyu) + u3),

and proved local well-posedness in H*(T) for s > 3. He deduced global well-posedness in H*(T),
s > 3 for the integrable case ¢; = ¢co = %

On the real line, Feng and Han [!| proved local well-posedness in H*(R), s > 4 for the
third equation of the Benjamin-Ono hierarchy (1). Considering more general third order type

Benjamin-Ono equations under the form
Oyu — bH Ozt — a0pgzt = 0030 — dOy(VHOyv + H (v04v)),

Linares, Pilod and Ponce |7] established local well-posedness in H*(R), s > 2, then Molinet and
Pilod [9] proved global well-posedness in H%(R), s > 1.

Concerning Benjamin-Ono equations of fourth order on the torus and on the real line,
Tanaka [10] proved local well-posedness in H?®, s > % for a more general family of fourth order
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type Benjamin-Ono equations, and deduced global well-posedness in H®, s > 4 in the integrable
case.

Our second main result is the classification of the traveling waves for the third order Benjamin-
Ono equation in L%O(']I'), i.e. the solutions to (1) under the form u(t,z) = up(x + ct), t € R,
z €T, up e L2(T).

Definition 1.4. For N > 1, we say that u € L%}O(T) is a N gap potential if the set {n > 1 |
Cn(u) # 0}, where ®(u) = (Gu(u))n>1, is finite and of cardinality N.

Theorem 1.5. A potential ug € L%O('H‘) defines a traveling wave for equation (1) if and only if

e cither ug is a one gap potential ;

e cither ug is a two gap potential, and the two nonzero indexes p < q satisfy, with 7y, = |Cp|2
and vq = |(q[,
1 +
0<% <3 p+\/p2—|—4qu
2 3
and . )
. a5t =y,
7 29 + ¢
Note that from [5], the one gap potentials are the only traveling wave solutions to the

Benjamin-Ono equation ; they have been characterized by Amick and Toland [!].

Our last main result answers the question of orbital stability for these two types of traveling
waves.

Definition 1.6. Let uy € L%O(T) be a one gap traveling wave. We say the ug ts orbitally stable
if for all € > 0, there exists § > 0 such that if v is a solution to (1) with initial condition
v € L%O(']T) such that ||vo — uol|L2(1)< 0, then

sup inf [[v(t) — uo(- + 0)| 2 < e

teR QET
Theorem 1.7. The one gap traveling waves are orbitally stable, whereas the two gap traveling
waves are orbitally unstable.

For the Benjamin-Ono equation, Pava and Natali [I1] proved the orbital stability of the

1
traveling wave solutions in H?)(T). In [6], Gérard, Kappeler and Topalov improved the orbital
stability of these solutions to H,_§(T), 0 < s < :.

Plan of the paper The paper is organized as follows. We first prove the well-posedness
threshold for the third order Benjamin-Ono equation (1) in Section 2. Finally, in Section 3, we
classify the traveling wave solutions and study their orbital stability properties.

In Appendix A.1, we describe how to compute the Hamiltonians H; and frequencies w,(lk) =

71 . . .
% in terms of the action variables |(p|?.

In Appendix A.2, we retrieve the Hamiltonian
and frequencies of the third order Benjamin-Ono equation (see formulas (4) and (5)) by starting
from the definition (3) of the higher order Hamiltonians. In Appendix A.3, we provide an
alternative proof of a result from [18] about the structure of the higher order Hamiltonians by

using formula (3), which may be of independent interest.

Acknowledgements The author would like to thank her PhD advisor Professor P. Gérard
for introducing her to this problem, and for his continuous support and advices.
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2  Well-posedness threshold for the fourth Hamiltonian
Let N € N and let Uy be the set
Uy ={u € L7o(T) | (n(u) #0, ((u) =0 Vj> N}

We know from [5], Theorem 3, that the restriction of the Birkhoff map ® to Uy is a real analytic
diffeomorphism onto some Euclidean space. In Birkhoff coordinates, the evolution along the flow
of equation (1) for an initial data uy € Un writes

Y n>]"

{atcn — iw? (u0)Cn
(n(0) = Gu(uo)

where for all n > 1, the frequencies wgl)(uo) are given by (5)

wi (ug) = n® + 1y plGy(uo)*=3 Y min(p, n)?Gp(uo) *+3 Y min(p, g, 1)|Gp(uo)*|¢y (o).

p>1 p>1 p,g>1

This implies that
. (4
Gou(t)) = Galuo) O ¢ eR, > 1.

Therefore, for any finite gap inifial data ug, belonging to some of the sets Uy, the flow map
St ug € Uy — u(t) € Uy is well-defined.

In part 2.1, we prove that for all ¢t € R, this flow map extends by continuity to Hf’o(’]l‘) for
s > 0. We also show that the extension is sequentially weakly continuous in H;(T) for s > 0,
but not in L%’O(T). In part 2.2, we prove that the flow map does not extend by continuity to
H,_ §(T) for s > 0. This gives a threshold for the global CO-well-posedness of the third order
Benjamin-Ono equation in the sense of Definitions 1 and 2 from [0].

2.1 Well-posedness in H;((T), s >0

Proposition 2.1. Let s > 0. For any ug € H;(T), there exists a continuous map t € R —
S*(uo) = u(t) € H;o(T) with u(0) = ug such that the following holds.

For any finite gap sequence (uf)) converging to ug in Hyo(T), for anyt € R, ug(t) = St(ub)
converges to u(t) in Hyo(T) as k goes to infinity.

Moreover, the extension of the flow map S : ugp € Hyo(T) — (t = u(t)) € C(R, H;((T)) is
continuous.

