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Abstract

Let g be a prime power, and let IF, denote the finite field of order g. Consider the chain
ring Ry = Fylul]/ (u*y with k > 1 an integer. We study self-dual and LCD quasi-twisted
codes of index two and twisting constant A over Ry for the metric induced by the standard
Gray map. Some special factorizations of x — A over Ry are studied. By random coding,
we obtain four classes of asymptotically good self-dual A-circulant codes and four classes
of asymptotically good LCD X-circulant codes over Ry.
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1 Introduction

Self-dual codes are important for a number of practical and theoretical reasons, as wit-
nessed by [1, 3, 12]. Another important class of codes defined by their duality properties
is that of Linear codes with Complementary Duals (LCD), which were introduced by
Massey in 1992 for information theoretic reasons (see [18]). They have found applications
recently in Boolean masking [6, 7]. Massey [18] shows that LCD codes are asymptot-
ically good. LCD codes are universal: for ¢ > 3 there is an algorithm that turns any
linear code into an equivalent LCD code [5]. Still, it is of interest to find direct meth-
ods of construction of LCD codes as in [4]. One such method is to use quasi-cyclic and
quasi-twisted codes. In that direction, self-dual double circulant (resp. double negacircu-
lant) codes over finite fields have been studied recently in [1, 3], from the viewpoint of
enumeration and asymptotic performance. Some classes of quasi-twisted codes have been
studied over finite chain rings in [19]. In [2], A. Alahmadi et al. have studied the linear
complementary-dual multinegacirculant codes. Motivated by the techniques in [1-3, 8, 19,
20], we use the Chinese Remainder Theorem (CRT) approach to quasi-twisted codes as
introduced in [11, 13, 14]. In particular, we study two classes of self-dual (resp. LCD)
negacirculant codes of index 2 over Rj. Combining with [19], we study two families of
factorizations of x” — A over Ry with m an odd prime, gcd(m, g) = 1. When these spe-
cial factorizations are thus enforced, we derive exact enumeration formulae, and obtain
asymptotic lower bounds on the minimum Hamming distance of the Gray image of these
codes.

The material is arranged as follows. In Section 2, we give some background materials
on the ring Ry and study the case when the element —1 is a square in Rj. In Section 3,
we derive the enumeration formulae of self-dual (resp. LCD) double circulant and dou-
ble negacirculant codes of co-index m and we study the special factorizations of x™ — A
with m an odd prime, and gcd(m, g) = 1. Then, we also obtain the enumeration formu-
lae of self-dual (resp. LCD) double A-circulant codes. In Section 4, we derive a modified
Varshamov-Gilbert bound on the relative distance of the codes considered, building on exact
enumeration results. Finally, Section 5 contains conclusions and open problems.

2 Preliminaries
2.1 Thering Ry = ]Fq[u]/(u")

Let g be a prime power, and let I, denote the finite field of order g. Consider the local
ring Ry = Fy[ul/(u*) where u* = 0 with unique maximal ideal (u). In double A-circulant
codes case, we will consider the chain ring R = F, [u]/ (u*) when it contains a square root
of —1.

Theorem 2.1 Ifag + ua; + --- + wFlap_y € Ry = IF'q[u]/(uk) is a square root of —1 if
and only if

(1) g is a power of 2, a%:—l,al =ay=---=ax2 =0, where ax,ar2, - ,ax—1 €
2 2 2
IF, whenkiseven;aé:—l,m =ay=--=ar1 =0,ak1,a142,-- , a1 € Fy,
2 2 2

when k is odd; or
2) q = p“ where p = 1(mod 4) or q = pz" where p = 3(mod 4), a% =—l,a1=a; =
ce=ap_1 =0.
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Proof Note that the condition is obviously sufficient. To prove its necessity, when ¢ is a
power of 2, we have (ap +aju +--- + ak,luk_1)2 = a2 + a2 244 a,ffluz(k_l) =

—1,when k is even, a(% =—l,ag=ay=---= aia = 0, e L = € Fy; when
k is odd, ao =—l,a1 =a = = ak =0,ak, a6, 00 Akl € F,. Wheng is a
power of an odd prime, we have (ap + aju + - - - + ay— w2 = aO + 2apaju + Qagaz +
au?+- -+ (aoak—1 +ajag— +- - +ak71ao)uk = —l,whereq; e Fy,0 <i <k—1.
Then we get aé =-1l,a1 =a; =--- = a1 = 0. Thus ag is a square root of —1 over I,
if and only if ¢ = 1(mod 4). O
2.2 Codes
A linear code C over Ry of length n is an Ry-submodule of R}. If x = (x1,x2, -+, xn)
and y = (y1, y2, -+, yn) are two elements of R}, their standard (Euclidean) inner product
is defined by

n
Y= xivi,
i=1

and their Hermitian scalar inner product is defined by

n
=) xidi,
i=1

where the operation is performed in R;. Forall z = zo +uzy +--- + w1z e qug +
uIquQ + -4 uk_quzQ, the conjugation of z over Fq2Q + quzQ + -+ I/lk_quZQ is

_ 0 0 0 . P .
z = Zg + uz(f + -+ uk_lzzfl, where Q is a positive integer. The Euclidean (resp.

Hermitian) dual code of C is denoted by C L (resp. C1#) and defined as CL = {y e R} |
(x,y) =0,Vx € C} (resp. C*# = {y € R} | (x,y)u = 0,Vx € C}).

A linear code C of length n over Ry is called a self-dual code (resp. Hermitian self-
dual code) if C = C+ (resp. C = CL#). A linear code C of length n over Ry is called a
linear code with complementary dual (LCD) if C (| C* = {0} or C(C*# = {0}.

