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STOCHASTIC HOMOGENIZATION OF NONCONVEX INTEGRALS IN
THE SPACE OF FUNCTIONS OF BOUNDED DEFORMATION

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

Abstract. We study stochastic homogenization by Γ-convergence of nonconvex integrals
of the calculus of variations in the space of functions of bounded deformation.
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1. Introduction

The space of functions of bounded deformation has been introduced by [TS78, Suq78, MSC79,
Suq79] to study variational problems of plasticity theory (see [Tem80, Tem83]). This space is
made of vectorial L1-functions u whose the symmetric part of the distributional derivative,
i.e. Eu :“ 1

2
pDu ` DuT q, is a vectorial Radon measure. For such functions u we have

Eu “ Eudx`Esu with Eu :“ 1
2
p∇u`∇uT q the symmetrized gradient of u, where pEu,Esuq

is the Lebesgue decomposition of Eu with respect to the Lebesgue measure dx. In the context
of the hyperelastic-plastic theory, at the macroscopic scale, the energy of deformation of a
hyperelastic-plastic material occupying in a reference configuration a bounded open set O is
of the form

ż

O

WmacropEuq (1.1)

Key words and phrases. Stochastic homogenization, Γ-convergence, nonconvex integrand, space of func-
tions of bounded deformation.
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where Wmacro is the energy density of the hyperelastic-plastic material at the macroscopic
scale. From the point of view of homogenization, an important problem is to look for an
effective formula for Wmacro which takes the heterogeneities of the material at the microscopic
scale into account. To do this, a classical procedure consists of considering periodic or
stochastic energy integrals on regular deformations representing the material at small scales
ε ą 0, i.e.

ż

O

W
´x

ε
, Eu, ω

¯

dx (1.2)

where W p ¨
ε
, ξ, ωq is the energy density of the material at the scale ε, and to pass to the limit,

in the sense of Γ-convergence of De Giorgi, as ε tends to 0. So, under suitable assumptions
on W , the problem is to know whether the Γ-limit of (1.2) is of type (1.1) and to find the
formula of the energy density Wmacro which will depend on W . In the periodic and convex
case, i.e. when W p ¨

ε
, ξq is convex with respect to ξ, this Γ-convergence problem was solved

by Bouchitté in [Bou87, Theorem 3.2] (see also Ansini and Ebobisse [AE01, Theorem 5.1]).
The object of the present paper is to deal with the stochastic and nonconvex case.

The plan of the paper is as follows. The main result of the paper is stated in Sect. 2 (see
Theorem 2.1). In Sect. 3 we give auxiliary results needed to prove Theorem 2.1. A key
tool in the proof Theorem 2.1 is the one of subadditive process: this is recalled in §3.1.
The properties of the homogenized density, which is defined as the almost sure limit of a
subadditive process, are established in §3.2. In §3.3 we recall some properties of the functions
of bounded deformation that we use in the proof of the lower bound and the upper bound.
To establish the upper bound we also need a relaxation theorem in the space of functions of
bounded deformation and the use of the Vitali envelope of a set function: these are recalled
in §3.4 and §3.5 respectively. Finally, Theorem 2.1 is proved in Sect. 4. Its proof is divided
into two propositions: the lower bound (see Proposition 4.1) and the upper bound (see
Proposition 4.2).

2. Main result

Let pΩ,F ,P, tτzuzPZN q be a dynamical system, let N P N˚, let O Ă RN is a bounded open
set, let OpOq be the class of open subsets of O and let BDpOq be the space of functions of
bounded deformation on O, i.e.

BDpOq :“

"

u P L1
pO;RN

q : Eu :“
1

2

`

Du`DuT
˘

PMpOq

*

,

where MpOq is the space of N ˆ N matrix-valued bounded Radon measures on O and
Du is the distributional derivative of u. For each u P BDpOq, Eu “ Eudx ` Esu with
Eupxq :“ 1

2
p∇upxq ` ∇upxqT q the symmetrized gradient, where pEu,Esuq is the Lebesgue

decomposition of Eu with respect to the Lebesgue measure on O that we denote by dx. Let
LDpOq Ă BDpOq be given by

LDpOq :“
!

u P L1
pO;RN

q : Esu “ 0
)

.
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In this paper we are concerned with stochastic integrals Iε : BDpOqˆΩ ! r0,8s, depending
on a parameter ε ą 0, defined by

Iεpu, ωq :“

$

&

%

ż

O

W
´x

ε
, Eupxq, ω

¯

dx if u P LDpOq

8 if u P BDpOqzLDpOq

where W : RN ˆRNˆN
sym ˆ Ω ! r0,8r is a Borel measurable stochastic integrand1 satisfying

the following conditions:

(C1) W is tτzuzPZN -covariant, i.e.

W px` z, ξ, ωq “ W px, ξ, τzpωqq

for x P RN , all ξ P RNˆN
sym , all z P ZN and all ω P Ω;

(C2) W has 1-growth, i.e. there exist α, β ą 0 such that for every ω P Ω, one has

α|ξ| ď W px, ξ, ωq ď βp1` |ξ|q (2.1)

for all x P RN and all ξ P RNˆN
sym with RNˆN

sym denoting the space of N ˆN symmetric
real matrices;

(C3) W is Lipschitz continuous, i.e. there exists C ą 0 such that for every ω P Ω, one has

|W px, ξ, ωq ´W px, ζ, ωq| ď C|ξ ´ ζ|

for all x P RN and all ξ P RNˆN
sym ;

(C4) W is symmetric quasiconvex, i.e. for every ω P Ω, one has

W px, ξ, ωq “ inf

"
ż

s0,1rN
W px, ξ ` Eφpyq, ωqdy : φ P C1

c ps0, 1r
N ;RN

q

*

for all x P RN and all ξ P RNˆN
sym .

