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Abstract 7 

The binary and ternary diffusion coefficients for gas/polymer systems can be estimated from 8 

solubility data and an equation of state to the free volume of penetrant/polymer systems. The 9 

system free volume can be calculated by the Sanchez Lacombe equation-of-state (SL-EoS), 10 

eliminating the need for viscoelastic data in determination of free volume parameters. 11 

Furthermore, this approach accounts for polymer swelling. The model gives reliable 12 

predictions for both binary and ternary systems of alkanes and alkenes in polyolefins.  13 
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1. Introduction 1 

A detailed understanding of diffusion processes is clearly essential for many different types of 2 

production processes in general, and polymerization processes in particular. Diffusion of 3 

gases and liquids can be the limiting step during chemical reactions in multiphase systems, 4 

and during purification and degassing operations as well.  In the specific case of olefin 5 

polymerization processes, estimation of the diffusion of reactants and other components is 6 

further complicated by the highly non-ideal nature of the thermodynamics [1], the impact of 7 

physical properties such as crystallinity that govern the sorption and transport processes in 8 

materials such as polyolefins [2], and a significant lack of available data concerning sorption 9 

and diffusion, especially under industrially pertinent conditions.  It would therefore be useful 10 

if one could estimate parameters such as the diffusion coefficient of mixture of gases through 11 

polymers in a simple, straight forward manner 12 

As an example of what we mean by the impact of non-ideal thermodynamics, let us consider a 13 

ternary system made up of two solutes (components 1 and 2) and a semi-crystalline polymer 14 

such as polyethylene or polypropylene (component 3).  The 2 solutes are soluble in the 15 

amorphous portion of the polymer and can diffuse through that phase if there is a gradient of 16 

chemical potential.  Otherwise it is assumed that the crystalline phase remains impermeable to 17 

the penetrants [3].  In an industrial environment, it is not uncommon to find non-reactive 18 

solutes, often referred as Induced Condensing Agents (ICA), can be present as liquids, or 19 

more generally as part of the vapour phase in most of the reactor. These compounds are used 20 

to enhance heat removal, but do not influence the reactivity of the catalyst. If the light solute 21 

is ethylene [4–7] (or propylene [8]) and the heavier one an ICA such as pentane or hexane, 22 

adding the ICA can leading to a doubling of the observed rate of reaction. Furthermore, 23 

Alizadeh et al. [9] showed that simply accounting for the increased solubility of ethylene due 24 

to the ICA is not sufficient if one wishes to model the entire reaction.  At long times, the 25 

cosolubility effect (modelled using the Sanchez-Lacombe Equation of State – SL-EoS) 26 

adequately accounted for the increase in the reaction rate that was observed experimentally.  27 

However, during the first few minutes of the polymerization, the authors showed using a free 28 

volume-based model that accounts for the presence of the ICA for the effective diffusivity of 29 

ethylene in the amorphous phase of the polymer led to a better fit of the reactor mode.  These 30 

modelling results validate a discussion in an earlier paper by Floyd and Ray [10] who reached 31 

two important conclusions: (i) the diffusion coefficient of vapors depends significantly on 32 
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their concentration in the amorphous polymer phase; (ii) the presence of ICA or other vapors 1 

that might swell the polymer will lead to an increase of the diffusion coefficient.  2 

These (and many other) results highlight the need to develop a predictive model of the 3 

diffusion behavior of monomer in the amorphous polymer phase when ICA is present. One of 4 

the most widely used approaches used to this objective relies on the free volume theory which 5 

was developed then extensively modified by Fujita [11] and Vrentas and Duda [12,13].  The 6 

approach developed by Vrentas and Duda [12–16] seems to be quite successful for the 7 

prediction of diffusion coefficients of penetrants in polymers [17], and this approach has been 8 

widely investigated to improve its accuracy and applicability to multiple cases.  9 

The free volume can be thought of as the unoccupied space between molecules in solution. 10 

For molecular migration to take place in the amorphous phase of a polyolefin, two 11 

prerequisites must be satisfied: (i) there must be a hole (or free volume) space of sufficient 12 

size adjacent to a penetrant molecule; (ii) that same molecule must have enough energy to 13 

overcome intermolecular interactions to jump into the hole. For a polymer above its glass 14 

transition temperature, the polymer chains can adjust their segment motion by thermal 15 

vibration and the available free volume usually becomes the predominant factor for the rate of 16 

diffusion. From these notions, Duda et al. [15] developed the well-known expressions for the 17 

self-diffusion coefficient of the penetrant,   , and mutual-diffusion coefficient,  , for binary 18 

systems. These expressions are given by equations (1) and (2).   19 
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 20 

In equation (1)    is a pre-exponential factor that is only dependent on the penetrant,    is the 21 

diffusion activation energy,   
 
 is the mass fraction of the ith component,    

  
is the critical hole 22 

free volume required for the ith component to make a jump,      
 

 is the ratio of critical molar 23 

volumes,     is the free volume and   is an overlap factor that accounts for the same free 24 

volume being available for both species. In equation (2)    is the volume fraction of 25 

component 1 and   is the Flory-Huggins interaction parameter, which denotes the 26 

intermolecular interactions between polymer and penetrant [18].  The self-diffusivity of the 27 

molecules in a lattice occurs without the presence of a gradient of chemical potential.  In this 28 
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case, no matter which direction the penetrant jumps to, the dispensed energy is the same, as 1 

there is no chemical potential gradient. The mutual diffusion, however, occurs in the presence 2 

of a driving force which is a gradient of chemical potential, often approximated by a 3 

concentration gradient.   4 

If one examines equation (1), it becomes clear that the self-diffusivity is related to the ratio of 5 

the occupied volume and the total free volume: the numerator accounts for the volume that is 6 

already occupied by the jumping units. The     
 

 factor mitigates the difference in size of the 7 

solute and polymer jumping units, thus allowing for a better evaluation of the contribution of 8 

each species for the occupied volume [19].  The denominator is the total available free 9 

volume in the system.  10 

In the traditional Vrentas-Duda approach to the Free Volume Theory, the hole free volume 11 

