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A hybrid numerical approach to predict the vibrational responses of panels excited by a turbulent boundary layer
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In this work, a hybrid numerical approach to predict the vibrational responses of planar structures excited by a turbulent boundary layer is presented. The approach combines an uncorrelated wall plane wave technique with the finite element method. The wall pressure field induced by a turbulent boundary layer is obtained as a set of uncorrelated wall pressure plane waves. The amplitude of these plane waves are determined from the cross spectrum density function of the wall pressure field given either by empirical models from literature or from experimental data. The response of the planar structure subject to a turbulent boundary layer excitation is then obtained from an ensemble average of the different realizations. The numerical technique is computationally efficient as it rapidly converges using a small number of realizations. To demonstrate the method, the vibrational responses of two panels with simply supported or clamped boundary conditions and excited by turbulent flow are considered. In the case study comprising a plate with

INTRODUCTION 1

The vibrational response of elastic structures subject to flow excitation is 2 a seminal problem in a variety of technical applications, for example, an air-3 craft fuselage excited by turbulent boundary layer, a hydrofoil operating in 4 turbulent flow or a telecommunications tower excited by wind. In such cases, 5 the correct prediction of the vibrational response is crucial to minimise struc-6 tural fatigue as well as structure-borne radiating noise [START_REF] Leibowitz | Vibroacoustic response of turbulence excited thin rect-482 angular finite plates in heavy and light fluid media[END_REF]Boily 7 and Charron, 1999; [START_REF] Ciappi | Fli-430 novia -Flow Induced Noise and Vibration Issues and Aspects: A Focus on 431[END_REF]Ciappi et al., , 2018)). To predict the vibrational re- equations as well as take into account interaction of the flow with the body. 14 However, these methods are computationally demanding as their implemen-15 tation for simulation of realistic scenarios often become impractical due to 16 the significant range of spatial and temporal scales of the turbulence that 17 need to be resolved (Shtilman and Chasnov, 1992). An alternative approach 18 involves a steady-state Reynolds-averaged Navier Stokes (RANS) solution to 19 predict the turbulent boundary layer (TBL) parameters [START_REF] Bailly | Subsonic and supersonic jet noise 404 predictions from statistical source models[END_REF]20 Peltier and Hambric, 2007). RANS is an attractive approach as it is capable 21 of predicting TBL parameter mean values with good fidelity. These param-22 eters can then be used as an input to analytical or semi-empirical models 23 to predict the wall pressure field under the turbulent boundary layer (Blake,24 1986; [START_REF] Lee | Modeling of wall pressure 480 fluctuations based on time mean flow field[END_REF][START_REF] Chen | Prediction of trailing edge noise based on 428 Reynolds Averaged Navier Stokes solution[END_REF].
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A vast number of studies have been carried out to predict the vibrational 26 responses of plates excited by a turbulent flow field in air, including analytical 27 models of infinite and finite plates (Strawderman, 1969;De Rosa and Franco, 28 2008), numerical models [START_REF] Birgersson | Application of the spec-406 tral finite element method to turbulent boundary layer induced vibration 407 of plates[END_REF][START_REF] Hambric | Vibrations of plates with 466 clamped and free edges excited by low-speed turbulent boundary layer 467 flow[END_REF]; Birg-29 2 ersson and [START_REF] Birgersson | A spectral super element for modelling 409 of plate vibration. part 2: turbulence excitation[END_REF][START_REF] De Rosa | Exact and numerical responses of a plate 445 under a turbulent boundary layer excitation[END_REF][START_REF] Hong | Modeling of wall pressure fluctuations for finite 472 element structural analysis[END_REF]Ciappi et al., 2016), and from experiments (Ciappi et al., 2016) The uncorrelated wall plane wave technique (UWPW) recently introduced by Maxit ( 2016) is used to simulate the pressure field beneath a turbulent boundary layer. The UWPW approach is summarized in what follows. The space-frequency cross spectrum of the wall pressure fluctuations is given by [START_REF] Graham | A comparison of models for the wavenumber-frequency 464 spectrum of turbulent boundary layer pressures[END_REF]Maxit, 2016)