The object of the paper is to compute the almost sure Γ-limit of tIεuεą0 as ε ! 0 with
respect to the strong convergence of L1pO;RNq. By the almost sure ΓpL1q-limit of tIεuεą0

as ε ! 0 we mean a functional Ihom : BDpOq ˆ Ω ! r0,8s such that for P-a.e. ω P Ω, one
has:

Γ-lim: for every u P BDpOq, ΓpL1q- limε!0 Iεpu, ωq ě Ihompu, ωq with

ΓpL1
q- lim
ε!0

Iεpu, ωq :“ inf

"

lim
ε!0

Iεpuε, ωq : uε ! u in L1
pO;RN

q

*

,

or equivalently, for every u P BDpOq and every tuεuεą0 Ă LDpOq such that uε ! u
in L1pO;RNq,

lim
ε!0

Iεpuε, ωq ě Ihompu, ωq;

1By a Borel measurable stochastic integrand W : RN ˆRNˆN
sym ˆΩ ! r0,8r we mean that W is pBpRN qb

BpRNˆN
sym q b F ,BpRqq-measurable, where BpRN q, BpRNˆN

sym q and BpRq denote the Borel σ-algebra on RN ,

RNˆN
sym and R respectively.
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Γ-lim: for every u P BDpOq, ΓpL1q- limε!0 Iεpu, ωq ď Ihompu, ωq with

ΓpL1
q- lim
ε!0

Iεpu, ωq :“ inf
!

lim
ε!0

Iεpuε, ωq : uε ! u in L1
pO;RN

q

)

,

or equivalently, for every u P BDpOq there exists tuεuεą0 Ă LDpOq such that uε ! u
in L1pO;RNq and

lim
ε!0

Iεpuε, ωq ď Ihompu, ωq.

We then write ΓpL1q-limε!0 Iε “ Ihom. (For more details on the theory of Γ-convergence we
refer to [DM93].) The main result of the paper is the following.

Theorem 2.1. Assume that (C1), (C2), (C3) and (C4) hold. Then, ΓpL1q- limε!0 Iε “ Ihom

with Ihom : BDpOq ˆ Ω ! r0,8s given by

Ihompu, ωq :“

ż

O

WhompEupxq, ωqdx`
ż

O

W8
hom

ˆ

dEsu

d|Esu|
pxq, ω

˙

d|Esu|pxq,

where Whom,W
8
hom : RNˆN

sym ˆ Ω ! r0,8r are defined by:

Whompξ, ωq :“ inf
kPN˚

1

kN
EI

„

inf

"
ż

s0,krN
W px, ξ ` Evpxq, ¨qdx : v P LD0ps0, kr

N
q

*

pωq;

W8
hompξ, ωq :“ lim

ε!0

Whomptξ, ωq

t
,

where EI denotes the conditional expectation over I with respect to P, with I being the σ-
algebra of invariant sets with respect to pΩ,F ,P, tτzuzPZN q. If in addition pΩ,F ,P, tτzuzPZN q
is ergodic, then Whom is deterministic and is given by

Whompξq :“ inf
kPN˚

1

kN
E
„

inf

"
ż

s0,krN
W py, ξ ` Evpyq, ¨qdy : v P LD0ps0, kr

N
q

*

,

where E denotes the expectation with respect to P.

Periodic homogenization by Γ-convergence for nonconvex Hencky plasticity functionals has
been recently studied by Jesenko and Schmidt (see [JS18]). Analogue results of Theorem 2.1
in the space of functions of bounded variation were obtained by De Arcangelis and Gargiulo
in the periodic case (see [DAG95]) and by Abddaimi, Licht and Michaille in the stochastic
case (see [AML97]).

3. Auxiliary results

3.1. A subadditive theorem. Let pΩ,F ,Pq be a probability space and let tτzuzPZN be
satisfying the following three properties:

‚ τz : Ω ! Ω is F -mesurable for all z P ZN ;

‚ τzoτz1 “ τz`z1 and τ´z “ τ´1
z for all z, z1 P ZN ;

‚ PpτzpAqq “ PpAq for all A P F and all z P ZN .

Definition 3.1. Such a tτzuzPZN is said to be a group of P-preserving transformation on
pΩ,F ,Pq and the quadruplet pΩ,F ,P, tτzuzPZN q is called a measurable dynamical system.
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Let I :“ tA P F : PpτzpAq∆Aq “ 0 for all z P ZNu be the σ-algebra of invariant sets with
respect to pΩ,F ,P, tτzuzPZN q.

Definition 3.2. When PpAq P t0, 1u for all A P I, the measurable dynamical system
pΩ,F ,P, tτzuzPZN q is said to be ergodic.

In what follows, we assume that pΩ,F ,P, tτzuzPZN q is a measurable dynamical system and
we denote the class of bounded Borel subsets of RN by BbpR

Nq.

Definition 3.3. We say that S : BbpR
Nq ! L1pΩ,F ,Pq is a subadditive process if S is

subadditive, i.e.

SpB YB1q ď SpBq ` SpB1q
for all B,B1 P BbpR

Nq such that B XB1 “ H, and tτzuzPZN -covariant, i.e.

SpB ` zq “ SpBqoτz
for all B P BbpR

Nq and all z P ZN .