(   ) is estimated by (13) for the binary case: 12 
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Where     
 

 and      are penetrant free volume parameters,     
 

 and      are polymer free 13 

volume parameters and      is the ith component glass transition temperature. As suggested by 14 

Duda [18], these parameters (and    in equation (1)) are obtained by regression of the 15 

viscosity and specific volume data as a function of the temperature for the pure penetrant and 16 

polymer. Hong [20] reported this data for several systems and compared the diffusion 17 

coefficients from the Vrentas-Duda theory regressed with the viscosity-temperature data and 18 

the experimental diffusion coefficients. The results showed that the Vrentas-Duda approach 19 

closely replicates the experimental diffusion behavior [20]. However, one key point to 20 

underline at this juncture is that this approach requires experimental data which may not 21 

always be easily found.  22 

Expression (2) is a result of equation 4 [18]:   23 
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Where    is the density of the ith component,     is the partial specific volume of the polymer. 24 

To obtain eq. (2), the Flory-Huggins model in equation (5) can be used to calculate the 25 

penetrant chemical potential, which is then introduced into eq. (4) to calculate  
   

   
  [21].  26 
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Kulkarni et al. [22]  used Fujita’s approach [11] to model the binary diffusion and solubility 1 

coefficients for CO2, CH4, C2H4, and C3H8 in polyethylene at temperatures ranging from 5 to 2 

35
o
C and gas pressures up to 40 atm., and presented correlations for the free-volume 3 

parameters. They found that these parameters were mainly dependent on size, shape and 4 

kinetic velocity of the penetrant molecules. The authors were then able to relate these 5 

parameters to the Lennard-Jones size parameter and molecular weight, which proved to be 6 

useful, as these are easy to get parameters. However, this approach falls short when polymer 7 

swelling is significant. 8 

Vrentas and Duda [14] and Wesselingh and Bollen [23] extended the Free volume Theory for 9 

self-diffusion in multicomponent mixtures (penetrant(1)-penetrant(2)-polymer(3)). Vrentas 10 

and Duda [14] found that for the chosen systems the self-diffusion coefficients could be 11 

accurately modelled from the binary data (i.e. penetrant(1)-polymer(3) and penetrant(2)-12 

polymer(3)) studies. This conclusion was corroborated by Schabel et al. [24] for the ternary 13 

system. However, their approach is limited to the self-diffusion coefficient and by the 14 

available experimental data/parameters. When these are not readily available, they can be 15 

very hard to obtain.  16 

In another study by Vrentas and Duda [25] the authors relate the mutual diffusion with self-17 

diffusion in ternary systems, building on a friction-based theory and analyzing the limit of 18 

small concentrations. Their approach has been extended by a number of other studies, 19 

including that of Alsoy and Duda [26], who proposed four alternative approximations for the 20 

mutual and cross-diffusion coefficients. These ranged from considering mutual diffusion 21 

equal to self-diffusion to more complicated expressions where the diffusion coefficients are 22 

dependent on a thermodynamic term while the friction factors are kept constant. Price and 23 

Romdhane [27] reviewed and generalized the existent friction-based theories for self- and 24 

mutual diffusion coefficients.  Vanag et al. [28] have explored the subject of ternary reaction-25 

diffusion systems and demonstrated the importance of cross-diffusion. Arya et al. performed a 26 

sensitivity analysis of the free volume theory parameters and concluded that their model 27 

predictions were highly sensitive to the penetrant(s)-polymer jumping unit ratios     
 
 . 28 

Cancelas et al.[29] studied the diffusivity of ethylene, propylene and ethylene-propylene 29 

mixtures in isotactic polypropylene (iPP) and found that the effective diffusivity of ethylene-30 

propylene mixtures is lower than that of either of the individual gases.  31 



 

 

6 

 

More related to the interest of this study, several authors have studied the impact of polymer 1 

swelling and have shown that it can be significant when considering a wide penetrant 2 

concentration range [30–32]. All authors concluded that polymer swelling will affect the 3 

diffusion behavior, with Duda et al. [30] pinpointing that for a swelling degree higher than 4 

3%, the modelling approach needs to account for a moving  boundary condition at the 5 

polymer-gas interface on the calculation of effective diffusion. Furthermore, Kanellopoulos et 6 

al. [31] show that polymer swelling increases the diffusion rate. However, no studies were 7 

found in the literature that showed the impact of polymer swelling in the ternary systems.  8 

Equation-of-state models, such as the Sanchez-Lacombe (SL-EoS) [33] are often applied to 9 

polymeric systems, as they can be used to accurately predict polymer-penetrant behavior, 10 

while retaining a relative mathematical simplicity. Two studies by Wang et al. [19][34] 11 

estimate the polymer Free Volume Theory parameters using an Equation-of-state approach, 12 

and obtained good predictions of the binary diffusion coefficients. In their first work [19] the 13 

authors used the S-S Hole theory [35], while in their most recent work they used SL-EoS [34]. 14 

