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Abstract

The notion of a difference hierarchy, first introduced by Hausdorff, plays an
important role in many areas of mathematics, logic and theoretical computer
science such as descriptive set theory, complexity theory, and the theory of
regular languages and automata. Lattice theoretically, the difference hierar-
chy over a distributive lattice stratifies the Boolean algebra generated by it
according to the minimum length of difference chains required to describe the
Boolean elements. While each Boolean element is given by a finite difference
chain, there is no canonical such writing in general. We show that, relative to
the filter completion, or equivalently, the lattice of closed upsets of the dual
Priestley space, each Boolean element over the lattice has a canonical mini-
mum length decomposition into a Hausdorff difference chain. As a corollary,
each Boolean element over a co-Heyting algebra has a canonical difference
chain (and an order dual result holds for Heyting algebras). With a further
generalization of this result involving a directed family of closure operators
on a Boolean algebra, we give an elementary proof of the fact that if a regu-
lar language is given by a Boolean combination of universal sentences using
arbitrary numerical predicates then it is also given by a Boolean combination
of universal sentences using only regular numerical predicates.
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1. Introduction

Hausdorff introduced the notion of a difference hierarchy in his work on
set theory [I7]. Subsequently, the notion has played an important role in
descriptive set theory as well as in complexity theory. More recently, it
has seen a number of applications in the theory of regular languages and
automata [15, 4]. From a lattice theoretic point of view, the difference hier-
archy over a distributive lattice D stratifies the universal Boolean envelope
of D. This is the (unique up to isomorphism) Boolean algebra B containing
D as a sublattice and generated (as a Boolean algebra) by D. We follow the
tradition in lattice theory calling B the Booleanization of D. However, we
warn any frame theorist reading the paper that this is not the same thing as
the Booleanization of a frame [I], which generalizes the construction of the
complete Boolean algebra of regular opens of a topological space.

In the difference hierarchy over D, the stratification of the Booleanization
B of D is made according to the minimum length of difference chains required
to describe an element b € B:

b=ar— (a2 — (... (an1 — an)..) (1)

where a; > ay > -+ > a,_1 > a, are elements of D. One difficulty in the
study of difference hierarchies is that in general elements b € B do not have
canonical associated difference chains.

Priestley duality [25] for distributive lattices uses the Stone space of the
Booleanization equipped with a partial order to represent the lattice as the
closed and open (henceforth called clopen) upsets of the associated Priestley
space. Priestley duality provides an elucidating tool for the study of differ-
ence hierarchies. For one, the minimum length of difference chains for an
element b € B has a nice description relative to the Priestley dual space
X of D as the length of the longest chain of points 1 < 2 < -+ < x,
in X so that z; belongs to the clopen corresponding to b if and only if 7 is
odd. Further, if we allow difference chains of closed upsets of the Priestley



29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

space, rather than clopen upsets, then every element b € B has a canonical
difference chain which is of minimum length. If in addition D is a co-Heyting
algebra, then the elements of this canonical difference chain are clopen and
thus every b € B has a canonical difference chain in D. We present this ma-
terial, which is closely related to work by Leo Esakia on skeletal subalgebras
of closure algebras [9], in Section . We have chosen to present this first part
in the language of point-set topology to provide a treatment which is more
easily accessible for researchers not used to point-free topology.

The main purpose of Section [5]is to obtain sufficient conditions so that,
given a Boolean algebra B, a Boolean subalgebra B’, and a sublattice D of B,
the intersection of B’ and D generates the intersection of B’ with the Boolean
algebra generated by D. For this purpose we consider a situation where B
is equipped with a family of closure operators whose meet-subsemilattices of
closed elements form a directed family the union of which is a sublattice of B.
Using Stone-Priestley duality in the point-free form of canonical extensions,
we generalize the results of Section [3|and use them to derive the main theorem
of the section.

In turn, the results of Section [5| are used in Section [§|for an application in
logic on words. More precisely, we give an elementary proof of the equality

BII;|[N] N Reg = BII;[Reg]. (2)

The idea is that this equality may be translated into an instance of the main
theorem of Section [5| where B=P(A*) is the Boolean algebra of all formal
languages over the alphabet A, B’=Reg is the Boolean subalgebra of regular
languages, and D = TI;[N] is the sublattice of languages given by universal
sentences using arbitrary numerical predicates. Universally quantifying over
a finite number of variables yields a closure operator, and the directed union
of the closed elements is exactly D = II;|N]. The equantion (2) was first
proved by Macial, Péladeau and Thérien [20]. For more details, see [29].
Before each of the main Sections 3] [f, and [§ we include the background
needed. The aim is in this way to make the paper accessible both to lattice
and frame theorists and to researchers working with formal languages and
automata. Thus, in Section [2| we introduce the basics on lattices and duality,
Section [ is an introduction to canonical extensions, and Section [f] contains
the preliminaries on recognition and logic on words. Section [7| provides a
lattice theoretical perspective on logic on words, as well as its connections
with model theory, which is the point of view adopted in Section[§] Although,
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strictly speaking, the results of this section can not be considered as new, to
the best our knowledge, the presentation of the material in this form is an
original contribution of the paper. Finally, in Section [9] we discuss possible
generalizations of the present work, and in particular, we give some examples
of open problems that one could try to handle with the techniques developed
here.

2. Preliminaries on lattices and duality

We consider all distributive lattices to be bounded and we view the classes
of distributive lattices and of Boolean algebras as categories in which the
morphisms are the algebraic homomorphisms, that is, the maps that preserve
all the basic operations (including the bounds). For readers needing more
detailed preliminaries on lattices and duality, we refer to [7].

Priestley duality. The Priestley dual space of a distributive lattice D con-
sists of the set S(D) of homomorphisms from D to the two-element lattice 2
(or equivalently, of the prime filters of D) ordered point-wise and equipped
with the topology generated by the sets @ = {x € S(D) | z(a) = 1} and their
complements, for a € D. One can show that the resulting ordered topological
space, (X, <, ), is compact and totally order disconnected. That is, if v € y
in X then there is a clopen upset V of X with x € V and y ¢ V. Totally
order disconnected compact spaces are called Priestley spaces and the ap-
propriate structure preserving maps are the continuous and order preserving
maps. In the other direction, given a Priestley space (X, <,7) the collection
UpClopen(X, <, ) of subsets of X that are clopen upsets forms a lattice of
sets (this may also be seen as the Priestley morphisms into the Priestley space
based on the two-element chain). Morphisms correspond contravariantly and
the correspondence is given by pre-composition. These functors account for
the dual equivalence of the category of distributive lattices and the category
of Priestley spaces. On objects, this means that D = UpClopen(S(D)) (via
the map a + @) for any distributive lattice D and X = S(UpClopen(X)) (via
the map x — x, where Y, is the characteristic function of the point x re-
stricted to UpClopen(X)) for any Priestley space X. In addition, the double
dual of a morphism, on either side of the duality, is naturally isomorphic to
the original. For more details see [7, Chapter 11].

Booleanization. The Booleanization, D™, of a distributive lattice D is a
Boolean algebra with a lattice embedding D < D~ so that any lattice

4
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homomorphism h: D — B into a Boolean algebra, uniquely extends to a
homomorphism h~: D™ — B making the following diagram commutative:

D —— D~

x:h

B

It is well-known that for any embedding of D into any Boolean algebra, the
Boolean algebra generated by the image is isomorphic to D~. The existence
of such a map is a consequence of Stone-Priestley duality, but showing that
this map is an embedding requires a non-constructive principle. For more on
Booleanizations of lattices in a constructive manner, please see [21], 23, 16, [6].

In the setting of Priestley duality, we have seen that D is isomorphic to
the lattice of clopen upsets of its dual space X. It thus follows that D~ is
isomorphic to the Boolean subalgebra of P(X) generated by UpClopen(X).
One can show that this is the Boolean algebra of all clopen subsets of X.
That is, D~ = Clopen(X).

Adjunctions and closure operators. Let P and ) be posets. We say that
maps f: P < Q : g form an adjoint pair provided

VoeP qeQ  (fp)<q <= p=<ylqg).

Note that in this case, f and g uniquely determine each other since

fp)=Na€@Qlp<g(@} and g(q)=\/{peP|f(p)<q}

We call f the lower adjoint of g and g the upper adjoint of f. One can
show that lower adjoints preserve all existing suprema, while upper adjoints
preserve all existing infima. In the case that the posets P and () are complete
lattices this gives a simple criterion for the existence of adjoints.

Proposition 1. A map between complete lattices has a lower adjoint if and
only if it preserves arbitrary meets, and it has an upper adjoint if and only
if it preserves arbitrary joins.