Definition 3.4. We say that tQεuεą0 Ă BbpR
Nq is regular if there exist tIεuεą0 and C ą 0

such that every Iε is an interval2 in ZN , Iε Ă Iε1 whenever ε1 ă ε and |Iε| ď C|Qε| for all
ε ą 0.

The following theorem, which is an extension of Akcoglu-Krengel’s subadditive theorem (see
[AK81, Kre85]), was proved by Licht and Michaille in [LM02, Theorem 4.1].

Theorem 3.5. Let S : BbpR
Nq! L1pΩ,F ,Pq be a subadditive process such that:

(S1) γpSq :“ inf

"
ż

Ω

SpIqpωq
|I|

dPpωq : I is an interval in ZN
*

ą ´8;

(S2) there exists h P L1pΩ,F ,Pq such that |SpQq| ď h for all Q P BbpR
Nq such that Q is

convex and Q Ă r0, 1rN .

Then, there exists Ω1 P F with PpΩ1q “ 1 such that for every ω P Ω1, one has

lim
ε!0

SpQεqpωq

|Qε|
“ inf

kPN˚

1

kN
EI “Spr0, krNq

‰

pωq

for all tQεuεą0 Ă BbpR
Nq such that Qε is convex for all ε ą 0, limε!0 diampQεq “ 8 and

tQεuεą0 is regular, where EI denotes the conditional expectation over I with respect to P. If
in addition pΩ,F ,P, tτzuzPZN q is ergodic, then for every ω P Ω1, one has

lim
ε!0

SpQεqpωq

|Qε|
“ inf

kPN˚

1

kN
E
“

Spr0, krNq
‰

,

where ErSpr0, krNqs denotes the expectation of Spr0, krNq with respect to P.

Remark 3.6. For any cube Q in RN , tQεuεą0 defined by Qε :“ 1
ε
Q is regular. Moreover,

every Qε is convex and limε!0 diampQεq “ 8.

2By an interval I in ZN we mean that I “
śN

i“1rai, bir with ai, bi P Z.
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3.2. Definition and properties of the homogenized density. Let ξ P RNˆN
sym and let

Sξ : BbpR
Nq! L1pΩ,F ,Pq be defined by

SξpBqpωq :“ inf

"
ż

B̊

W px, ξ ` Evpxq, ωqdx : v P LD0pB̊q

*

(3.1)

with W : RN ˆ RNˆN
sym ˆ Ω ! r0,8r satisfying (C1) and (C2), where pΩ,F ,P, tτzuzPZN q

is a dynamical system. Then, it is easily seen that Sξ is a subadditive process satisfiyng
(S1) and (S2) of Theorem 3.5 and, according to Remark 3.6, the following proposition is a
straightfoward consequence of Theorem 3.5, the Lipschitz continuity of W , i.e. (C3), and
the fact that QNˆNsym is dense in RNˆN

sym , where QNˆNsym denotes the space of N ˆN symmetric
rational matrices.

Proposition 3.7. Assume that (C1), (C2) and (C3) hold. Then, there exists pΩ P F with

PppΩq “ 1 such that for every ω P pΩ, one has

lim
ε!0

Sξ
`

1
ε
Q
˘

pωq
ˇ

ˇ

1
ε
Q
ˇ

ˇ

“ inf
kPN˚

1

kN
EI “Sξpr0, krNq

‰

pωq

for all ξ P RNˆN
sym and all cube Q in RN . If in addition pΩ,F ,P, tτzuzPZN q is ergodic, then

for every ω P pΩ, one has

lim
ε!0

Sξ
`

1
ε
Q
˘

pωq
ˇ

ˇ

1
ε
Q
ˇ

ˇ

“ inf
kPN˚

1

kN
E
“

Sξpr0, krNq
‰

.

Definition 3.8. According to Proposition 3.7 we define Whom : RNˆN
sym ˆ Ω ! r0,8r by

Whompξ, ωq :“ lim
ε!0

Sξ
`

1
ε
Q
˘

pωq
ˇ

ˇ

1
ε
Q
ˇ

ˇ

“ inf
kPN˚

1

kN
EI

„

inf

"
ż

s0,krN
W px, ξ ` Evpxq, ¨qdx : v P LD0ps0, kr

N
q

*

pωq.

When pΩ,F ,P, tτzuzPZN q is ergodic, Whom is deterministic, i.e. Whom : RNˆN
sym ! r0,8r is

given by

Whompξq “ inf
kPN˚

1

kN
E
„

inf

"
ż

s0,krN
W px, ξ ` Evpxq, ¨qdx : v P LD0ps0, kr

N
q

*

.

Finally, here are some properties of Whom that will be useful in the proof of Proposition 4.2.

Proposition 3.9. Assume that (C1), (C2), (C3) and (C4) hold. Then, Whom has 1-growth,
is Lipschitz continuous and symmetric quasiconvex.