In both cases the EoS were used to estimate the contribution of the polymer phase to the 15 

system free volume. This leaves the estimation of the penetrant contribution to the traditional 16 

Vrentas and Duda approach, which is limited by the available data for the penetrant phase free 17 

volume parameters and doesn’t accounting for swelling effects. Additionally Wang et al. 18 

limited their work to binary systems.  19 

The present work is based on an approach similar to that of Wang et al [19][34], but is 20 

different in it’s application as we will show that it is useful to combine a thermodynamic 21 

Equation of State model (here SL-EoS) with the free volume theory.  This allows us to extend 22 

the model to ternary (or in principle higher order) systems, and to calculate the free volume 23 

parameters for both polymer and gas-phase from solubility data using the EoS.  This means 24 

that the impact of swelling, co-penetrant and anti-penetrant effects can be included in the 25 

prediction of diffusion coefficients. The developed model is structured in such a way that all 26 

parameters can be calculated using solubility data and a pre-exponential factor that depends 27 

only on the nature of the penetrant.  28 

2. Model Development 29 

In this work, a modified approach to the free volume theory for the calculation of binary and 30 

ternary diffusion coefficients is combined with the Sanchez-Lacombe Equation of State. This 31 
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will eliminate the need for viscoelastic data in determination of free volume parameters, 1 

which may be hard to obtain. Furthermore, this approach can account for polymer swelling 2 

which has been demonstrated to impact diffusion behavior. Although experimental solubility 3 

data is still required to fit SL-EoS, this type of data is more readily available (especially for 4 

binary systems), or measurable than the methods proposed by Duda et al.[18].  5 

Note that the free volume theory and the SL-EoS are only applicable to the amorphous 6 

polymer phase. However, the approach presented here relies on solubility data for a given 7 

system, so when one optimises the interaction parameters that actually means that we account 8 

for the impact of crystallinity on the solubility, and thus the method is applicable to semi-9 

crystalline polymers. As discussed in section 1 the diffusion of  penetrant(s) is negligible in 10 

the crystalline phase of the polymer [10] . We can therefore introduce the crystallinity weight 11 

fraction in the self-diffusion expressions [22].  12 

2.1 Sanchez-Lacombe Equation-of-State 13 

According to the Sanchez-Lacombe Equation-of-State lattice-fluid model (SL-EoS) [36] the 14 

polymer chains are treated as a set of connected beads on a lattice. The presence of empty 15 

sites or holes is permitted in the lattice, but since the lattice size is fixed, the changes in 16 

volume are governed by changes in the number of holes [37].  17 

For a polymer liquid, the SL-EoS in terms of reduced variable is given by:  18 

                       
 

 
        (6) 

Where   ,   ,    are the reduced density, pressure and temperature, and are defined as:  19 

        ,         ,          (7) 

 20 

Where   ,    and    are, respectively, the characteristic temperature, pressure and close-21 

packed mass density, which completely characterize a pure fluid.   is the number of sites a 22 

molecule occupies in the lattice.  In principle, any thermodynamic property can be utilized to 23 

determine these parameters, but saturated pressure data is often employed for its wide 24 

availability [37]. Several authors have published tables where these molecular parameters are 25 

made available [36].  This model requires as well an interaction parameter,      which is 26 

dependent on the solute(s)-polymer system used and temperature [37]. One way to obtain this 27 
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interaction parameter is to fit the SL-EoS to solubility data, which is widely found for binary 1 

systems and found for some ternary systems.   2 

The SL model is an Equation of State, meaning equation (6) includes the total thermodynamic 3 

description of the polymer-penetrant(s) system. This means that all thermodynamic 4 

properties, such as isobaric thermal expansion coefficient or chemical potential, follow from 5 

the standard thermodynamic formulae and can be easily derived from expression (6). Details 6 

regarding the SL-EoS parameters and solution strategy can be found elsewhere [38,39].  7 

2.2 Binary System 8 

Analyzing the molar diffusion flux given by Fick’s Law:  9 

          (8) 

Here the gradient of molar fraction (   ) of the diffusing component   is assumed to 10 

approximate the driving force for the diffusion process that is the chemical potential. The 11 

proportionality coefficient,  , is the diffusivity in the amorphous phase of the polymer, and 12 

that can in principle be found using the free volume theory as described above. The diffusivity 13 

of a penetrant(1) in the polymer(3) can be found by relating the self-diffusivity and the 14 

mutual-diffusivity. The self-diffusivity is given by equation (1). The mutual diffusivity 15 

coefficient is given by equation (4). The parameter  
   

   
 

 
 in this equation is now estimated 16 

using the SL-EoS, shown in equation 9:  17 

                      

             
 

      
             

    
        

      
                

   
       

      
      

      
   

  
                 

  

  
          

 

  
                          

(9) 

   closed-packed volume fraction of solute molecules in the polymer phase and    is the 18 

polymer phase reduced density.  ,                      are parameters which can be 19 

calculated based on   
    

      
   (closed packed molar volume of a site 1, 2 and 1-2) and 20 

  
    

      
  (1, 2, 1-2 site-site interaction energy, where     

     
   

         ).     is the 21 

aforementioned interaction parameter [38,39].  22 

2.3 Ternary Case 23 

When exploring the ternary case of diffusion, one must extend Fick’s law to the 24 

multicomponent case: 25 
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 (10) 