Adjoint pairs are intimately related to closure operators. Recall that, for
a poset P, a function c: P — P is a closure operator provided

Vp,pp € P (pr<c(p2) <= c(p1) <clp2) ).

5
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Proposition 2. If (f: P S Q :g) is an adjoint pair, then gf is a closure
operator on P. Conversely, every closure operator ¢ : P — P may be obtained
in this way, e.g. (¢ P < Im(c) :1), where ¢ is the co-restriction of ¢ to its
mmage and ¢ the inclusion map, is such an adjoint pair.

Finally, since upper adjoints preserve all existing infima, one can show
that if ¢ : P — P is a closure operator and P admits a meet-semilattice
structure, then Im(c) is a meet-subsemilattice of P. For more details, see [T,
Chapter 7].

Heyting and co-Heyting algebras. Heyting algebras are the algebras for in-
tuitionistic propositional logic in the same sense that Boolean algebras are
the algebras for classical propositional logic. The order dual notion is called
a co-Heyting algebra. We will focus on co-Heyting algebras here as this is
more convenient for the sequel, but any result about one notion has a corre-
sponding order dual result about the other notion.

Definition 3. A co-Heyting algebra is a distributive lattice equipped with an
additional binary operation, /, which is the lower adjoint of the operation V
in the sense that we have

Va,b,c € D (a/b<c <= a<bVec).

Notice that this property implies that the co-Heyting operation on a dis-
tributive lattice, if it exists, is unique and is given by

a/b:/\{c\agb\/c}.
Thus one may think of a co-Heyting algebra as a special kind of distributive
lattice. Indeed, the following proposition, which is the order dual of the
corresponding fact for Heyting algebras, see [10, Proposition 3], gives such a
characterization.

Proposition 4. A distributive lattice D is a co-Heyting algebra if and only
if the inclusion of D in its Booleanization has a lower adjoint.

Definition 5. The lower adjoint mentioned in Proposition 4] gives, for each
b € D™, the least over-approximation of b in D. We denote it by

D~ — D, b [b]=/{ceD[b<c}
and call it the ceiling function (of D).

6
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It will be useful to understand which Priestley spaces correspond to co-
Heyting algebras. The order dual characterization for Heyting algebras is
due to Esakia [8] independently of Priestley’s work. We include a proof of
the result for co-Heyting algebras to illustrate the correspondence between
the algebraic and topological formulations.

Theorem 6 ([8]). Let D be a distributive lattice and X its Priestley dual.
Then D admits a co-Heyting structure if and only if for each V- C X clopen,
1V is again clopen. When this is the case, the map | |: D~ — D is naturally
isomorphic to the map V +— 1V on clopen subsets of X.

Proof. This is a simple consequence of Proposition [d Note that by total
order disconnectedness of X, for any closed (and thus compact) K C X, we
have

TK = ﬂ{W C X | K CW and W clopen upset}. (3)

Therefore, there is a least clopen upset (i.e., element of D) above V if and
only if 1V is clopen. O]

Closed upsets in Priestley spaces. Note that closed subspaces of Priestley
spaces are again Priestley spaces. In fact, the closed subspaces of a Priestley
space X correspond to the lattice quotients of its dual D, cf. [7, Section 11.32].

The following well-known fact about upsets of closed sets will be used
extensively in the sequel. We include a proof for the sake of completeness.
For a subset S C P of a poset P, we use min(.S) to denote the set of minimal
elements of S.

Proposition 7. Let X be a Priestley space and K C X a closed subset.
Then, 1K = 1tmin(K) and this is a closed subset of X.

Proof. As seen in , 1K is a closed subset of X whenever K C X is. Now
consider X as the dual space of a distributive lattice D. Then the points
of X are the prime filters of D. Let x be any element of K and let C be a
maximal chain of prime filters contained in K with x € C. Since C'is a chain,
it is easy to show that xg = () . = is again a prime filter. Also, if W =@
is any clopen upset of X with K C W, then a € y for all y € K and thus
a € xg. It follows that xo € W for all clopen upsets W of X with K C W
and thus zy € 7K. Now by maximality of C' it follows that zy € min(K) and
zo < z. Thus 1K = T min(K). O
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3. The difference hierarchy and closed upsets

Let D be a distributive lattice and D~ its Booleanization. Since D~ is
generated by D as a Boolean algebra and because of the disjunctive normal
form of Boolean expressions, every element of D~ may be written as a finite
join of elements of the form a — b with a,b € D. A fact, that is well known
but somewhat harder to see is that every element of D~ is of the form

a; — (ag — (-.. — (@1 — ap)-)), (4)
for some ay,...,a, € D. The usual proof is by algebraic computation and

is not particularly enlightening. It is also a consequence of our results here.
We begin with a technical observation.

Proposition 8. Let B be a Boolean algebra and let ay > --- > as,, be a
decreasing sequence of elements of B. Then, the following equality holds:

a1 — (CLQ— ( e (a2m_1_a2m)...)) == (al—(lg)\/(ag— ( e (a2m_1_a2m)...)) (5)

where the join is disjoint, and by induction we obtain

ap — (CLQ — ( v — (agm_l — (lgm))) = \/ (agn_l — Cbgn)

n=1

where the joinands are pairwise disjoint.

Proof. Let us denote b = a3 — (ay— (- - - — (agm—1 — agm )--). A simple algebraic
computation yields a; — (az — b) = (a3 — ag) V (a3 A b). Since ay, ..., asy,
is a decreasing chain and b < ag, it follows that a; A b = b, which in turn
yields (f)]). O

One problem with difference chain decompositions of Boolean elements
over a distributive lattice, which makes them difficult to understand and
work with, is that, in general, there is no ‘most efficient’ such decomposition.
We give an example of a Boolean element over a distributive lattice that
illustrates this problem.

Example 9. Consider X = NU {z,y} equipped with the topology of the
one-point compactification of the discrete topology on NU {z}. That is, the
frame of opens of X is:
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7=PNU{z})U{CU{y}| C CNU{x} is cofinite}.

The order relation on X is as depicted. That is, the only non-trivial order
relation in X is z < y. It is not hard to verify that X is a Priestley space.

OO

The clopen upsets of X are the finite subsets of N and the cofinite subsets
of X containing y and they form the lattice D dual to X. Note that V' = {x}
is clopen in X and thus V' € D~. On the other hand, any clopen upset W
of X containing V must be cofinite. We can write

V=w-Ww

where W/ = W — {z} is also a clopen upset of X. There is no smallest choice
for W as 1V = {x,y} is not open and thus not in D.

However, if we look for difference chains for V relative to the lattice of
closed subsets of X, then we have a least choice of difference chain, namely
V =K; — Ky where K; =1V and K, = K; — V.

We show that there is an algorithm for deriving, for each element of the
Booleanization of a distributive lattice, a difference chain of closed upsets (cf.
Theorem , and that, in the case of a co-Heyting algebra, this provides
a difference chain of the form for each element of its Booleanization
(cf. Corollary [17). We show that the difference chain thus obtained is of
minimum length and is element-wise contained in any other such sequence
(cf. Proposition [15]). For this reason we will call it the canonical difference
chain of closed upsets for the Boolean element in question. Recall that a
subset S C P of a poset is said to be convex provided x < y < z with
x,z € S impliesy € S.

Definition 10. If P is a poset, S C P, and p € P, then we say that p; <
pe < .-+ < p, in P is an alternating sequence of length n for p (with respect
to S) provided

(a) p; € S for each i € {1,...,n} which is odd,;

9
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(b) p; & S for each i € {1,...,n} which is even;

(C) Pn = D-

Further, we say that p € P has degree n (with respect to S), written
degg(p) = n, provided n is the largest natural number k& for which there
is an alternating sequence of length k for p. In particular, if there is no alter-
nating sequence for p with respect to S (i.e. if p € P—15) then degg(p) = 0.

Notice that an element of finite degree is of odd degree if and only if it belongs
to S. Also, if S is convex, then every element of S has degree 1, while every
element of 1.5’ — S has degree 2. In general, there will be non-empty subsets
of posets with respect to which no element has finite degree. However, that
is not the case for clopen subsets of Priestley spaces.

Proposition 11. Let X be a Priestley space and V a clopen subset of X.
Then every element of X has finite degree with respect to V.

