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The aim of this case study is to identify the levels of pedagogical content knowledge (PCK) of middle school mathematics teachers in relation to statistical reasoning through a real life problem scenario. In this paper we focus on nine teachers' PCK about student thinking and misunderstanding in the context of Leukemia problem scenario. The data from the interviews were analyzed qualitatively. The results indicate some inadequacies in teachers' knowledge of student thinking and misunderstandings with regard to statistical reasoning.

Introduction

Statistics is a methodological discipline for dealing with data (Moore & [START_REF] Cobb | Mathematics, statistics, and teaching[END_REF]. Statistics also has an important role in critical and creative thinking in solving real life problems using data. Individuals who can use statistical knowledge while solving real life problems can be effective citizens. Therefore, using real life problems in teaching statistics is important to prepare individuals to cope with the challenges of daily life more easily. Because a lot of difficult statistical calculations can be made easily by technology, these skills require knowing how statistical information is to be used, analyzed and interpreted, and how to make inferences based on data. Hence it is important that individuals develop their statistical reasoning skills in order to be able to cope with the statistical information surrounding them in daily life. Statistical reasoning is defined as the way in which people reach the correct results from the statistical ideas and make sense of the statistical information [START_REF] Garfield | The Web-based ARTIST: Assessment resource tools for improving statistical thinking[END_REF]. Individuals' statistical reasoning skills can be improved during their school education [START_REF] Garfield | How students learn statistics revisited: A current review of research on teaching and learning statistics[END_REF]. Teachers play a key role in developing the statistical reasoning skills of students and encouraging them to use these skills. So, teachers need to be well equipped to help students develop such skills. However, the earlier studies [START_REF] Burgess | Investigating the nature of teacher knowledge needed and used in teaching statistics[END_REF][START_REF] Callingham | Measuring levels of statistical pedagogical content knowledge[END_REF][START_REF] Madden | High school mathematics teachers' evolving understanding of comparing distributions[END_REF][START_REF] Sorto | Prospective middle school teachers' knowledge about data analysis and its application to teaching[END_REF][START_REF] Watson | Establishing PCK for teaching statistics[END_REF][START_REF] Watson | Probing teachers' pedagogical content knowledge in statistics: "How will Tom get to school tomorrow?[END_REF][START_REF] Watson | Approaching the borderlands of statistics and mathematics in the classroom: qualitative analysis engendering an unexpected journey[END_REF] suggest that teachers do not have adequate knowledge of statistics and teaching statistics. Hence, teachers' knowledge about statistical reasoning and how they focus on students' statistical reasoning in teaching statistics become a needed area of inquiry. The purpose of this research is to examine the levels of pedagogical content knowledge (PCK) of nine middle school mathematics teachers with regard to statistical reasoning within the context of a real life problem scenario.

Theoretical Framework

PCK is one of the seven categories of knowledge that a teacher should have in order to make subject matter knowledge accessible to learners [START_REF] Shulman | Knowledge and teaching: Foundations of the new reform[END_REF]. Literature on PCK identifies the knowledge of student understanding specific to subject matter as one of the sub-dimensions [START_REF] Ball | Content knowledge for teaching what makes it special?[END_REF][START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF]. [START_REF] Burgess | Investigating the nature of teacher knowledge needed and used in teaching statistics[END_REF] study on teacher knowledge in teaching statistics showed that teachers were inadequate in using knowledge dimensions that could enrich learning and thus potential learning opportunities were missed. These missed opportunities were related to the following themes in relation to teacher knowledge about teaching statistics: familiarity with the data, interpreting student thinking, student difficulties related to statistical inquiry cycle, understanding of variation, and understanding the development of informal inference. [START_REF] Callingham | Measuring levels of statistical pedagogical content knowledge[END_REF] pointed out the importance of identifying the PCK of teachers in advancing students' statistical understanding. In their study they identified the levels of 42 teachers according to their PCK performances as follows: Aware Level, Emerging Level, Competent Level and Accomplished Level. Teachers at the aware level had less comprehensive statistical understanding and could not make appropriate recommendations to guide student understanding. The classroom interventions proposed by the teachers at the emerging level were, in particular, largely in the form of general strategies. These suggestions were not exactly in the context of statistics, but they pointed to a good teaching. Teachers at the competent level proposed statistically appropriate interventions only in the context of class activities they were familiar with. Teachers at the accomplished level were able to suggest appropriate or inappropriate student responses and student-centered intervention strategies combined with appropriate statistical content. [START_REF] Watson | Probing teachers' pedagogical content knowledge in statistics: "How will Tom get to school tomorrow?[END_REF] identified four non-hierarchical components of PCK in a study examining teachers' pedagogical content knowledge in statistics at the middle school level. The first two components that are "recognizing big ideas" and "anticipating student responses" reflect the link between teachers' content knowledge and knowledge of understanding of student thinking. The last two components, "employing content-specific strategies" and "constructing shift to general", include pedagogical practices used by teachers foreseeing the development of student perspectives. [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] and [START_REF] Ball | Content knowledge for teaching what makes it special?[END_REF] point to the importance of teacher knowledge of student. Also [START_REF] Burgess | Investigating the nature of teacher knowledge needed and used in teaching statistics[END_REF], [START_REF] Watson | Probing teachers' pedagogical content knowledge in statistics: "How will Tom get to school tomorrow?[END_REF] and [START_REF] Callingham | Measuring levels of statistical pedagogical content knowledge[END_REF] suggest that teacher knowledge needs to be researched more in depth and systematically in statistics education literature. On the other hand, the statistics education literature contains little research on teacher knowledge particularly with regard to statistical reasoning. Thus, this study focuses on investigating the levels of middle school mathematics teachers' PCK related to statistical reasoning.