Recall that from [0], as mentioned in the proofs of Proposition 2 and Theorem 8, we have
the following result. For s > 0, the Birkhoff map ® defines a homeomorphism between H7 (T)
and the space

R = {(Gnt | w21 < oo ).

n>1

The proof of Proposition 2.1 therefore relies on the following sequential convergence result ob-
tained after applying the Birkhoff map.

1
Lemma 2.2. Fiz s > 0. Let ¢F = (Q’f)nzl, k € N, and ¢ be elements of hf_s such that
¢ =<l — 0. Then for allt € R,

k—+o00

Bt
+

k wit (CR)t iwi (0t
1(¢n e Jn — (Cne )n!\héﬂk:ooO,

where the convergence is uniform on bounded time intervals.



lyg
Proof. Note that since (¢¥); converges to ¢ in hi+ , then for all n € N, formula (5) for wh (Ck)

implies that w,(;l) (¢*) converges to w,(f‘)(g“ ) as k goes to infinity.

Let € > 0. Fix K € N such that for all £ > K,

k
”C CthJrs—

l S
Using that ¢ € h2 ", fix N € N such that

( Z TLHQS\Cn\Q)é <e

n>N

Now, if £ > K,

Sl (Mt i@ WP (chye il
(G e () — (G et Jall 340 = 1(¢H)n — (Gnll 3es (G e™ (D glen (O Dnll 3
+

+ +

<3¢+ (Z 2|, (e’ (€ _ g (Ot )|2) ,

which is less than 4e for k large enough by convergence term by term of the elements in the sum.
Moreover, this convergence is uniform on bounded time intervals. O

Proof of Proposition 2.1. Let s > 0 and ug € H;((T). Fix t € R, and a sequence of finite gap
initial data (uf)x converging to ug in H; o (T).
We first establish that for all ¢t € R, (ug(t))x has a limit in H((T) as k goes to +0o. By

1
assumption, ®(uk) converges to ®(ug) in h?:_s. Define the sequence ((t) by

Calt) = Cn(ug) €n (W0 e N,

1
Lemma 2.2 immediately implies that the sequence (®(ug(t)))x converges to ¢(t) in h?;rs. Since

1
®~1 defines a continuous application from hj_+s to H;y(T), we deduce that uy(t) converges in
H;o(T) to u(t) := ®~1(¢(t)). Moreover, the convergence is uniform on bounded time intervals.

We now prove the continuity of the flow map S'. Let uo € H o(T), k € N, be a sequence of

1
initial data converging to some ug in H, (T). Then ®(uf) converges to ®(up) in hj_+s, and the

1
above Lemma 2.2 again implies that ®(uy(t)) converges to ®(u(t)) in hi—i_s. In other terms, ug ()
converges to u(t) in H; (T), where again this convergence is uniform on bounded intervals. [

Corollary 2.3. Forall s > 0 and allt € R, the extension of the flow map restricted to Hf,O(T) :
uo € Hyo(T) — u(t) € H;(T) is sequentially weakly continuous.

Proof. Let uf € H;o(T), k € N, be a sequence weakly converging in H;((T) to ug € H, o(T).
Since the embeddmg Hyo(T) — L%,O(T) is compact, (uk)}, is strongly convergent to ug in L2 ,(T).

By continuity of the low map S, one deduces that (u(t))s converges strongly to u(t) in L,%’O(']I‘).
This implies that (u(t))r converges weakly to u(t) in H; o(T). O

Proposition 2.4. For all t € R*, the extension of the flow map restricted to L%O(']I‘) Dug €
L2 (T) — u(t) € L} ((T) is not sequentially weakly continuous.



Proof. Fix t € R* and ug € L%’O(T) \ {0}. We construct a sequence (uf); in L%O(’]I‘) weakly
convergent to ug in L7 (T) but such that u(t) = St(uk) is not weakly convergent to u(t) =
S*(ug) in L2 o(T).

Let o > 0 to be chosen later. For k € N, we choose ((,(uk)), converging weakly to ({,(uo)),

1
in h2 (so that uf converges weakly to ug in L%O(']I‘)) and such that
a
|G (ug) [P= ‘CP(UO)P‘*‘;dk,p, p=1

For instance, for p # k we choose ((uf) = (p(up), and for p = k, we choose (x(uf) =

VG (o |2+k,§’; w0k if Gr(up) # 0 and Ge(uf) = ¢ if Gu(ug) = 0.

Fix t # 0. If ug(t) was weakly convergent to ug in L7 ((T), then (¢p(ux(t)), would converge

1
weakly to ((,(u(t))p in h3, and therefore component by component :

Cp(ug)eiwé‘l)(ug‘) N C (UO) sz(f)(uo)t’ P > 1.
k——+o0

In particular, let p > 1 such that (,(uo) # 0. Then there exists a sequence (ny) of integers such
that

k
wl(f) (ug)t + 2mny, ol wl(f) (uo)t.
From the expression (5) of w;,()4) (uk) and the strong convergence of ((,(uk)), to (¢p(up)), in
% ={(&)p>1 | Zp21|Cp|2< +00} by compactness, we get

2m™n = 2™ =

k k

Zp\cp (uo) o+ == = > _plGp(uf) P+ — > plGp(uo)?
o k—)-l—oop:l

p_

We get a contradiction by choosing « ¢ Z%Z. ]

2.2 Ill-posedness in H,_§(T), s >0

Proposition 2.5. For all t > 0, there is no continuous local extension of the flow map St to
H, §(T) for 0 <s < 3 in the distribution sense.