Proof. The elements of the Booleanization of a distributive lattice D may be
written as a finite disjunctions of differences of elements from D. Thus, if V'
is a clopen subset of a Priestley space X, then there is an m so that we may
write

v =Jwi-wy.
i=1
where U;, W; C X are clopen upsets of X. In particular, since each U; — W;

is convex and, by the Pigeonhole Principle, there is no alternating sequence
with respect to V of length strictly greater than 2m. O]

Lemma 12. Let X be a Priestley space and V' a clopen subset of X. Let
Ki=1V, Ky =11V - V).
Then, for each i € {1,2}, K; is closed and
K, ={z € X |degy(x) > i} =M{xr € X | degy(z) = i}.

Proof. By Proposition |11} every element of X has a finite degree. Also if z <
y, then it is clear that degy (z) < degy (y). Furthermore, by Proposition [7]
we have that 7K = Tmin(K) for any closed set K. Now since both V' and

10
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1tV — V are closed, it suffices to show that the elements of min(V') have
degree 1, and the elements of min(1V — V') have degree 2. It is clear that
degy (z) = 1 for any x € min(V). Now suppose z € min(1V — V). Since
x € TV, there is 2’ € V with 2/ < z. Since x ¢ V, this is an alternating
sequence of length 2 for x. On the other hand, if z; < 29 < --- < 2, = x is
an alternating sequence for z, then zo € 1V — V and thus z € min(tV — V)
unless n = 2 and x5 = x. Thus degy (z) = 2 for any € min(tV - V). O

Corollary 13. Let X be a Priestley space, V a clopen subset of X, and
Gi1 2 Gy 2 --- 2 Gy a sequence of closed upsets in X satisfying

V=G —(Gr= (- = (Gyp-1 — Gop)-)- (6)
If K1 and Ky are as defined in Lemma[13, then

K, C Gy, KyCGy and Gy — Gy C Ky — K.

Proof. By @, we have V' C ;. Also, since (G; is an upset we have K; =
TV C Gy. Now, since G; — Gy C V we have G; — V C G5 and as Gy
is an upset, it follows that 1(G; — V) C Gy. Also, Ky C G; implies Ky =
MK —V) C (G —V) and thus, Ky C G5. In particular, we have G; — Gy C
V-Ky,CK, — Ks. O

An iteration of Lemma [12] leads to the main result of this section.

Theorem 14. Let X be a Priestley space and V' a clopen subset of X. Define
a sequence of subsets of TV as follows:

K, =1V, Ko =1 (Ky-1—V), and Koiy1 =Ky NV),

fori>1. Then, K1 O Ky D ... is a decreasing sequence of closed upsets of
X and, for everyn > 1, we have

K= {o € X | degy(z) > n} = H{z € X | degy(a) =n}.  (7)

In particular,

V= U(sz — Kyi) = K1 — (Ko — (... (Kom—1 — Kom)-)), (8)

=1

where 2m — 1 = max{deg (z) | z € V'}.

11
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Proof. Note that if @ holds, then holds since Ky;_; — Ky; will consist
precisely of the elements of V' of degree 2¢ — 1 and since each element of V/
has an odd degree less than or equal to the maximum degree achieved in V.

For the first statement and for , the proof proceeds by induction on
the parameter ¢ used in (8). The case i = 1 is exactly Lemma . For
the inductive step, suppose the statements hold for n < 2¢ and notice that
Ky = 1Ky NV) and Koo = T(Kgi11 — V) are in fact the sets K; and
K5 of Lemma (12| when we apply it to the Priestley space X’ = Ky; and its
clopen subset V' = K5, NV. Thus, to complete the proof, it suffices to notice
that, for every z € X', we have degy (z) = degy () + 2i. O

Using Corollary (13| we can now prove the minimality of the chain in .

Proposition 15. Let X be a Priestley space and V C X be a clopen subset
of X. Let Gy 2 Gy 2 --- D Gy, be a decreasing sequence of closed upsets of
X satisfying

V = | J(Gaic1 = G2i) = G1 = (Ga = (... (Gape1 — Gp)..)- (9)

i=1
Then, taking (K;)i>1 as defined in Theorem we have p > m and, for
every n € {1,...,p}, the following inclusions hold:

Kopn1 C Gop—1, Koy € Gop, and U(G%—l—Gm‘) C U(K2z‘—1_K2i)~ (10)
i=1 i=1

Proof. We proceed by induction on n. The case n = 1 is the content of
Corollary [13] Now suppose that holds for a certain n € {1,...,p}. As
in the proof of Theorem [14] we consider the new Priestley space X’ = Ks, and
its clopen subset V' = X' NV. Setting G; = X' NG, for each i € {1,...,p},
we obtain a decreasing sequence of closed upsets of X’ that form a difference
chain for V’. On the other hand, by the induction hypothesis we have

O( hio1—GY;) = (O(G2i1 - GQi)) NK, C (O(KZil - Km’)) NKop =10

=1 =1 i=1

so that the first 2n sets do not contribute to the writing of V"’ as a difference.
It follows that the sequence G5, 1 2 GY, 1 2 -+ 2 Gy, is a difference chain

12
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of closed upsets of X’ for V/. Now applying Corollary [13| to this sequence,
we see that

Kont1 = 1K NV) =1V C G,y € Gonsa

and

Kopio = (Ko = V) =14V = V') € Ghip € Gopyo

We also obtain that (Gani1—Gaony2) Koy = Gy iy —Ghyio © Kop1 — Kopga.
On the other hand, by Theorem [14] we have

(Gont1 — Gopya) — Koy CV — Ky, = U(Kzz'q — Ky).
i=1

We thus conclude that

n+1 n+1
U (Goi—1 — Goy) C U (K1 — Ky)
i=1 i=1

as required for the inductive step. ]

Note that, for V' = (J*(K-1 — Kb;) as in Theorem , each of the
unions U{Zl(Kgi,l — Ky;) is an open subset of X, while U;ij(Kgi,l — Ky)
is closed (j = 1,...,m). In the next example, we illustrate Theorem [14]in a
case where m = 2, (K; — K>) is not closed, and (K3 — K}) is not open.

Example 16. Let X = NU {x,y} be the same topological space as in Ex-
ample [9] that is, the one-point compactification by y of the discrete space
N U {z}, but now ordered by 1 <2 < --- <y and 1 < x < y. The order on
X and the dual lattice are depicted below:

Y
12
3
13
T 2
1 (o
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Consider the clopen subset V = NU {y} of X. Then, we have:

K, =X, Ky={zy}, K3={y}, and K,=0.
So K;—K>=N is open but not closed and vice versa for K3—K;={y}.

As a consequence of Theorem [6], Theorem [I4] and Proposition [15] we have
the following corollary.

Corollary 17. Let D be a co-Heyting algebra and b € D~. Define the
following sequence (recall Definition @

a)p = Irb—l, Q9; = (a%_l — b—l, cmd a2i+1 = [agi A b—l, fOTi Z 1

Then, the sequence {a;}i>1 is decreasing, and there exists m > 1 such that
aomi1 = 0. For the least such m we have

b= ap — (CLQ — ( - (an_l — agm))) (11)

and, for every other writing

b= C1 — (02 — ( .. (CZp—l — CQP)...))

as a difference chain with c; > - -+ > c9p tn D, we have p > m, ¢; > a; fori €
{1,....2p}, and for each n < p we have \/}_ (cai—1—c2;) < iy (a2i—1 —ag;).

We have a order dual algorithm for getting difference chains for Boolean
elements over Heyting algebras. To obtain these sequences we use the floor
function |_| : D~ — D (its existence is the order dual of Proposition {4).

Corollary 18. Let D be a Heyting algebra and b € D~. Define a sequence
of elements in D as follows:

a1 = |7b], a9 = lagi—1Vb], a1 =lagV-b|, fori>1.

Then, the sequence {a;};>o is increasing, and there exists m > 1 such that
aom+1 = 1. For the least such m we have

b= agm — (agm—1— (... (ag — ay)..))

14
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356

357

358

359

360

361

362

363

364

and, for every other writing

b=coy — (cop-1— (... (c2 — 1))

as a difference chain with c; < --- < c9p tn D, we have p > m, ¢; < a; fori €
{1,...,2p}, and for each n < p we have \/\_ (coi—1 —c2;) > /1 (a2i—1 — as;).

Proof. Apply Corollary |17] to the co-Heyting algebra D' = {—a | a € D} to
get, for any b € B = D~ = (D')~, a difference chain of elements in D":
dy = [b], dai = [dzi—1 —b], and daiy1 = [dy N D],

where the ceiling function is the one of D'. Since a — b = —b — (—a), by
Proposition [§] we may write b € B as

b= _‘d2m _ (_‘d2m71 — ( .. ("dg — _‘dl)--~))7

and we have

_'dl - L_'bj, _'in - L_'in—l V bJ, and _|d2i+1 = LﬁdQ’L V —\bJ,

since = [u] = |—u] for all u € B, where the ceiling function is the one for
D' while the floor function is the one for D. Each a; in the statement of the
corollary is the —d; of the proof. m

Since finite distributive lattices are co-Heyting algebras, Corollary [17]| ap-
plies. Combined with the fact that every distributive lattice is the direct
limit of its finite sublattices and that the Booleanization is the direct limit of
the Booleanizations of these finite sublattices, we have a proof of the original
observation by Hausdorff.

