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Preface

This book contains two parts:

Part 1: Radon transforms on some Riemannian spaces.

Part 2: Diophantine integral geometry in the lattice Z".

Our work was focused on study of the Radon transform on several spaces:
Euclidean space R™, sphere S¢, the n-dimensional torus T”, lattice Z™ and
Damek-Ricci space (VA -spaces).

The Paley-Wiener theorems, Paley-Wiener-Schwartz theorems, inversion for-
mulas for the Radon transforms, support theorems for the Radon transforms,
Plancherel formulas for the Radon transform, are discussed in details in these
spaces.

The complex analog of the Radon transform is known as the Penrose trans-
form. The Penrose transform be considered in the forthcoming book. The
Radon transform is widely applicable to tomography, the creation of an im-
age from the projection data associated with cross -selectional scans of an
object.

It is known that the Radon transform has many applications precisely in
geology, astronomy, medecine and physics.

We study also the discrete Radon transform and the d—plane Radon trans-
form on the lattice Z™. Precisely

We characterize the image of exponential type functions under the discrete
Radon transform R on the lattice Z™ of the Euclidean space R™, (n > 2). We
also establish the generalization of Volberg’ s uncertainly principle on Z",
which is proved by means of this characterization.

It is noteworthy that this work is the fruit of several papers of the author
and also by his collaborators (see the references of this book).

I am grateful to Professor Frangois Rouviere for its advices and suggestions.
Many thanks to Professor Abdelbaki Attioui for the effort who provided for
the page layout and presentation of this book.

Casablanca, Morocco Ahmed ABOUELAZ
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Notations and conventions

- N=1{0,1,2,3,...}

- (-N)=1{...,-3,-2,-1,0}

- Z=NU(-N)

- R is the real line

- Rt={zeR|z>0}.

- C is the complex line, that is: C = {a +ib | (a,b) € R?}.

- §(Z") is the space consisting of all complex-valued rapidly decreasing f
defined on Z™ and called the Schwartz space.

- C®") is the subspace of S (Z™) consisting of all complex-valued functions
f defined on Z™ with finite support.

- 1P(Z"), 1 < p < +00, be the space of all complex-valued functions f on
Z" such that Y . |f (m)]” < +oc.

- 1 (Z") be the space of all complex-valued functions f on Z™ such that
SUP e | (m)] < +00.

- W is a Lie group and w is its Lie algebra.

- 0jk is the Kronecker delta: §;; =0 for j # k and §; ; = 1.

- 0, the delta- measure at the point x : §, (¢) = ¢ (z) .

- If G is a group, we denote by G the dual of G , i.e the set of all continuous
unitary representations of G.

- D(W)=C>® (W) and D (R) = C° (R) are spaces of smooth compactly
supported functions.

- C. (W) is the space of continuous functions on W with compact support.

- Cp (W) is the space of continuous functions on W vanishing at infinity.

- < .,.> denotes the distributional duality.

- M (w) = sup ([|lwl|[, [|w™||) , where [|w|| = sup {|wn| | n € N}, wn is the
action of the group W on N. Only in the Chapter 2, N is a real vector
space of finite dimensional and n is an element of N.

- &% is the unit sphere of dimensional d and SO (d + 1) be the orthogonal
special group.

- Vo =80 (n) /SO (n — k) the Steifel variety.




GL (n,C) the set of all complex matrices of order n with nonzero deter-
minant.

SL (n,C) the set of all complex matrices of order n with determinant equal
to 1.

SL. (n,Z) the special linear group of degree n over a ring Z, is the set of
all n X n matrices with determinant equal +1.

d (a) the greatest common divisor of the the integers aq, ..., ay.

P the set of all element a = (ay,...,a,) € Z"™\ {0} such that d (a) = 1.
Let G be a group and K is the subgroup of GG, K acts on G. If this action is
transitive, then G /K is homogenuous space: example the Steifel variety.
R, the spherical Radon transform on the sphere S¢.

The Spherical Fourier transform associated to Ry is given by

f(n)= /OTr cos[(n+ A)t]Rsf (t)dt, forall neN.

B being the Euler Beta function.

C) (cost) is the Gegenbauer polynomial.

C>™ (G || K) the space of all complex-valued functions defined on G =
SO (d+ 1) which are K = SO (d) bi-invariants and C* on G.

The Spherical Fourier transform on S% can be written as

~ n!

f(n) = WB(H 1/271/2)/ f (ar) C2 (cost) (sint)* dt,
' 0

for all f € C* (G || K),

Ra.p is the generalized the spherical Radon transform on the sphere S¢.

The generalized spherical Fourier transform, associated to R, g, on com-

pact symmetric space is defined by

fn) = ﬁ/{) F ()79 (cost). (sint,/2)°* cos (t,/2)"7 dt,

wheren = 1,2, ... .and 7" (cost) = P\ (cost) /P{*? (1) PP (cost)
the Jacobi polynomial with o > g8 > f%.
We define the classical Radon transform as follows:

R f (H (w,1)) = / f (2) du(a).

H(w,t)

where H (w,t) = {x € R" | wz = t} is the hyperplane of R". w = (w1, ...,wy) €
S" 1 and we = xjwy + - - + Tpwn.

Let G a Lie group and g its Lie algebra, we denote U (g) the universal
enveloping algebra.

D2 (@) be the algebra of the invariants differential operators by the left
translation.
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Let N be the real vector space of the finite dimensional, W a Lie group
and G = W ® N the semidirect product, we define the representation 1Ty
of G as follows

I (9) ¢ (w) = A (wnw™") ¢ (wv) forall (v,w)eW? g=nv, weW
N* is the complexified of the dual N’(the set of the characters of N); then
I, = Ind$ .

&’ (@) the space of all distributions with compact support on G = W ® N.