In a mixture of   components, ( -1) independent diffusion fluxes exist. Fick’s law needs to be 1 

extended and generalized in order to take into account the interactions between fluxes and 2 

concentration gradients of different diffusing components. The flux of diffusing component i 3 

now depends upon the concentration gradients of other components in the mixture. Fick’s 4 

description of multicomponent diffusion involves a matrix of ( -1)
2
 diffusion coefficients, 5 

which generally is not symmetric. The matrix of diffusion coefficients consists of the main 6 

and the cross diffusivities. Main diffusivity     connects the flux of a component with its own 7 

concentration gradient, while cross diffusivities     connect the flux of the i
th

 component with 8 

the concentration gradients of other components [28].  In this work the cross-diffusion 9 

coefficients will be considered zero. It has been shown elsewhere [28] that cross-diffusion is 10 

only important when a chemical reaction takes place, which is outside the scope of this work.  11 

Following the approach of Vrentas and Duda [14], the self-diffusivity of penetrant(1) and 12 

penetrant(2) in the  polymer(3) is given by equations (11) and (12).  13 
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 14 

Subsequent to the friction-based approach, one can relate the self-diffusion and friction 15 

factors to arrive at the mutual diffusion coefficient. However, there are many more friction 16 

factors than self-diffusion coefficients – this means that relating the self- and mutual diffusion 17 

coefficients requires additional assumptions.  18 

In the case where solute concentrations tend to zero (a reasonable approximation, for instance 19 

in gas phase olefin polymerizations), Vrentas et al. [25] considered that the cross-diffusion 20 

coefficients go to zero, and the resultant main term diffusion coefficient is given by eqs. (13) 21 

and (14).  22 
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 1 

2.4 Parameter estimation 2 

The estimation of the critical hole free volume (   
  

), ratio of penetrant and polymer jumping 3 

units      
 
  and partial specific volume (   ), required for the presented model equations, can be 4 

found in the supporting information.  The procedure to estimate the hole free volume and a 5 

discussion on the pre-exponential factor and activation energy are presented below. 6 

2.4.1 Hole free volume (   ) 7 

The free volume is given by equation (15) [19].  8 

   
          (15) 

In which   is the specific volume (m
3
.kg

-1
), and     is the free volume fraction.  9 

According to Ferry [40], the free volume fraction for the polymer phase at atmospheric 10 

pressure and polymer glass transition temperature,              , is 0.0025. The fractional 11 

free volume at the temperature and pressure of interest can be obtained by considering the 12 

isobaric and isothermal processes:  13 

                        
  

  
 

    

       
 
  

 

  

 (16) 

Where    and    are, respectively, the isobaric thermal expansion and isothermal 14 

compressibility factors.  15 

For polymeric liquids (and in a semi-crystalline polymer, we assume the amorphous phase 16 

behaves like a liquid),    is given by [40]: 17 

           (17) 

Where    is the thermal expansion coefficient of the occupied volume, and    is the thermal 18 

expansion coefficient of the total volume of the polymer phase. Since there is no way to attain 19 

the value of   , in this work it will be considered that      , as the thermal expansion for a  20 

polymer is much greater than that of the occupied volume [19,40].  21 

The value of    can be expressed by:  22 
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           (18) 

In which    is the compressibility factor above Tg, and    is the compressibility factor just 1 

below Tg. Since the SL-EoS is applied for polymers in thermodynamic equilibrium, only the 2 

   can be estimated.    is set to be equal to half of    [19,40]. 3 

Substituting in equation (16), the volume fraction of free volume at temperature and pressure 4 

of interest is then given by equation (18): 5 
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Here,    and    are given by the appropriate differentiation of equation (6) [19]:  6 
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The group of Wang et al. [34] applied the above definition to the polymer phase, as they 7 

treated the penetrant and polymer phases independently. This leaves the calculation of 8 

penetrant contribution to the free volume to be calculated by the traditional Vrentas and Duda 9 

method. In this work, the above definitions of    and    are applied to the polymer phase that 10 

is considered to be swollen by the presence of penetrant, thus calculating the thermal 11 

expansion and compressibility factors for the mixture of gas plus polymer. This will strip the 12 

model of the need to know the free volume parameters for the penetrant. However, solubility 13 

data is required in order to calculate the SL-EoS interaction parameters,    . While solubility 14 

for multicomponent systems representative of olefin polymerizations are rare, they can be 15 

found at least as easily as the free volume parameters, if not more easily.  16 

2.4.2 Pre-exponential factor (  ) 17 

The pre-exponential factor is often overlooked as “just a constant” that appears in self-18 

diffusion expressions. However, when analyzing these expressions we can see that it 19 

represents the penetrant self-diffusion for the limit of infinite dilution (  
 
  ). Therefore, 20 

this parameter is of import when employing the FVT for diffusion in polymeric systems, as an 21 

accurate estimation of this parameter is essential for good model predictions. 22 
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An important term related to the pre-exponential factor is the activation energy (  ), which 1 

represents the energy per mole that a molecule requires to overcome the attractive forces 2 

binding it to its neighbors. Other than estimating the activation energy based on experimental 3 

data, no other methods were found that linked any penetrant properties to its activation 4 

energy. Even so, Vrentas and Duda [18,41] argue that for the sake of better regression fits, its 5 

best to consider     . When this is the case, the pre-exponential factor is noted as     , to 6 

symbolize that this value was adjusted to experimental data without an estimation of the 7 

activation energy. This approximation imposes certain limitations, since not including the 8 

activation energy is the same as dismissing the effects of temperature in   . This may 9 

influence of the predictive abilities of the model when considering large temperature intervals, 10 

although for temperatures that vary only over a small range, the model shows good agreement 11 

with experimental data [18,26,31,42].  12 

Vrentas and Duda [18,41] also discuss the hypothesis that the pre-exponential factor is solely 13 

a property of the penetrant. With this in mind, an effort was made to correlate the pre-14 

exponential factor to penetrant properties. The Lennard-Jones size parameter has been used by 15 