Method

The case study method was used in the study. The participants of the study consisted of nine middle school mathematics teachers (two female and seven male teachers) from two different schools who volunteered to participate in the research. The participants' years of teaching experience varied between 2 and 35 years. As the interview is the most common data source in case studies [START_REF] Yin | Applications of case study research[END_REF], data for this study were collected through one-to-one interviews with participants using audio and video recordings. The unit of analysis was teachers' expressions used for each PCK dimension.

Data collection and task

A classroom discussion scenario about the leukemia problem was used during the interviews. The leukemia problem was inspired by the AIDS problem in the study of [START_REF] Mcclain | Supporting students' ways of reasoning about data[END_REF]. As shown in Figure 1 the problem requires a comparison of two data groups with different sizes to decide whether the new treatment is more effective than the traditional one in decreasing the number of white blood cells within the given context related to leukemia.

Graph 1: After the traditional treatment, the number of white blood cells in a drop of blood for 215 leukemia patients (The number of cells on the horizontal axis=one thousand).

Graph 2: After the experimental treatment, the number of white blood cells in a drop of blood for 65 leukemia patients (The number of cells on the horizontal axis=one thousand). In order to develop the classroom discussion scenario, the leukemia problem was firstly administered to the 6-8 th grades students to get a wide range of responses. Then the dialogue in Figure 2 was developed using these students' reasoning. In the interview, teachers were asked to identify which students used appropriate and inappropriate reasoning and the difficulty that might prevent the student from reasoning in an appropriate way.

1 Teacher: What can you say about whether the experimental treatment used on 65 leukemia patients is more successful than the traditional treatment used in 215 leukemia patients or not? 2 Didem: I am thinking that traditional treatment is more successful. Because the most people do not want to use the newly developed treatment method.

3

Aylin: I agree with you, Didem. Number of white blood cell of 43 of the patients treated with the experimental method is between 7000 and 25000. In a drop of blood of 59 of the patients treated with the traditional method there is 7000-25000 white blood cell. Traditional methods have improved more patients. I am thinking that traditional method is more successful, too.

4

Teacher: Ok then, Tuğçe? 5 Tuğçe: I think we must consider the traditional method of its own and experimental method of its own, too. 59 of the 215 patients in the conventional treatment and 43 of the 65 patients in the experimental treatment improved. But I don't know how to compare these.

6

Teacher: What do you think, Kağan? 7 Kağan: I think that the experimental method is slightly more successful. Because in the experimental method there is no patient in the most high cell values. However, in the traditional method most of the high values of cells are filled. Only in the number of cells 45 thousand, 51 thousand, 52 thousand, 53 thousand and 55 thousand there is no patient.

8

Teacher: Ok then, is there anybody thinking differently? Sinem? 9 Sinem: Teacher, I think experimental method is more successful. Because 215 is 3 times 65. If we equalize them, in the experimental method 43, in the traditional method approximately 19 people's white blood cell values return to normal.