S TBL pp (x -x ′ , ω) = Ψ pp (ω) U c ω 2 Spp (x -x ′ , ω), (1) 
where Ψ pp (ω) and Spp (xx ′ , ω) are respectively the auto spectrum density (ASD) function and normalized CSD function of the pressure field. U c is the convective velocity, ω is the angular frequency, and x, x ′ correspond to point locations on the plate. The CSD of the wall pressure field in the physical space is related to the CSD of the wall pressure spectrum in the wavenumber domain, denoted by φ pp (k, ω), using a spatial Fourier transform as follows

S TBL pp (x -x ′ , ω) = 1 4π 2 ∞ φ pp (k, ω)e ik(x-x ′ ) dk, (2) 
where i = √ -1 is the imaginary unit and k is the wavevector with compo- 

φ pp (k, ω) = Ψ pp (ω) U c ω 2 φpp (k, ω). (3) 
The improper integral in equation ( 2) can be approximated using the rectangular method by truncating and sampling the wavenumber space as follows (Maxit, 2016)

S TBL pp (x -x ′ , ω) ≈ 1 4π 2 Nx i=1 Ny j=1 φ pp (k i x , k j y , ω)e ik(x-x ′ ) δk x δk y . ( 4 
)
where δk x , δk y are the wavenumber resolutions in the streamwise and spanwise directions, respectively. N x and N y are the number of points considered along the k x and k y directions. The total pressure beneath a turbulent boundary layer is now represented by a set of UWPWs. As the wall plane waves are uncorrelated, the CSD function of the wall pressure fluctuations induced by a set of wall plane waves can be written as

S UWPW pp (x -x ′ , ω) = Nx i=1 Ny j=1 Λ ij e ik(x-x ′ ) , (5) 
where Λ ij is the ASD function of the stochastic amplitude of UWPW with indices i and j. Equating equations ( 4) and ( 5) allows the CSD function of the pressure field by the TBL to be approximately equal to the CSD function of the UWPWs if the amplitudes of the UWPWs are

Λ ij = φ pp (k x , k y , ω)δk x δk y 4π 2 . ( 6 
)
The amplitude of each wall pressure plane wave is defined such that the set of UWPWs represent the statistical properties of the WPF generated by the TBL. The statistical model to describe the WPF can now be coupled to a deterministic model based on the FEM. This important step allows the WPF to be expressed as a deterministic load input to the FEM. The WPF for the l th realization of the UWPW can be expressed by (Maxit, 2016;[START_REF] Karimi | 477 Numerical prediction of turbulent boundary layer noise from a sharp-edged 478 flat plate[END_REF])

p l inc (x, ω) = Nx i=1 Ny j=1 Λ ij e i(kxx+kyy+ϕ l ij ) , (7) 
where ϕ is a random phase uniformly distributed in [0 2π], expressing that 95 the waves are uncorrelated. Substituting equation (6) into equation ( 7) and 96 considering the q th node of an FEM mesh, the nodal pressure can be written 97 as follows

98 p l inc (x q , ω) = Nx i=1 Ny j=1 φ pp (k x , k y , ω)δk x δk y 4π 2 e i(kxx q +kyy q +ϕ l ij ) . (8) 
Using equation ( 8) as the deterministic load, FEM is now implemented to compute the l th realization of the structural displacement u l by solving the following linear system of equations

Du l = f l , ( 9 
)
where D is the dynamic stiffness given by

D = K -iωC -ω 2 M, (10) 
K, C and M are respectively stiffness, damping and mass matrices of the structure, and f l is the force vector corresponding to the l th realization of the TBL pressure field given by equation ( 8). It should be noted that the mass and stiffness matrices are not frequency dependent and need to be constructed only once for a given geometry. After the inverse of the dynamic stiffness matrix is obtained, the plate displacement response can be computed for each realization as follows

u l = D -1 f l . ( 11 
)
The ASD of the plate displacement due to the TBL excitation is then calculated from the ensemble average of the different realizations by

S uu = E u l u l l , (12) 
where E [ ] represents the ensemble average over the realizations and the 99 overline denotes the complex conjugate. This process is repeated for each 100 frequency to obtain the spectra of the structural response. given by (Maury et al., 2002) 120