Corollary 19. FEvery Boolean element over any distributive lattice may be
written as a difference chain of elements of the lattice.

The results of this section were proved using Priestley duality. This makes
them non-constructive. However, we could have proved them in a point-free
setting (with very similar proofs). We trust that anyone interested in the
constructive aspect can see for themselves that this is the case. In Section
we will continue in the point-free setting of so-called canonical extensions as
this makes the more involved proofs there simpler.
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4. Preliminaries on canonical extensions

Here we provide the required information on canonical extensions. For
further details, please see [10] and [12].

Canonical extensions. Let D be a distributive lattice and X its dual Priestley
space. Then, Priestley duality implies that the Stone map

D — Up(X,<), a+ @

is an embedding of D into the complete lattice Up(X, <) of upsets of the poset
underlying X. An embedding into a complete lattice is called a completion,
and canonical extension, first introduced by Jénsson and Tarski [18], comes
about from the fact that the above completion can be uniquely characterized
in abstract terms among all the completions of D. Indeed, it is the unique
completion e : D — C (up to isomorphism) satisfying the following two
properties:

(dense) Each element of C'is a join of meets and a meet of joins of elements
in the image of D;

(compact) For S;T C D with Ae[S] < \/e[T] in C, there are finite subsets
S'CS and T"CT with Ae[S']<Ve[T"].

Thus, instead of working with the dual space of a distributive lattice D, we
will work with its canonical extension, denoted D’. It comes with an em-
bedding D — D?, which is compact and dense in the above sense. As stated
above this implies (modulo a non-constructive axiom) that D° is isomorphic
to Up(X, <), where X is the Priestley space of D, and that the embedding
e is naturally isomorphic to the map a — a@. In what follows, to lighten the
notation, we will assume (WLOG) that the embedding e is an inclusion so
that D sits as a sublattice in D°.

Filter and ideal elements. Since D sits in D’ as the clopen upsets sit in
Up(X, <), the join-closure of D in D° corresponds to the lattice of open
upsets of X. One can show that these are in one-to-one correspondence
with the ideals of D. Thus we denote the join-closure of D in D° by I(D?)
and call the elements of I(D?°) ideal elements of D°. Similarly the meet-
closure of D in D? corresponds to the lattice of closed upsets of X and one
can show that these are in one-to-one correspondence with the filters of D.
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Accordingly we denote the meet-closure of D in D° by F(D?) and call its
elements filter elements of D°. Note that, relative to the concepts of filter
and ideal elements, the density property of D° states that every element of
D? is a join of filter elements and a meet of ideal elements.

Another abstract characterization of F|(D°) is that it is the free down-
directed meet completion of D. As such it is uniquely determined by the
following two properties [13, Proposition 2.1]:

(filter dense) Each element of F/(D°) is a down-directed meet of elements
from D;

(filter compact) For S C F(D°) down-directed and a € D, if AS <a, then
there is s€ S with s<a.

Notice, that in the particular case of a Boolean algebra B, the order on
the dual space is trivial and thus B? is isomorphic to the full powerset of the
dual space X of B. Also, the ideal elements of B° correspond to all the opens
of X while the filter elements of B° correspond to all the closed subsets of X.

Ceiling functions at the level of canonical extensions. We saw in Proposi-
tion [, that if D is a co-Heyting algebra, then the inclusion of D in its
Booleanization, D~, has a lower adjoint | | : D~ — D. Here we will show,
that on the level of canonical extensions any embedding has a lower adjoint
with nice properties for filter elements.

Consider a situation where we have a Boolean algebra B and a sublattice
D of B. Then the embedding of D in B extends to a complete embedding
D’ — B’ [12, Theorem 3.2] which restricts to embeddings for the filter
elements as well as for the ideal elements [I2, Theorem 2.19]. Since the
embedding is complete, it has both an upper and a lower adjoint, see Propo-
sition [II We are interested in the lower adjoint, which we will study via the
corresponding closure operator U: B — D% — B, cf. Proposition Thus
we have, for v € B9,

U:/\{ueDélvgu}:/\{yGI(Dé)|U§y}a

where the second equality follows by the density property of D°. We are
particularly interested in the restriction of this closure operator to the filter
elements.
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Proposition 20. Let B be a Boolean algebra and D a sublattice of B, and

let (): B® — B° be the closure operator associated with D < B as above.
Then the following properties hold:

(a) for each u € B?, 7 is the least element of D° which lies above u;

(b) the map ( ): B® — B? sends filter elements to filter elements;
 F

(c) the map ()

Proof. Part follows by the definition of adjoints. For @ let v € F(B°)
and let y € I(D%) with v <y. Since y = \/{a € D | a < y}, by compactness,
there is a, € D with v < a, <y. Thus, we have

(B°) — F(B?%) preserves down-directed meets.

v=A\lyel(D’) |v<yt=Nla, € D|v<y}eF(D)C F(B).
For [(c)] let S be a down-directed subset of F(B°) with v = A S. By [(b)]
v € F(D?%), and thus v = A{a € D | v < a}. Let a € D with v < a, then
A S < a and by the filter compactness property of F(B°), there is w, € S
with w, < a. Therefore we have

Nwlwesy< \{w.|v<aeD} < Nfa|v<aeD}=0

On the other hand, since v < w for each w € S, by monotonicity of the
closure operator, we also have 7 < A{w | w € S} and thus the closure
operator, restricted to F(B?), preserves down-directed meets. O

Remark 21. Notice that if B is the Booleanization of D, and X is the
Priestley space of D, then B® = P(X), D° = Up(X, <), and the closure
operator is the map S +— 15. Furthermore, Proposition 20[(b)| tells us that
if K C X is closed then so is 7K. That is, it is the canonical extension
formulation of the second assertion in Proposition [/, We did not prove
Proposition in topological terms, but we could have. It says that if
{W;}ier is a down-directed family of closed subsets of a Priestley space, then

(1w =1\ Wa).

i€l iel
A statement that is not true in general for down-directed families of subsets
of a poset.
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5. The difference hierarchy and families of closure operators

Our main aim in this section is Theorem and, more specifically, the
Corollary [30 which will provide a simple proof of an important result in
logic on words in Section [§f We will be working in the following general
setting. We have a Boolean algebra B and D a sublattice of B. Recall
that the Boolean subalgebra of B generated by D is (up to isomorphism)
the Booleanization D~ of D. Accordingly, we work with D~ as being this
generated subalgebra of B.

We start by formulating Theorem [14]in terms of canonical extensions and
closure operators. As in the previous section, we let U: B% — D% C B% be
the closure operator which is the lower adjoint of the (complete) embedding
D? — B°. Given b € B, we define the sequence {k,},>; in D° as follows:

ki =0, kop=rkop1—0b, and kopy1 =kon AD, forn>1.  (12)

Notice that {k,},>1 is a decreasing sequence of filter elements of D?. More-
over, in the case where B = D™, by Remark , this is exactly the canonical
extension incarnation of the sequence { K, } ey for V= b in Theorem . We
thus have the following:

Theorem 22. Let D be a distributive lattice, B = D~ and, for b € D™,
consider the sequence {ky}n>1 of D? as defined in . Then, there exists
m > 1 such that ko1 =0, and

m

b=k — (k= (... (kam—1 = kam)-)) = \/ (ka1 — ko).

=1
We will need the following slight generalization of Theorem [22]
Corollary 23. Let B be a Boolean algebra and D a sublattice of B. Ifb € D~

and {ky}n>1 is the sequence defined in (12), then there exists m > 1 such
that ko1 = 0 and

m

b=k — (k= (... (kam—1 = kam)-)) = \/ (ka1 — ko).