10 Hale: Teacher, it is clear from the shape of the graph. The experimental method is more successful. 11 Teacher: How did you get that from the shape of the graph, Hale? Can you explain it? 12 Hale: In the traditional treatment most of the patients stacked on the right side of 25 thousand, in the experimental method most of the patients stacked to the left of the 25 thousand. In the experimental method the number of cells in most patients fell below 25 thousand. 

Data analysis

In the data analysis, along with the content analysis, the levels of statistical reasoning were defined using the framework and PCK levels used in [START_REF] Callingham | Measuring levels of statistical pedagogical content knowledge[END_REF]. Codes for PCK dimensions were defined by adapting Watson and Nathan's (2010) codes for statistical reasoning. These codes defined by the levels and PCK dimensions are shown in Table 1. 2 the quality of their explanations varied according to the PCK levels described in Table 1.

As seen in Table 3, the teachers' success rates of correctly identifying the difficulties causing to inappropriate student reasoning change between 25% and 75% and it is mostly at 50%. Moreover, the teachers' explanations about the sources of the errors are generally at the inadequate level and some at the competent level. Two of the teachers could not respond at the competent level. These findings point out the inadequacy in teacher knowledge about student misunderstanding.

Ismail teacher considered Kağan's inappropriate statistical reasoning (Figure 2, statement 7) as appropriate: "Kağan used appropriate reasoning because he took both data groups into account and compared the data". Therefore, the explanation of Ismail teacher was evaluated as a wrong answer and considered at the inadequate level.

Ebru teacher explained Aylin's misunderstanding as "Rather than evaluating the information at hand, she made a decision according to her own ideas or her thoughts based on observations around her." While Ebru teacher considered Aylin's reasoning as her personal opinions, she did not notice that Aylin failed to take into account the number of data points in each group and did not mention the lack of proportional reasoning. Therefore, the explanation of Ebru teacher was evaluated as an irrelevant answer and considered at the aware level.

Orhan teacher made a statement about the misunderstanding behind Aylin's inappropriate reasoning: "I think the difficulty is that she cannot understand the text and the question exactly." His explanation indicating that "she does not understand the question" was evaluated at the aware level because it was mainly an expression that showing an evaluation based on a personal belief.

Seda teacher explained Aylin's error as "Inability to fully understand the logic. For example, when there are two data [groups] to compare, she cannot specify the method of comparison." Since her explanation did not specify the point about how to determine the method of comparison, her statement was evaluated as an uncertain response and considered at the emerging level.

Güven teacher stated that Tuğçe's reasoning (Figure 2, statement 5) was in an inappropriate form and explained her misunderstanding as "she cannot see the ratio between the values and cannot calculate". Güven teacher's explanation was considered at the competent level because he based the source of the error on the right reasons.

Discussion and conclusion

The results of this research show that participating middle school mathematics teachers tend to have difficulties in recognizing the appropriateness of student reasoning. We did not see any pattern in teachers' success rate of identifying which students used appropriate and inappropriate reasoning with regard to their years of teaching experience in this study. This could be due to the small number of participants volunteered for this study. Moreover, teachers PCK levels with regard to student thinking and misunderstanding are either insufficient or competent. These findings suggest that while teachers are better in recognizing some students' reasoning approaches, they have no knowledge about some others. Therefore, teachers need to develop a spectrum of student thinking knowledge about statistical reasoning. Inadequacies in teachers' knowledge of student are similar to the findings of earlier research [START_REF] Callingham | Measuring levels of statistical pedagogical content knowledge[END_REF][START_REF] Watson | Approaching the borderlands of statistics and mathematics in the classroom: qualitative analysis engendering an unexpected journey[END_REF][START_REF] Watson | Establishing PCK for teaching statistics[END_REF]. As [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF][START_REF] Shulman | Knowledge and teaching: Foundations of the new reform[END_REF] and [START_REF] Ball | Content knowledge for teaching what makes it special?[END_REF] point out, student knowledge is one of the important dimensions of the PCK. According to [START_REF] Burgess | Investigating the nature of teacher knowledge needed and used in teaching statistics[END_REF], such inadequate knowledge can lead to the missed opportunities for developing student learning. However, we were not able to analyze this since the teachers were not observed in the actual classroom for a long period of time. For future research, both interviews with teachers and lengthy classroom observations can be conducted to gain deeper understanding of teachers' PCK in relation to student thinking and misunderstanding.
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 1 Figure 1: Data given in the Leukemia Problem in the interview protocol