For A € N* and S € &£ (G), we define the Fourier-Laplace transform
FS (A) as operator with dense domain on H by

FS(N) o (w) =< S(g), I (g9) p(w) >, with p € H* C H and g = nw € G = WON.

H*° is the Garding espace included in the Hilbert space H.
In sections 2.7 and 3.2, we define the classical Fourier transform as follows

YN = | ¥((n)A(=n)dn for all 1 € C>® (N,
N/

where C2° (N') is the space of all functions infinitely differential functions
on N’ with compact support.
Fr is the one-dimensional Fourier transform given by

Fuf(t) = / f (z) exp (—2imxt) dx, for all t € R.
R
The analogue of the Helgason’operator is defined by
k 2k n
Fi ((—Dy) go) (w,s) =|s|”" Fip (w, s) exp (swy) , for all y € R

and (w, s) € S"7! x R, ¢ belongs to S (S"~! x R) .
We denote F,. the classical Fourier transform defined by

Fef (N) = f(x)exp (—2imAx)dz for all (A, f) e R" x C° (R™).
Rﬂ,
We define the Cauchy-Lipshitz’s class Lip (o, Z"™, 2) by
Lip (0, 2",2) = {J € ' (@") | |1Ff (@ +h) = F @)l gacomy = O (BI*), b — 0}

For the n-dimensional torus, we define the Cauchy-Lipshitz’s class as fol-
lows

Lip(a,T",2) = { £ € L (T") | |f (2 +R) = f ()| s zmy = O (BI7), b —> 0}
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In section 3.5, we denote f(ﬂ) the Fourier operator of the goup G, where
req (@ being the unitary dual of G, i.e the set of all continuous unitary
irreductible representations of the group G.

L is the Laplace-Beltrami operator in S¢.

For d € N\ {0} such that 1 < d < n, the set consisting of all integers d x n
matrices is designated by My, (Z).

P4, is the subset of all elements A of My, (Z) such that A = QD,V,
where Q € SL, (d,Z) and V € SL, (n,Z) and Dy is the matrix given by

10---00---0
01---00---0
Do=1|... .. )
00---10---0

(see section 4.19)
The d-plane Radon transform on the torus T" is defined by

Rf(D(x,A)):/O /O F@ 4 pr (b, ta) A)dty - dtg.

For z € T" and A € Py, we denote by D (z, A) the d-plane in the torus
T™ given by

D(z,A) = {z+pr(ts,....ta) A) | (t1,....tq) € R*}.
Pi. is the set defined by
Pr={A € Py, | Ak = 0},

where k = (ky,--- , k) € Z™.
We denote § («, ) the function defined by

lifa=gp
0 otherwise ’

(o = {

where («, 3) € Z2.
For (k,A) € Z™ X Py, we denote Rf (k, A) by

~

— f (k) ifAk=0
Rf(k’A)_{ 0if Ak #0.

The Damek-Ricci space is a semi-direct product of RT and a two step
nilpotent group, i.e b, M,ﬂ} = 0 and [Q,ﬂ] # 0, where 7 is the Lie
algebra of the nilpotent group N. The Lie algebra can be decompose in
the orthogonal sum of two spaces p and z, n = p® z, where 2z is the center
of 7.
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We denote k the dimension of z and m = dimp = 2m’. We designate A the
multiplicative group isomorph to R\ {0} . Then the Damek—Ricci space
is denoted by S = N A.

Denote Q = %m + k = p. The multiplicative of S is defined by

nan'a’ =n(an’a™") ad’, where (n,a) € N x A and (n’,a’) € N x A.

¢ (A) is the generalized Harish-Chandra function defined by

() = (2N (m+k+1),/2)
Q24N T ((m+2) /4+iN)

For n; fixed in N, we define the Poisson kenel on N A by
P(.n1): NA— Rna— P, (ni'n),
where, for a > 0, P, (n) is the function on N defined by

2 -Q
P,(n)=P,(X,Z) =a® ((a + f) + |Z|2>

The kernel Py (A € C) on NA x N is defined by
Pr:NAxN—R (na,m) — Py (na,n) = P, (ﬁ_ln)l/zi(i)\)/Q

For f € D(NA), the Fourier-Helgason transform is defined by

~

f(An)= (z) Px (z,n)dzx, for all (A\,n) € C x N.
NA

The horocyclic Radon transform is
Rf (\n) = Fif (\n)
=R,f(N) = eAQ/Z/ f(no (nyexp (AH)))dnq,
N

where o is the geodesic inversion defined by
1

VI2
N <—<a+|4|>+Jz>V,—Z,a
AL I 1z
4
see section 5.4.

In the Chapters 6, 7, 8, 9,10. the Radon transform is denoted by R.
For (a,k) € P x Z, we denote H (a, k) the discrete hyperplane of Z™ de-
fined by

o(V,Z,a) =

9
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H(a.k) = {meZ" |am =k},

where am = )" | a;m; witha = (a1,...,a,) € Pandm = (my, ...

7.
We define and denote the discrete Radon transform on Z™ by

Rf(H(a,k)= Y f(m), forallmel'(Z").

meH (a,k)

For a > 0, we define the Fourier-Hermite transform as follows
Hof(N) = f(@)exp (—allz — A||* — 2irAz) dx
Rn
We denote the Hermite-Radon transform, by

Rmﬂwm=/ F () oot (z) dis (2)

TwW=p

where eq 1 () = exp (foz [|z — wt||2> and (w,t,p) € S" ! xR x R,
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Introduction

The main purpose of this book is to study several integral transforms, pre-
cisely: Radon transforms, discrete Radon transforms on the lattice Z" and
the discrete Fourier-Bessel transform on Z™.

Our study was focused on the study of the Radon transform on several
spaces such that: Euclidean space R, compact symmetric spaces S =
(SO (d+1) /S0 (d)), the n-dimensional torus T™ = (R™/Z™), the lattice Z",
the Damek-Ricci space (N A -space) and the finite Radon transform.