=1

Proof. The embedding e: D — B factors through D~ so that e = eye; where
e1: D — D™ and ey: D™ — B. These maps all lift to complete embeddings
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with €® = eSed [12, Theorem 3.2 and Theorem 2.33], and these all have lower
adjoints, f, fo, and f;, respectively. It follows that f = f;fs. In a picture:

6(13 eg el
(D(S (D—)é B(S) — <D5>—>BS)
J1 fo /

Now the closure operator associated with D~ is the map ¢; =€ f;, whereas
the closure operator associated with B is the map c¢=e’f. The difference
between Theorem [22| and Corollary [23] is that in the former ¢; is used to
produce the sequence {k, },>1, and in the latter ¢ is used. Thus the corollary
follows if we can show that for all z € (D)% we have c(z) = ¢ (z), or
including the action of the inclusion €3, that c(e$(z)) = e3(ci(x)). This is
verified by the following calculation.

c(ey()) = (€ fed)(x) = (esed fifaed)(x) = es(cr([faed](w))) = en(cr(2))
since foed = id(p-ys- n

Motivated by the application to logic on words presented in Section [§] we
will now work in the following more general setting:

Definition 24. Let B be a Boolean algebra and I a directed partially or-

dered set. A directed family of closure operators on B indexed by I is a family
of closure operators {UL : B — B}ies satistying the following conditions:

(a) The meet-subsemilattices S; := {b € B | Y = b} for i € I form an
I-directed family of subsets of B. That is, S; € S; whenever 7 < j.

(b) D := J;c; Si is a sublattice of B. That is, if a,b € S; then there is j
with a Vb € 5.

We start by showing that we have the following relationship between the
closure operators UZ and the one given by D.

Proposition 25. Let B be a Boolean algebra and {(_)Z : B — Blier a
directed family of closure operators on B. Then, for each x € B, we have:

f:/\f

i€l

where the meet is taken in B°.
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Proof. For each x € B, x < 7' € S; C D C D’. Also T is the least element
of D° above z. Thus T < A,_; 7. On the other hand, by Proposition [20{(b)|
since x € B C F(B°%), we have T € F(D%). That is, 7 = A{a € D | x < a}.
Now let a € D with x < a. Then, since D = .., S;, there is j € I with

a € S;. Now using the fact that # < a and the monotonicity of U] we obtain

i€l

We thus have

/\fig/\{aeD|x§a}:§. O

iel
Now, for each i € I, we define the {c,;},>1 as follows:
c1; = Bi, Coni = m, and ot = mz (13)
Lemma 26. The following properties hold for the sequences as defined above:
(a) i < j implies k, < cnj < cn; forallmn e N andi,jeI;
(b) kn = Nicj Cnii for allm € N.

Proof. Define kg = cp; = 1 for all i € I. Also, define b,, = b for n odd and
b, = —b for n even then we have, for all n > 1, k,.1 = k, A b, and similarly
for the ¢, ;. Proceeding by induction on n, we suppose @ holds for n € N
and that ¢ < j. Note that since S; C S; C D, we have T < 77 < 7 for all
x € B. Also, by the induction hypothesis &, < ¢, ; < ¢, ;, and thus we have

kp ANbp < Cnj ANbp < cpnj Aby’ <y Aby < cniAby, .

That is, kp41 < cpy1,j < Cpy1,i as required.

For @, again the case n = 0 is clear by definition and we suppose
kn = Nics Cni- Then we have

k1 = Fon Aby = (/\ ni) Abn = \(cni Abn).

il il

Now applying Proposition 2(c)] and then Proposition 25 we obtain
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knJrl = /\ Cni A bn = /\ /\ Cnyi A bnj'

iel icl jel
Now given 7,7 € I, since [ is directed, there is k& € [ with 7,7 < k. By
Lemma we have ¢, < ¢, ;. Combining this with the fact that S; C S

we obtain

Cn,k A bnm S Cn,i A bnm S Cn,i A\ an

and thus

kn+1 = /\ Cnyi A bnj = /\ Cnk A bnk = /\ Cnt1,k- [

(i,5)el? kel kel

We are now ready to state and prove our main theorem.

Theorem 27. Let B be a Boolean algebra and {( ) : B — B}ic; a directed
family of closure operators on B. For each b € B let {k,},>1 be the sequence
of filter elements as defined in and {c ;i }n>1.4c1 be the sequence defined
m . If b € D= C B, then, there is m € N and i € I so that, for each
J € 1 with i <7 we have

b=k — (ky— ... = (kamo1 — ko)) = \/ (kaim1 — k)
=1
= cl,j — (CQJ — ... (C2m71,j — C2m>~--> = \/(02171,]' — Cgl’j).

=1

Proof. Note that for b € D~ the fact that the first line of the conclusion
holds is simply the content of Corollary 23] The fact that the second line
holds follows inductively from Lemma [28] below. O

Lemma 28. Let bt/ € B and v € B° be such that v A kyy1 = 0 and
b < kopro. Suppose b = vV (ko1 — koyyo) VU, Then there is an i € I so
that, for each j € I with i < j we have b= vV (ca41,j — Cay2j) V.

Proof. Since both v and kg1 — kg2 are below —kg ;o we have b < —ko oV,
or equivalently, bA koo < 0. Now by Lemmawe have bA N, Car2i <

b and by compactness there is an i; € I so that for all j € I with i; < j we
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have b A cgp0 < UV, or equivalently, b < —cg10; V b'. Now, for each j € 1
with 21 < j

b= (ko1 Ab)V (koyy1 Ab) =0V (ko1 A D)

<oV (kg1 A (D0, V) =0V (kg1 A —caigaj) V (kysa AY)
<oV (kg1 — Cog2j) VU
<0V (kapt — kaips) VI = b.

N

Consequently, for each j € I with i; < j we have b = vV (kgp1 — coy25) V.
. —J
Now, since cyy2; = o415 — 0 > caq15 — b, and thus, b > cyq1; — cagay,

using also the inequality cgy1,; > k41 given by Lemma , we may
deduce

b=vVvbV b/ >vV (CQZJFLJ' — Cgl+27j) V b/
Z vV (kﬁgl_;,_Lj — 62l+27]‘) V b, =b.

It then follows that for all j € I with j > i1 we have
b=vV (CQZJFLJ’ — 021+2,j> V bl. ]

Remark 29. Notice that Corollary [I9] stating that Boolean elements over
a lattice are difference chains of elements of the lattice, can also be seen
as a consequence of Theorem [27] Let D be any distributive lattice and
B its Booleanization. For each finite sublattice D" of D, the embedding
D" < D < B has an upper adjoint ¢’ : B — D’ given by ¢'(b) = A{a €
D'|b<a} =min{a € D' | b < a}. Thus, Theorem [27| applies and we
get Corollary [I9 In fact, in this way, we obtain more information as we see
that the minimum length chain in D is equal to the minimum length chain
in F(D?°), or equivalently, in the lattice of closed upsets of the dual space of
D. In turn, this is the same as the maximum length of difference chains in
the dual with respect to the clopen corresponding to the given element.

In Section [§ we will give an application of the following consequence of
Theorem [27], which needs its full generality.
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Corollary 30. Let B be a Boolean algebra and {W : B — Blicr a directed
family of closure operators on B. Let B' < B be a Boolean subalgebra closed

fori e 1. Then,

under each of the closure operators UL

(DNB)Y"=D"NHB,

where we view the Booleanization of any sublattice of B as the Boolean sub-
algebra of B that it generates.

Proof. Since D N B’ is contained in both of the Boolean algebras D~ (also
viewed as a subalgebra of B) and B’, the Booleanization of DN B’ is contained
in their intersection.

For the converse, let b € D~ N B’. By Theorem 27] there exists an index j
so that b can be written as a difference chain

b=cry—(c2;— (= (Com-15 = Comy) - ),

7J —J —J
where ¢ ; = b, conj = Cop—1; — U and copyr = Conj Ab, for n > 1.

But then, by hypothesis that B’ is closed under ( )J and a straightforward

induction argument, it follows that ¢;; > --+ > cap,; is a chain in Ej C
DN B'. Thus, b belongs to (DN B')~. O

Remark 31. We remark that the closure of B’ under the operators UZ for
¢ € I implies that the closure operator UZ : B — B’ on B’, whose image
is S = B'NS;, is such that {S!};c; is an I-directed family of subsets of B'.
Moreover, D' = | J,.; S} is precisely the distributive lattice D N B’

We give an example to show that the conclusion of Corollary [30]is by no
means true in general.

Example 32. Let B = P({a,b,c}) be the eight-element Boolean algebra.
Further, let D be the sublattice generated by {a} and {a,b} and let B’ be
the Boolean subalgebra generated by {b}. Then B is, up to isomorphism, the
Booleanization of D, and thus D~ N B’ = B’, whereas DN B' = (DN B')~
is the two-element Boolean subalgebra of B.