Proof. Let us fix 0 < s < 3 and an initial data ug € H, 5(T) \L%O(']I‘). From [6], Theorem 5,
the Birkhoff map extends by continuity as an homeomorphism

1_
®:ue Hy g ®(u) = (Gu(u))nz1 € AT

where

B = {1 | w21 < oo ).

n>1

1_
Therefore, ((n(uo))n>1 := ®(ug) € hi * is well defined. Let uk, k € N, be a sequence finite gap
initial data, to be chosen later, such that uf converges in H, §(T) to ug. Write

D(uf) = (Cu(uf)Lneng)n, k€N

Since uf is a finite gap potential, it belongs to LE’O(T). Recall that

wit (ug) an!Cp (ug)*= G (ug)



where

Ny, Ni Ng
Gn(ug) =n® =3 min(p,n)?|G(ug) *+3Y Y min(p, ¢, 1) (up)|* |Gy (up) |-
p=1 p=1 q=1

Since uf converges to ug in H, §(T), the series szl‘Cp(UO)P is convergent, and

D_IGg)? = > |G (uo) .
p>1

p>1

In particular, the term @, (uf) converges as k goes to infinity to

+00 +00 400
Dn(ug) =1 =3 min(p,n)?|Gp(uo)*+3 D > min(p, g,n)[Gp(uo0)[*[¢e(uo) .
p=1 p=1 gq=1
For k € N, let
Ni 1
= > plGo(uf) = 5 lub |2,

p=1

and

Uk(t, ) = uk(t, C = Tkt).

We use the following identity from the proof of Proposition B.1. in [5] :
n(u(-+ 7)) =Cu(u) ™, TER, ue Li(T),

to deduce that for n € N,

Since
Wi (u) = — (o),
the sequence (¢, (vg(t)))x is convergent :
Cn(vr(t)) — Galup) en (o), (6)
k—+o0

Let ¢t > 0. If there was a local extension of the flow map S? in the distribution sense, then
u(t) would be weakly convergent to u(t) in H, (T). Applying the Birkhoff map, which is
weakly sequentially continuous (see [(], Theorem 6), ®(ug(t)) would converge weakly to ®(u(t))

1_
in h? *. In particular, for all n,

Cu(o (1)) € = Calun(t)) — Calu(?)). (7)

k——+o0

We deduce from (6) and (7) that if (,(ug) # 0, then
iTEnt Cn(u(t)) —iwn (ug)t
¢ kjoo Cn(uo) ¢ ’ (8)
k

We construct the sequence (ug)y in order to contradict this latter point. Let n € N such that
Cn(uo) # 0. Fix k € N. From the fact that ug does not belong to L2 ((T),

Zp|Cp(u0)|2: +OO,

p>k



therefore one can choose Ni, > k + 1 such that

Ny

> pG o>

p=k+1

Let 0 < oy < 1 such that there exists an integer m; such that

Ny,
ZP‘CP(UO)P‘FO&I@ Z p[Cp(uo)|2: %(/{W—I—%ka).

p<k p=k+1

We define ulg by

Cp(uo) ifp < k
Gp(uf) = VarGplug) if k <p< N, , peN
0if N, <p

By construction, uf is finite gap and converges to ug in H, (T). However,

Ny
= > plG(uo)P+ar Y plG(uo)l?

p<k p=k+1
1

which implies that
eiTkTLt — (71)k

In particular, the sequence (e™"), is not convergent, and we get a contradiction with (8). [

Remark 2.6. We expect that with a similar argument, one can prove the following fact. For the
higher equations of the hierarchy, the well-posedness threshold increases by % for each equation
(see Remark A.1).

3 Traveling waves for the fourth Hamiltonian

In this part, we classify all traveling wave solutions to equation (1)

3 3
Op(—cu — Ogpu — EUQH(?mu — §H(u6xu) +u®) =0.
A traveling wave of speed ¢ € R is a solution to (1) of the form u(t, z) = ug(z + ct).
The argument of [5], Proposition B.1., applies for the higher equations of the Benjamin-Ono
hierarchy, implying that a potential ug is a traveling wave solution to (1) of speed ¢ € R if and
only if for all t € R and n > 1,

. . (4)
ewntCn(UO) — ezwn

)¢, (ug),

or in other words :

Vn > 1, if Cu(ug) # 0, then en = w® (ug). 9)
In particular, all one gap potentials are traveling wave solutions. Note that these potentials are
the only traveling wave solutions to the Benjamin-Ono equation and write (see [5], Appendix B)
pw etpz Pw e~ tpT
ug(z) =

1 —werr 1 —we T

9



_ Spluo)
p+p(uo)
the one gap potentials are not the only traveling wave solutions for equation (1).

In part 3.1, we first show that the traveling waves are necessarily one gap and two gap
potentials, then provide a classification of the two gap traveling waves in term of their actions.
In part 3.2, we prove that the one gap traveling waves are orbitally stable whereas the two gap
traveling waves are orbitally unstable.

with the nonzero gap being at index p > 1 and w = . As we will see in this section,

3.1 Classification of traveling wave solutions

In the following, it will be more convenient to work with the actions 7, = |{,(uo)|?. Formula (5)

for wlY (uo)

wi(wo) =n®+n pypy—3) min(p,n)*y, +3 Y min(p,q,n)y,7
p>1 p>1 p,q>1

(4)
shows that W”T(“O) is equivalent to n? as n goes to infinity, therefore, from condition (9), the
traveling waves for the third equation of the hierarchy (1) are necessarily finite gap solutions.

Proposition 3.1. Let ug be a two gap potential, and p < q be the indices of the two nonzero
gaps with gaps v, > 0 and 4 > 0. Then ug is a traveling wave for equation (1) if and only if

1 +
0<m <3 <p+\/p2+4qp3q)

and N )
e = a%5t + v —
! 2%+ q .
. . . . e wi (up)
Proof. Let ug be such a two gap potential. Then ug is a traveling wave if and only if =2——=
wi” (uo) where
q )
wz(f)(ug) 2 2 2
=P wtar) = 3p(p ) + 300 + 2% + %)
and
wi (o) _ v P o, P 2
—y Ot (P + a7q) — 3(;% +q7g) + 3(57,3 T2 W Vo)
: . wl(,4)(uo) . w§4)(u0) . .
Taking the difference of the two terms, = if and only if
p p p
0=¢*—p*+3 (—p(q ~ U = (=P + (- Dy + 2(, - 1)%%1) :
Dividing by 3(1 — g), this necessary and sufficient condition becomes
p+q
0=q=—=—+pW— 4% - V= 2%Yq,
i.e. n
prq
(2% + @) = a5 +Pw — % (10)

10



Fix «, > 0 and -, satisfying this latter equality. We get that v, > 0 if and only if the left-hand
side of the equality is positive, i.e.