Note that these transformations have many applications in physic, also in
chemistry ...etc.

The Radon transform and discrete Radon transform are quite studied in this
book; since these transformations have the great importance in the field of
medicine also in geology.

This work is divided in two parts:

Part I: Radon transform on certain Riemannian spaces.

PartIl: Study of certain transformations on Z".

The first part is constituted by five chapters: The Chp. 1 contains basic
concepts of the theory of groups and homogeneous spaces.

In Chap. 2, we study in a detailed manner the harmonic analysis of the semi
direct product G = N ®©W; where N is a vector space a finite dimension and
W is the connected Lie group. The main results of this chapter are theorems of
Paley-Wiener on the group G = N ® W and also the Paley-Wiener-Schwartz
on G. Precisely, in this work we characterize the Fourier image of several
distribution spaces on some Lie groups and we give applications. The the-
orems of Paley-Wiener described with respect to a fundamental family of
compact and multiplication operators. These objects are constructed via a
sub-multiplicative function own continuing. The Paley-Wiener space distri-
butions of compact support becomes the operators of the space on a Sobolev
type space, checking some properties. The theorems of Paley-Wiener on the
space of indefinitely differentiable functions with compact support (resp the
algebra of square integrable functions of compact support) are studied. For

19
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particular cases of Lie groups, simplifications intervenes and the operators
studied are then the Hilbert Schmidt operators .

Chap. 3 contains important and new results for exemples: Inversion theorem
for the classical Radon transform R, (see Theorem 3.3) , Gutzmer formula for
the classical Radon transform ( see Theorem 3.7); Hardy’s inequality for the
operator R, (see Theorem 3.8) and finally, we give a characterization of space
R. (€ (R")"), where R, is the classical Radon transform(see Theorem 3.11)
Note that the proof of Theorem 3.3 is based on the development of plane
waves of Dirac measure; precisely, we use the Galderon identity. The idea
is at the origin of Theorem 3.5 (see [56]). The Theorem 3.7 generalizes the
Helgason Theorem (see [70, page 116]). Theorem 3.11 gives another statment
of Helgason Theorem [71, Theorem 2.6]. In section 3.5, we give the Titch-
marsh’s Theorem for the classical Radon transform (see Theorem 3.17). We
give also certains discrete Titchmarsh’ Theorems for the lattice Z™ and its
dual torus T™.

Let be N the vector space N = R™ and W is a connected Lie group which
acts by a right action on W. We denote by G = N ®W the semidirect product
relatively to this action ( see chapter 2).

In the subsection 3.2.1, we establish a local inversion formula for the Radon
transform on G = N ® W. In addition, we define and prove an inversion
formula for the local Radon transform on the group 8% ©® R* (83 ® R* is the
semidirect product of the unit sphere and R*).

We complete this chapter by study the Fourier -Hermite transform and re-
vised Hardy’s uncertainty principle; precisely, we study the eigenfunctions
of Fourier transform in the goal to establish the revised Hardy uncertainty
principle (see Theorem 3.22). We give the inversion theorem and Plancherel
formula for this transform;( see Theorems 3.28 and 3.25).

It is clear that the Fourier-Hermite transform generalizes the classical Fourier
transform. The Radon-Hermite transform (associated to Fourier-Hermite
transform) generalizes the classical Radon transform.

In Chap. 4, we studied the integral geometry of the sphere S¢. This chap-
ter contain important results such as the geometry approach to the Radon
transform of S¢ and its dual Radon transform. In addition we establish some
inversion formulas for this transform also its dual in S?. The Plancherel for-
mula and support theorem are also studied on S% We finish this chapter
by defining and studying the Radon transform on the n-dimensional torus
T™. We give the interesting results for example (range characterization of the
image of Radon transform on T", inversion formula and support theorem for
the Radon transform in T™). We generalize this results to the d-plane Radon
transform on T".

We study, in Chap. 5, the harmonic analysis and integral geometry on
Damek-Ricci space NA. We define and study the Radon transform in N A-
space. The important results are: the inversion formulas and Plancherel for-
mula for the Radon transform and its dual on N A-space. In addition, we
study the spectral theory for the Strichartz ’s operator. Precisely, we gener-
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alize Strichartz ’s theorem (see Chap. 5) in the case of Damek-Ricci space
N A. These results generalize the case of a Riemannian symmetric space of
the non compact type of rank one.

In the part II, we begin by studying the integral geometry in the finite set
X. The analogue definition of finite Radon transform consists the make the
average of function f over the subset of a finite set X (see [44],[118], [108]).
In the sequel, we adopt the definition of [108]) for two reasons:

The Strichartz ’s definition [108]) is more natural and similar to the classical
case. Indeed, in the study (see [108]) the author has used the finite plane ge-
ometry to define the finite Radon transform. This definition can be extended
(see [108]) to the finite k—plane transform Ry with k € {2,3,..., card(X)}
with card(X) is the cardinal of the set X. More precisely, Let X be a finite
set of points and IV be the cardinal of X. Let Y be the set of lines of X, each
line y € Y being a subset of X subject to single axiom “two points determine
a unique line”, which is equivalent to:

(A) “For any two points z1,x9 € X, there exists a unique y € Y such that
1 €yand xg €y 7.

We say that Y is simple if for all lines y € Y, card(y) = 2. Y is not simple if
there exists yo € Y such that card(yp) > 2. Let 12 (X) (resp. I?(Y)) be the
space of all complex-valued functions on X (resp. on Y).