In order to formulate the application to the theory of formal languages,
we will need some concepts from logic on words.
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6. Preliminaries on formal languages and logic on words

Formal languages. An alphabet is a finite set A, a word over A is an ele-
ment of the free A-generated monoid A*, and a language is a set of words
over some alphabet. For a word w € A*, we use |w| to denote the length
of w, that is, if w = ay...a, with each a; € A, then we have |w| = n.
Given a homomorphism f : A* — M into a finite monoid M, we say that
a language L C A* is recognized by f provided there is a subset P C M
such that L = f~1(P), or equivalently, if L = f~!(f[L]). The language L
is recognized by a finite monoid M provided there is a homomorphism into
M recognizing L. Finally, a language is said to be regular if it is recognized
by some finite monoid. Notice that the set of all regular languages forms a
Boolean algebra. Indeed, if a language is recognized by a given finite monoid
then so is its complement, and if L; and Ly are recognized, respectively, by
My and My, then Ly N Ly is recognized by the Cartesian product M; x Ms.
(The more commonly encountered definitions of ‘regular language’ refer to
finite automata or regular expressions; one can show that these are indeed
the same as the regular languages defined here.)

The following well-known technical result [28] will be needed in Section [§|

Lemma 33. Let f : A* — B* be a homomorphism. Then the forward image
under f of a regular language over A is a reqular language over B.

We are interested in languages defined by first-order formulas of logic on
words which we briefly introduce now. For further details please see [29]
Chapter I1].

Syntax of first-order logic on words. Fix an alphabet A. We denote first-
order variables by x,y,z,x1,Ts,.... First-order formulas are inductively
built as follows. For each letter a € A, we consider a letter predicate, also
denoted by a, which is unary. Thus, for any variable x, a(z) is an (atomic)
formula. A k-ary numerical predicate is a function R : N — P(N¥) satisfying
R(n) C{1,...,n}* for every n € N. That is, R is an element of the Boolean
algebra IL,enP({1,...,n}*). When we fix a set R of numerical predicates,
we will assume it forms a Boolean subalgebra of I1,enP ({1, ...,n}*). Each k-
ary numerical predicate R and any sequence x1, . .., xj of first-order variables
define an (atomic) formula R(xy,...,z;). Finally, Boolean combinations
of formulas are formulas, and if ¢ is a formula and x1,...,x; are distinct
variables, then Vi, ...,z ¢ is a formula. In order to simplify the notation,
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we usually also consider the quantifier 3: the formula dxy,...,x; ¢ is an
abbreviation for =V, ..., z; —¢. As usual in logic, we say that a variable
x occurs freely in a formula provided it is not in the scope of a quantifier
that quantifies over x, and a formula is said to be a sentence provided it
has no free variables. Quantifier-free formulas are those that are Boolean
combinations of atomic formulas.

Semantics of first-order logic on words. Let us fix an alphabet A and a set
of numerical predicates R. To each non-empty word w = ay...a, € A*
with a; € A, we associate the relational structure M,, = ([n, AUR), where
In=A{1,...,n}, a¥ ={i € In | a; = a}, for each a € A, and R* = R(n),
for each R € R. Models of first-order sentences are words, while models of
formulas with free variables are the so-called structures. For a set of distinct
variables x = {x1, ...,z }, an x-structure is an element of A* x (| |w|)*. We
identify maps from x to | |w| with k-tuples i = (i1, ...,i) € ({ |w])*. Given
a word w € A* and a vector i = (iy,...,1) € (J |w|)*, we denote by wyx—;
the x-structure based on w equipped with the map given by i. Moreover,
if x = {xy,...,2} and y = {v1,...,y¢} are disjoint sets of variables, i =
(i1,..., i) € (L|Jw])* and j = (j1,...,7e) € (I |w|)¥, then wx_;y—; denotes
the z-structure w,—x, where z = x Uy and k = (i1,..., %, J1,- - -, je)-

We denoted the set of all x-structures by A* ® x. Let p(x) be a formula
all of whose free variables are in x. A model of p(x) is an x-structure that
satisfies p(x), using the standard interpretation of quantifiers in formulas.
We denote by L,x) the set of all models of the formula. We will say that
the formula defines this set of x-structures.

Example 34. Suppose A = {a,b}. The sentence ¢ = Iz, y (r < y Aa(z) A
b(y)) is read: “there are positions z and y such that x comes before y and
there is an a at position x and a b at position y”. Thus, ¢ defines the regular
language L, given by the regular expression A*aA*bA*.

It is worth remarking how this informal intuitive interpretation matches
up with our definitions of the syntax and semantics of first-order formulas.
The subformula z < y is the binary numerical predicate, which, formally
speaking, maps each n € N to the set {(i,5) | 1 <i < j <n} C ({n)? Since
¢ has no free variables, L, is a set of (-structures—that is, simply a set of
words over A.

We give an example involving formulas that contain free variables.
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Example 35. Again, let A = {a,b}. Let us define a numerical predicate,
which we denote informally by x = #. Formally, this maps each n € N to the
set {(4,2¢) | 1 <i <n/2}. The quantifier-free formula ¢, (x,y) given by

(r=2) i

defines a set of {x,y}-structures. It is convenient to think of each such
structure as a word over A in which each of the two variables labels a position
in the word. Thus, for example, ab(a, x)ba(b,y)aa represents the structure
abababaa,—3 ,—¢, which is a model of 1y (z,y).

Let 15 be the formula 3z ¢ (z,y). This formula has a single free variable
Yy, says that y labels an even-numbered position, which contains the letter b.
So, for example, ababa(b, y)aa € Ly, ).

Further, let ¢35 denote the formula 3z, y ¢ (x,y). Its set of models Ly,
consists of all words that contain the letter b in an even-numbered position.
This is again a regular language, given by the regular expression (A%)* AbA*.

Regular languages of structures. We now give a more formal account of a
device we used informally in the examples above. We fix a set of distinct

variables x = {z1,...,2;}. Then, 2% is isomorphic to the powerset P(x).
There is a natural embedding of the set of all x-structures into the free
monoid (A x 2¥)*. Indeed, to an x-structure wy—;, where i = (iy,..., ),

we may assign the word (a1, S1)...(an, Sy), where w = a; ...a, with each
a; € A and, for ¢ € |n, S; = {z; € x | i; = (}. It is not hard to see
that this mapping defines an injection A* ® x — (A x 2*)*. Moreover,
an element (ay,S1)...(a,,S,) of (A x 2%)* represents an x-structure under
this embedding precisely when the non-empty sets among 51, ..., S, form a
partition of x. From hereon, we view A* ® x as a subset of (A x 2¥)* without
further mention.

Since we view x-structures as words over A x 2*, we can talk about reqular
languages of structures. Moreover, it is easy to see that the set A* ® x of
all x-structures is itself a regular language: To see this, let x € x be any
variable. Let N = {0,1,m} be the three-element monoid in which 0 is
absorbent, 1 is the identity, and m? = 0, and let f : (A x 2¥)* — N be
the unique homomorphism satisfying f(a,S) = m if x € S and f(a,S) =
1 otherwise. This homomorphism recognizes, via {m}, the set of words
(ay,S51) -+ (an, Sp) such that the variable z occurs exactly once among the
S;. The set of structures A* ® x is the intersection of these languages over
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all x € x, and thus is a regular language itself, since the family of regular
languages is closed under finite intersection.

As a result, a language L of structures is a regular language if and only
if it consists of all the x-structures in some regular language L' over A x 2%,
because we then have L = L'N(A* ®x). We will make use of this observation
in the next section.

Example 36. We consider again the formulas of Example [35] The set L
of structures defined by ;(z,y) is a non-regular language: Consider the
homomorphism « : (A x 2{=¥H)* — {¢ d}* defined by mapping every letter of
the form (e, () to ¢ and all other letters to d. Then o[L] = {c*dc*dc'} o0 If
L were regular, then Lemma [33|implies that so is «[L]. However, well-known
elementary techniques of the theory of automata show that this is not the
case. (See, e.g. [29, Chapter I}, or a standard textbook like Sipser [26].)

On the other hand, the set of structures defined by 15(y) is regular: It is
just the language given by the regular expression (A?)*A(b, {y})A*.

Fragments of first-order logic. Formulas will always be considered up to se-
mantic equivalence, even if not explicitly said. We denote by FO[N/] the set
of all first-order sentences with arbitrary numerical predicates (up to seman-
tic equivalence). For formulas whose free variables are in x, we will write
FO4[N]. And for a set R of numerical predicates, FO[R] denotes the set
of first-order sentences using numerical predicates from R. Notice that, as
a Boolean algebra, FO[N] is naturally equipped with a partial order, which
in turn may be characterized in terms of semantic containment: ¢ < o if
and only if L, € L. For this reason, we will identify formulas and the
corresponding languages of models switching freely between ¢ and L,. In
particular, we see FO[AN] as a Boolean subalgebra of P(A*) and FO,[N] as
a Boolean subalgebra of P(A* @ x).