Figure 2 :

 2 Figure 2: The dialogue between students and teacher about the leukemia problem

Table 1 : Codes for each level and two PCK dimensions: student thinking and misunderstanding Findings Teachers' PCK levels with regard to student thinking

 1 Teachers' success rate for identifying appropriate and inappropriate student reasoning in the given dialogue and the PCK levels based on their explanations regarding student thinking are shown in Table2. In the leukemia problem scenario teachers have identified six examples of student reasoning as appropriate or inappropriate. The success rate in Table 2 is calculated by the ratio of the number of correct identifications to the number of all student reasoning responses. The purpose of calculating this ratio is to be able to determine the adequacy of teachers in distinguishing appropriate and inappropriate examples of statistical reasoning. Even though several teachers had the same success rate of 67%, as seen in Table

		Student Thinking	Student Misunderstanding
		Codes	Explanation	Codes	Explanation
		No identifying	No explanation	Failure to explain	No explanation
				student	
	Level			misunderstanding	
	Inadequate	Wrong classification	Classifying inappropriate student reasoning as appropriate or	Wrong answers	Identifying misunderstanding incorrectly due to the earlier
			classifying appropriate student		misclassification of student reasoning
			reasoning as inappropriate		
		Irrelevant identifying	Expressions different from the	Irrelevant student	Expressions different from the
			answer given by the student	misunderstanding	possible misunderstanding of the
					student
	Aware Level	Identifying based on personal belief	Expressions based on such reasons as carelessness	Student on personal belief misunderstandings based	Expressions based on such reasons as carelessness
		Correct classifying	Explanations consisting of	Determining student	Identifying student misunderstandings
		based on wrong reasons	classification for wrong reasons	misunderstandings based	based on wrong reasons
				on wrong reasons	
		Uncertain identification	Statements not consisting of clear	Uncertain answers	Statements not containing clear
			explanations and repeating the		descriptions regarding the source of
			student's response		the error/misunderstanding and
	Level				repeating the student's response
	Emerging	Incomplete reasons	Insufficient explanations for the reason	Incomplete answers	Insufficient explanations for the source of student error
		Reasons not including	Statements based on general	Responses not including	Statements based on general statistical
		clear specific details in	statistical interpretations and lack of	clear specific details in	interpretations and lack of student

While the teachers' success rates of correctly identifying students' reasoning change between 17-83%, there are only two participants with a success rate of 50% or less and other success rates are close to each other except for the lowest and highest success rates. In addition, the teachers' statements for the reasons of classifying student reasoning examples are either inadequate level or competent level. This can be related with teachers having more knowledge about some reasoning approaches than the others.

One example of inadequate level was the explanation of Ismail teacher, who considered Aylin's reasoning (Figure 2, statement 3) inappropriate and explained her reasoning as "there is no need for the new one [treatment], I think she wants to say that it can be carried like that [traditional]". This response was considered at the inadequate level because it consisted of details that were not relevant to Aylin's reasoning approach.

Eren teacher classified Aylin's reasoning approach as inappropriate. He explained his reason as "She has taken into account the number of healthy people. I mean, she did not take into account the entire treatment period." The teacher's explanation was evaluated as a response based on incorrect reasons and considered at the level of aware.

Suat teacher who stated that Aylin's reasoning approach was not appropriate, explained his reason as "She did not consider the patients who were out-of-range." Suat teacher's description did not include details on how to handle the number of patients outside the range. For this reason, his answer was dealt with at an emerging level because it did not contain specific details.

The reasoning of Sinem (Figure 2, statement 9) was classified as appropriate. Because Sinem took into account the difference in the sample sizes while comparing two distributions and used proportional reasoning. Güven teacher stated that Sinem used a suitable approach because she equalized the number of data in the groups using proportions. For this reason, the explanation of Güven teacher was evaluated as a correct answer and considered at the competent level.

Teachers' PCK levels with regard to student misunderstanding

Teachers' success rate for identifying the difficulties causing to inappropriate student reasoning in the given dialogue and the PCK levels based on their explanations regarding student misunderstanding are displayed in Table 3.