The finite Radon transform is defined (see [108]) as the operator R on [? (X)
to [2(Y) given by the formula

Rf(y) =) f(2),yeY;

zEY

and the dual Radon transform of R is the operator R* of I? (V) into [% (X)
given by

R'F(x)=) F(y) forall F€l*(Y) and z € X.

ysSz

In the following, we seek a kernel G (y, z) which is solution of these equations

RG (Yo,) = By, (o €Y)

and
R*G (., x0) = Xz, (®o € X),

where xg, is the characteristic function of the set {zo}, also 3, is the function
defined on Y such that 3, (y) = 0 if y # yo and By, (yo) = 1.

Consequently, we calculate explicitly the solution G (y,z) of the functional
equations above, for which we establish the inversion formulas for R and its
dual R*(see expression of this kernel in this chapter). We establish then the
inversion formulas for R and R*.
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In Chap. 7, we define and study the Radon transform R on discrete hyper-
plane in the lattice Z™ (n > 2) defined by linear diophantine equations. More
precisely, we study carefully various natural questions in this context: specific
properties of the discrete Radon transform R and R*, inversion formula for
R and also an appropriate support theorem in the discrete case.

The purpose of Chap. 8 is to extend carefully the discrete Radon transform,
studied in the above chapter, to Radon transform R on the discrete Grass-
mannian G (d,n) (n > 3 and 1 < d < n—1) consisting of all discrete d—planes
in the lattice Z™ defined by systems of linear diophantine equations.

By analogy with the integral geometry on Grassmann manifolds and pro-
jective spaces, which was developed by many authors, (see [71], [72], [73],
[74],[75] ). Our study in the present work with various natural questions in
this context: specific properties of the discrete Radon d—plane transform R
and its dual R*, inversion formula for R and also an appropriate support
theorem for this Radon transform.

In Chap. 9, We give a discrete Paley-Wiener theorem relatively at the
discrete Radon transform, which characterizes the image of functions on
Z"™ with finite support. Let K = {z1,...,2,} be a finite set in Z". We
denote by (C%”) the subspace of S(Z™) consisting of all complex-valued
functions on Z" such that suppf C K. Let Gy = {H € G |[HNK # &}
(where G the discrete Grassmannian on Z™). We denote by Dk (G) the sub-
space of S (G) consisting of all complex-valued functions F on G such that
suppF' C Gg. We define D, g (G) as the subspace of Dg (G) constituted by
the elements F' verifying the moment condition and for each m € Z™, there
exists jn, € N for which F (H (a;,a;m)) = F (H (a;,,,a;,,m)) for all j > jn,

where a; = (l,j, G2, ... ,j"_l). we have then

R is a bijection of an) onto D, k (G) and R (C%n)) =D, i (G).

Let S, (G) denote a subspace of S (G) consisting of all F' € S (G) such that
there exists a G € C* (T") for which F; F(H (a,.)) (6) = G (a). We obtain
the following result:

R is a bijection of S (Z™) onto S, (G) and R (S (Z™)) = S. (G).

We give also a characterization of the image of discrete Hardy space under
the discrete Radon transform R (see Theorem 9.23).

We end this chapter by establishing other inversion formulas for the discrete
Radon transform.

In Chap.10, we characterize the image of exponential type functions un-
der the discrete Radon transform R on the lattice Z™ of the Euclidean space
R™ (n > 2). we also establish the generalization of Volberg ’s uncertainty prin-
ciple on Z™, which is proved by means of this characterization. We give also
an analogue of Nazarov ’s uncertainty inequality for n-dimensional Fourier
series from the one for n-dimensional Fourier transform. Some inequalities
are new and better than ones deduced from a classical local uncertainty in-
equality. We introduce and study the Sobolov ’s spaces % (Z",7) (7 > 0),
which allows us to deduce the Gutzmer formula ( see Theorem10.29).
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We end this introduction by studying the discrete convolution with Bessel
functions, precisely, we define and study of Fourier-Bessel transform. We
establish an inversion formula and Plancherel theorem for this transform (see
Theorems 10.16, 10.17).
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RADON TRANSFORMS ON
CERTAIN RIEMANNIAN SPACES






Chapter 1
FUNDAMENTAL CONCEPTS OF
GROUP THEORY.

1.1 Definition of a group.

A Nonempty set G is called a group if a product xix2 is defined for every
two elements x1, x5 € G, for which the following conditions holds:

a) z1x2 € G, for all z1,24 € G;

b) (z122) x3 = 21 (x223), for all z1, 29,25 € G;

c¢) there exists a unique element e in G such that ex = ze = z for all z € G;
e is called the identity element of the group G;

d) for every element z € G there exists a unique element, designated z=! for
which zz~! = 2712 = e; the element 7! is called the inverse of z. It is
clear that z is the inverse of ™1, so that (x’l)fl =u.

A group G is called commutative ( or abelian) if z1xo = zox; for all every

r1,T9 € G and non commutative in the opposite case.

1.1.1 Examples

1) The set of all complex matrices of order n with nonzero determinant is a
group if multiplication is defined as multiplication of matrices; this group
is usually denoted as GL (n,C). Its identity element is the identity matrix
and the inverse element of the matrix A is the matrix A~'. The group
GL (n,R) of all real matrices of order n with nonzero determinant is de-
fined similarly. If n > 2 These groups are non commutative.

2) Let SL (n,C) be the set of all complex matrices of order n with deter-
minant equal to 1. We define a product in SL (n,C) as the product of
matrices. Then SL (n,C) is a group, since in multiplication of matrices
determinants also multiply. The group SL (n,R) of all real matrices of
order n with determinant equal to 1 is defined similarly.
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Chapter 2
PALEY WIENER THEOREMS FOR
G=WG@®N.

2.1 Introduction and notations.

We characterize the Fourier’s image of many spaces of distributions on certain
Lie groups, we give also some applications. The groups considered are the
semidirect product of a real vector space by any connexe Lie group.

In the following we fix a vectoe space N and a connexe Lie group W, this
group acts on N by a left action, and G = N ® W their semi-direct product
relatively to this action.