Quantifier alternation. We can measure the complexity of first-order formu-
las by the minimum number of alternations of quantifiers that is needed to
express them in prenex-normal formula, that is, in the form

w:lel---mem QO(Xl,...,Xm), (14>

where ¢ is a quantifier-free formula, Q1,...,Q,, € {V¥,3} and Q, = V if and
only if )y = d foreach ¢ = 1,...,m — 1. It is a well-known fact that
for every first-order formula there is a semantically equivalent one in prenex-
normal form. For m > 1 and a set of numerical predicates R, I1,,,[R] consists
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of all the sentences of FO[R] that are semantically equivalent to a sentence
of the form (14) where @1 = V. This is the alternation hierarchy over R.
In particular, we have II,,,[R] C II,[R] whenever m < ¢. Similarly, ¥,,[R]
denotes the set of all sentences that are semantically equivalent to a sentence
of the form (14)) with @, = 3, and %,,[R]| C ¥,[R]| whenever m < ¢. It is
not hard to see that both II,,[R] and X,,[R| are closed under disjunction
and conjunction but not under negation in general. In other words, II,,[R]
and X,,[R] are lattices, but not Boolean algebras. We denote by BIl,,[R]
and by BX,,[R] the Boolean algebras generated by II,,,[R] and by 3,,[R],
respectively, that is,

BIL.[R] = (I.[R])~ and  BSW[R] = (Sm[R])".

Clearly, we have Bll,,[R] = BX,,[R] C I1,,+1[R], Zms1[R].

When R consists of just the order relation <, then the languages defined
by first-order sentences are all regular. In this case, the alternation hierarchy
has been extensively studied. An outstanding open problem is to determine
effectively whether a given first-order definable regular language belongs to
the m'" level of the hierarchy. The only cases for which this is known is when
m < 2 (see [24]).

In this paper we are only concerned with the first level of the hierarchy
over different bases of numerical predicates. For notational convenience, we
will work with the fragment II;[R], although everything we prove for II;[R]
admits a dual statement for ¥,[R]. Every formula of II;[R] is of the form
1 = Vx ¢(x), for some quantifier-free formula ¢(x). Inside I1;[R], we classify
formulas according to the size of x: we let II¥[R] consist of all equivalence
classes of such formulas for which there is a representative v for which x
has k variables. We remark that, II§[R] is closed under conjunction, since
the formulas Vx ¢(x) A Vx 9(x) and Vx (¢(x) A ¢(x)) are semantically
equivalent. However, it is easy to see that, in general, II}[R] fails to be
closed under disjunction, as we now show.

Example 37. Let p(z) = a(x) and ¢(z) = b(z). Then, Vo ¢(x) defines the
language a*, while Vx ¢(z) defines the language b* and thus these are both
in IT}[AV]. The disjunction Vz ¢(z) V Vo ¢ (z) defines the language a* U b*,
while Vo (¢(z) V ¢(x)) defines the language {a,b}*. Indeed, one can show
that V p(x) V Vo () is not in IT[NV] while it is in TT3[\] as witnessed by
the sentence Vay,xo (¢(x1) V ¥(z2)).
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We will use Reg to denote the set of first-order sentences ¢ for which L,
is a regular language. We will also use Reg to denote the set of numerical
predicates for which the associated language of structures is regular. In [2]
it is shown that

FO[N] N Reg = FO[Reg].

In other words, if a first-order sentence defines a regular language L, then L
can be defined using only regular numerical predicates. This is proved as a
consequence of results in circuit complexity.

It is conjectured that this equality holds at each level of the alternation
hierarchy, in other words that, for m > 0, we have

BIL,,[N] N Reg = BII,,[Reg]. (15)

For m > 1, this question is open. In Section [§) we will use the results of
Section |5 to provide a proof of the case m = 1. This was first proved in [20],
and a different proof appears in [30]. The proof in [20] relies on some hard
results in semigroup theory and ideas from circuit complexity, and the one
in [30] on Ramsey theory coupled with the algebra of finite semigroups. In
contrast, our argument is entirely different and quite elementary.

Example 38. In an earlier example, we saw that the sentence

Jz,y <x = ‘g A b(y)>

defines the regular language (A?)*AbA* over A = {a,b}. On the other hand

r = § is a non-regular numerical predicate. The dual equality of for

existential fragments and m = 0 implies that the same language can be
defined by a sentence of ¥;[Reg|. Such a sentence is given by

Jy (y =0 (mod 2)) Ab(y)),

in which the numerical predicate is regular.

7. A lattices-and-duality perspective on logic on words

Universal quantifiers as adjoints. Again, we fix a finite alphabet A and a set
of variables x. We consider the projection map given by
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T AT R®x > AT, we—i — w.

This gives rise, via the duality between sets and complete and atomic Boolean
algebras, to the complete embedding of Boolean algebras

Tl=()®x: P(A") - PA* ®x), L1 (L)=L®x

This embedding, being a complete homomorphism between complete lattices,
has an upper adjoint which we may call V (and a lower adjoint 3). These are
given by

V:PA* @ x) - P(AY)
K— VK =max{L e P(A") | Lex C K}
={we A" |Vie{l,..., |w|}*, wx=; € K}
= (7[K°])°

and similarly

3:P(A* ®@x) - P(A")
K +— 3K =min{L € P(A") | K C L ®x}
={we A" |FHe{l,... |w}* we € K}
= m[K]
As is well-known in categorical logic, V and 3 are the semantic incarnations
of the classical universal and existential quantifiers, respectively. Explicitly,

for the universal quantifier, when K = L) is definable by a formula ¢(x),
we have

VL¢(X) = {w c A* ‘ Vi € {1, Ceey |’LU|}X, Wy—i = gO(X)} = va o(x)- (16)

Recognition, model theoretic types, and duality. Let LOGy denote the Boolean
algebra of formulas with free variables in x relative to some logic (up to se-
mantic equivalence), e.g. LOGx = FO4[N]. Further, let X be the dual space
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of this Boolean algebra and let x-Str denote the set (or class) of intended
models for this logic, e.g. x-Str = A* ® x. Then we have a mapping

typ : x-Str — X
(M.i) = {ex) [ ME i)}

which sends a model to the ultrafilter of formulas that it satisfies. In model
theory, the image of this map is known as the type of the given model. In
language theory, this kind of map is used to study the logic itself since it is
encoded via recognition. That is, this map topologically recognizes the logic
in the sense that the Boolean algebra LOGy is isomorphic to the Boolean
subalgebra of those L C P(x-Str) such that

(17)

L = typ (V) for some clopen V C X.

In classical model theory, Godel’s Completeness Theorem tells us that every
type x € X is realized (by some model). However, for this to be the case
here, we would need to consider not just the finite models of our logic but the
so-called pseudo-finite models. Then the map in becomes surjective and
topological methods may be applied. This is closely related to recognition
by profinite monoids as studied in language theory, where these ideas are
combined with those of monoid recognition as described above. See [14 [19]
for a study of the connections between model theoretic type theory and
recognition in language theory and [11] for a study of the connections between
Stone duality and recognition in language theory.

Here, we will be able to work just with the finite models. This is because
the logic fragment we want to consider here consists of the quantifier-free
formulas in FO4[N] and, as we will see in Corollary , these form a complete
and atomic Boolean algebra and thus fall within the discrete duality between
sets and complete and atomic Boolean algebras.

Quantifier-free formulas. Consider a set of distinct variables x = {x1, ...,z }.
We will give an algebraic characterization of the languages of the form L)
for ¢(x) a quantifier-free formula whose free variables are in x.

We first provide a characterization of these languages via discrete duality,
bringing out the connection between recognition and the notion of types from
model theory as described above. For this purpose, we say that L C X is set
theoretically recognized by f: X — Y provided there is a subset P C Y with

L=f(P).
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We will need the following notation: For w = ay...a, with each a; € A

and i = (iy,...,%), we write w(i) for the tuple (a;.,...,a; ). For a vector
of letters a = (ay,...,a;) € A*, we denote by a(x) the conjunction a;(x;1) A
SRRIVAY (lk(Ik)

Lemma 39. Let K C A* ® x. Then, K is given by a quantifier-free first-
order formula over x if and only if is it set theoretically recognized by the
map

ca: A* @ x — N AR wWx—i — (|w],i,w(i)).