1 +
0<’yp<2<p+\/p2+4quq). (11)

wi (o) _ wi® (o)
p

Conversely, any two gap solution ug satisfying (10) and (11) verifies , therefore

is a traveling wave solution. O

Let us give an idea of the form of a two gap potential ug with gaps at indices p < q. By
Theorem 3 in [5], the extension of ITug as an holomorphic function on the unit disc {z € C |
|z|< 1} satisfies

Q'(2)
Tug(z) = —z
ST
where Q(z) = det(Id — 2M) and M = (Mym)o<n,m<q—1 is & ¢ X ¢ matrix defined by
M 5m,n+1 if Cn—i—l =0
) iy [ Sdnlo) g £ 0
A precise definition of y,,, k, and A, can be found in [5]. Therefore, @ and Q' respectively write

Q(z) =1~ 2P Mp_1,0 — 29 Mg—10Mp-1,p

and
Q/(Z) = _pzpflMp—LO - qzqiqu—LOMp—l,p

This leads to

ug(:v) _ pe’popro +q equMq,L()Mp,Lp n pe_”’pr,Lo + qe_ququLoMp,Lp
1 —eP"My_10— e Mg10Mp—1p 1— e PTM, 19— e 4"M; 1 0My_1,

Proposition 3.2. There are no three gap traveling waves.

Proof. Let p < q < r the indices for the nonzero gaps for a three gap potential ug. The speeds
for each mode write

wp (ug)
£ = _— P’ + (0 + qvg + 1) — 3p(Y + Vg + )
+ 303 + 2% (g + W) + 95 + 297 +77),
(4) 2
w ('LLO) P
e SOt o ry) =30 a0 + )
p D
+ 3(57,3 + 25%(%; + )+ Y2+ 297 + )
and
(4) 2 2
wy (ug) p q
- = %+ (pYp + qvg + 1) — 3( -+ 7% )

2 p q q
+ 3(;75 + 2% + ) + ;73 + 2 Y0 + 7).
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Let us now subtract the equalities.

o oW
¢ (w0)  wp p( 0) _ 22 _3((§ — Dpyp + (¢ = ) (g + 7))

+a§—nﬁ+a§—n%wfwm»

R . w(4)(u0) w(4)(u0)
Dividing by 3(1 — %), we get that if == = = , then

p

D+q
0= T + P —a(vg + ) — 'yi = 2% (Vg + ),

or equivalently

p+q
(44 2%) (v + %) = 4= +p0m = - (12)
Doing the same for indices p and r,
wi(uo) _ wy” (uo) 7

- =r’—p’ - 3((2;? = Doy + (- = phvg + (r = p)w)
32 =173 420 = Dyplyg +70) + (= g + 25 = Dyg):

(4)

(4)
Dividing by 3(1 — 2), if “=—(u0) — > _(0) "4}y,

T P
_ . rtp pr—q? 2_ o =4 2 o"—4 1
0=r Pt T e T T 7p(7q+7r)_r_p7q_ P (13)
(4) (4) (4)
Subtracting (13) and (12), if “2 p(uo) = q(“O) =& r(“o), then
2 _ 2 2
r—gq ¢ +pr—q  pr—gq r—4q o
J— 2 = - .
(r—q+ r_p’yq)% 3 +(T_p + 4)vq "
Since ) )
pr—q pr—q*+qr —pq r—q
—— tq= =({+q ,
r—op r—op r—op
by multiplication by %, we get
r+q+p
(r=p+2%) %= -p)—F— + @+ 0%~ (14)
Now, if ug is a traveling wave, the first equality (12) implies
a5+ =
Yg TV =
q+ 27
Cpta | 2R
3 q+ 2
p+q Tp
= + —2¢ — 3,
in particular, since p < ¢ and ~y, > 0, necessarily
p+gq
Vg + v < ——. (15)

3

12



However, the second equality (14) implies that

(r—p)™ 2 + (p+q)yg — 72

r =

r—p+2v
G O w ) (et et OF:
r—p+ 2y r—p+ 2
:p+q+—27q’%+(p+q)7q—%§ (r—p)3
3 r—p+ 2y, r—p+ 27
_pta, B — g (r—p)r
3 Yr—p+2vy, 3(r—p+2y)

Since from (15),

p+4q
Vg < 3
we get from this latter equality for ~, that
pP+4q
Yr > T3
but this is a contradiction with (15). O

Corollary 3.3. There are no N gap traveling waves for N > 3.

Proof. The proof is the same as for the three gap traveling waves case, but with some additional
terms which might hinder understanding for a first reading. We explain here how to adapt the
proof.