A matrix A over Ry is said to be A-circulant if its rows are obtained by successive A-
shifts from the first row. In this paper, we consider double A-circulant codes over Ry, that
is [2m, m] codes with generator matrices G = (I, A) with A an m X m A-circulant matrix,
we can view such a code as an Ry-module in R?, generated by (1, k) with the first row of
A being the x-expansion of /4 in the ring i f,ﬁ [_xi) .

If C(m) is a family of codes with parameters [m, &y, dm] over I, the rate p and relative

distance § are defined as p = lim sup L and § = 11m 1nf ﬂ , respectively. A family of codes
m—00

is good if pé > 0.

In number theory, Artin’s conjecture on primitive roots states that a given integer g which
is neither a perfect square nor —1 is a primitive root modulo infinitely many primes [16].
This was proved conditionally under the Generalized Riemann Hypothesis (GRH) by Hoo-
ley [9]. Hence, we can get infinite families of double A-circulant codes C (m) over Ry where
the analysis is made for x”* — 1 with a special factorization.

Recall the g-ary entropy function defined for 0 < 7 < qq;] by

fr
Hy(®) = tlogq(q — 1) = flog, () — (1 — Nlog, (1 - D), if0 <7< L,
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This quantity is instrumental in the estimation of the volume of high-dimensional Hamming
balls when the base field is IF,. The result we are using is that the volume of the Hamming

mHy

ball of radius 7m is asymptotically equivalent, up to subexponential terms, to g @ when

0<f<1,andm goes to infinity [10, Lemma 2.10.3].
2.3 Gray map

Any integer z can be written uniquely in base p as z = po(z) + pp1(2) + pzpz(z) + -,
k=1

where 0 < pi(z) < p—1,i =0,1,2,.... The Graymap ® : R — Fﬁ is defined as

follows:

o (a) = (bg, by, by, ..., bpkfl_l),

where a = ag +aju + - - + ag_ju*~!. Then forall 0 < i < pk_2 —1,0<t<p-—1,we
have
k=2
b = ] @1t > pi—1()a; + tay, if k>3,
ip+t = =1
aj + tao, ifk =2.

Note that, more generally, Gray maps have been defined at the level of finite chain rings
in [15, 23], linking codes over rings to codes over finite fields. For instance, when p =
k = 2, it is easy to check that the Gray map adopted in the trace codes of [21] is the
same as the Gray map defined here. As an additional example, when p = k = 3, write

D (ag + aju + azuz) = (bo, b1, by, - - - , bg). According to the definition above, we have
k—2

0<i<20<t=<2and ) pi—1()a = po(i)a; = ia;. Then we get
=1

by =az, by = ax +ap, by = az + 2ag, b3 = a; +ay, by = a + a; + ao,

bs = ar + a1 + 2a9, bg = ay + 2a1, b7 = ay + 2a; + ag, bg = ay + 2ay + 2ay.
k—1
It is easy to extend the Gray map from R} to }Fﬁ " and we also know from [22] that ® is
injective and linear.
3 Algebraic structure of A-circulant codes of index two

In this section, we study the exact enumeration of the double self-dual and LCD A-circulant
codes over Ry.

3.1 Double circulant codes (A = 1)
In this subsection, we assume m is an odd integer and ged(m, g) = 1. We can cast the

factorization of x” — 1 into distinct basic irreducible polynomials over Ry = I, [u]/ (u*) in
the form

2" —1=8( - D[[a [[hj@r50, (1)

i=2 j=1

@ Springer
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where § is a unit in Ry, the polynomial g; (x) is self-reciprocal of degree 2¢; for2 <i <'s,
and hjf(x) is the reciprocal polynomial of £ (x) with degree d; for 1 < j < t. By the
Chinese Remainder Theorem (CRT), we have

t

R R
xR (@Rk &(x)) @D (Relel/th; () @ Relel/ (5 x)

(xm—=1) (x—=1) )
j=1

t

N Fylu, x] : Fylu, x] Fylu, x] Fylu, x]
" k- 1>@<69 <u'<,gl-(x)>>69 b (<uk,hj(x)> ® <uhh7(x)>>

i=2 j=1

t

s
~R® (@(Fq%i +uF o+ uTIE 2 )) o@D ((F,y +uFu +--

i=2 j=1

—i—uk_lIqu_,-) [} (quj + qud_/ +---+ uk_qud‘, ))

N t
=R® <@ Rk(ze,-)> ® EB(Rk(dj) ® Riw;))

i=2 j=1

Note that all of these rings are extensions of Ry. This decomposition naturally extends to

Ril.
()2 as

t

Relx] \? :
((xm - 1>> = e (GB Rz(ze”) @ | @ (K @ Kiuy)

i=2 j=1

In particular, each linear code C of length 2 over % can be decomposed as the “CRT

”

sum

s t
c=C @ (@ c,~> o |Pcjec)],
i=2 j=1

where C1 is a linear code over Ry of length 2, C; is a linear code over Ry (o, of length 2 for
each2 <i <s,and C} and C}’ are linear codes over Ry(q4;) of length 2 foreach 1 < j <1,
which are called the constituents of C.