Proof of Proposition 3.9. It is easily seen that Whom has 1-growth and is Lipschitz con-

tinuous. We only prove that Whom is symmetric quasiconvex. Let ω P pΩ (where pΩ is given
by Proposition 3.7). From Proposition 3.7 (and Definition 3.8) we have

Whompζ, ωq “ lim
ε!0

W ε
hompζ, ωq for all ζ P RNˆN

sym , (3.2)
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where W ε
homp¨, ωq : RNˆN

sym ! r0,8r is given by

W ε
hompζ, ωq :“

1
ˇ

ˇ

1
ε
Y
ˇ

ˇ

inf

#

ż

1
ε
Y

W px, ζ ` Evpxq, ωqdx : v P LD0

ˆ

1

ε
Y

˙

+

with Y :“s0, 1rN . Fix ξ P RNˆN
sym and φ P C1

c pY ;RNq. We have to prove that

Whompξ, ωq ď

ż

Y

Whompξ ` Eφpyq, ωqdy. (3.3)

As W ε
hompξ, ωq ď βp1 ` |ξ|q for all ε ą 0, according to (3.2) and Lebesgue’s dominated

convergence theorem, to establish (3.3) it suffices to show that for every ε ą 0, one has

W ε
hompξ, ωq ď

ż

Y

W ε
hompξ ` Eφpyq, ωqdy. (3.4)

Fix ε ą 0. By using the symmetric quasiconvexity of W and Fubini’s theorem, we have

W ε
hompξ, ωq ď

1
ˇ

ˇ

1
ε
Y
ˇ

ˇ

inf

#

ż

1
ε
Y

ż

Y

W px, ξ ` Evpxq ` Eφpyq, ωq dydx : v P LD0

ˆ

1

ε
Y

˙

+

“ inf

#

ż

Y

1
ˇ

ˇ

1
ε
Y
ˇ

ˇ

ż

1
ε
Y

W px, ξ ` Eφpyq ` Evpxq, ωq dxdy : v P LD0

ˆ

1

ε
Y

˙

+

. (3.5)

On the other hand, fix any δ ą 0. By Castaing’s selection measurable theorem we can assert
that there exists a measurable map

Y ! LD0

`

1
ε
Y
˘

y 7! vy

such that for a.e. y P Y , one has

1
ˇ

ˇ

1
ε
Y
ˇ

ˇ

ż

1
ε
Y

W px, ξ ` Eφpyq ` Evypxq, ωq dx ď W ε
hompξ ` Eφpyq, ωq ` δ (3.6)

From (3.5) and (3.6) we deduce that

W ε
hompξ, ωq ď

ż

Y

W ε
hompξ ` Eφpyq, ωqdy ` δ,

and (3.4) follows by letting δ ! 0. �

3.3. Some properties of functions of bounded deformation. Here we recall some
properties of functions of bounded deformation that we use in the proof of Theorem 2.1.
(For more details on the space of bounded deformation, we refer to [ACDM97, DPR19] and
the references therein.)

Let O Ă RN , let MpOq be the space of N ˆN matrix-valued bounded Radon measures on
O and let BDpOq the space of functions of bounded deformation on O, i.e.

BDpOq :“

"

u P L1
pO;RN

q : Eu :“
1

2

`

Du`DuT
˘

PMpOq

*

,
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Du denotes the distributional derivative of u. For each u P BDpOq we have

Eu “ Eudx` Esu,

where pEu “ dEu
dx
, Esuq is the Lebesgue decomposition of Eu with respect to the Lebesgue

measure on O that we denote by dx. Moreover, Eu is the approximate symmetrized gradient
of u, i.e.

Theorem 3.10. For dx-a.e. x0 P O, Eupx0q “
1
2
p∇upx0q `∇upx0q

T q and

lim
ρ!0

1

|Qρpx0q|

ż

Qρpx0q

|u´ ux0 |

ρ
dx “ 0,

where ux0 is the affine function defined by ux0pxq :“ upx0q `∇upx0qpx´ x0q and Qρpx0q :“
x0 ` ρQ with Q the unit cell centered at the origin.

and the analogue of Alberti’s rank-one theorem holds, i.e.

Theorem 3.11. Let u P BDpOq. Then, for |Esu|-a.e. x0 P O there exist apx0q P R
N and

bpx0q P R
N with |apx0q| “ |bpx0q| “ 1 such that

dEu

d|Eu|
px0q “ apx0q d bpx0q. (3.7)

Theorem 3.11, which will be used in the proof of Proposition 4.1, has recently been estab-
lished by De Philippis and Rindler in [DPR16]. The following two lemmas will be also useful
in the proof of Proposition 4.1.

Lemma 3.12. Let u P BDpOq, let x0 P suppp|Esu|q be such that (3.7) holds and let Q
be the unit cube centered at the origin whose the sides are either orthogonal or parallel to
apx0q.Then:

lim
ρ!0

|Eu|pQρpx0qq

ρN
“ 8;

lim
ρ!0

|Eu|pQδρpx0qq

|Eu|pQρpx0qq
ě δN for all δ Ps0, 1r. (3.8)

Lemma 3.13. Let u P BDpOq, let x0 P suppp|Esu|q be such that (3.7) holds and, for each
ρ ą 0, let vρ P BDpQq be defined by

vρpxq :“
ρN´1

|Eu|pQρpx0qq

˜

upx0 ` ρxq ´
1

ρN

ż

Qρpx0q

upyqdy

¸

`Rρpyq, (3.9)

where Rρ : RN ! RN is a rigid deformation3. Then:

(i) EvρpQq “
EupQρpx0qq

|Eu|pQρpx0qq
and

lim
ρ!0

EvρpQq “ lim
ρ!0

EupQρpx0qq

|Eu|pQρpx0qq
“ apx0q d bpx0q; (3.10)

3By a rigid deformation we mean a map R : RN ! RN defined by Rpxq “ Sx` σ for all x P RN , where
S is a N ˆN skew-symmetric matrix and σ P RN .



STOCHASTIC HOMOGENIZATION OF NONCONVEX INTEGRALS IN BD 9

(ii) up to a subsequence, vρ ! v in L1pQ;RNq and Evρ á Ev weakly in MpOq with
v P BDpQq defined by

vpxq :“ v̄pxbpx0q, xyqapx0q ` cpapx0q d bpx0qqx`Rpyq, (3.11)

where v̄ :s ´ 1
2
, 1

2
r! R is bounded and increasing, c ą 0 and R : RN ! RN is a rigid

deformation. Moreover, for a.e. δ Ps0, 1r, one has

lim
ρ!0

EvρpδQq “ EvpδQq. (3.12)

For a proof of Lemmas 3.12 and 3.13 we refer to [KR19, DPR17].