Let ug be a N gap potential, N > 3, and p < ¢ < r <14 < --- < ry be the indices for the
nonzero gaps. Let

N
L=+ Z'Vm'
k=4

The speeds for the three smallest modes at indices p, ¢ and r write

(4) N
w Uuo
e p( )= 4 (o + o+ + D) = 3009 + 7 + 1)
k=4
+ 3%+ 27p(1g + ) + 72 + 290 + 77,
th4) (uo) 2 - v
=q + (p’Yp +qVg + T+ Zrk%“k) - 3(;71? + q(’yq + 1))
k=4
V) p 2 2
+ 3(5% + 25%(% + 1) + g + 279 +17)
and
(4) N 2 2
wr o (uo) p q
. P +(p'7p+Q'7q+T'7r+kZ_4rk7rk)_3(T'Vp"i'T7q+rrr)

p p q q

The rest of the proof is identical up to replacing v, by I, everywhere from this point on. O

13



3.2 Orbital stability

Proposition 3.4. The one gap traveling waves in L%O(']I') are orbitally stable.
Proof. Let ug be a one gap traveling wave, ulg a sequence of initial data converging to ug in
L%O(T), and t; a sequence of times. We prove that up to some subsequence,

Inf lug(te) — uo(- + H)HLiO(T)k_)__&_)OOO'

It is enough to show that there exists 6 € T such that in L (T),

uk(tk) — Uo(' + 9),

k——+o0

1
i.e. such that in hi,
(I)(uk(tk)) — (I)(UO(' —|—9)).
k——4o0

Recall that
(4)

O (up(ty)) = (Gulug) e
Let p > 1 be the index for which (,(ug) # 0. Up to some subsequence, there exists # € T such
k

i)k i . .
that er (uo)t M e'. Moreover, since uf converges to ug in L2 (T),
—+00 )

(ulé)tk)n‘

PIG(ub) = Goluo) P+ D mlGu ()2, — 0.
n#p

We deduce that
. (4) )
1900 = BCua(- + 6)) I, = plGy(u) 4”0 — Gy o) PP 3 i
+

n#p

— 0.
k——+o0

Proposition 3.5. The two gap traveling waves in L%’O(T) are orbitally unstable.

Proof. Let ug be a two gap traveling wave such that the nonzero terms of the sequence ®(ug) =

(Cn(uo))n>1 are (p(ug) and (y(up). We define the sequence uf of two gap initial data by their

nonzero gaps at indices p and g, denoted (,(uf) and (,(uf), as follows. We fix (,(uk) := ¢, (uo)

and choose any sequence of nonzero complex numbers (¢, (uf))x such that ¢, (uf) k:) Cqluo)
(o0}

but for all k € N, g = [{,(uf)|*—|¢y?# 0. Then we construct ¢, € R in order to negate the
orbital stability of wuyg.
Assume by contradiction that

geklun(tw) = wol- + O)lzzy(m), 52,0

Then there exists a sequence 0y € T, k € N, such that in L%O(']T),

|l (te, - — Ok) — UOHL%o(T)k_:)ooO'

Applying the Birkhoff map, which is continuous on L%O(T),

iwS® (uE )t —i —q
Gub) e B — ¢ (1)) P — G, (uo)

14



and
(4)

Cq(ug) e

This implies by taking the arguments that for some integers n,, and ng,

uk)t,—i —i
(ug)te qe’“:Cq(uk(tk))e G0k k_>—+>oo<q(u0)'

wl(,4) (ulg)tk — POy + 21y k:)w 0
and
w((14) (ulg)tk — qO + 2mng 1 kjm 0,
therefore @, & @, &
pats <uﬂ1 q(uo) _ wp p(uo)) + 27 (png k — qNp k) e 0. (16)

However, writing ex = [(,(uf)|?>—|¢y(u0) 2= vq(uk) — v4(uo), We get that the speeds of the
two modes p and ¢ for the initial data ulg are given by

() k (4)
Wp (UO) — Wp p(uo) + qep, — Sp&‘k + 6€k(’7p(uo) + ’Yq(UO)) + 35%

and

Wi () Wi (ug) p )
= 7 + ger — 3qek +6€k(§’Yp(UO) + q(uo)) + 3¢

q
. . . w(4)(u0) w(4)(u0)
Since ug is a traveling wave, -2 = 1 2 and therefore
GO 4, k
wq (u, wyp (u P
)2 0) g pa(1 - Dy(uo)en

. w(4)(uk) w(4)(uk) . .
Since g # 0, then —4——02 £ = > 02, It is therefore possible to choose a sequence t; such that
the limit (16) does not hold and get a contradiction. For instance, we can choose tj such that

p
—3pgtr(q —p+2(1 — 5)’7}7)5]{ =m.

A Appendices
A.1 About the hierarchy

The aim of this Appendix is to provide a way to compute the Hamiltonians H; and frequencies

W) for the higher order Benjamin-Ono equations in terms of the actions v, = |(y(ug)|?. In
particular, we establish formula (5)

wi(ug) =n®+nY py, — 3 min(p,n)’y, +3 > min(p, ¢, n)17
p>1 p>1 p,q>1

for finite gap potentials ug.

We need to recall first some notation. Given u € L%O(’]I‘) , we consider its Lax operator
L, = —i0; — T, acting on L% (T), with domain H1(T) = H'(T) N L2 (T). The spectrum of L,
is discrete, with eigenvalues

Ao(u) < Ap(u) < - < Ap(u) < ---.

15



Moreover (see [5]),
m(u) =Ap(u) — Apo1(uw) =1, n>1
is non-negative and satisfies y,(u) = [(,(u)]?>. We also define f,(u) € Hi(T) as the L2
normalized eigenfunction for L, associated to the eigenvalue A, (u).
Let ugp be a finite gap potential and use the above notation. From [5] (3.8), a variant of the
generating function, denoted by 7/—22, is defined as

From the decomposition (2.12) in [5] : Hu = — 3% A\ (1|fs) fn, We know using formula (3)
that

—1)* gk —
= ( ) 7’6207{6'
k! dek
We now make use of the generating function to derive a recurrence formula for the Hy. Set
d ~ 1 d~
ge ‘= _diel()gHE = _?dig/HE’

()
then from [5] (3.11), g. writes
+0o0

_ Ao Tn
T eXo * ; (1+eMno1 + 1)1 +eN,)’