Since W acts on N, for all element w € W we define an endomorphism of N,
denote ||w|| = sup{|w.n| : |n| < 1,n € N} where || is the Euclidean norm on
N, we also denote |.| the dual norm on N* complexified of the dual N’ (the
set of the characters of N) and we design by M (w) the real number defined
by M(w) = sup (|[w]], ||w™[]), for all w € W.

We introduce a Riemannian distance, and with this distance we prove the
existence of a fundamental sub-multiplicative function A which is continuous
and proper function on W. The topology defined by this function on W (that
is by the balls: Q, = {w € W | A(w) <7}, r > 0) is equivalent to the initial
topology of W.

We characterize the Fourier transform of the distributions with compact sup-
port in G. They are the families of the operators on a space of the Sobolev
type satisfying certain properties. The support of a distribution can be read
on these properties.

We characterize also the Fourier transform for the square integrable functions
with compact support. When G = N x N, the simplifications intervene and
therefore we find the classical Paley Wiener theorem.
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Chapter 3

GUTZMER FORMULA AND
RADON TRANSFORM ON R".

3.1 Introduction.

In 1917 Johann Radon [97] solved the following problem: find a function f
on the Euclidean plane R? knowing its integrals

Rof () = /5 /,

along all lines £ in the plane. The operator R. is now called the Radon
transform. This problem was generalized and studied seriously in R™ (and
in several varieties) by [71], [72], [60]. The study of the operator R. is an
important part of the integral geometry. The essential pillars of the integral
geometry are

1) Inversion formula: knowing R.f (and its properties) determine f (and its
properties) ?

2) Support theorem of R, : knowing the properties the support of f, can we
find the properties the support for R, and vice versa 7.

Let P,, be the differentiable manifold constituted by all hyperplanes of Eu-
clidean space R™. It is well know that the Euclidean Radon transform asso-
ciates to a function f defined and integrable on R™, a function R.f on P,
given by the formula

Rof (H (w,t)) = / f(@)d, ().,

H(w,t)
where d,, () is the Lebesgue measure on the hyperplane
H(w,t) ={z e R" | 2w = t};

where wzx denotes the usual inner product of x and w regarded as two vectors
of the Euclidean space R™. w being the element of the unit sphere S~ 1.
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Chapter 5

INTEGRAL GEOMETRY AND
SPECTRAL THEORY ON
NA—-SPACE.

5.1 Introduction.

We say that M is a harmonic variety if, for every point m € M (m origin),
the Laplacian £ admits a elementary solution around m, that is, the solution
is function of the geodesic distance d (m,x) alone.

The question that was put to the mathematicians is, the harmonic varieties
are they symmetrical?. The response to this question is given by Ewa Damek
and Fulvio Ricci. They gave a great class of harmonic varieties which does not
are symmetrical. Precisely, in order to generalize Heisenberg group, Kaplan
(see [82]introduced Lie groups of H—type. Damek and Ricci ( see[51], [50])
defined and studied a new class of groups called ” extension of Lie group
of H—type”. Damek-Ricci space is a semi-direct product of R* and a two
step nilpotent group. More precisely, let n be a two-step real nilpotent Lie
algebra (i.e. [Q, M,ﬂ] = 0 and [Q, ﬂ] # 0) endowed with an inner product
<, > such that n decompose in the orthogonal sum of two spaces p and z
(n = p @ z, where 2z is the center of 77). We denote by k the dimension of z.
Let N be the connected and simply connected group of Lie algebra . Since n
is nilpotent, the exponential map is surjective, we may therefore parametrize
N by p @ z and write (V, Z) for exp (V + Z) where V € p and Z € z. By the
Baker- Campbell-Hausdorff formula, the product law in N is given by the
formula

, 1
(V,Z).(V’,Z) _ (v+v’,z+z’+2[v,v']),

for all V, V' € p and for all Z, Z' € z. Let dV and dZ be the Lebesgue
measures on p and z respectively, the measure dVdz is the Haar measure
on N which will be denoted later by dn. Let <, >,be an inner product on
n. The space 1 is called an H—type algebra if for every Z € z we have

JZ=—|z) IBjWhere I,, is identity on p and Jz is a map of p into p defined
by equality < JzX,Y >,=< [X,Y],Z >,, for all X, Y € p see [26]. Note
that for each unitary Z e@ the map Jz define a complex structure on p, then
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Part 11

STUDY OF CERTAIN
TRANSFORMATIONS ON 7Z™.






Chapter 6
THE FINITE RADON TRANSFORM

6.1 Introduction

As we said before, the Radon transform is defined in R? by John Radon [97]
and generalized in R™ by several authors particularly [62], [74]. The Radon
transform in Euclidean space R™ associates to a function f on R™ a function
Rf on P™ (P™ denotes the space of all hyperplanes H (w;t) in R™) by the
formula

Rf (w.1) =/ f (@) dp (z),

H(w,t)

where dpu () is the Euclidean measure on the hyperplane
H(w,t)={z e R" | aw = t},

wz denotes the usual inner product of w and = regarded as two vectors of the
Euclidean space R™. The vector w being an element of the unit sphere S™~1.
In the case of the finite set, the analogue of this definition consists the make
the average of function f over the subset of a finite set X (see [44], [118]).
In the sequel, we adopt the definition of [108] for two reasons: The Strichartz’s
definition [108] is more natural and similar to the classical case. Indeed,
in the study (see [108]) the author has used the finite plane geometry to
define the finite Radon transform. This definition can be extended (see
[108]) to the finite k—plane transform Ry with k € {2,3,...,card (X)}
(card (X) is the cardinal of the setX).