Lemma 3.1 Keep the same notations as above, then

(1) CyisLCD ifand only if 1 +r? € ka with C1 = ((1, r));

(2) CiisLCDifandonlyif1 +nn € Rk(ze ) with C; = {((1, 1)),

3) C’ @ C” are LCD if and only if 1 + n'n" € Rk(d oy with C’,. = ((1,71)) and C;f =
((1 77”))

Proof (1) “ = ” If C; is LCD, suppose 1 + r2 ¢ R,?, then 1 + r2 € (u). We have
uk=1(1 +r?) = 0,ice., (u*~1(1,7), (1,r)) = O,then u*~1(1,r) € C{,which implies
uk_l(l, ryecCin CIJ-, a contradiction.
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“e="If 1 +r2 € R, assume Cy is not LCD, then C; N CIJ- # {0}. Hence, there
exists ¥ € R such that /(1,7) € C; N C{, then (¥'(1,7), (1, 1)) = r'(1 +7?) =
0,since 1 +r2 € ka, then 7’ = 0, a contradiction.

2) “ = " If C; is LCD, suppose 1 + nn & le(Zei)’ then 1 4+ nn € (u). We have
W11+ 9i) = Oiie, W11, ), (1, )y = O,then u¥~'(1,7) € C;* which
implies uk=1a, n) € CiN CJ‘”, a contradiction.

“ PIf 14+ nn € Rk(2€ ), assume C; is not LCD, then C; N Cij‘” # {0}. If
n e Rk(Zel_),then Ci =1, - )) there exist k1, kp € Rk(2e) such that k1 (1, n) =
ko (1, —%),i.e., ki(1+nn) =0. And I+nn € Rk(ze,)’ then k; = 0, a contradiction. If
n € (u),we canlet n = ua; +ular+ -+ ut oy, a0 € qugi,O <i <k—1,then
the generator matrix of Cil 1 is of the form

—uay +utar + - +uF a1
0 uk=ks
where k3 € IF ;. Thus, there exist k4, ks, k6 € ka(ze,-) such that k4 (1, ua; + u?ar +
ke ) = ks(—ay + ulay + - - -+ u'ag_1), 1) + ke(0, u¥~k3),we then

obtain
ky = —(uay +u’ay + - - -+ uk"lag_y)ks, )
(uay +u?ay + -+ uFag ks = ks + u " kske,
by (2), we get ks € R, ).but —(way + u’ar + - + u* @ Dks € (u), a
contradiction.

B3) “="If C} &) C}’ is LCD, assume 1 + n'n” ¢ Rk(d ) then 1 + n'n” € {(u). We
have u*=1(1 + n'n") = O,ie., W* (1, 1), (1, n")) = O,then u*~1(1,7) € c}’i
(or u*=1(1, ") € C}i), which implies u*~1(1, ') € cin C}’i (or u*=1(1, 9"y €
C/f N C/,J-) a contradiction.
“e="If14+nn" € ka(dj), assume C} <) C}’ is not LCD, then

C/ C//J_ # {0}
C// n C/J_ 75 {0}

If C’ C”J- # {0}, then there exists k' € Rk(d ) such that K(,n) e C} N C}’J-,i.e.,
(k’(l, n), (1, ")) =k'(1 +n'n”) =0, a contradiction.

Theorem 3.2 Let m denote a positive odd integer, and q a prime coprime with m. If xMm—1

can be factored into irreducible polynomials over Ry as in (1), where m = 1 + Z 2e; +
=2

2 Z d;. Then
j=1

(1)  the total number of self-dual double circulant codes over Ry is

K t
B H(qe" + 1)g%*=D H(qdf — Dg%* =V where
i=2 j=1

1) when q is a power of 2, B—2q2 k is even, 0rB—2q 5 , k is odd;
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(@3]

2) when q is a power of odd prime, B = 2.

the total number of LCD double circulant codes over Ry is

N t
2)qk—1 l_[(qu,- _ (qe,- + 1))q2(k—l)ei l_I(qdej _ qZ(k—l)dj (qdj _ 1))
. j=1

Proof (1) We can count the number of self-dual double circulant codes by counting their

@

constituent codes.

Let (1, ) be the generator of the self-dual code Cj over Ry. By Theorem 2.1, when
q is a power of 2, the number of r is equal to 2¢ 2, 5, where k is even (2q 5 ,where k is
odd); when ¢ is a power of odd prime, the number of choices for r is equal to 2.

Let (1, c.;) be the generators of Hermitian self-dual codes C; over R;), 2 <i <
s, then (1, ¢e;), (1, ce,)) i = 1 + ¢, Co; = 0. Letce, = co +ucy + -+ uflep_y,
where ¢p € quei ,0 < ¢ <k —1, we then have

Cocg l = —l,e.

coc1 +c1cgl =0,

cocg . —I—clc‘ll . +czc0 =0,

cocg +clc‘2 +czc1 +czc0 =0, 3)

coc4 —i—clc3 +czcg +C3Cil +C4CO =0,

Ei ei (.’l‘
coc,‘f_l + cch_2 + -+ ck_lcg =0.

Norm(cg)=-—1,

Tr(coc‘l’q )=0,
Tr(coc;i)—l—Norm(cl) 0,

Tr(coc3 )—l—Tr(clc2 ) 0,

— Tr(coc4 )-l—Tr(clc3 )+Norm(cz) 0,

Tr(cock 1)+Tr(c1ck 2)—|— +Tr(ciac %) 0, when £ is even, or
2
Tr(cock_1)+Tr(clck_2)+~--+Tr(cL l‘i)-i-NOrm(Ck 1)=0, when k is odd,
2 2

where the Norm() and Tr() are maps norm and trace from F g2 10 [Fyei . So there are
q% + 1 roots for Norm(cg) = —1 and g choices for ¢; for | < ¢ < k — 1. Clearly,
the number of solutions of (3) is equal to (g% + 1)g%*~D.