Kulkarni [22] to estimate Fujita’s version of pre-exponential factors for gaseous penetrants in 16 

polyethylene. Their correlation can only be applied to small molecules, smaller than n-hexane 17 

(which no longer fits in with their data).  Nevertheless, this suggested that a size parameter 18 

might be a well suited contender to correlate the pre-exponential factor. The figure bellow 19 

shows the relation between the molecular diameter and a pre-exponential factor (    ). The 20 

experimental      values presented below were obtain all from the same study by Duda et al. 21 

[18]. The data was fitted with a decaying exponential equation. It is worth noting that the list 22 

of penetrants presented by Duda et al includes an array of different families of molecules, 23 

ranging from alkanes, alkenes, ketones and organic halogen compounds.  24 
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 1 

Figure 1. Pre-exponential factor,     , varying with molecular diameter. Experimental data obtained from 2 
[18].  3 

 4 

Figure 1 shows that there is an apparent trend where D0,1 decreases as a function of the 5 

molecular diameter. If all the data is included, a decaying exponential function of       as a 6 

function of molecular diameter appears to roughly follow the evolution of the experimentally 7 

measured values. However, as discussed above, a precise estimate of the pre-exponential 8 

factor is essential for good model predictions, and deviations between the exponential fit for 9 

     and experimental values are too large to provide the required precision. Therefore, in this 10 

work the values   ,      , and    used were found in the literature for the relevant systems. 11 

This conclusion, combined with the definition of    and    leaves open the discussion if 12 

these are indeed penetrant only parameters.   13 

 14 

2.5 Solubility data and SL-EoS model fitting 15 

The SL-EoS interaction parameter       were found by fitting the model to experimental 16 

solubility data of pure and mixtures of gaseous olefins and alkanes in various polymers found 17 

in the open literature. Table 1 shows the characteristic SL parameters for the considered 18 

components in this work.  19 

Table 1. Molecular characteristic parameters for Sanchez-Lacombe EoS.  20 

Component P* (bar) T* (K)    (kg. m
-3

) Ref 

Methane  2500 152 500 [43] 
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Ethylene 3395 283 680 [44] 

Propylene 3788 345.4 755 [29] 

n-Pentane 3060 445 755 [39] 

n-Hexane 2979 476 775 [39] 

LDPE 4399 655 900 [45] 

LLDPE 4360 653 903 [39] 

iPP 3007 690.6 885.6 [29] 

 1 

The systems and temperatures for which relevant solubility data was found and corresponding 2 

developed     correlations with temperature are shown in Table 2. 3 

Table 2. Modelled solubilities in this study. 4 

Comp 1 Comp 2 Polymer T (
o
C)     Ref 

Propylene - iPP 50; 70; 85    = -0.0076 T(K) + 0.27 [29] 

Ethylene - iPP 50; 70; 85    = -0.00028 T(K) + 0.082 [29] 

Ethylene Propylene iPP 50; 70; 85    = -0.00011 T(K) + 0.021 

   = -0.00061 T(K) + 0.21 

[29] 

n-Hexane - PE 70; 80; 85; 90    = 0.0014 T(K)-0.48 [46] 

Ethylene - PE 60; 70; 80; 90    = -0.0011 T(K) + 0.38 [46] 

Ethylene n-hexane PE 70; 80; 90    =0.000030 T(K) + 0.0054
a
 

   =0.00050 T(K) - 0.15
 a

  

[46] 

n-Pentane - PE 70;85;90    =0.00086 T(K) - 0.27 [46] 

Ethylene n-Pentane PE 70;80;90    =0.000045 T(K)+0.00044
b
 

   =0.00056 T(K) - 0.15
 b
 

[46] 

Methane - LDPE 40;80    = -0.0013 T(K) + 0.26 [47] 

a     adjusted keeping n-hexane partial pressure between 0.6 and 0.7 bar. 5 
b     adjusted keeping n-pentane partial pressure between 1.6 and 1.8 bar. 6 

3. Results and Discussion 7 

3.1 Model Validation 8 

Table 3 shows the required model parameters that have not been estimated: the pre-9 

exponential factors (D0 or D0,1) and the diffusion activation energy.  10 



 

 

15 

 

Table 3. Pure component diffusion model parameters.  1 

Component Tg (K) D0,1 (m
2
.s

-1
) 

a
 D0 (m

2
.s

-1
) 

b
 Ea (J.mol

-1
) Ref 

Methane  - 1.51x10
-9

 - 0 [48] 

Ethylene - - 2.96 x 10
-6 

8786 [49] 

Propylene - - 7.65 x 10
-6

 15899 [49] 

iso-Pentane - 6.68 x 10
-8

 - 0 [50] 

n-Hexane - 7.85 x 10
-8

 - 0 [18] 

LDPE 148 - - - [51] 

LLDPE 193 - - - [31] 

iPP 253 - - - [49] 

a
 Pre-exponential factor adjusted to experimental data while keeping Ea=0 2 

b
 Pre-exponential factor and Ea adjusted to experimental data 3 

 4 

3.1.1 Binary Case 5 

The model validation was carried out on a range of different polymers and penetrants.  6 

