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Abstract

We construct trace codes over Z4 based on Boolean functions and their support. The Lee
weight distribution of these codes is studied by using the Walsh—-Hadamard transform of
the Boolean functions, and exponential character sums. We obtain few weights codes. In
particular, bent and semi-bent functions give three-weight codes.

Keywords Galois rings - Boolean functions - Character sums

Mathematics Subject Classification 94B05 - 10G99

1 Introduction

Most trace codes have their coordinate sets indexed by the elements of a finite field, or in the
case of Z4-codes by the Teichmiiller set of a Galois ring [6]. This is the case, for instance, of
the quaternary Kerdock codes [3]. Recently, Ding investigated a different way of constructing
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trace codes by indexing their coordinate places by the elements of a difference set [1], and
in some cases, the support of a Boolean function [1, §VI].

In this paper we generalize Ding’s approach to Z4-codes. The support Sy of a Boolean
function f is mapped to a subset of a Teichmiiller set by inverse reduction modulo 2. The
Lee weight distribution of the code is studied by means of a variant of the Walsh—-Hadamard
transform, which is in fact the Walsh—-Hadamard transform for a family of Boolean functions.
In fact some of our codes (§4.1) will have the codes of [1] both as residue codes and as torsion
codes. Another approach, with a different defining set, yields three-weight codes.

The material is organized as follows. The next section sets up the basic notations and
definitions. Section 3 gives a character sum approach to the weight distribution of our trace
codes. Section 4 discusses the two families of codes we mentioned and give, for the second
family, its weight distributions when the Boolean function is bent or semi-bent. Section 5
recapitulates the obtained results and makes some conjectures for future research.

2 Preliminaries
2.1 Rings

In this subsection, we recall several basic facts on the algebraic structure of the Galois ring
GR(4, m) and fix several basic notations. For more knowledge on Galois rings we refer to
Wan’s book [9]. For simplicity, let R = GR(4, m). Denote by R* the group of units. In
‘R with maximal ideal I = (2), there exists a nonzero element & of order 2™ — 1, which
is a root of a basic primitive polynomial & (x) of degree m over Z4 and R = Z4[£]. Let
T = {0, 1,¢&, 52, . 52"1’2}. It can be shown that any element ¢ € R can be written
uniquely as ¢ = a + 2b with a, b € 7. It can be also shown that 7 = Fy» (mod 2). Recall

m—1 .
that the rrace map tr from Fam to F5 is defined by 17 (a) = Y a? foralla € Fom . Define the

i=0
generalized trace map Tr from R to Z4 by Tr(c) = tr(a) +2tr(b) forallc = a+2b € R.

2.2 Codes

A linear code C over Z4 of length n is a Z4-submodule of Zj. Such a code is of fype
4412k if as an abelian group it is isomorphic to Zj' x Z52. For any two vectors x =
(X1,%2, -5 Xn), ¥ = V1,2, ..., Yn) € Z, the Euclidean inner product of x and y is

n
defined by (x,y) = Y x;yi, where the operation is performed in Z4. The dual code of C
i=1
is denoted by Ct and defined as C+ = {y € Zy : (x,y) = 0,¥x € C}. By definition,
C is also a linear code over Zg. The residue code Res(C) of C is the binary code defined
as Res(C) = {x e 5 : 3y € C,y = x (mod 2)}. The torsion code Tor(C) is the
binary code defined as Tor(C) = {x € I} : Jy € C, y = 2x}. The Lee weight w (x) of
X = (X1, X2, ..., X,) is defined as wr (x) = n1(x) + 2ny(x) + n3(x), where n;(x) denote
the number of occurences of a i symbol in x. The Lee distance dy of C is the minimum Lee
weight of its nonzero vectors. The parameters of linear Z4-code are denoted compactly as
(n, 4125 qp).
For any x = (x1,x2,...,%x,) € Zj with x; = r; + 2gq;, the Gray map ¢ from Z}
to IE‘%” is given by ¢(x) = (¢(x),r(x) + g(x)), where r(x) = (r1,72,...,1),q(X) =
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Trace codes over Z4, and Boolean functions 1449

(q1, g2, - - . , qn) are binary vectors. Then ¢ is a weight-preserving map from (Z;, Lee weight)
to (]F%”, Hamming weight), thatis, wy (x) = wg (¢ (X)), where wy (¢ (x)) denotes the number
of nonzero positions in the binary vector ¢ (x).

3 Trace codes
3.1 Description of trace codes

Let D = {dy, da, ..., d,} € R\{0}. We define a linear code of length n over Z4 by Cp =
{ca. = (Tr(ady),Tr(ads), ..., Tr(ad,)) : a € R}, and call D the defining set of this code
Cp. In[1], a similar class of binary codes was introduced as

Cp =1lcp = (tr(bdy), ..., tr(bdy)) : b € Fon},

for some D = {0,71, d_z, R d_,,} C Fom\{0}. The following result is immediate and given
without proof.