More precisely, Let X be a finite set of points and N be the cardinal of X.
Let Y be the set of lines of X, each line y € Y being a subset of X subject
to single axiom ” two points determine a unique line”, which is equivalent
to: (A) “For any two points z1, z2 € X, there exists a unique y € Y such
that 1 € y and z2 € y . We say that Y is simple if for all lines y € Y,
card (y) = 2. Y is not simple if there exists yp € Y such that card (yo) > 2.
Let 1% (X) (resp.? (Y)) be the space of all complex-valued functions on X
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Chapter 7

DIOPHANTINE INTEGRAL
GEOMETRY IN 7Z".

7.1 Introduction

Let f : R™ — C be a function integrable on each hyperplane in R". Let P™
denote the differentiable manifold R™ x §"~!/4 of all hyperplane H (w,t)
in R" (H (w,t) = {z € R" | 2w = t}), with (w,t) € S"~! x R", §"~! being
the unit sphere. The Radon transform of f is defined as the function R.f :
P™* — C given by

R.f = / f(x)dp(x), for all (w,t) € S" ' x R", (7.1)
H(w,t)

where dy is the Euclidean measure on the hyperplane H (w, ). In the case of
a finite set F, the analogue of this definition consists in making the average
of a function f: F — C over the non-empty subsets of E, see [4], [118].

In the case of the lattice Z™, we give in this section an analogue of the defini-
tion (7.1), which consists in making the average of a suitable complex-valued
function f on Z" over discrete hyperplane H (a,k) = {z € Z™ | ax = k} de-
fined by linear diophantine equations, with (a,k) € P x Z, where P desig-
nates the set of all elements a = (a1,...,a,) € Z™ \ {0} such that d (a) =1,
d (a) being the greatest common divisor of the integers aq,...,a,, and azx
denotes the usual inner product of a and = regarded as two vectors of the
Euclidean space R™.

Now, we note that one of the difficulties of diophantine integral geometry, rel-
atively to its Euclidean homologue, is the problem of the existence of solutions
in Z" for linear diophantine equation ax = ¢, with a = (ay, ...a,) € Z™\ {0}
and ¢ € Z, therefore the arithmetic of the integers a1, . ..a, and c is essential
for our study.

We will deepen the study of the discrete Radon transform on Z™, and we
generalize it to the discrete grassmannians associated with Z".
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Chapter 8
DIOPHANTINE INTEGRAL
GEOMETRY ON G (d, n).

8.1 Introductions and preliminaries

In the following section, we extend carefully the discrete Radon transform
to the Radon transform R on the discrete Grassmannian G(d,n), n > 3
and 1 < d < n — 1 consisting of all discrete d—planes in the lattice Z™
defined by systems of linear diophantine equations. By analogy with the
integral geometry on Grassmann manifolds and projective spaces, which was
developed by many authors, particularly C. A. Berenstein and E. Casadio
Tarabulsi [43], F. Gonzalez [66], [65], S. Helgason [73] and B. Rubin [101].
We briefly recall the definition of the classical Radon d—plane transform
R, on the Euclidean space R™ as well as its dual R}, d being an integer
such that 0 < d < n, with n > 2. We denote by G (d,n) the Grassmann
manifold consisting of all affine d—dimensional planes in R™. The Radon
d—plane transform R, is defined by

Rof (€) :/ff(x) dm (z), for all (£,€) € DR x G(d,n),  (8.1)

where dm is the Euclidean measure on the d—plane £ and D (R™) denotes
the space of all complex- valued C'*° functions on R™ with compact support.
On the other hand, the dual Radon d- plane transform R is given by

Rip(x) = /g pOdu(©). forsll (p5) € £ (G (L) B (52)

where € (G (d,n)) denotes the space of all complex-valued C*° functions
on G (d,n) and du is the measure on the set of all d—planes through z
which is invariant under the group of rotations around x and such that
pi{€eGldn)|zedy=1

Now, we note that one of the difficulties to extend the discrete Radon trans-
form, to the Radon transform on the discrete Grassmannian G (d, n) consist-
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Chapter 9

DISCRETE RADON TRANSFORM
AND INVERSION FORMULAS

9.1 Introduction and preliminaries.

The goal of this section is to reconstruct a function of C%") from its d—planes
Radon transform. where C%") is the space of all functions f defined on Z"
with finite support. We establish also a Plancherel formula relatively at dis-
crete Radon transform for the functions f of C%"). Afterwards, we charac-
terize some discrete functional spaces by the Radon transform (Paley-Wiener
theorem and Paley-Wiener-Schwartz theorem relatively to the discrete Radon
transform). Let f € [* (Z™), we define the Strichartz’s operator as follows (see
[108])

Rf (k) = Zf(k:j) for all k € N\ {0}. (9.1)

The operator R can be generalized by

Rf(ma, . .comp) = ... > fkima,... knma), (9.2)

ki1=1 kn=1

for all m = (my,...,my,) € Z™\ {0},with f is a function of S (Z™) such that
f(0) = 0. We denote by p the Mobius function defined on N by p(1) =1
p(l) = (—1)" if I is the product of r distinct prime numbers, u () = 0 other-

wise. Let u = (u1,...,u,) € (N\ {0})" and @; = wqus ... uj—1ujt1 ... u, for
all j =1,2,...,n.
The function Ty, ..., ) Will be defined as follows: T, (m) = (u1ma, ..., upmy)

for all m = (mq,...,m,) € Z" and v = (uy,...,u,) . We denote by Sy (Z")
the subspace of the Schwartz space S (Z™) consisting of all complex-valued
functions f defined on Z™such that f (0) = 0. We design by Sp + (Z™)the sub-
space of Sy (Z™) such that the function t — f(0,...,0,t) (t € Z) is even. Let
w=(u1,...,uy) € (N\ {0})"and @; = uqug...uj_1u;i1 ... u,, we design by
u the vector of Z" defined by @ = (uy,...,u,) € Z". Recall that P;,, is the
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Chapter 10

STUDY OF CERTAIN DISCRETE
TRANSFORMS.