Figure 2 shows the mutual diffusion of n-pentane in high density polyethylene (HDPE) 7 

polymers. It can be seen that the model is able to correctly describe the diffusion behavior of 8 

the system and predict the impact of changing temperature, all with a difference between 9 

experimental data and model predictions of less than 9%. 10 

  11 

Figure 2. Diffusivity of n-pentane in HDPE at 50 °C and 95 °C varying with total pressure. Experimental 12 
obtained by Sturm [50].  13 

Flaconneche et al. [47] studied the solubility and diffusion of methane in LDPE for pressures 14 

ranging from 40 to 100 bar at 40 °C and 80 °C. The results in Figure 3 show that the model is 15 
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also able to correctly predict their experimental diffusivity values of methane for higher 1 

pressure systems. Additionally, it should be pointed out that the D0 parameter used in these 2 

calculations was obtained by another author [48], and not fitted to this particular set of data.  3 

 4 

 5 

Figure 3. Diffusivity of methane in LDPE at 40 °C and 80 °C varying with total pressure. Experimental 6 
obtained by Flaconneche et al. [47]. 7 

 8 

The binary model was also validated with a single set of parameters using two independent 9 

data sets of the diffusivity of propylene and ethylene in iPP obtained by Cancelas et al. [29] 10 

and Gonzalez et al. [49].  11 

 12 

Figure 4. Diffusivity of ethylene in iPP at 60 °C and 90 °C varying with total pressure. Experimental at 60 13 
°C obtained by Gonzalez et al. [49] and 90 °C by Cancelas et al. [29]. 14 
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 1 

Figure 5. Diffusivity of propylene in iPP at 60 °C varying with total pressure. Experimental data obtained 2 
by Gonzalez et al. [49]. 3 

Figures 4 and 5 show that the model predicts the mutual diffusion behavior for the chosen 4 

systems. For ethylene and propylene diffusion in iPP, the model captures the diffusion trend, 5 

even when there are changes in temperature. 6 

The table below shows the results obtained Cancelas et al. [29] and how they compare to the 7 

model results.  8 

 9 

 10 

Table 4. Comparison of the results obtained by Cancelas et al. [29] and this model and corresponding 11 
difference between model prediction and reported experimental data (Δ). 12 

T (⁰C) 
Pressure 

(bar) 

Average Diffusion
.
10

-11
 (m

2
.s

-1
) 

Propylene 
 

Ethylene 

Experimental Model Δ (%) 
 

Experimental Model Δ (%) 

50 4 3.0 4.8 60 
 

3.7 2.6 29 

50 11 3.5 8.3 132 
 

4.5 4.0 12 

90 4 12.0 6.5 46 
 

17.0 9.6 43 

90 11 17.0 19.3 13 
 

18.5 14.1 24 

90 20 17.0 46.8 175 
 

20.0 21.6 8 

 13 

In this table, it is clear that the numerical values of the model do not agree nearly as well with 14 

the data obtained by Cancelas et al. [29] for the propylene/iPP and ethylene/iPP systems.  It 15 

should be noted that the experimental values for the diffusion of propylene in iPP at 90°C do 16 

not follow the expected trend, where we would expect that the measured value of the 17 
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diffusivity would be a stronger function of pressure. Furthermore, the model fits Gonzalez’s 1 

data set very well for propylene, so it is possible that the experimental values of reference are 2 

incorrect, and not the model predictions.   3 

To check the validity of the model, we used the characteristic length scale provided by 4 

Cancelas et al. [29] for their sorption experiments, and our value of the predicted mutual 5 

diffusivity value in Crank’s [52] analytical expression for diffusion in a sphere: 6 

    

   
   

 

  
 

 

  

 

   

          
 

    (22) 

where M(t) is the mass sorbed at a given time t, Meq is the total mass sorbed at equilibrium, r 7 

is the characteristic length scale for diffusion, and D is the diffusivity of the sorbant.  The 8 

obtained result compared with the experimental sorption curve and with the best diffusion fit 9 

for the experimental curve, obtained by minimizing the residuals. The results for ethylene 10 

sorption in iPP at 90 ⁰C and 4 bar are shown in Table 5 and Figure 6, where it can be seen that 11 

the predicted value of diffusivity fits the data reasonably well.  12 

 13 

Table 5. Comparison of the diffusion results for ethylene in iPP at 90 ⁰C and 4 bar. Data obtained by 14 
Cancelas.   15 

 16 

 17 

 18 

 19 
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 1 

Figure 6. Comparison of the sorption curves for ethylene in iPP at 90 ⁰C and 4 bar. Data obtained by 2 
Cancelas, this work (model) and the best fit to the sorption curve.   3 

 4 

3.1.2 Ternary Case 5 

The ternary model predictions of overall diffusivity of a mixture of ethylene and propylene 6 

diffusion in iPP, were compared to the same values also estimated in the work of Cancelas et 7 

al. [29]. The experiment results only show the total diffusion for the mixture of ethylene and 8 

propylene, whilst the developed model accounts for the mutual diffusion of the species 9 

separately. To obtain an equivalent diffusion coefficient to the one attained experimentally, 10 