S vv (x, ω) = 1 4π 2 ∞ φ pp (k, ω) |H(x, k, ω)| 2 dk, (13) 
where H(x, k, ω) is the sensitivity function which corresponds to the velocity 121 at point x when the panel is excited by a unit wall plane wave. φ pp (k, ω)

122
is the CSD of the wall pressure field defined previously. Using numerical 123 integration based on the rectangular method by truncating and regularly 124 sampling the wavenumber domain, equation ( 13) can be expressed as

125 S vv (x, ω) ≈ 1 4π 2 Nx i=1 Ny j=1 φ pp (k, ω) |H(x, k, ω)| 2 δk x δk y , (14) 
Using the normal modes of the panel, an analytical solution for the panel sensitivity function can be derived as follows (Maxit, 2016;[START_REF] Marchetto | Vibroacoustic response 485 of panels under diffuse acoustic field excitation from sensitivity functions 486 and reciprocity principles[END_REF])

H(x, k, ω) = iω M m=1 N n=1 ψ mn (k)ϕ mn (x) Ω mn (ω 2 mn -ω 2 + iηωω mn ) , (15) 
where M and N are the truncation number of modal orders in the x and y directions, respectively. For the modal expansion, the number of modes within the extended frequency band [0 1.5ω max ] were considered, where ω max represents the highest angular frequency of interest. η is the structural loss factor, Ω mn = ρ s hL x L y /4 is the modal mass, ω mn and ϕ mn are respectively the modal frequencies and mode shapes of the panel given by

ω mn = D ρ s h ( mπ L x ) 2 + ( nπ L y ) 2 , ( 16 
)
ϕ mn (x) = sin( mπx L x )sin( nπy L y ). (17) 
L x and L y are respectively the length and width of the plate. D = Eh 3 /(12(1ν 2 )) is the flexural rigidity, ρ s is the density, h is the panel thickness, E is the Young's modulus and ν is Poisson's ratio. The modal forces ψ mn are calculated by integration over the panel surface A as follows

ψ mn (k x , k y ) = A e i(kxx+kyy) ϕ mn (x)dA = I x m I y n ( 18 
)
where

126 {I r s |(r, s) = (x, m) ∨ (y, n)} =        sπ L r (-1) s e i(krLr) -1 k 2 r - sπ L r 2 , k r = sπ L r 1 2 iL r , otherwise        .(19)

Results and discussion
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To demonstrate the UWPW-FEM approach, two case studies compris- 
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Figure 4 compares the velocity spectra predicted analytically with the experimental data at a flow speed of 40 m/s, for a frequency range from 60 Hz to 2 kHz. The Goody model described in Appendix A was used to evaluate the ASD function of the wall pressure field. Note that Ψ pp (ω) is a one-sided radial frequency spectrum. Hence Ψ pp (ω) was multiplied by 2π to convert it to a one-sided cyclic frequency spectrum density Ψ pp (f ). For the normalized CSD function, the Corcos, generalized Corcos and Mellen models described in Appendix B were employed, whereby analytical results for each model are compared. The TBL parameters were calculated based on theoretical formula for a flat plate from literature. The boundary layer thickness δ and the displacement thickness δ * are given by (C ¸engel and [START_REF] Cimbala | Fluid Mechanics: Fundamentals and Applica-425 tions[END_REF])

δ ∼ = 0.38x Re 0.2 x , δ * ∼ = 0.048x Re 0.2 x ( 20 
)
where Re x represents the Reynolds number and x corresponds to the distance from the nozzle to the centre of the panel. The wall shear stress τ w was calculated using the following empirical relations [START_REF] Hambric | Vibrations of plates with 466 clamped and free edges excited by low-speed turbulent boundary layer 467 flow[END_REF])

τ w ∼ = 0.0225ρ f U 2 ∞ (8U ∞ δ * /ν) 0.25 (21)
where U ∞ is the free flow velocity, ρ f is the fluid density and ν is the kinematic viscosity. The convective velocity U c was approximated as follows [START_REF] Bull | Wall-pressure fluctuations associated with subsonic turbulent 420 boundary layer flow[END_REF])