3.4. A relaxation theorem in the space of functions of bounded deformation. The
following result has been recently established by Kosiba and Rindler (see [KR19, Theorem
1.3] and also [Rin11, BFT00, ARPR17]).

Theorem 3.14. Let O Ă RN be a bounded open set, let V : RNˆN
sym ! r0,8r be a continuous

and symmetric quasiconvex integrand having 1-growth, let J : BDpOq! r0,8s defined by

Jpuq :“

$

&

%

ż

O

V pEupxqqdx if u P LDpOq

8 if u P BDpOqzLDpOq

and let J : BDpOq! r0,8s be the L1-lower semicontinuous envelope of J , i.e.

Jpuq :“ inf

"

lim
n!8

Jpunq : un ! u in L1
pO;RN

q

*

.

Then, for every u P BDpOq, one has

Jpuq “

ż

O

V pEupxqqdx`
ż

O

V 8
ˆ

dEsu

d|Esu|
pxq

˙

d|Esu|pxq

with V 8 : RNˆN
sym ! r0,8r given by V 8pξq :“ limε!0

V ptξq
t

.

3.5. Integral representation of the Vitali envelope of a set function. What follows
was first developed in [BFM98, BB00] (see also [AHM16, AHM17, AHCM17]). Let O Ă RN

be a bounded open set and let OpOq be the class of open subsets of O. We begin with the
concept of the Vitali envelope of a set function.

For each δ ą 0 and each A P OpOq, denote the class of countable families tQi “ QρipxiquiPI
(where Qρipxiq :“ xi ` ρiQ where Q is the unit cell centered at the origin) of disjoint open
cubes of A with xi P A, ρi ą 0 and diampQiq Ps0, δr such that |Az YiPI Qi| “ 0 by VδpAq.

Definition 3.15. Given S : OpOq ! r0,8s, for each δ ą 0 we define Sδ : OpOq ! r0,8s
by

SδpAq :“ inf

#

ÿ

iPI

SpQiq : tQiuiPI P VδpAq

+

. (3.13)

By the Vitali envelope of S we call the set function S˚ : OpOq! r´8,8s defined by

S˚pAq :“ sup
δą0

SδpAq “ lim
δ!0

SδpAq. (3.14)
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The interest of Definition 3.15 comes from the following integral representation result. (For
a proof we refer to [AHCM17, §A.4].)

Theorem 3.16. Let S : OpOq ! r0,8s be a set function satisfying the following two
conditions:

(a) there exists a finite Radon measure ν on Ω which is absolutely continuous with respect
to dx such that SpAq ď νpAq for all A P OpOq;

(b) S is subadditive, i.e., SpAq ď SpBq ` SpCq for all A,B,C P OpOq with B,C Ă A,
B X C “ H and |AzB Y C| “ 0.

Then limρ!0
SpQρp¨qq
|Qρp¨q|

P L1pΩq and for every A P OpOq, one has

S˚pAq “
ż

A

lim
ρ!0

SpQρpxqq

|Qρpxq|
dx.

4. Proof of the homogenization theorem

Theorem 2.1 is a direct consequence of the following two propositions (see Proposition 4.1
in §4.1 and Proposition 4.2 in §4.2).

4.1. The lower bound. Here we establish that ΓpL1q- limε!0 Iε ě Ihom.

Proposition 4.1 (lower bound). Under the assumption of Theorem 2.1, for P-a.e. ω P Ω,
one has

lim
ε!0

Iεpuε, ωq ě Ihompu, ωq (4.1)

for all u P BDpOq and all tuεuεą0 Ă LDpOq such that uε ! u in L1pO;RNq.

Proof of Proposition 4.1. The proof of this proposition follows the same method as in

[AML97, Theorem 3.1]. Let ω P pΩ where pΩ P F is given by Proposition 3.7. Let u P BDpOq
and let tuεuεą0 Ă LDpOq be such that uε ! u in L1pO;RNq. Without loss of generality we
can assume that

lim
ε!0

Iεpuε, ωq “ lim
ε!0

Iεpuε, ωq ă 8, and so sup
εą0

Iεpuε, ωq ă 8. (4.2)

For each ε ą 0, we define the (positive) Radon measure µε on O by

µε :“ W
´

¨

ε
, Eup¨q, ω

¯

dx.

From (4.2) we see that supεą0 µεpOq ă 8, and so there exists a (positive) Radon measure µ
on O such that (up to a subsequence) µε á µ weakly. By Lebesgue’s decomposition theorem,
we have µ “ µa`µs where µa and µs are (positive) Radon measures on O such that µa ! dx
and µs K dx. Thus, to prove (4.1) it suffices to show that:

µa ě WhompEup¨q, ωqdx; (4.3)

µs ě W8
hom

ˆ

dEsu

d|Esu|
p¨q, ω

˙

|Esu|. (4.4)
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Proof of (4.3). It suffices to prove that

lim
ρ!0

µpQρpx0qq

|Qρpx0q|
ě WhompEupx0q, ωq (4.5)

for dx-a.a. x0 P O with Qρpx0q :“ x0 ` ρQ where Q is the unit cell centered at the origin.
As µpOq ă 8 without loss of generality we can assume that µpBQρpx0qq “ 0 for all ρ ą 0,
and so to prove (4.5) it is sufficient to establish that

lim
ρ!0

lim
ε!0

µεpQρpx0qq

|Qρpx0q|
ě WhompEupx0q, ωq. (4.6)

Fix any ε ą 0, any ρ ą 0, any s Ps0, 1r and any δ Ps0, 1r. Fix any q P N˚ and consider
tQiuiPt0,¨¨¨ ,qu Ă Qδρpx0q given by

Qi :“

"

Qsδρpx0q if i “ 0
Qsδρ` i

q
δρp1´sqpx0q if i P t1, ¨ ¨ ¨ , qu.