“partial” sorption curves were obtained using the modelled mutual diffusion coefficients, and 11 

corresponding solubility values. These curves (shown as the broken lines in figure below) 12 

were then added, realizing the total sorption curve (full line in figure below), which represents 13 

the results obtained by [24].  The analytical solution of the diffusion equation for spheres 14 

developed by Crank [52] was once again used to fit a diffusion coefficient to the newly-15 

modelled curve. Table 6 shows the summary of the diffusion coefficients obtained for a 16 

gaseous equimolar mixture of ethylene and propylene diffusing in iPP. 17 

 18 
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Figure 7. Sorption curves obtained using the analytical diffusion solution and the modelled diffusion 1 
results. 2 

The analytical solution of the diffusion equation (22) was once again employed for two 3 

different temperatures and pressures, in order to validate the model.  Experimental values of 4 

best fit average diffusivities obtained from unpublished data provided by Cancelas Sanz, and 5 

obtained as described in reference [29] are shown in Table 6, and selected curves shown in 6 

Figure 8.  The results presented in Table 6 and Figure 8 show that the ternary model 7 

predictions are quite close to the best fit of the experimental data, and that they predict the 8 

sorption data quite well. 9 

Table 6. Comparison of the best fit diffusion results with model predictions for mixtures of ethylene and 10 
propylene in iPP, for different temperatures, pressures and molar fraction in the gas phase.  11 

T 

(⁰C) 

Pressure 

(bar) 

% (molar) 

Ethylene 

% (molar) 

Propylene 

Average Diffusion 
.
10

-11
 

(m
2
.s

-1
) 

Best Fit Model Δ (%) 

50 4 50 50 1.7 1.2 40 

50 11 25 75 3.7 4.8 23 

50 11 50 50 2.4 3.1 22 

50 11 75 25 1.4 1.8 23 

50 20 50 50 3.2 5.3 40 

90 11 50 50 9.0 11.2 20 

90 20 50 50 23.6 20.8 14 

 12 
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It can be seen from Table 6 that the diffusion coefficient of the gas mixture decreases as molar 1 

fraction of ethylene increases. This is to be expected, as a smaller propylene fraction results in 2 

less available free volume, which influences for the diffusion rates. It is also shown that the 3 

model predicts the trends of diffusion coefficients for the chosen system in all the available 4 

temperature and pressure ranges and while varying gas phase composition. However, for 5 

some experimental data sets (mainly at 50 ⁰C and 4 and 11 bar), the model captures the order 6 

of magnitude of the reported experimental results, but fails to predict the diffusion coefficient 7 

accurately. To further examine the implications of this, figure 8 shows the experimental 8 

sorption curves for two temperatures and pressures while comparing them to the best fit and 9 

the diffusion coefficient predicted by the model.  10 

  11 

Figure 8. Comparison of the sorption curves for an equimolar mixture of ethylene and propylene in iPP at 12 
(a) 50 ⁰C and 4 bar; (b) 90 ⁰C and 11 bar. Data obtained by Cancelas. 13 

Figure 8 (a) is especially important, as this predicted model value set is one that exhibits one 14 

of the biggest differences to the best fit to experimental data (about 40%). Still, it is shown 15 

that modelled value describes the sorption curve. In figure (b) it is possible to see that with a 16 

difference of 20% between best fit to experimental data and predicted diffusion coefficients 17 

the sorption curves are almost completely overlapped.  18 

Coupling the extensive validation completed for the binary case with the results presented in 19 

this section, the model is considered reasonably valid.  20 

3.2 Free Volume Results  21 

Figure 9 shows a comparison of the free volume as given by Vrentas and Duda (equation (3)) 22 

and the free volume obtained in this work by the method described above. The results show 23 

good agreement, further validating the model and assumptions made in section 3.3.  24 
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 1 

Figure 9. Comparison of the free volume calculated by Vrentas and Duda’a approach [49] and this work 2 
for the Ethylene/iPP system at 60⁰C.  3 

As the pressure is increased it can be observed that the two models start to diverge slightly. 4 

This can be explained by the fact that Vrentas and Duda use mixture parameters that do not 5 

take into account polymer swelling, while model proposed here does. Figure 10 shows that 6 

when the swelling is not accounted for, the free volume estimation using the method 7 

described in section 2.4.1., takes a linear shape, closer to the results obtained by Vrentas and 8 

Duda.  In this figure one can also see the corresponding predicted degree of swelling for each 9 

pressure. It then becomes clear that a higher swelling degree corresponds to more available 10 

free volume.  11 

 12 

Figure 10. Comparison of free volume estimation by Vrentas and Duda approach [49], this work not 13 

accounting for polymer swelling and this work accounting for polymer swelling in function of total 14 

pressure and swelling degree. Ethylene/iPP system at 60⁰C.  15 

Comparing the free volume obtained for binary and ternary systems, the results were as 16 

expected. As seen in Figure 11, the ternary free volume sits between the two binary free 17 

volumes. The same Figure also shows the comparison between the free volume calculated by 18 
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this model and estimated by Vrentas and Duda’s approach. The same trend is observed as in 1 

the binary systems, where the curve takes a different shape for higher pressures, due to the 2 

polymer swelling. It is also possible to observe that the total ternary free volume takes a 3 

similar shape to the free volume for the n-hexane/LLDPE system, suggesting that this 4 

parameter is controlled by the heavier component.  5 

 6 

Figure 11. Free volume for Ethylene, n-hexane and a mixture of both in LLDPE varying mixture total 7 
pressure (calculated by this model and by Vrentas and Duda approach [9]) at 70⁰C.  Pressure of n-hexane 8 
varying between 0.4-0.8 bar.  9 