U c ∼ = U ∞ (0.59 + 0.3e -0.89δ * ω/U∞ ). ( 22 
)
It can be observed from Figure 4 previously reported [START_REF] Graham | A comparison of models for the wavenumber-frequency 464 spectrum of turbulent boundary layer pressures[END_REF]. Discrepancy between predicted results
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for the three TBL models is examined in further detail in Appendix C. and TBL strongly excites the structure [START_REF] Marchetto | Experimental predic-488 tion of the vibration response of panels under a turbulent boundary layer 489 excitation from sensitivity functions[END_REF]. In the second case study we examined a steel flat plate with clamped [START_REF] Han | Prediction of flow-induced struc-469 tural vibration and sound radiation using energy flow analysis[END_REF][START_REF] Hambric | Vibrations of plates with 466 clamped and free edges excited by low-speed turbulent boundary layer 467 flow[END_REF].
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The displacement thickness was measured for these flow speeds to be 2.9 mm 275 and 2.4 mm, respectively. These values were used in equations ( 20)-( 22 2 using the 285 Mellen model. In the experiment, the plate was bolted along its edges to a 286 fixture to simulate clamped boundary conditions. However, the experimen-287 tal boundary conditions may not exactly correspond to zero displacement 288 and zero rotation along all edges of the plate, as modelled using the FEM.
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Further, there may be small differences in the plate material properties in 290 the experiment and those used in the FEM model.
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For the second case study, the aerodynamic coincidence frequency is 47 Hz 
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  sponses for such problems, the forcing function arising from the turbulent 9 flow field on the elastic structure should be obtained. This can be achieved 10 by solving the Navier Stokes equations for given geometry and flow condi-11 tions. Numerical approaches such as direct numerical simulation (DNS) or 12 large eddy simulation (LES) can be implemented to solve the Navier Stokes
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  Birgersson 

31Figure 1

 1 Figure1shows an elastic rectangular baffled panel with arbitrary bound-
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  nents k x and k y in the streamwise and spanwise directions, respectively. The 91 cross spectrum of the wall pressure can be computed using different models 92 for the ASD of the pressure field and the normalized CSD of the pressure 93 field, denoted by φpp (k, ω), independently from each other as follows

101Figure 2 Figure 2 :

 22 Figure2illustrates the computational sequences for the UWPW-FEM

  128 ing rectangular panels with different boundary conditions and excited by a 129 TBL are examined. The first case study investigates a panel with simply 130 supported boundary conditions. Numerical results for the simply supported 131 9 panel from the UWPW-FEM technique as well as analytical results obtained 132 using the sensitivity function are compared with experimental data obtained 133 in an anechoic wind tunnel. The second case study examines the vibrational 134 response of a panel with clamped boundary conditions. Dimensions and ma-135 terial properties of both panels are given in Table 1. The fluid density and 136 the kinematic viscosity were set to 1.225 kg/m 3 and 1.5111 × 10 -5 m 2 /s, re-137 spectively. For each case study, the structural loss factor was experimentally 138 estimated using the -3 dB bandwidth method for the first few resonances 139 of the plate. The mean value of the loss factors was used in the numeri-140 cal simulations. The simulations were conducted using Matlab on a desktop 141 personal computer with 32 GB of RAM and a total of four physical cores. 142 For the UWPW-FEM technique, the wall pressure field was synthesized in 143 Matlab and then imported as a load to the FEM model of the panel in the 144 commercial software COMSOL Multiphysics (v5.3a) using Matlab LiveLink. 145 To obtain the panel response analytically or numerically, truncation of 146 wavenumber domain is required. A truncated number of wavenumbers in 147 the x and y directions need to be defined for equations (8) and (14). The 148 criterion for defining the cut-off wavenumbers in the streamwise and span-149 wise directions must be chosen such that the significant contributions of the 150 integrands of these equations are correctly taken into account. It has been 151 previously demonstrated that in the vibration response, the wavenumbers 152 below or close to the natural flexural wavenumber of the plate are dominant 153[START_REF] Hambric | Vibrations of plates with 466 clamped and free edges excited by low-speed turbulent boundary layer 467 flow[END_REF] Maxit, 2016;[START_REF] Marchetto | Experimental predic-488 tion of the vibration response of panels under a turbulent boundary layer 489 excitation from sensitivity functions[END_REF]. Hence, a cut-off 154 wavenumber of 2k p,max was used in both the streamwise and spanwise direc-155 tions, where k p,max = (ω max ρ s h/D) 1/2 is the flexural wavenumber of the 156 plate at the maximum frequency of interest denoted by ω max . The wavenum-157 ber resolutions were set to δk x = δk y = 0.25 (1/m). Based on the cut-off 158 wavenumber, a mesh size of ∆x = ∆y = π/(2k