10.1 Introduction and preliminaries.

We recall briefly that the uncertainty principle states, roughly speaking, that
a non zero function and its Fourier transform cannot both be sharply lo-
calized, which can be interpreted topologically by the fact that they cannot
have simultaneously their supports in a same too small compact, see the
Heisenberg uncertainty principle in [70].

Several versions of the uncertainty principle on have been established by
many authors in the last few decades. Among the contributions dealing with
this important topic, let us quote principally [35], [96]. On the the other
hand, we note that the uncertainty principle is on of the major themes of the
classical Fourier analysis as well as its neighbouring parts of the mathematical
analysis.

In this section, we characterize the image of exponential type functions un-
der the discrete Radon transform R on the lattice Z™ of the Euclidean space
R™ (n > 2). We also establish the generalization of Volberg’ s uncertainty
principle on Z", which is proved by means of this characterization. Also we
shall obtain an analogue of Nazarov’s uncertainty inequality for n- dimen-
sional Fourier series from the one for n- dimensional Fourier transform. Some
inequalities are new and better than ones deduced from a classical local un-
certainty inequality (see [29], for more details). However, as for the Nazarov
uncertainty principle, it is known only for Fourier transform. In this subsec-
tion we shall obtain an analogous uncertainty inequality for n- dimensional
Fourier series. Nazarov’ s uncertainty inequality is originally appeared in [94]
and [80], Jaming extends it to a higher dimensional Fourier transform. The
techniques of which we made use essentially the diophantine integral geome-
try as well as the Fourier analysis.

We consider here the lattice Z™ of the Euclidean space R™ (n > 2). For a =
(a1,...,an) € P={m=(mq,...,my) € Z"\ {0} | d(m) = 1}, where d(m)
is the greatest common divisor of the integers my,...,m,, and k € Z, the
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10.12 The discrete Radon transform on the Gauss ’s lattice Z™ + iZ", and applicatio3l7

Exercices

1. Let Z™ be the lattice of the Euclidean space R™. For n > 2, define the

following lattice
7" _ { m | c Z"}
on = 12n m .
It is clear that
Z"Cchch cch
2 22 AL

ZTL
Study the diophantine integral geometry of the lattice ——7
2. Can be inverted the transform Rf (H(a,k)) = >_,,.—p mezn f(m), for
n > 2, where (a,k) € P x Z?
3. Let Z" + iZ™ be the Gauss ’s lattice. Study the diophantine integral ge-
ometry associated to the Gauss ’s lattice?
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Remark 3.32 If a = 0, we find the Helgason Theorem (see [72, Theorem
2.1 page 10]).

3.13 The d-plane Radon transform on Lie groups of
exponential type

In the following, we will define the d-plane Radon transform on solvable Lie
groups of exponential type . We establish an inversion theorem and Plancherel
formulas of this transform.

3.13.1 Introduction

Among the many works that study of integral geometry on symmetric spaces
(see Helgason’s works [71]); the case of the integral geometry on solvable Lie
groups of exponential typ is not however studied.

We give some properties concerning the exponential function. Let G be the
connected Lie group and simply connected and ¢ its Lie algegra. The Lie
group is exponential if exp(g) = G = E (G). The examples of this Lie groups

are: the Lie groups such that: the az 4 b line group i.e the group

G = {(gi) eGL(z,R)|a>o,beR};
this group is the semi- direct product whose the law is given by
(bya) (V',a') = (ab’ + b,ad’) .

The Lie group GL (n,C) is exponential i.e exp(Myxn (C)) = GL (n;C). The
nilpotent groups are exponential. Let S,, be the space of the symmetric ma-
trices and S,, 4 the space of symmetric matrices defined positive. the exp-
ponential is surjective of S,, onto S, 1. The Lie goup SL (n,R) is not expo-
nential, more generally, the linear group GL (n,R) is not exponential, that is
exp (g) # G. In the following: for any arbitrary Lie group G and = € G, we
define

min {k € N|z¥ € E(G)} If the minimum exists
00 otherwise

Indg (z) = {

Indg (G) = {Indg (z) | x € G}

Now, we have the important theorem
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RRS (@)=t | Fletu)bl®

£2,, is the volume of the unit sphere S 1.

3.13.5 The inversion formulas for the d—plane Radon
transform on nilpotent groups and certain
solvable Lie groups.

Troughout G would be the solvable connected and simply connected Lie group
and g be the Lie algebra.of G.
We will start with the next group

Let G = { (0 1) |a>0,b¢e R} the ax+b group G of affine transformations

of real line
Rof (H(t, Aw))) = / f o exp (@1X1 + 22X2) du(z1, 72),
(w)X=t

where A (w) = <u61 0'62

But, A(w)X = (%1 %2) ( > <x1w1 T Taws > = TwW1 + Tows, W =
x

(w1,ws) € St. Then, H (t, A(w)) =
the hyperplane, it follows that

(z1,22) € R2 | Z1w1 + Towe = t} is

Rof (H (t, A(w)) = / F o exp (21X) + 22X2) dy (21, 7).

1w1tzowe=t

= /f oexp (21X1 + 22X3) 6 (t — (z1w1 + Tows)) dr1das
g

f € D(G) and § Dirak measure. Then
1 1 1
f=@mz2r <2> (—=A)2 R:R.(f oexp) o Log,
since here exp ( ) G. More generally, we consider the goup

G:{(g“l’) :[b,A]|det(A)>O},

b being a vector that has the same numbers of rows as the matrix A. The
law of G is [b, A]. [V, A'] = [AV' + b, AA']. The Lie algebra of G is given by
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where Cyp, g = (4m)

N Q.