Proposition 1 With the above notation, identifying D C T with its finite field image, we have
Res(Cp) =Tor(Cp) =Cp.
This implies directly that
du(Cp) <dr(Cp) <2du(Cp).

3.2 The weights of Cp

The weight enumeration of Cp is facilitated by using character sums of the type E(a) =

i Tr(ad) ' Ag is well-known in Z4-codes studies [3,9], we have
deD

wr(ca) =n —N(E(a)), ey

where N (E (a)) stands for the real part of E(a).

We shall use sometimes, following [1], a notation inspired by the tradition of difference
sets. Let x = iTr0 be the canonical additive character of GR(4,m), and let aD denotes
the set {ad : d € D}. We write x(S) = >_ x(x) for any subset S of GR(4, m). With this

xe§
notation E(a) = x(aD).

4 Construction of Z4-codes by Boolean functions

Let f be a Boolean function from = to F». The support of f is defined to be
Sf = {x € Fom : f(x) = 1} C Fom.

Take a set S‘f C 7 such that S‘f = Sy (mod 2). Let the size of set Sy be ny, that is,
ny =[Sy =|Sy|. The Walsh-Hadamard transform of f is defined by

Wf(u)) — Z (_1)f()()+tr(w)c)7 )

X €F2m
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where w € [Fon. By [1], the Walsh spectrum of f is the following multiset
{Wy(w) : w e Fan}).

4.1 Caseof D = S

Define I'(w) = > iTrwy) with w € R. Thus I'(w) is E(w) when D is 7. In this case
xe7T
D=3§ r» the weight distribution of C5_ can be worked out in this subsection. To this end,

we need the following lemma [10].

Lemma 1 Let € be the primitive 8th root of unity, given by € = (if). Foranyw =r+2s € R

2
withr(# 0),s € 7, we have

rw)=i"""Ora

J2me™ o if mis odd,

—A/2me™ - if m is even.

with I' (1) = {

m—1 . . R _
Now, define Q(x) = Y x?*? and f(w) =27 Y 2/ O+Trw9) where w € R and
i,j=0 XeR
j>i
f(x) =1ifx € Sy, otherwise 0. The main result of this subsection is then described in the
following theorem.

Theorem 1 Let symbols and notations be as above. Let w = r +2s € R withr,s € T. Then
Cs ’ is a linear code over Z4 with length ny and its Lee weight distribution is given by the

following multiset:

dnyp =20 (w)) + Wy, (5) + Wy, (r +3) 2nyg + Wy(s)
[ s o) 0

with f,(x) = f(x) + Q(rx).

Proof It is trivial that wp(co) = O. A§ defined previously, we have 2™ f (w) =
> i OHTrwO) where f(¥) = 1ifx € Sy, and f(3) =0ifx ¢ Sy. Letw =2s € [

XeR
with s € 7\{0}. From the previous discussion in the Sects. 2 and 3, we have

om f(w) — Z l-2f()?)+Tr(wx)

x=y+2ze€R
xeT+2T

—om Z(_])f(f)ﬂr(ﬁﬁ)
yeT
=2"Wr(5).

@ Springer



Trace codes over Z4, and Boolean functions 1451

On the other hand,

x=y+2zeR
x€T+2T

— Z 2/ ©)+Tr(wx)

x=y+2z
xeSp+27T

+ Z l-2f(i)+Tr(wx)

x=y+2z
xe(T\Sp)+27T

= Z Z i2F )+Tr(wy)

€T yes,

+30 3 PORTr)

€T yeT\Sy

— 2m< _ Z iTr(wy) + Z iTr(wy))
yesy yeT\Ss
= 2"y w§y),

where the last equality follows by Y i7" = S~ (—1)"6Y) = 0 with s # 0. It then
yeT yeFm

follows from Eq. (1) that the Lee weight of the codeword c,, with w € I\{0} is equal to

21 1 +R (W5 (5))

R B

It remains to consider w = r + 2s with r # 0. Now consider E(w) = Y jTrwd) —
dES“/'
> F(_Zﬁi”(’”), which implies wy, (cy) = n s —N(E(w)). Soitis necessary to analyze

xeT
the exponential sum E(w). By a simple calculation, we have

2E(w) = Z jTrwx) _ Z(_])f()'c)iTr(wx)

xeT xeT
=TI (w)— Z(_l)f(i)ﬂr(ﬁ)iﬂ(m)
xeT
=TI'(w)— Z(_1)f(f)+tr(§i)+Q(;;)l.tr(;i)
xeT

where the last equality follows by Tr(rx) = tr(rx) + 2Q(rx) given in [6]. Furthermore,
letting f,(x) = f(x) + Q(rx), and using the identity