As for reciprocal pairs, note that a pair (k;(x), hj‘ (x)) both of degree d; leads to
counting dual pairs of codes (for the Euclidean inner product) of length 2 over Rk(d )
that is to count the number of solutions of 1 + czl ¢/} =0, where (1, ¢/ 4; ) and 1, )

are the generators of C } and C }’ , respectively. If ¢/ 4; e Rk )’ then ¢’ dj = szj s there
X _ di _ di(k—1) : _ / X

are IRk(dj)I = (g% — 1)q% choices for (cd , ) If cq; € Rk(d.)\Rk(d‘]_), then

c:ij =ux; +utvo+ -+ u ) € w). In th1s case, 1 + cd ¢ = 0, which is

impossible.

The code C; is an LCD code, by Lemma 3.1 (1), we can get 1 + r? e R,(X. Letr =
ro+uri+---+u¥ | € R then 1452 = 1+(r0+ur1—|—u2r2+' . ~+uk_1rk_1)2 =
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1 +r§ + 2roriu + Qror —1—}’12)142 4+ (rorg—1+rirg—n+--- —}-rk,lro)l,tk*1 € R:.
Hence, the number of r is equal to (g — 2)g*~.

The code C; is an LCD code, by Lemma 3.1 (2), we can get 1 4+ nn € Rk(Ze) L
n= no+um +out e, then 1+nn = 1+(no+un1 ok 1)(n0
und 4kt l) =14+ 50" uon? + a4+ ukon” | +
7717},{72 +-+ nk,m() e Rk(Ze,-)' Hence, the number of 7 is equal to (¢4 — (¢ +
1))q2(k—1)ei

Next, we count the number of LCD double circulant codes of length 2 over Ri;)
for the pairs & (x) and h*(x) with deg(h;(x)) —deg(h*(x)) =d;. By Lemma 3.1 (3),
we then get

< 1+nn

c;NCy = o), e R
C// m C/l {O} € k(d )

Without loss of generality, we discuss on the unit character of " as follows.

) Ify e ka(dj),then n' e —%—FR,f(dj) and |7’—,1—|—ka(dj)| = |ka(dj)| = g*=Ddj(gdi —1).
Hence, there are |R,§‘(dj)|2 = g2*k=Ddj (44 — 1)? choices for (', n").

2) Ify e Rk(dj)\{R]f(dj)U{O}},let " = ny+un|+--+uf"1n]_, thenn’ = un|+u’n)+
--~+uk_1n,/( 1» where '7;31 can’tbeall zero, 1 < {1 <k—1, ’7@2 € ]F a;,0 <4l <k—1
We then have 1+7'n" = 1+un] n8+u2(n§ ny+n5n)+-- -—I—uk’l(n’l My +am 3+

S m_yng) € Rk(d - Thus, there are (g%*=Ddj — 1)g*di choices for (17, n").
kd;

3) Ifn" =0, thenn” € Ry, thus there are g““/ choices for n".

Hence, the number of the last case about reciprocal pairs is qz(k_l)di (qdf -2+ (q k=Dd;j _
1)gkdi +qkdi = g?di — g2*=Ddj (gdj —1). The proof of the theorem is now completed. [J

3.2 Double negacirculant codes (A = —1)

In this subsection, assume m is an even integer and gcd(m, g) = 1, where ¢ is a prime
power. We can cast the factorization of x” + 1 into distinct basic irreducible polynomials
over Ry as follows.

s t
xm+1=61_[gi(x)l_[hj(x)h7(x), 4)
i=1 j=1

where € € ka, gi(x) = g7 (x) withdeg(gi(x)) = 2¢;,1 <i <s,and h;‘.(x) is the reciprocal
polynomial of & ;(x) with deg(h;(x)) :deg(h;f(x)) = dj, 1 < j < t. Using the same
notations and argument as in Subsection 3.1, we can easily carry out the result as follows:

t

R
km (@Rma) DRy ® R |

j=1

and

c:(@ ) @(c/ ec)
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Theorem 3.3 Let m denote a positive even integer, and q a prime power coprime with m.
s t
The factorization of x™ + 1 over Ry is of the form (4) withm = )" 2e; +2 > d;. Then
i=1 j=l1

(1) the total number of self-dual double negacirculant codes over Ry, is

N t
[T + 1D “ D TTg¥ = Dgi%D.

i=1 j=1

(2) the total number of LCD double negacirculant codes over Ry is

s t
l_[(q2ei _ (qe,‘ + 1))q2(k—1)€,' l_[(qde_,- _ q2(k—l)d_,' (qdj _ 1))
i=1 j=1

Proof This proof is similar to that of Theorem 3.2, so we omitted it here. O

Now, we consider a special factorization of x™ 4 1, where m is a power of 2, ¢ is an odd
prime. According to [17, Theorem 1] and [2, Theorems 5.1,5.3], we know that x* + 1 can
be factored into two (resp. four) basic irreducible polynomials, which are reciprocal of each
other over Ry, by limiting the size of A and U, because [, is a subring of R;. We can get
the following lemma.

Lemma 3.4 Let m be a power of 2, ¢ = £1(mod 4).

(1) Ifqg =2% %1, e is odd, then x™ + 1 factors into two basic irreducible polynomials
over Ry as follows.
X" +1=hxh"x)

with deg(h(x)) =deg(h*(x)) = % In this case, the number of self-dual (resp. LCD)
double negacirculant codes over Ry is

(@% = Dg" " (resp.g™ — ¢"* V(g% — 1))
(2) Ifqg =2%e=£1,eis odd, then x™ + 1 factors into four basic irreducible polynomials
over Ry as follows.
x™ + 1 = hy(x)h](x)ha(x)h3(x) Q)]
with deg(hi(x)) =deg(h](x)) =deg(ha(x)) =deg(h}(x)) = %. In this case, the
number of self-dual (resp. LCD) double negacirculant codes over Ry is

m m(k—1) km m(k—1) m
(@3 —1%q 7 (resp.(g? —q = (g% — ).