I'((n—d),2)

r(z)
In particular, we are studying Cartan displacement group.
Let G be the Cartan’s group defined by:

cosf sinf by
G= —sin® cos® by | | (by,by) € R? and § € R
0 0 1

Let f € D (EuA,, (R)) (m > 2), the Radon transform of the Cartan displace-
ment group, can be inverted by

1

S (4m) 7 (—A) R Ro(f o exp) o Log

f

3.13.6 Plancherel formulas for the nilpotent groups
and affine group of the line for the Radon
transform

Plancherel formula for the Radon transform in the affine group

Theorem 3.44 Let G be the affine group and f € D (G). Then, we have the
following formula

2

2 —A)? R*R.(f o exp) (Log (b,
/\f(b,a)| v =ct, | (! R oem) oy )]
a a2 “Ja

a2

2

b )| = (4m) ()

1
where (b,a) = (8 1)7 and 022,1 = (47)75 I'(

(SIS

Plancherel formula for the Radon transform in the nilpotent groups

Theorem 3.45 Let G be the nilpotent Lie group connected and simply con-
nected and f € D(G). Then, we have the following formula
2

[ 1 @Fde =2, [ (=217 RiRe(f o exp) (Log ()] d (2)
G G
:/@Tr(w(f)*w(f))d)\(w).
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Ry f (w,t) = / [ (whryw.w) dp (y)

vw=t

:/ o fue ) di ).

From section 3.2.1 (see formulas (B),(C)), we have

rn/2) e / Ry, f (w,t + (wyowfl) w) ldtdw,
Sn—1xR t

[ (yow) =
T T (g4 )

if n is even (n = dim N), where n = dim N

Question:

Let G be a connected and simply connected real solvable Lie group and g its
Lie algebra. Let A3 (G) be the set defined by

Ay (G) = {2* |z € G}, where 2° = z.z,

the point . is the Law of the group G. The exponential is it surjective of g
onto Az (G)?.

BIBLIOGRAPHICAL NOTES

Chapter 3 contains important and new results for example: Inversion theorem
for the classical Radon transform R.(see Theorem3.3), Gutzmer formula for
the classical Radon transform(see Theorem 3.7); Hardy inequality for the op-
erator R, (see Theorem 3.8) and finally characterization of space R, (€ (R”)/)
under R.(see Theorem 3.11)

Note that the proof of Theorem3.3 is based on the development of plane
waves of Dirac measure, precisely, we use the Galderon identity. The idea is
at the origin of Theorem 3.5 (see [56]).

The Theorem 3.7 generalizes the Helgason Theorem (see [71, page 116]. The-
orem 3.11 gives another statement of the Helgason Theorem [72, Theorem
2.6].

In section 3.5, we give the Titchmarsh’s Theorem for the classical Radon
transform (see Theorem 3.17). We give also certains discrete Titchmarsh’
Theorems for the lattice Z™ and its dual torus T".

Let be N the vector space N = R™ and W is a connected Lie group which
acts by a right action on W. We denote by G = N ®W the semidirect product
relatively to this action ( see chapter 2).

In the subsection 3.2.1, we establish a local inversion formula for the Radon
transform on G = N ©® W. In addition, we give a local Radon transform for
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the Radon transform on the group 3 ®R?* (S2 ©R* is the semidirect product
of the unit sphere and R*).

We complete this chapter by study the Fourier -Hermite transform and re-
vised Hardy’s uncertainty principle; precisely, we study the eigenfunctions of
Fourier transform and Radon transform, we establish the inversion theorem
and Plancherel formula for this transform; ( see Theorems 3.28 and 3.25).
Note that the Fourier-Hermite transform and the revised Hardy uncertainty
principle are defined and studied by Abouelaz and Attioui [13].

It is clear that the Fourier-Hermite transform generalizes the classical Fourier
transform. The Radon-Hermite transform (associated to Fourier-Hermite
transform) generalizes also the classical Radon transform.

We conclude this Chapter 3 by defining and studying the Radon transform
on the solvable Lie groups( in particular the nilpotent Lie groups). More
precisely: we establish the inversion theorems and Plancherel formulas of this
transform for the nilpotent Lie groups.






Chapter 4

INTEGRAL GEOMETRY ON THE
SPHERE AND THE TORUS.

In the following, we will deeply study the integral geometry in the unit sphere
and we give certain applications.

4.1 Introduction.

Among the many works that study of integral geometry on a symmetric space
(See [62], [71], [74], [75],[109]), the case of a symmetric space of compact type
is often considered that the non-compact type. The compact case has however
been raised on several occasions especially S. Helgason (See [75],[71]), on the
other hand, T. Sherman in ( See [102]) has developed a Fourier analysis on
the sphere analogous to the abelian Lie groups. Note that Strichartz in [110]
has established a local Fourier analysis in S¢.

In the following, we define and study a Radon transform on the sphere
84 = SO (d+1) /SO(d) of dimension d. This transform R; is obtained by
integration a given function over the sphere of dimension (d — 1) passing
through a fixed point a, = (0,...,0,—1) of 8¢ called south pole. Applying
the functions on S? that are invariant under rotation around this point, an
interesting analogy is obtained with the Abel ’s transform of the hyperbolic
space SOq (d, 1) /SO (d)(of dimension d) which consists of integrate over the
horocycles(of dimension d — 1).

Our transform Ry on the sphere is thus—like the one of the hyperbolic space—
related simply to spherical Fourier transform. This transform can be reversed
by means of a differential operator(if d is odd) or Integro— differential(if d is
even). We adopt the geometric approach, based upon the Radon transform R,
on the sphere S%, also the dual Radon transform (R,)" on S¢. We generalize
[17, Theorem 2.2], by replacing in this theorem the assumption f vanishes
in a neighbourhood of the south pole with f vanishes to second order at the
south pole. We give a theorem of transmutation formula of operators. The
Paley Wiener theorems on the sphere S¢ are also studied.
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