14+ (=D 1—(=Da
Va € {0, 1}, i = +(2 LA (2 i

with a = tr(Fx), we get R(E(w)) = $R((w)) — IR(Wy, (5) + Wy, (7 + 5)). Hence, the
Lee weight distribution of C ; is given by the multiset in (3). This completes the proof. O

Example 2 In this example, we construct trace codes over Z4 from bent, semi-bent and

formally self-dual [5] and boolean functions of m = 4 variables and compare their minimum
distance with that of residue and torsion codes in Table 1.
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1452 M. Shi et al.

Table 1 Comparison of

minimum distances for o 4 (Res(Cp)) = d1.(Cp) = 2dp(Tor(Cp))
Cp, Res(Cp) and Tor(Cp) CSf 2<4<4
1
Cs. 2<3<4
SfZ
Cs 6<6<12
5r3
< 2<2<4
Sf4 -7 =

— Boolean function
J1(x1, X2, X3, X4) = X1X2X3X4 + X1X2X4 + X1X3X4 + X1X4 + X1 + X2X4 + X3 + x4 + 1
gives a (7, 4%2°, 4) code whose Gray image is a (14, 28, 4) binary code which is optimal
by [2].

— Formally self-dual function
Ja(x1, x2, X3, X4) = X1X2X4 +X1X2 +X1X3X4 + X1 X4+ X2 gives a (6, 4420 3) code whose
Gray image is a (12, 28, 3) binary code which is optimal by [2].

— Semi-bent function
f3(x1, X2, X3, X4) = X1X2 +X1X4 + X1 +X2X3 + X2 +x3X4 + x3 + x4 gives a (12, 4620 6)
code whose Gray image is a (24, 2!2, 6) binary code.

— Bent function
Ja(x1, x2, X3, X4) = X1X2 + X1X3 4+ X1X4 + X1 + X2x3 + X2x4 + x3x4 gives (6, 4420 2)
code whose Gray image is a (12, 28, 2) binary code.

The rank of a quadratic form g in m Boolean variables is defined to be the codimension of
itsradical Vy = {x € Fom | Vz € Fom, g(x+2)—g(x)—g(z) = 0}, orin terms of the bilinear
form By (x, y) = g(x +y) —g(x) — g(y), Vg = {x € Fom | Vz € Fom, Bg(x,2) =0},

Proposition2 Leth = L%J. Then the rank of Q(x) is equal to 2h.

Proof With the above notation, the bilinear form By (x, y) attached to Q is

m—1
Bo(x.y) = Y x*y*
i, j=0
J#
= tr(x)tr(y) 4+ tr(xy)
=tr(tr(x)y + xy).
Now x € Vo iff
Vz € Fom, tr(z(tr(x) +x)) = 0.
By the non-degenerescence of the trace form [4, Lemma 3.8.5], this yields ¢r(x) = x,

hence x € [F. But tr(1) = m, which is zero or one depending on the parity of m. O

Let f be an affine function. Without loss of generality, let f(x) = tr(ax) + b witha € I,
and b € IF,. Using Eq.(2), for any s € [3,,, we have

Wf(S) — Z (_1)tr(ax)+b+tr(sx) — (_1)b2m8a,s9 (4)
xEFzm

where 6, 5 is equal to 1 if a = s, and 0 if not. We are now ready for a connection with affine
functions. To this end, we need the following classical lemma [7, vol. 2, p. 1802].
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Lemma2 Let f be a Boolean degree 2 and let 2h be the rank of the associated quadratic
Boolean function. Its Walsh-Hadamard transform takes values in {0, £2"~"}.

The following corollary introduces a connection between affine functions and a class of
linear code C 5, over Z4. And the Lee weight distribution of the linear code C 5 is established.

Corollary 1 Let m > 2 be a positive integer. If f(x) = tr(ax) + b is an affine function in
m variables with a € F%,,, b € F2, then C 5 is a linear code with parameters (n g, 4™) with
ng= 2= and its Lee weight distribution is {0} U {21, 2m=1 4 (=Dbam—hyym-1 —
TR (w)), 2"~ — IR (w)) £ 27772 2m=1 — IR (I (w)) £2mh=1).

Proof Tt is not hard to get ny = 2™~! when f is an affine function. The result follows by
Theorem 1, Lemma 2 and Eq. (4). ]

Example 3 Form = 4 and b = 1, we have N(I"(w)) = £4, and we obtain the Lee distance
dp = 4. After Gray map we obtain a (16, 28 4), code, which is quasi-optimal by [2].