Proof. First suppose that K = c,'(P) for some P C NF1 x A*. For each
ac A¥ and n € N, let

R*n) ={iec (In)*| (n,i,a) € P}.

Then R? is a (k-ary) numerical predicate for each a € A* and it is not
difficult to see that ¢;"(P) = Ly for

p(x) = \/ (alx) A R*(x)).

ac Ak

On the other hand, for a € A and i € {1,...,k}

Loty = clfll(NkJrl x {a € AF | a; = a})

and for R C N™* an me-ary numerical predicate, and (not necessarily dis-
tinct) variables yy, ..., yn € X, we have

where (iy,...,i) € R'(n) if and only if (j1,...,jm) € R(n) where j; = i; if
and only if ys = 4. O

Now, we obtain an algebraic characterization of the quantifier free formu-
las. That is, a characterization in the form of recognition by a monoid rather
than just by a set. for this purpose, let ¢ ¢ A be a new symbol and denote
A, = Au{e}. We consider the homomorphism Oy : (A x 2%)* — (A, x 2¥)*
given by

(a,5), if S#0;

Ox(a,5) = {(e, ), ifS=0.
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Notice that, given x-structures vx—; and wy—j, we have

Ox(vx=i) = Ox(wx=j) = [v| =|w|, i=], and v(i) = w(j).  (18)
Using this observation, it is straightforward to show:

Corollary 40. Let L C A* ® x be a language. Then, the following are
equivalent:

(a) L is definable by a quantifier-free formula;
(b) L= 06" (6x[L]);

(c) there is a subset P C A* @ x such that L = ©.'(P).

In particular, the set of all quantifier-free formulas of FOx[N] forms a com-
plete and atomic Boolean algebra.

8. An application to Logic on Words

In this section we combine Corollary [30] and Remark [31] to prove the
equality

BII; [N] N Reg = BII, [Reg]. (19)

The idea is the following. Combining the fact that universal quantification
may be seen as an adjoint and our algebraic characterization of quantifier-
free formulas we obtain a directed family of adjunctions on P(A*) with joint
image equal to IT;[\V] allowing us to fit into the setting of Theorem 27} Finally
we show that these adjunctions restrict correctly to the regular fragment
thus allowing us to apply Corollary and Remark [31] thereby concluding
that holds.

Let x be a set of k variables. Universal quantification (as an adjoint) and
recognition of quantifier-free formulas are based on the following two maps,
respectively

A S A x2S ALex
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Dually this gives rise to

v (©x[( )]
1~ O~ ™~
P4 —L P(A* @ x) P(A* @ x)
\_/ \/
3 O] ]

In particular, we have a (correct) composition of adjunctions as follows

A
T oy
P(A) P(A* ®x) P(A* ®x)
\_/
Ox| ]

That is,

fo =0k ()] P(A") == P(AI @x): V(O5'()) = gr

is an adjunction and, combining quantification as adjunction with the de-
scription of quantifier-free formulas in Corollary 40j(c), we have L C A* is in
[T¥[N] if and only if L = V(O (P)) = gi(P) for some P C A* ® x. That is,
(fx, gr) is an adjunction with associated closure operator

[L1k = gufu(L) = VO (Ox[L ® x]),

and Im([ |z) = Im(g,) = TI¥[N]. Notice that, since [ ] is a closure
operator on P(A*), we have

LC[K], < [L]; C[K]s,

for every K, L. C A*. Therefore, [ L] may be seen as the best over-approximation

of L by a language definable in II¥[N]. Accordingly, we are in the situation
of Theorem 27 with

B =P(A") and D = U Im(gx) = U I[N = I [V].

We now aim to apply Corollary [30| with B’ = Reg, the Boolean algebra of all
regular languages over A. This is possible given the following fact.
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Lemma 41. For each k € N, if L C A* is regular, then so is [ L.

Proof. Fix k € N and suppose L C A* is regular. We proceed through the
four maps whose composition defines | ;.

Claim 1. L ® x is regular.
Note that if pu: A* — M is a finite monoid recognizing L, then 7*: (A X
2%)* — A* composed with u, where 7* is the homomorphism extending the
projection of A x 2* onto A, recognizes L ® x once we restrict to structures.
As we remarked earlier, the set of all x-structures is itself regular so it follows
from closure under intersection that L ® x is itself regular.

Claim 2. O4[L ® x] is regular.
This follows from the previous claim and Lemma (33|

Claim 3. ©_!(04[L ® x]) is regular.
This is immediate as the inverse image with respect to a homomorphism
between free monoids of a regular language is always regular: If O4[L ® x| is
recognized by f': (A. x2%)* — M’ then the composition f'oOy: (Ax2%)* —
M’ recognizes O (O4[L ® x]).

Claim 4. V(O_!(04[L ® x])) is regular.
As observed in Section [7 the upper adjoint V is given by K ~ (7[K¢])°
where m: A*®@x — A* is the restriction of 7*: (A x 2¥)* — A* to structures.
It follows that 7[K¢] = 7*[K°N (A* ®@x)]. Now, since K = O!(O4[L ®x]) is
regular, K¢ is also regular and K°N (A* ®x) is regular. Further, it follows by
Lemma 33| that 7*[(05(Ox[L®x]))° N A®x] is regular. Finally, we conclude
that its complement V(0 (04[L @ x])) = (7*[(0:'(O«[L ® x]))* N A ® x])°
is regular as required. O

As a consequence, Corollary |30] applies and we obtain:

Corollary 42. Considering each of the following Booleanizations as subal-
gebras of P(A*), we have

(I [NM] N Reg)™ = (I, [N])™ N Reg.
Finally, applying Remark |31 in this particular case, we see that

I1;[NV] N Reg = U gr. fr[Reg].

keN

The languages in g fr[Reg] are exactly the languages [L]; for L regular.
By the proof of Lemma we have that [L]y = V(O }(P)) where P =
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Ox[L ® x| C (A: x 2%)*, and, by Claim 2 in particular, we have that P is
regular. That is, [L]r = Lyx,(x) Where the atomic formula ¢(x) is regular,
or equivalently, [L] € II;[Reg].

On the other hand if p(x) is an atomic formula that is regular, then the
arguments in Claims 3 and 4 show that Lyy ,(x) is regular. Thus

g1 fr[Reg] = I1}[Reg]

and we have

(I1; [Reg]) ™ = (| TT}[Reg])™ = (I [N] N Reg) ™ = (IL[A])~ N Reg.

We thus obtain the desired result:

Theorem 43. The following equality holds:
BI1;[Reg] = BII;[N] N Reg.

9. Final remarks

Can the techniques of this paper be pushed further? A few possible
directions suggest themselves. As we mentioned earlier, Theorem is not
new, but the techniques of our proof are completely different from what was
used before.

In [30], a more general result is proved, concerning modular quantifiers:
If x is a set of k variables and 0 < 7 < m, t > 0, then we allow quantified
formulas of the form

30mt) 5 o(x).

Such formulas are interpreted as follows: If w € A*, then w |= 3¢
if the number of k-tuples i such that

(w,1) = ¢ (x)
is both congruent to 5 modulo m and at least t. Observe that withm =t =1,
this is just ordinary existential quantification. If ¢(x) is quantifier-free, then
FUmbx p(x) is called a generalized ¥1-sentence. The main result of [30]
is that the analogue of Theorem [43| holds for Boolean combinations of such

Jimit)

X p(x)
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generalized Yi-sentences, as well as for Boolean combinations of ordinary
Y1-sentences. It would be interesting to know whether the approach of the
present paper can be used to give a different proof of this result.

What about rising higher in the alternation hierarchy? The identity

FO[N] N Reg = FO[Reg|,

proved in [2], is equivalent to well-known lower bounds results in circuit
complexity, and the only proof known depends on the circuit complexity
results. Yet this equality appears to be saying something fundamental, and
rather simple, about automata and logic: If you can define a regular language
with a sentence that uses unrestricted numerical predicates, then you can
define it using just regular numerical predicates. Can the methods used here
provide a different proof of this fact? One might first try to show that

BII;[N] N Reg C FO[Reg].

It should be cautioned that things are not so neat when we get to I1; formulas,
and that this would require the development of new techniques.

Combining the two directions of generalization - from ordinary to modular
quantifiers, and from II; formulas to formulas with more levels of quantifier
alternation - one might conjecture

FOMODIN] N Reg = FOMOD|Reg].

Here, FOMOD|R] represents all the formulas one can build, starting from
numerical predicates in R, using both modular quantification and Boolean
operations. This conjecture is equivalent to the long-open question in circuit
complexity of whether the complexity class ACCY is strictly contained in
NC"* (see [2] and [29]).
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