3.3 Quasi-twisted codes of index two (A = 1 + wut)

In this subsection, we focus on the case (1 + wu') = (1 +wu')™! = (1 — wu'). According
to [19], x™ — (1 + wu') can be uniquely expressed as

s t
= (4 ou') =ca1(x) [[ai) [T hjnix), (6)

i=2 j=I

where m is an odd, then gi(x) = x — (1 + wut), ¢ € ka, gi(x) = gf(x) with
deg(gi(x)) = 2¢;,2 < i < s,and h;(x) is the reciprocal polynomial of %;(x) with
deg(h(x)) =deg(h}(x)) =d;, 1 < j <t1.
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In fact, we notice that a (1+wu®)-QT code over Ry is self-dual only if 1 +wut = 1 —wut,

ie., 2wut = 0 = char(Ry) = 2 over Ry.

Conjecture 3.5 Assume that m is an odd prime and gcd(m, g) = 1, where ¢ is a prime

power. Let « | (m — 1) and ord,,(¢) = ’”Tfl we can cast the factorization of x” — A into
Fylul

wh as follows.

distinct basic irreducible polynomials over Ry =

o

(1) If « is an odd integer, then we have x™ — A = A(x) ]_[ gi(x),where g; (x) = g/ (x),

i=1
deg(g; (x)) = =L

1R

2
(2) If « is an even integer, then we have x™ — A = A(x) [] h_/(x)h“;(x),where
Jj=1 ’
deg(h;(x)) =deg(s(x)) = 2L if
i rAr=1Akx)=x—1,0r
@) Ar=-1,Ax)=x+1,o0r
(i) A =1+ ou', qisapowerof2, A(x) =x + 1 +ou', where t > 51, 0 € R

Now, we only give some examples to illustrate its correctness. In fact, we have tried a
lot of examples by Magma, the conjecture is also correct. But we fail to prove it. Thus we
would like to put it here as a conjecture.

Example 3.6 Let R, = F3 [u]/(uk), m = 11, ¢ = 2 be an even integer, implies « | (m —
1) =2110,0rd;; (3) = ’"T_l =5, then by Conjecture 3.5,

ol = - +23 + 2+ 20+ 20 +xt + 203 + X2+ 2),

M4l = e+ DO+ 23 202 + 20 + DO + 20 + 203 4202 4+ 1),

Example 3.7 Let Ry = Folul/wk), m = 5, uk =0,t > (%1,0{ = 1 be an odd integer,
impliesa | (m — 1) =1 | 4,0rds(2) = m771 = 4, then by Conjecture 3.5,

P-l=x-D*+3+2+x+1D),
P-4 uh) = c+1+uHE* + A +uHB + 2+ A +udx+ D).

Example 3.8 Let Ry = F4lul/(u¥),m = 7,u¥ = 0,t > [4], @ = 2 be an even integer,
implies & | (m — 1) = 2| 6,0rd7(4) = =1 = 3, then by Conjecture 3.5,

o
=1l =x=-DE+x+ D +x2+1),
=0 4uh) = c+1+uHE Fxr+ 1+ + A +ubx? + 1+ uh).

The proof of Theorem 3.9 is similar to that of Theorem 3.2, and is omitted.

Theorem 3.9 Assume that the factorization of x™ — A into basic irreducible polynomials

over Ry = E;‘;Ef;] is of the form of

1) case (1) in Conjecture 3.5, the total number of self-dual (resp. LCD) double \-circulant
codes over Ry is

(m—1)(k—1) m—1
2

m—1 m—1
Bq (@7 +1D)%resp.(q —2¢"* (g @ —(@= +1)Y.
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2) case (2) in Conjecture 3.5, the total number of self-dual (resp. LCD) double A-circulant
codes over Ry, is

(m—1)(k—1) m—1 2k(m—1) 2(m—1)(k—1) m—1
2 o

Bq @& —D2esplg—2¢" g« —g¢

4 Main results

Firstly, we give some lemmas as follows.

A. Case (1) in Lemma 3.4 In this case, by the Chinese Remainder Theorem (CRT), we have
Relx]  Rylx] R [x]
(xm 1) — (h(x) T (h*(x))
Fylu, x] Fylu, x]
Tk h(x) T (kB (x)
~ (]Fqn—l + MIFqn—l +---+ Mkil]Fqn—l) @ (Fqn—l + M]Fqn—l + -4 ukil]Fqn—l)
~ Rk(%) (&) Rk(%).

Lemma 4.1 If0 # ¢ = (u,v) € C, and C = ((1, h)) is a double negacirculant code over
Ry.. Then

m(2k—1)
(1) thereare atmostq~ 2 generators (1, h) such that e = (u, v) € C.
m(k—1)

(2) there are at most g~z generators (1, h) such that ¢ = (u, v) € C and C = C+.
m2k—1
(3) there are at most q o= generators (1, h) such that ¢ = (u,v) € C and CN

ct={o}.

Proof By the CRT, (u,v) = (u,v) @ (u”’,v”). Since (u,v) € C, then v = uh,
Vi = /b and v/ = u’h”, where u', v/, b’ € Ry[x]/(h(x)) = Rim) and u”’, v,
W' € Rilx]/(h*(x)) = Rycm). Let i’ = RO 4 un® 4o BT/ and p” =
'O 4 un”® 4y ED Swhere W'D h"D e F w0 <i <k —1

) ) q7’ D .