Using the identity

dk-i—l . dk: .
gt = g (o7
k
k dl dkfl N
= Z (l) del (9e) dek—1 (He)
=0
and defining
1 l dl
- ( l‘) d l|€:0(.g€)7
we get the recurrence relation
k
1
Hir1 = Pl ZPlHk—l- (17)
Moreover, the frequencies w,gk) = 8%, satisfy the recurrence formula
i OF;,,
k+1) _ Z 87 Hi ) + le(k 0. (18)
1=0

We now simplify P, and % :

l
Pr=X2" 4D " > Qo+ 1)™A™,

n>1 m=0

16



and since A,_1 + 1= A\, — 7,

P = )\6-1-1 + Z /\ib-&-l — (A — "Yn)l+l-

n>1

From (3.13), A, =n — sp41 where s, = Y 72, for n > 1, therefore

P = (—1)"Fls 4 Z(n — spa1) T = (n — sp)! L (19)
n>1
We deduce
1 0P
1oy, — Dt (0 —sa)' - %Og —spr) = (0 = 5)'
= Z(P - Sp)l —(p—-1- Sp)l
p=1
n [—1 I
LD 99 D ) (LR R
p=1m=1
=
SR D () [V D DR L R L P
m=1 PsP1;--sPl—m
1<p<min(n,p1,...,p1—m)
therefore

1 0R l \- (l>(_1)l”‘ min(n, p Di—m)™
———n—kg g s D1y DI e Ypp -
l -+ 1 8 In ! Plye-sPl—m 1 o fypl fypl

m=1

Let us compute the first small terms by using (17) and (18). The Hamiltonian with index 0
is constant Hg = 1, leading to wﬁlo) =0, Pp =0 and 3—52 = 0.
Concerning index 1, H1 = —(u|1l) = 0 because we assumed that u € L%}O(']I‘) is of average

zero. This leads to wgl) =0,P =2 2p21 pyp and % = 2n. Because of cancellations for several

of these small terms, the recurrence relations (17) and (18) write, for k > 2,

1
Hi = k (PiHg—2+ PoHip-3+ -+ Pr—sHa + Pp1) (20)
and
1,0P OP D
(k) 1 71 72 k—3
“n k:<6 n/Hk 2+ 8’7n/Hk_3 * OVn e
P
+ Pl + Pyl o PgwlP) + 88k 1)' (21)
Tn

The second index leads to the conservation of the mass

Ll _ Py

Ho= "5 2

Moreover,

Py=—st+Y (p—sp1)* — (p—5,)° =3 p*p—3) 53
p=1

p>1 p>1

17



and
0P,

O
For the third index, we retrieve identity (8.6) from [5] for the Hamiltonian

7‘[3:%22102%_23;2)

p=>1 p>1

=3(n* —2) min(p,n)y,).
p=1

and formula (8.4) from [5] for the frequencies

+oo
w® =n? -2 Z min(p, n)p.
p=1

We now use that
+oo
Py = 3111 + Z(p - 3p+1)4 - (- Sp)4
p=1
and

OP;5 . )
5. =4(n® -3 Z min(p, n)Q’yp +3 Z min(p, ¢, n)¥pVq)
n D p.q

to get the formula for the Hamiltonian of index 4

1 1 1
— (P3+ P =~ Py —H2
Ha 4( 3+ P1H>2) 1 3+2H2

and the frequencies

10P
4 773
wy 107, + nHs
=nd+n Zp% -3 Z min(p, n)%y, + 3 Z min(p, ¢, 7)vpVq-
p>1 p>1 p,q=>1

In the same way, using that

+00
Py =—s)+ Z(p - 5p+1)5 -(p- Sp)S
p=1

and
1 8P4 4 . 3 . 2 :
=n'—4> min(p,n)’y, +6 Y _ min(p,q,n) vy —4 > min(p, ¢, )30

507 p=1 paz1 par=1
we can get a formula for the Hamiltonian with index 5

1
Hs = g(P4 + PyHo + P17'[3)

and the frequencies

1 0P OP: 0P,
o _L1oP, 5o, 0P, o, oo, 0P
wy 5(6%1 Hs + Prw,y” + o, Ho + Pow,” + 8’7n)
2 P .
= (Y " =Y _sp) + 2 Q_pw)(n? =23 min(p,n)y)
p>1 p>1 p>1 p>1
3 . 3 10P
+ (07 =2 min(p,n)p)(Y_pp) + £ QP =D spn+ 5374,
p>1 p>1 p>1 p>1 Tn

18



leading to

=n()_ 0w =Y sp)+ (Q_pw)n? —2) min(p,n))

p>1 p>1 p>1 p>1

+nt—4 Z min(p, n)3y, + 6 Z min(p, g, n)*y,7, — 4 Z min(p, ¢, 7, n)VpYeyr- (22)
p=1 P,q21 pgr=1

Remark A.1. Note that formulas (5) and (22) for wy(f‘)(uo) and wS’)(uo), which have been
established for ﬁm'te gap potentials ug, still make sense for w,(f)(uo) if up € L%’O(T) and for

W )(
(s<0ands<3i)

One can actually show by induction the following facts. In the formula (19) for Py, there is

one term c1 ZJF 1p Vp, the other terms being convergent if Z;O? pF l'yp < 400. This implies

ug) if ug € Hfo( ), but diverge if ug € H;((T) for s right below these respective exponents

that in the formula (20) for Hy appears one term co ZJFOC{ pFt Vp, the other terms being conver-

gent if Z;ocf pk= Q’yp < 400. Consequently, in formula (21) for w% ), k > 4, appears one term

cs3 Zp 1p vp, the other terms being convergent if Zp 1p ’yp < +00.
(k)

From these facts, one can see that the formula for wy’ can be extended by continuity to
potentials in H6(T) where s, = E — 2, however there is no continuous extension to H,(T)

when sg — 5 < s < 8. This ezplams why the well-posedness threshold for the equation associated
to the Hamzltoman Hy in the hierarchy should be H.(T).