Figure 3 :Figure 4 :

 34 Figure 3: Experimental set-up in the anechoic wind tunnel at the Université de Sherbrooke (Marchetto et al., 2018). The accelerometer location is at (x = 0.3 m, y = 0.33 m, z = 0 m)

Figure 5 :Figure 6 . 202 Figure 7 Figure 5 Figure 6 :Figure 7 :Figure 8

 5620275678 Figure 5: Comparison between TBL parameters extracted from measurements (solid line) and the standard TBL parameters from literature (dotted-dash line) at U ∞ = 40 m/s, (a) convective speed normalized by the flow velocity, (b) streamwise exponential decay rate α x , (c) spanwise exponential decay rate α y

Figure 8 :

 8 Figure 8: A realization of the wall pressure field using the Mellen and Goody models for a flow speed of 40 m/s at (a) 177 Hz and (b) 1005 Hz

Figure 9 :Figure 10 :

 910 Figure 9: Panel displacement field for a flow speed of 40 m/s at 177 Hz using (a) one realization of the WPF corresponding to the WPF shown in Figure 8(a) and (b) 30 realizations of the WPF

Figure 12 :

 12 Figure 12: Predicted and measured velocity spectra for a simply supported plate for a flow speed of (a) 20 m/s and (b) 40 m/s (dB ref. 1 (m/s) 2 /Hz)
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  boundary conditions along its edges excited by turbulent flow. The plate 268 was used in the experiment conducted by[START_REF] Han | Prediction of flow-induced struc-469 tural vibration and sound radiation using energy flow analysis[END_REF] in a wind tunnel 269 at Purdue University. Figure14shows a schematic diagram of the wind 270 tunnel test section and plate. The plate vibration was measured using a 271 scanning laser Doppler vibrometer at a point 150 mm from the plate's left 272 edge and 120 mm from its bottom edge. The experiment was carried out at 273 flow speeds of 35.8 m/s and 44.7 m/s (

Figure 14 :

 14 Figure 14: Schematic diagram showing the experimental set-up in the wind tunnel at Purdue University, (dimensions in mm)

292 and 74 Figure 15 :Figure 16 :Figure C2 :

 741516C2 Figure 15: Predicted and measured velocity spectra for the clamped plate for a flow speed of 44.7 m/s (dB ref. 1 (m/s) 2 /Hz)

  

  that analytical results using the Mellen

	176	
	177	model are in very good agreement with experimental data. Compared to ex-
	178	perimental results, results obtained using the Corcos model are over predicted
		but under predicted using the generalized Corcos model. Over-prediction of
	180	the pressure spectrum at low wavenumbers using the Corcos model has been

Table 2 .

 2 The first ten natural frequencies of the panels in case studies A and B

		Case Study A	Case Study B
	Mode FEM (Hz) Experiment (Hz) Mode FEM (Hz) Experiment (Hz)
	(1,1)	78	82

elling the response of a randomly excited panel, Part I: General theory. J
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The vibration of the panel was measured using an accelerometer located at The Corcos normalized wavevector-frequency spectrum is given by Corcos 344 (1963) function in the streamwise and spanwise directions are respectively α x = 0.1 347 and α y = 0.77 [START_REF] Graham | A comparison of models for the wavenumber-frequency 464 spectrum of turbulent boundary layer pressures[END_REF]. Close to the convective peak (k x U c /ω = 1), all three models have similar 361 magnitudes. However, at higher frequencies or lower wavenumbers, the Cor-362 cos model provides a higher spectral level than that of the Mellen model.
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The generalized Corcos model with filter orders of m = 1 and n = 2 esti-364 mates a lower spectral level compared to the Mellen model prediction. This 365 is consistent with the trend observed in Figure 4. It was also previously 366 wavenumber domain has an oval shape, which is in better agreement with 368 the measurements, in contrast to the model of Corcos and,by extension,369 the generalized Corcos which has a diamond-like shape (Mellen, 1990;Miller et al., 2012).