(1) In the first constituent of C, we discuss on the unit character of ' as follows.
o Ifp/eR kx(m), there exists only one solution i’ = .
2
o Ifu e Rk(g)\{RkX(%) U{0}}, then p/ = al /@ 4 /1 /0D oo gkt /=D
where 1 <[ < k—1, /D e F*, , /D € Fq%,l—i—l <i <k—1and
2

=

Vo= uly' @O 4y dt ooy ukq_lv’(k_l) where V) ¢ F nl<j<k-L
Since v/ = w'h', uk = 0, then v/ = ulv'® 4 /H1yd+D 404 yk-Tyk=D =
Ul /D gD R D D ) g (D O
WORDY k=1 (=D O =2 O pr=1-D) Hence,
we have

O = OO,

v/(l+l) — ’u/(l+l}h/(0) + /’L/([)h/(l)s (7)

=) = D ) =2 () O 1D,
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By (7), we can get

w'® 0O --- 0
P O R
(3
’u/(k—l) ’u/(k—Q) ,u/(l)
Since u’ 0 ¢ F*,, , the determinant of the matrix (8) is not equal to 0, then
q 2
WO D oo p&=1-D have a unique solution, h'*=D p/&=I+D oo prk=D ¢

ml
Iﬁ‘q%. Thus there are at most g 2 choices for #’. When [ = k — 1, we can get the

m(k—1

. . . ) .
maximum possible for /', i.e., there are at most g~ 2z choices for /'
k .
o Ifu' =0,thenh’ e Ri(m)s there are qu choices for /’.

Using the same argument as above in the second constituent of C, there are also at

k ) .
most ¢ 2 choices for h”. But & # 0,then x/ and 1" can not be zero simultaneously.
m(k—1)

Hence there are at mostg~ 2 X g 2 generators (1, #) such thate € C.
(2) Since C is a self-dual double negacirculant code, then

(LAY, (LMY =1+ KWK =0. ©)]

It is equivalent to
h/(O)h//(O) =—1,
h/(O)h//(l) + h/(l)h//(O) — 07
h/(O)h//(Z) + h/(l)h//(l) + h/(Z)h//(O) =0, (10)

h/(O)h//(kfl) 4 h/(l)h//(k—Z) 4Lea h/(kfl)h//(()) =0.

Combining with the proof of (1), we have:
X
k(%)

generator (1, h).
o ifu € R 1" € Rpm)\{R m, U{0}}, we know that i’ = 2 by (9), h" can

k() 2 k(3) w

be uniquely fixed, then there are at most one generator (1, /).

o ifu € ka(ﬂ), u” = 0, we know that #’ = % and 1" is free, by (10), then there
2

are at most one generator (1, /).

o if u,u" € Rk(%)\{RZ(m) U {0}}, we know that #’©® can be uniquely
2

fixed, n'D WA ... pkb ¢ Fq%, h"©® can be uniquely fixed,

D @ o prk=D Fq%, and because of (10), then there are at most

m(k—1)
g 2 generators (1, h).

o ify € Rk(%)\{ka(%) U {0}}, " = 0, we know that #’® can be uniquely fixed,

WO @ o k=D g Fq% L h' e Rk(%), and because of (10), then there are
mk—1)

atmostq 2 generators (1, h).

o ifu,u” €R we know that A’ = ;—/, and b’ = % then there are at most one

(3) Since C is an LCD double negacirculant code, then

(,h), A, n")y=1+hn" € ka(%). (11)
Using the similar way, there are at most qm(zg_n generators (1, #) such that ¢ =
(u, v) € C and C N C* = {0}. We have thus proved the lemma. O
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B. Case (2) in Lemma 3.4 In this case, by the CRT, we have

2
Rlrl AN ((Rilx] _ Rilx]
oy =D (<hi<x>> ® <h7(x)>>
AN( Fglu,x]  Fylu,x]
=P <<u2,h,-<x)> @ <u2,hf(x)>>
= Re) © Rey) @ Riy) @ Riy).

Lemma 4.2 IfC = ((1, h)) is a double negacirculant code over Ry, and 0 # & = (u, v) €
C, then

(1) there are at most q i generators (1, h) such that e = (u,v) € C.
m(2k—
(2) there are at most q et generators (1, h) such that e = (u,v) € C and C = Cct.

m(4k—3 m
(3) there are at most g~ 4 >(q 2 —q 7+ 1) generators (1, h) such that ¢ = (u,v) € C

and C N CL = {0}

2
Proof By the CRT, (u,v) = @ ((u},v) @ (u], vi”)). Since (u,v) € C, then v = uh,
1

=
I 11,/ "o __ AN ’ ’ / " 4 "
vi = wp;h; and v = uihy, where u;, vi, h; € Rk(%z) and wj, v/, hi € Rk(%). Let

h = h’<°)+uh’<”+ +uk p*=D andh”—h;“°>+uh;’<“+-.-+uk*1h;’("‘“,where
h“f) h’“”e]F p 1<i<20<j<k—1