For every i P t1, ¨ ¨ ¨ , qu, consider a Uryshon function ϕi P C
8pOq for the pair pOzQi, Qi´1q

4

such that

}∇ϕi}L8pO;RN q ď
q

δρp1´ sq

and define uiε P ux0 ` LD0pQδρpx0qq by

uiε :“ ux0 ` ϕipuε ´ ux0q

with ux0pxq :“ upx0q `∇upx0qpx´ x0q. Fix any i P t1, ¨ ¨ ¨ , qu. We then have

Euiε “

$

&

%

Euε in Qi´1

Eupx0q ` ϕiEpuε ´ ux0q `∇ϕi d puε ´ ux0q in QizQi´1

Eupx0q in Qδρpx0qzQi,

and so
ż

Qδρpx0q

W
´x

ε
, Euiε, ω

¯

dx “

ż

Qi´1

W
´x

ε
, Euε, ω

¯

dx`

ż

QizQi´1

W
´x

ε
, Euiε, ω

¯

dx.

`

ż

Qδρpx0qzQi

W
´x

ε
, Eupx0q, ω

¯

dx.

4By a Uryshon function from O to R for the pair pOzV,Kq, where K Ă V Ă O with K compact and V
open, we mean ϕ P C8pOq such that ϕpxq P r0, 1s for all x P O, ϕpxq “ 0 for all x P OzV and ϕpxq “ 1 for
all x P K.
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Taking the right inequality in (2.1) into account, we see that:

1

|Qρpx0q|

ż

Qi´1

W
´x

ε
, Euε, ω

¯

dx ď
1

|Qρpx0q|

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx

ď
µεpQρpx0qq

|Qρpx0q|
;

1

|Qρpx0q|

ż

QizQi´1

W
´x

ε
, Euiε, ω

¯

dx ď cδNp1´ sqN `
β

|Qρpx0q|

ż

QizQi´1

|Epuε ´ ux0q|dx

`
β

δp1´ sq

1

|Qρpx0q|

ż

QizQi´1

|uε ´ ux0 |

ρ
dx;

1

|Qρpx0q|

ż

Qδρpx0qzQi

W
´x

ε
, Eupx0q, ω

¯

dx ď cδNp1´ sqN ,

where c :“ βp1 ` |Eupx0q|q. Consider SEupx0qp¨qpωq defined by (3.1) with ξ “ Eupx0q. From
the above we deduce that

δN
SEupx0q

`

1
ε
Qδρpx0q

˘

pωq
ˇ

ˇ

1
ε
Qδρpx0q

ˇ

ˇ

ď
1

|Qρpx0q|

ż

Qδρpx0q

W
´x

ε
, Euiε, ω

¯

dx

ď
µεpQρpx0qq

|Qρpx0q|
` 2cδNp1´ sqN

`
β

|Qρpx0q|

ż

QizQi´1

|Epuε ´ ux0q|dx

`
βq

δp1´ sq

1

|Qρpx0q|

ż

QizQi´1

|uε ´ ux0 |

ρ
dx,

and averaging these inequalities, we obtain

δN
SEupx0q

`

1
ε
Qδρpx0q

˘

pωq
ˇ

ˇ

1
ε
Qδρpx0q

ˇ

ˇ

ď
µεpQρpx0qq

|Qρpx0q|
` 2cδNp1´ sqN

`
1

q

β

|Qρpx0q|

ż

Qδρpx0qzQsδρpx0q

|Epuε ´ ux0q|dx

`
βq

δp1´ sq

1

|Qρpx0q|

ż

Qρpx0q

|uε ´ ux0 |

ρ
dx.

Taking Proposition 3.7 (and Definition 3.8) and Theorem 3.10, letting q ! 8 and then
ε! 0 and ρ! 0, we conclude that

δNWhompEupx0q, ωq ď lim
ρ!0

lim
ε!0

µεpQρpx0qq

|Qρpx0q|
` 2cδNp1´ sqN ,

(4.6) follows by letting s! 1 and δ ! 1.

Proof of (4.4). It suffices to prove that

lim
ρ!0

µpQρpx0qq

|Eu|pQρpx0qq
ě W8

hompapx0q d bpx0q, ωq (4.7)
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for |Esu|-a.a. x0 P O such that (3.7) holds with Qρpx0q :“ x0` ρQ where Q is the unit cube
centered at the origin whose the sides are either orthogonal or parallel to bpx0q. Fix such
a x0. As µpOq ă 8, without loss of generality we can assume that µpBQρpx0qq “ 0 for all
ρ ą 0, and so to prove (4.7) it is sufficient to establish that

lim
ρ!0

lim
ε!0

µεpQρpx0qq

|Eu|pQρpx0qq
ě W8

hompapx0q d bpx0q, ωq (4.8)

For each ρ ą 0 and each ε ą 0, let vρ P BDpQq be given by (3.9), let vρ,ε P LDpQq be defined
by

vρ,εpxq :“
ρN´1

|Eu|pQρpx0qq

˜

uεpx0 ` ρxq ´
1

ρN

ż

Qρpx0q

uεpyqdy

¸

`Rρpyq

and set

tρ :“
|Eu|pQρpx0qq

ρN
.