A.2 Equation for the fourth Hamiltonian

From formula (3) and the decomposition (2.12) in [5] : TTu = — 3% A\, (1] £,) fn, we see that
for k > 2,
Hi(u) = (Lyy*TulTlu), (23)

where

Ly(h) = Dh —(uh), D= —id,, he HL(T).
For instance,

1 [*1 1
Hg(U):%/o 2uH8 u—gu 3dx

leads to the Benjamin-Ono equation
Oyu = HO?u — 9,(u?).

Proposition A.2. The Hamiltonian for the third order equation of the Benjamin-Ono hierar-
chy (1) is

Halw) = 5 | <2(8xu) - JWHOu+ Ju ) = gllullzze

therefore the third order equation of the Benjamin-Ono hierarchy writes
3 3 3
Oy = Oy (— Ozt — iuHﬁxu — §H(u81u) +u’)
Proof. Let ug € L?»,o (T). We develop
Ha(u) = | DTl gy~ 2Re( DT (ulu))) + [TH(ulTu) |2 g

and study each term separately.
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First, since u is real, u(—n) = u(n), therefore

~ 1 N 1
DT 32 0y = Sl ) P= . S Pla(m)= 5100l e,
n>0 nez
Then, u being with average zero, u = ITu + ITu, leading to
1 2w L
(DNu|M(ullu))) = Py D(Mu)ullu dx
T Jo
1 2w L 2 -
= — D(u)ulludz — — D(ITu)ullu dx
2 0 2T 0
so that
1 2 o 1 2 —
2(DIu|(ullu))) = — D(uHTudz — — D(Ilu" )u dx
2w 0 2w 0
1 2w L 1 2m — 5
=—— w?D(TTu) dz + / ITu" Du dz.
2w 0 2w 0

Taking the real part,

ARe(DIu|I(ullu))) = 2 (<Dnu\n(unu))> n (DHu|H(uHu))>>

1 2T o — 1 271-7 N
=—— w?(D(Tu) 4 D) dx + — / T’ Du + (Iw)2Du dz.
27T 0 27T 0
Using that Df = —DF,
1 2 L 2 — 5
ARe(DITu[M(ullu))) = —o— w?(D(Mu) — D(Iw)) dz + 5 [ (M — (TTw)?) Du da
™ Jo T Jo
1 2 1 2 L
=5 ; w?(D(Mu) — D(Iw)) dz + 277/0 (ITu — HMu)uDu dz
_ L T e(p(e) - D))y de — L [ DT - Tyl d
21 o 221 Jo
_ 31 " uw?(D(Tu) — D(ITw)) dz
227 ), ‘

It now remains to remark that D(TTu) — D(Ilu) = —Hd,u in order to conclude the identity
9Re(DITu|T(ullu))) Z(H@xuluz).
Finally, we treat the last term HH(uHu)H%Q(T). Note that by decomposing u = Hu + Iu,
I (ullu) = (TTu)? + O(TTullu),
therefore
T (ullw) |2 = [Tu)*+ (Iw) 2T (TTalTu) + Mo TH(TTullv) + |TT(Tallu) 2.

By removing the useless projections,

1 2 L o L

T (ullw) |72 gy = 9 / | TTu|*+(ITw) *Tully + o Tallu + [I(Tullu)[? dz
™ Jo
1 2T

=5 (HU,)QI'TU2 + (TTw)*TTu + T’ Tu + [TI(TTullu) |* dz.
T Jo
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But if we take the fourth power of the identity u = Iu + ITu
ut = (Iu)* + T’ + 4(TTw)3TTu + 4T Tu + 61T (ITu),
and make use of the fact that the mean of u is zero, we get

1 21 L L L
H“H%‘l(qr): o /0 4(Mu)>TTu + AT T + 6(Hu)2Hu2 dz.

By subtraction, the following cancellations happen :
1 I

27
L / (Tl [ dz — [ () 2T da
0

1
2 4 _
Ll [y = lullzoen) = 5 227 Jo

To conclude, since TTullu is real, we can use the identity || £||2-+|(f|1)|?= 2||TLf||? for real valued
functions f € L%(T) to get

1 2w L ) 11 2 ) 1 )
— [TI(TTuIlw)|* de = = — [TTullu|* de — = |(Hullu, 1)|*,
2 0 221 0 2

leading to
2 1 4 1 — 2
HH(UHU)HLQ(’H‘)_ZHu|’L4(’H‘) = —§’<HUH’UJ, 1)

1
= —§||HU||%2(T)

1
= —§||U||Li2(1r)~

A.3 Structure of the higher order Hamiltonians

The aim of this Appendix is to give an alternative proof of Proposition 2.2 in [18].
We first recall the notation introduced in [18] for the sake of completeness. For a smooth
function u € C*°(T), define by induction the sets P, (u) as

Pi(u) = {H 0% u | e1 € {0,1}, oy € N},
Po(u) = {(H 0P u)(H205%u) | e1,e2 € {0,1}, 1,0 € N}
and for n > 2,

k k
Pr(u) = {HHElpjl(u) | ke[2,n], e1,...,er €{0,1}, Zjl =n, p;u)eE le(u)} )
1=1

=1

Moreover, for p,(u) € P,(u), the term p,,(u) is uniquely defined from p,,(u) by removing all the
symbols H in the expression of p,(u) and only keeping the symbols 0% w. In this case, if

pa(u) = [[ 05w,
=1

the maximal order of derivative involved and the sum of these orders are respectively denoted

[Pa(u)|= sup «

1€[1,n]
and
n
lpa(u)l= ) .
i=1
We now retrieve a proof of the following result (Proposition 2.2 in [18]).
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Proposition A.3. Let k =2(m + 1) be an even integer. Then there exists ¢ € R such that the
k-th Hamiltonian Hj, writes, for all uw € C*°(T),

1 2 - -
Hira(w) = 5llulroy e [ w0 0 do+ R

where for some real numbers c(p),

2m+4

27
R=% Y ) /0 p(u) da.

=3 p(w)eP;j(u)
lp(w)||=2m-+4—j
[p(u)|<m

Note that Hyio(u) = %Ek/g(u) with the notation from [18].