1) In the first constituent of C, we discuss on the unit character of i/ as follows.
M

o Ifu)e ka( ) there exists only one solution &}, = l‘i—}
()

o If u) € Rk(%)\{R;(%) U {0}}, then u) = ul wy + ul* + o+
T I N T Foyl+l<i<k-1
q

/(l+l)

and vi — ulvi(l) +Ml+]l);(l)+"'+uk_1 /(k*1)7vi(j) cF "TI,Z < i < k—1.
q

Since v| = k), u* =0, then v = ulvi(l) + ul“v;(l) B
(u u([)—f—ul“ /(l+1)+ gkl /](k D)h’ _ ’](l)h’l(o)+ul“(u’1(l+1)h’1(0)+
D, (1 k—1), /(0 k— 2 1 1), r(k—1-1
/1()?3/1( '))_’_.”_’_uk 1(M/1( )h/l() /1( )h/l()+"'+u/l()h,l( )).Hence,
we obtain

0 _ /(l) /(O)

V| wyhy

/(l+1) /(l+1) /(O) (1) 4.7(1)
vy Ry 4+ hy

(12)
k—1 k—1), /(0 k—2), /(1 1), /(k—1—1
VO @ D) O Gei=D
By (12), we can get
/(l) 0 ... 0
M/(IH) ’u/(l) 0
; (13)

1;71 1;72 ’ .l
WD e
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Since u/l(l) € F*,, the determinant of the matrix (13) is not equal to 0, then
py

k=11 k)
’ ’ 1

h/](o), h/l(l), e h/](k_l_l) have a unique solution, h/](k_l), h;

! .
F m. Thus, there are at most q% choices for h’l. When !/ =k — 1, we can get the
q
m(k—1)

maximum possible for A’ , i.e., there are at most g~ #  choices for h/1

km
e Ifu} =0,thenh| e Rk(%), there are ¢ ¢ choices for /).

Using the same argument as above in the other constituent of C, there are also at
km .
most ¢ 4 choices for i), h{, h). But & # 0,then u/, ), i} and ) can not be zero

simultaneously. Hence, there are at most ¢ 2 X (q ks )3 generators (1, z) such that
cecC.
(2) Since C is a self-dual double negacirculant code, then
(A, 1), A, 1)) =0,
14
{«Lh;),a,hg)):o. 1)

Combining with the proof of (1), similar to the discussion of (2) in Lemma 4.1, there

Dm

are at most g &5 generators (1, h) such that e = (u,v) € C and C = ct.
(3) Since C is an LCD double negacirculant code, then

(L)), (L)) =1+ hih! € ka(%),i =12 (15)

m(4k

Using the similar way, there are at most ¢ T (q% — q% + 1) generators (1, h)
such that ¢ = (i, v) € C and C N C*+ = {0}. We have thus proved the lemma. O

C.Case (1) in Theorem 3.9

Lemma 4.3 If0 # ¢ = (i, v) € C, and if there exists a positive integer i such that y is
not generated by g; (x), and if, furthermore, C = ((1, h)) is a double \-circulant code over
Ry, then

mka—1)+1

generators (1, h) such that ¢ € C.
m—1)(k—1 m—
(2) there are at most Bq( 3 )(qu + el generators (1, h) such that ¢ € C and

c=ch
(3) there are at most (q — 2)qm<k—1)(q% - q% — D@L generators (1, h) such that
e=(u,v) e Cand CNC* ={0}.

(1) there are at most q

o
Proof By the CRT, we have (i, v) >~ (uo, vo) @ (EB(M[, v,-)). Since ¢ = (u,v) € C,
i=1

then v = ph, vo = poho and v; = p;h;, where o, vo, ho € Ry = Ri[x]/(A(x)) and p;,
vi. hi € Ryuety = Relx]/(gi(x)). Let ho = h” + uh§’ + -+ u*"'h{™" and h; =

B wun® 4 ub R 5D where b € Fyoh? €F w1 <i<a,0<j<k-1
q o

(1) In the first constituent of C, we discuss on the unit character of (g as follows.

Vo
Ho”
o Ifupe Rk\{RkX U {0}}, similar to discuss in Lemma 4.1, there are at most ¢

choices for h.
e If uo=0, then hg is arbitrary in Ry, there are qk choices for hy.

o Ifuge ka , there exists unique solution hp =
k—1
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In the ith constituent of C, we discuss on the unit character of u; as follows.

o Ifu; e R® there exists only one solution /; = ;—’
1

k(m l)
o Ifu;e Rk(m 1)\{Rk(m ;. U{0}}, this case can be discussed similarly. Hence, there

(m—D(k—1)
are at most g~ « ch01ces for h;.
k(m—=1)

e Ifyu; =0,thereareq « choices for h.

mka—1)+1
Thus there are at most ¢~ « generators (1, #) such that e € C.

(2) In the first constituent of C, there are at most B generators (1, ko) such that Cp is a
self-dual double A-circulant code over Ry by Theorem 3.2.
In the ith constituent of C, combining with (1), we can get

e ifu; € R* there exists only one solution £;

k(m 1)
o if w € Rywi\(R
hz('l)’ hl@ ..

u

vty U {0}, hﬁ‘” can be uniquely fixed,

,hl(k Der m—1 . And because C is a self-dual double A-circulant
q @ o

code, then ((1, #;) - (1, h;)) g = 1 + h;h; = 0, which implies
mT—l

HORTT
m—1 m—1
2a 2a

BN 00T g,

m=1 m=1 m=1

20 20 2o
e I N )

m—1 m—1 m—1

—19q %« _2)q 2« _ q 2
ROREDTT p pOpEPTT g g IR0 0.,

Norm(hEO)) =—1
m—1

Tr”n ) =0,

m—1

2a
Trh®h®* )+ Norm") = 0,

m—1 m—1
Da k 2
== (

2a 2a
TrhOnE D" e On* T T
when k is even , or

-
=0,

l

m—1
q 2«

m—1

"
Tr@n* D Ty b T
when k is odd ,

&h
)+ Norm(h; ) =0,

(AZ%) (k+l)

(m—1)(k—1) .
then there are at most ¢~ 2« choices for A;.

e if u; = 0, since C is a self-dual double A-circulant code, there are at most
(m=1)(k=1) m—1

q 2« (g 2= + 1) choices for A;.