Then, as uε ! u in L1pO;RNq and by using Lemma 3.12, we have:

lim
ε!0

}vρ,ε ´ vρ}L1pO;RN q “ 0 for all ρ ą 0; (4.9)

lim
ρ!0

tρ “ 8. (4.10)

From Lemma 3.13(ii), up to a subsequence, we have

κρ :“ }vρ ´ v}
1
2

L1pQ;RN q
! 0 as ρ! 0 (4.11)

with v P BDpQq given by (3.11). Fix any δ Ps0, 1r such that (3.12) holds. Fix any ρ ą 0 and
any ε ą 0. Let uρ,ε P LDpQq be defined by

uρ,ε :“ tρvρ,ε. (4.12)

First of all, it is easy to see that

1

|Eu|pQρpx0qq

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx “
1

tρ

ż

δQ

W
´x0 ` ρx

ε
, Euρ,ε, ω

¯

dx. (4.13)

On the other hand, fix any q P N˚ and consider tQiuiPt0,¨¨¨ ,qu Ă δQ given by

Qi :“

$

&

%

p1´ κρqδQ if i “ 0
ˆ

1´ κρ ` i
κρ
q

˙

δQ if i P t1, ¨ ¨ ¨ , qu.

For every i P t1, ¨ ¨ ¨ , qu, consider a Uryshon function ϕi P C
8pOq for the pair pOzQi, Qi´1q

such that

}∇ϕi}L8pO;RN q ď
q

κρ
(4.14)

and define uiρ,ε P tρΘδ ` LD0pδQq by

uiρ,ε :“ tρΘδ ` ϕipuρ,ε ´ tρΘδq
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where Θδ is the affine function defined by

Θδpxq :“
EvpδQq

δN
x`

Ψpp δ
2
q´q `Ψpp´ δ

2
q`q

2
apx0q `Rpyq

with Ψ :s ´ 1
2
, 1

2
r! R given by Ψprq :“ vprq ` cr, where v :s ´ 1

2
, 1

2
r! R, c ą 0 and R (a

rigid deformation) are given by Lemma 3.13(ii). (Note that the trace of v and Θδ are equal
on the faces of δQ orthogonal to bpx0q.) Fix any i P t1, ¨ ¨ ¨ , qu. We then have

Euiρ,ε “

$

’

’

&

’

’

%

Euρ,ε in Qi´1
tρ
δN
EvpδQq ` ϕiEpuρ,ε ´ tρΘδq `∇ϕi d puρ,ε ´ tρΘδq in QizQi´1

tρ
δN
EvpδQq in δQzQi.

Hence

1

tρ

ż

δQ

W
´x0 ` ρx

ε
, Euiρ,ε, ω

¯

dx ď
1

tρ

ż

δQ

W
´x0 ` ρx

ε
, Euρ,ε, ω

¯

dx

`
1

tρ

ż

QizQi´1

W
´x0 ` ρx

ε
, Euiρ,ε, ω

¯

dx

`
1

tρ

ż

δQzQi

W

ˆ

x0 ` ρx

ε
,
tρ
δN
EvpδQq, ω

˙

dx. (4.15)

Moreover, taking (4.12) and (4.14) into account, from the right inequality in (2.1) we see
that:

1

tρ

ż

δQzQi

W

ˆ

x0 ` ρx

ε
,
tρ
δN
EvpδQq, ω

˙

dx ď ∆1pρ, δq; (4.16)

1

tρ

ż

QizQi´1

W
´x0 ` ρx

ε
, Euiρ,ε, ω

¯

dx ď ∆1pρ, δq

`
β

tρ

ż

QizQi´1

|Epuρ,ε ´ tρΘδq|dx

`
βq

κρ

ż

QizQi´1

|vρ,ε ´Θδ|dx (4.17)

with ∆1pρ, δq :“ βδN

tρ
`

βp1´p1´κρqNq
δN

|EvpδQq|. Note that by (4.10) and (4.11) we have

∆1pρ, δq! 0 as ρ! 0. (4.18)
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Set ξρ,δ :“ tρ
δN
EvpδQq P RNˆN

sym and consider Sξρ,δp¨qpωq defined by (3.1) with ξ “ ξρ,δ. From
(4.13), (4.15), (4.16) and (4.17) we deduce that

1

|Eu|pQρpx0qq

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx ě
δN

tρ

Sξρ,δ
`

1
ε
Qρpx0q

˘

pωq
ˇ

ˇ

1
ε
Qρpx0q

ˇ

ˇ

´ 2∆1pρ, δq

´
β

tρ

ż

QizQi´1

|Epuρ,ε ´ tρΘδq|dx

´
βq

κρ

ż

QizQi´1

|vρ,ε ´Θδ|dx

for all i P t1, ¨ ¨ ¨ , qu, and averaging these inequalities, it follows that

1

|Eu|pQρpx0qq

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx ě
δN

tρ

Sξρ,δ
`

1
ε
Qρpx0q

˘

pωq
ˇ

ˇ

1
ε
Qρpx0q

ˇ

ˇ

´ 2∆1pρ, δq

´
1

q

β

tρ

ż

δQzp1´κρqδQ

|Epuρ,ε ´ tρΘδq|dx

´
β

κρ

ż

δQzp1´κρqδQ

|vρ,ε ´Θδ|dx.