Proof. Recall formula (23)
Hpa(u) = (
= (L | L7 )
= ((D — T,)™ " u|(D — T,)™ 1 1Tu),
where D = —i8, and T, : h € L% (T) > I(uh).
We expand Hy2(u) as a sum of terms depending on whether we applied the operator D or

the operator T, when applying L,,.
It is possible to decompose Hy2(u) as follows :

LFTTu|TTw)

1
Hpsa(w) = S lulld gy +A+ B

where || TTu/|? is obtained when one only applies operator D, A is obtained

Hm+1 ']1*) 2 H ||Hm+1 T)
when one applies only once the operator T, and (2m + 1) times the operator D

m

A=—2Re | Y (D™ ITI(uD/TIu)| D™ 'TTu)
7=0
m

= —2Re | Y (D™ (uD'Tu)[ D™ TTu) |
§=0

and B is obtained when we apply at least twice in total the operator Ty,.
e We first prove that one can decompose A as

27 -
A= c/ w(HO™w)(0m ) de + A
0

where for some real numbers ¢(p),

Let j € [0, m]. By integration by parts and Leibniz’ formula,
(Dm=3 (uDIu)| D™+ 1Tu) = (D™ =9 (wDIITu)| D™ Tu)
qu+1(Hu)|DmHu) (D™ (w) DY (TTw) | D™ TTu)

—~

3

+ 1 (m +k1 _j> (DF (u) D™ R (TTu) | D™ ).

e
Il
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We take the real part and sum over the indices j. When distinguishing the cases j = 0 and
J > 1, we see that for some suitable A as in (24), A decomposes as

A = —2(m + 1)Re((uD™ " (Iw)| D™u)) — 2Re({D™ ! (u)ITu| D™'Iu)) + A.

Write Iu = “*;ﬂ, then there exists some real constants c(e1,€2) such that

2m ~
A= Z c(e1,e2) / ud™ (H u)o" M (H%2u) do — Re((D™ T (w)i Hu| D™ (ITu))) + A.
e1,e2€{0,1} 0

On the one hand, the terms in the sum are simplified as follows (see the remark from Tzvetkov
and Visciglia [18]). When g1 = &9,

2T 2T
/ WO (HE ) (o ) day = % / (O™ (Hu))?) da
0 0

1 2w

=5 [ W@ e
0

so this term is a remainder term to be added to A. Moreover, by integration by parts,

2

2m 2m
/ ud? (u)0" (Hu) doe = — O (w) 0 (w) 0 (Hu) dar — / ud™ M (u)0™ (Hu) da.
0 0

0
Therefore, the sum can be written as a linear combination of the term fo w(HOu)om oy dr

and other terms that can be added to the remainder A.
On the other end,

Re((D™ ! (w)iHu| D™ (ITu))) = Re((07" (w) Hu|0}" (Tu)))
1

= 5 (Re((07"" (u) Hul 0} (u))) + Re((97" " (u) Hulid]" (Hw))))

Since u is real valued, so is Hu, therefore
Re((0™ ! (u) Hu|id™(Hu))) = 0.

By integration by parts, we then write
1 2m

Re((D™ " (u)iHu|D™(TIu))) = yp

O™ (u) Hud™ (u) da

1 2
= O (Hu) (9] (u))? do
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as a remainder term to be added to A.
e We now tackle term B , for which we have applied T, at least twice. We show that it can
be written for some real numbers ¢(p) as a sum

2m+4

B= )" > C(p)/oﬁp(u) dz.

j=4  p(w)EP;(u)
lp(w)l|= 2mtd— —j
[p(w)|<m

Let B be one of the terms in B obtained by applying T, (j—1) times on the left side and (k—1)
times on the right side.
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Assume that we have applied T), at least once in each side of the brackets, i.e. j—1 € [1,m+1]

and k—1 € [1,m+1]. Then we can apply Leibniz’ rule and decompose the left side as a complex
linear combination of terms of the form p(u) where p(u) € P;(u), ||p(u)||= m+2—j and |p(u)|< m

(for the right side we just replace j by k). The term B is therefore a complex linear combination
of terms f027r p(u) dz, where p(u) € Pi(u) for some | = j+k € [4,2m + 4], |p(v)||=2m +4 -1
and |p(u)|< m.

Otherwise, we have applied T}, at least twice in the same side of the brackets, let us say the
left,

and we only have applied the operator D on the other side : j—1 € [2,m+1] and k—1 = 0.

Again by Leibniz’ rule, B decomposes as a sum

m+2

B=Y Y @D ).
=3 plu)eP;(u)
Ip(u) [=m+2—
Ip(u)|<m—1

But then by integration by parts and Leibniz’ rule again,

m-+42

B=Y Y cp)(Dpu)]D"u)
=3 pweP;(w
Ip(u)[=m-+2-3
p(u)|<m—1

m+2

=> > dp)pW)|Dm)
J=3  pu)eP;(u)
lp(w)||=m+3—j
[p(w)|<m

m+3

27
S DR /0 p(u) dz,

=4 p(u)eP;(u)
[p(uw)[|=2m+4—j

[p(u)|<m
which is of the desired form. O
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