(m—1)(k—1) m—1
2

Thus there are at most Bg (g =@ + 1)1 generators (1, i) such that e € C
and C = C*.

(3) Since C is an LCD double A-circulant code, then

(A, k), (A, ki)Y = 14 hih; € R, i=12-, a. (16)
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Hence, there are at most (g — 2)61'”(’“’1)(61%;l — qu;l — el generators (1, i) such that
e=(u,v) e Cand CNCL ={0}. O

D. Case (2) in Theorem 3.9

Lemma 44 If C = ((1, h)) is a double \-circulant code over Ry, such that 0 # & =
(i, v) € C, and that there exists a positive integer i such that u is not generated by h;(x),
then

m(ka—1)+1
(1) there are at mostq~ « generators (1, h) such that ¢ € C.
(m—1)(ka—2)
2 generators (1, h) such that ¢ € C and C = ct.
(m—1)(ak—a+1) 2(m—1) m—1
[*3

(3) there are at most (q —2)q (@ « —q o« + 3! generators (1, h) such
that e = (u,v) € C and C N C+ = {0}.

(2) there are at most Bq

a2
Proof Again using the CRT, we have (u, v) >~ (1o, vo) @ (EB ((,u’j, v}) P (/’L/j/’ v}’)))-
Jj=1

Since ¢ = (u,v) € C, thenv = wh, vy = uoho, v;. = M’jh’] and v}’ = M’j’h’j’, where 10,
v, ho € Rk = Ri[x]/(A(x)), u, Vi, by € Ry w1y = Rilx]/(hj(x)) and u7, v, b} €
Ryno1y = Rilx]/ (W (x). Let ho = h$” +uni + -+ =Y 0 = B Y +
k—1p/(k—1) _ (0 (1) k—1p/7(k—1) @ 5 (k—1)
s du hj ,h’j’—hj +uhj 4+ 4u hj ,where by, hy’, -, hy €

70) /(1) 1(k—1) 1n0) 5 (1) n(k—1)
Fq,hj ,hj h] Fq%»h,’ ,hj h] e]Fq%.

m(ka—
(1) Since 0 # ¢ € C, there are at most ¢ et generators (1, i).

(2) In the first constituent of C, there are at most B generators (1, ig) such that Cg is a
self-dual double XA-circulant code over Ry according to Theorem 3.2.

In the jth constituent of C, we have a similar discussion for pairs (/L}, /,L;/ ), there

(m—1)(ka—2)
are at most Bq 0 generators (1, i) such that ¢ € C and C = C*.

(3) Since C is an LCD double A-circulant code, then

((,h), (1L, =1+h.h € R* i=1,2,--- ad a7
PN T it k(%)’l_” A
(m—1)(ak—a+1) 2(m—1) m—1 o _q

Hence, there are at most (¢ — 2)q a @ —q « +1)27° generators

(1, h) such that ¢ = (u, v) € C and C N C+ = {0}. O

We are now ready for the main result of this paper.

Theorem 4.5 If q is a power of prime, then there are infinite families of:

(1) self-dual (resp. LCD) negacirculant codes of index 2 over Ry of relative distance §
satisfying Hy (8) > 4p%(resp.Hq ) > 4p%)for case (1) in Lemma 3.4;

(2) self-dual (resp. LCD) negacirculant codes of index 2 over Ry of relative distance §
satisfying Hy(8) > 8p%(resp.Hq 6) > T}H)for case (2) in Lemma 3.4;

(3) self-dual (resp. LCD) A-circulant codes of index 2 over Ry of relative distance §
satisfying Hy (8) > 4Olp%(resp.Hq ) = Mplﬁ)for case (1) in Theorem 3.9;

(4) self-dual (resp. LCD) A-circulant codes of index 2 over Ry of relative distance §
satisfying Hy(8) > 20tp%(resp.Hq ) > 2O{p%)for case (2) in Theorem 3.9.
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Proof By the Gray map over Ry, we see that the Gray image of the several families of codes
of length 2m are linear codes of length 2mpk_1. Combining Lemmas 3.4, 4.1,4.2,4.3,4.4
and Theorem 3.9, the result follows by the same method as Theorem 5.2 in [20], so we omit
the detailed proof here. O

5 Conclusion

In the present paper, we have studied self-dual (resp. LCD) double A-circulant codes over
the ring Ry = F), [u]/(u¥),i.e., index 2 quasi-twisted codes with twisting constant A = =1
and A = 1 + wu'.

We not only have considered the special factorization of x”* + 1 to construct the double
negacirculant codes when it factors into two (resp. four) basic irreducible factors reciprocal
of each other for m a power of 2 in [1, 2], but also have studied another special kind of fac-
torization, for m odd prime, and (m, ¢) = 1 when x™ — A factors into o 4 1 basic irreducible

polynomials with o | (m — 1) and ord,,(¢) = % With this particular factorization, we

have constructed self-dual (resp. LCD) quasi-twisted codes of index 2 over Ry, and derived
an exact enumeration formula for this family of codes. Further, we have derived a modi-
fied Varshamov-Gilbert bound on the relative distance of the codes considered, building on
exact enumeration results.

The main open problem is Conjecture 3.5. More general directions are quasi-twisted
codes of index > 2 and replacing Rj by a general chain ring.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.
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