4.2 Caseof D =S¢+ 27T

In the light of Theorem 1, the linear code C , can have many weights. In order to get fewer
weights, we change the defining set of Cp. In this subsection, the defining set of Cp is
D={d=x+2y:x¢€ S‘f, y € T}. The main result of this subsection is described in the
following theorem.

Theorem 4 Let symbols and notations be as above. Let w = r +2s € R withr,s € 7.
Then Cp is a linear code over Z4 with length 2" n r and its weight distribution is given by
the following multiset:

H2mnsl) U{{2mny + 2" ' R(W G}
U{{0}}. (35)

Proof Tt is trivial that wy (co) = 0. Let w = r + 25 € R with r,s € 7 and (r, s) # (0, 0).
By a simple calculation, we have

xpy= 3 Tred

d=x+2yeD

— Z Z(_l)tr(ff)iTr(wx)

xeSpyeT
=2"8.0 » i,
xeSy
where §, o = 1ifr =0and 8,0 =0if r # 0.

As defined previously, if w € R*, we get wy (¢yy) = |D| = 2" n r. Now, suppose that w = 2s
with s € 7\{0}, then

x(wD) =2" % " (=) CY

xeSy

oy 1— (=)D (= 1y G
xeT 2

= 2" W, (5).
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Applying Eq. (1), for any w = 2s € I\{0}, the Lee weight of the codeword c,, is equal to
2"n 42" ! N(Wy(5)). Hence, the weight distribution of Cp is given by the multiset in (5).
This completes the proof. O

Theorem 4 established a connection between Boolean functions and a class of linear codes
over Zy. In order to determine the weight distribution of the linear code Cp, it is equivalent
to analyze the Walsh spectrum. We are now ready for a connection with bent functions.

Corollary 2 Letm > 2 be an even integer. If f is a bent Boolean function in m variables, then
m—2
Cp is a linear code with parameters 2" nys,4™), with ny = 2m=1 4 2557 and non-zero
3m—2
Lee weights 2"ny =272 and 2"ny.

Proof The length is estimated as in the binary case [1, (17)]. Since, by the definition of a bent
function, the Walsh transform takes values in {iZg }, the result follows by Theorem 4. O

Example 5 For m = 4, the bent function f(x1, x2, X3, X4) = x1x2 + x3x4 gives a code over
Z4 with parameters (96, 4420, 64) and its Hamming distance and Lee distance is 32 and 64
respectively. Its Gray image is a binary code with parameters (192, 28, 64).

Recall that f is a semi-bent function of m variables iff its Walsh—-Hadamard transform
takes three values, namely

— {0, 42”3, if m is odd
— {0, £2"3%), if m is even.

We have, by [1, Cor. 11] the following result. The proof is analogous to that of Corollary 2
and is omitted.

Corollary 3 Let m > 3 be an integer. If f is a semi-bent Boolean function in m variables,
then Cp is a linear code with parameters 2" n g, 4™), with

2, if f0)=0,
ng=2ml 2" if f<0>=2”’z“,1
:

=l 2" if F(0) = —2"F.

3m—1 3m—1
2Mpr—2"2 ,2"ne+2772 2"nri is odd,
Its non-zero Lee weights are nf 3m nf +3m s ffm is o
2M"ny —27,2"np+272,2"ny if mis even.

Example 6 In this example we construct trace codes over Zy4 form = 4, 5.

— For m = 4, the semi-bent function f(x1, x2, X3, X4) = X1X2 + X1x4 + X1 + x2x3 + x2 +
X3X4 + X3 4 x4 gives a code over Z4 with parameters (192, 4420, 192) and its Hamming
distance and Lee distance is 96 and 192 respectively. Its Gray image is a binary code
with parameters (384, 28 192), which is optimal by Griesmer’s bound.

— Form = 5, the semi-bent function f(x1, x2, X3, X4, X5) = X1X4 + X1X5 + X2X3 + x3x4 +
Xx3x5 + x3 4+ x4 + 1 gives a code over Z4 with parameters (512, 45 20) and its Hamming
distance and Lee distance is 192 and 384 respectively. Its Gray image is a binary code
with parameters (1024, 210, 384).
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5 Conclusion

In the present work we have studied a family of linear codes over the ring Z4. Given a classical
Boolean function, or, equivalently its support we have discussed two different constructions
of Trace codes. Building on the results in [ 1], we give upper and lower bounds on the minimum
Lee distance. However, the weight distribution is difficult to analyze in general, and we could
give only partial results when the Boolean function is affine. The second construction is easier
to analyze, and yields three-weight codes.

There is ample room for variation on these themes. Using difference sets or relative
difference sets might give more powerful results. Another path of inquiry would be to use a
similar approach for Z4 valued Boolean functions like those studied in [8].
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