 10 

3.3 Diffusion Results  11 

Figure 10 shows the mutual diffusion of ethylene, n-pentane and n-hexane in LLDPE varying 12 

with the mass fraction. The results obtained are as expected, where the diffusion coefficient 13 

increases with temperature and mass fraction. 14 
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1 

 2 

Figure 12. Mutual diffusion of ethylene (a), n-pentane (b) and n-hexane (c) in LLDPE at 70, 80 and 90 ⁰C.  3 

To evaluate the effects of ICA in the diffusion of ethylene, two ternary systems were studied: 4 

ethylene/n-hexane/LLDPE and ethylene/n-pentane/LLDPE.  5 

In the first set of simulations, the total pressure was varied while the molar fraction of the gas 6 

phase remained fixed.  7 
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 1 

Figure 13. Mutual diffusion coefficient of Ethylene (a) and n-hexane or n-Pentane (b) in LLDPE in binary 2 
and ternary systems with n-hexane (5% molar in the gas phase) or n-pentane (15% molar in the gas 3 
phase) at 70⁰C. 4 

Figure 13 shows that the ethylene diffusion in the presence on an ICA is increased when 5 

compared to the binary. This is due to two main effects that the ICA will have on the system: 6 

(i) co-solubility effects – the presence of an ICA increases the solubility of ethylene in the 7 

amorphous phase; (ii) the ICA will swell the polymer, increasing free volume allowing for 8 

faster ethylene diffusion, as discussed in section 4.2. By adding  5% n-hexane to the mixture 9 

we can observe a 30% increase in the ethylene diffusion coefficient, while adding 15% molar 10 

of n-pentane to the mixture leads to a 22% increase. It can be observed that the diffusion of 11 

both ICA’s increase when we move from the binary to the ternary system, which may not be 12 

an expected result because of the anti-penetrant effect – while the ethylene solubility is 13 

increased due to the presence of an ICA, the ICA solubility decreases due to the presence of 14 

ethylene. However, what is observed is that there is more free volume in the ternary system 15 

than compared to the binary system. This shows that the available free volume is controls 16 

diffusion rates.  17 

Considering the system ethylene/n-hexane/LLDPE, and keeping the total pressure constant (at 18 

12 bar), increasing the molar fraction of n-hexane present in the mixture (from 0 to 5%) at 19 

70⁰C we obtain the following results in terms of relative diffusion:  20 
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 1 

Figure 14. The enhancement magnitude in the mutual diffusion of ethylene (a) and n-hexane (b) at 12 bar 2 
varying with the n-hexane molar fraction in the gas-phase at 70⁰C. n-hexane diffusion is normalized with 3 
the corresponding binary system at the same partial pressures. 4 

 5 

Figure 14 shows that increasing up to 5% the molar percentage of n-hexane, increases the 6 

diffusion of ethylene by a factor of about 1.24. In the n-hexane case, it can be observed that 7 

the even though the enhancement diminishes with the increase of n-hexane (due to the anti-8 

penetrant effect), the diffusion of n-hexane in the ternary case is always faster than the binary 9 

case. This is expected, as the presence of ethylene increases the available free volume, which 10 

is especially important at the beginning when the mass fraction of n-hexane in the polymer is 11 

lower.   12 

Considering a fixed monomer pressure, Figure 14 shows the effects of adding ICA into a 13 

process on the diffusivity.  14 
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 1 

Figure 15. Effect of adding n-hexane or n-pentane as ICA on the diffusion of ethylene in LLDPE at 70 ⁰C. 2 
Partial pressure of ethylene is kept constant at 7 bar.  3 

From the results shown in figure 15 it’s possible to compare the effects of both ICA in the 4 

diffusion of ethylene. If one considers the effect of adding 0.8 bar of n-hexane, it’s possible to 5 

see an increase of 51%, while adding the same amount of n-pentane leads to only an increase 6 

of 17%. This difference is expected, as the bigger size of n-hexane compared to n-pentane 7 

leads to more noticeable co-solubility effects and swelling - which translates in more available 8 

free volume.  9 

4. Conclusions 10 

A mathematical model has been developed for the prediction of binary and ternary diffusion 11 

coefficients based on the free volume theory. The model relies on solubility data of the gas (or 12 

gases) in the polymer phase and on a pre-exponential factor, which may be solute dependent 13 

only. The model has been validated and shows good agreement with the available 14 

experimental data. The free volume calculated was compared with Vrentas and Duda’s 15 

approach and also showed good agreement. 16 

For the binary case, the results show that the diffusion coefficient increases with temperature 17 

and pressure, as expected and in agreement with other studies.  18 

For the ternary case, it is shown that the co-solubility effect of ICA has an effect in the 19 

diffusion of monomer, as it increases the free volume and monomer’s solubility. It was 20 

observed that the diffusivity of ICA also increases from the binary to the ternary system, 21 

regardless of the anti-penetrant effect. This revealed that the available free volume the 22 

controlling factor the diffusion rate.  23 
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The coupling of the SL-EoS with the free volume also proved to be advantageous when 1 

working with semi-crystalline polymers: Using solubility data obtained for semi-crystalline 2 

polymer to SL-EoS implies that the diffusion model accounts for amorphous areas of the 3 

polymer that are not accessible to the penetrants due to crystallinity constraints.  4 

This method for calculating diffusion coefficients could easily extended to other polymer 5 

systems or classes of molecules. The original free volume theory was developed in a 6 

generalized matter, meaning that the main limitations in this work arise from using SL-EoS. 7 

However, this approach can be implemented with any other thermodynamic model, making 8 

this work applicable to a variety of systems.  9 

 10 
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