But

β

κρ

ż

δQzp1´κρqδQ

|vρ,ε ´Θδ|dx ď
β

κρ
}vρ,ε ´ v}L1pQ;RN q `

β

κρ

ż

δQzp1´κρqδQ

|v ´Θδ|dx,

and so, for every ε ą 0 and every q P N˚, one has

1

|Eu|pQρpx0qq

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx ě
δN

tρ

Sξρ,δ
`

1
ε
Qρpx0q

˘

pωq
ˇ

ˇ

1
ε
Qρpx0q

ˇ

ˇ

´ 2∆1pρ, δq

´
1

q

β

tρ

ż

δQzp1´κρqδQ

|Epuρ,ε ´ tρΘδq|dx

´
β

κρ
}vρ,ε ´ v}L1pQ;RN q

´
β

κρ

ż

δQzp1´κρqδQ

|v ´Θδ|dx.



16 OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

Taking Proposition 3.7 (and Definition 3.8) and (4.9) into account and recalling that κρ “

}vρ ´ v}
1
2

L1pQ;RN q
and ξρ,δ “

tρ
δN
EvpδQq, letting q ! 8 and then ε! 0, we obtain

lim
ε!0

µεpQρpx0qq

|Eu|pQρpx0qq
“ lim

ε!0

1

|Eu|pQρpx0qq

ż

Qρpx0q

W
´x

ε
, Euε, ω

¯

dx

ě lim
ε!0

1

|Eu|pQρpx0qq

ż

Qδρpx0q

W
´x

ε
, Euε, ω

¯

dx

ě
δN

tρ
Whom

ˆ

tρ
δN
EvpδQq, ω

˙

´ 2∆1pρ, δq ´ βκρ

´
β

κρ

ż

δQzp1´κρqδQ

|v ´Θδ|dx. (4.19)

As Whom is Lipschitz continuous (see Proposition 3.9) we have

δN

tρ
Whom

ˆ

tρ
δN
EvρpδQq, ω

˙

ď C|EvρpδQq ´ EvpδQq| `
δN

tρ
Whom

ˆ

tρ
δN
EvpδQq, ω

˙

and noticing that EvρpδQq “
EupQδρpx0qq

|Eu|pQρpx0qq
we see that

δN

tρ
Whom

ˆ

tρ
δN
apx0q d bpx0q, ω

˙

ď C

ˇ

ˇ

ˇ

ˇ

apx0q d bpx0q ´
EupQρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

`C

ˇ

ˇ

ˇ

ˇ

EupQρpx0qq

|Eu|pQρpx0qq
´
EupQδρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

`
δN

tρ
Whom

ˆ

tρ
δN
EvρpδQq, ω

˙

ď C

ˇ

ˇ

ˇ

ˇ

apx0q d bpx0q ´
EupQρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

` C

ˇ

ˇ

ˇ

ˇ

1´
|Eu|pQδρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

`
δN

tρ
Whom

ˆ

tρ
δN
EvρpδQq, ω

˙

,

where C ą 0 is the Lipschitz constant. Hence

δN

tρ
Whom

ˆ

tρ
δN
EvpδQq, ω

˙

ě
δN

tρ
Whom

ˆ

tρ
δN
apx0q d bpx0q, ω

˙

´ C|EvρpδQq ´ EvpδQq|

´C

ˇ

ˇ

ˇ

ˇ

apx0q d bpx0q ´
EupQρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

´C

ˇ

ˇ

ˇ

ˇ

1´
|Eu|pQδρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

. (4.20)

As the trace of v and Θδ are equal on the faces of δQ orthogonal to bpx0q, from Poincaré’s
inequality we can assert that

ż

δQzp1´κρqδQ

|v ´Θδ|dx ď C 1κρ∆2pρ, δq, (4.21)
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where C 1 ą 0 does not depend on ρ and ∆2pρ, δq :“
ş

δQzp1´κρqδQ

ˇ

ˇ

ˇ
Ev ´ EvpδQq

δN

ˇ

ˇ

ˇ
dx. Note that

by (4.11) we have
∆2pρ, δq! 0 as ρ! 0. (4.22)

From (4.19), (4.20) and (4.21) we deduce that

lim
ε!0

µεpQρpx0qq

|Eu|pQρpx0qq
ě

δN

tρ
Whom

ˆ

tρ
δN
apx0q d bpx0q, ω

˙

´ C|EvρpδQq ´ EvpδQq|

´C

ˇ

ˇ

ˇ

ˇ

apx0q d bpx0q ´
EupQρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

´ C

ˇ

ˇ

ˇ

ˇ

1´
|Eu|pQδρpx0qq

|Eu|pQρpx0qq

ˇ

ˇ

ˇ

ˇ

´2∆1pρ, δq ´ βκρ ´ βC
1∆2pρ, δq.

Letting ρ! 0 and taking (3.8), (3.10), (3.12), (4.10), (4.11), (4.18) and (4.22) into account,
we conclude that

lim
ρ!0

lim
ε!0

µεpQρpx0qq

|Eu|pQρpx0qq
ě W8

hompapx0q d bpx0q, ωq ´ Cp1´ δ
N
q,

and (4.8) follows by letting δ ! 1. �

4.2. The upper bound. Here we establish that ΓpL1q- limε!0 Iε ď Ihom.

Proposition 4.2 (upper bound). Under the assumption of Theorem 2.1, for P-a.e. ω P Ω,
one has

ΓpL1
q- lim
ε!0

Iεpu, ωq ď Ihompu, ωq (4.23)

for all u P BDpOq.

Proof of Proposition 4.2. In what follows, for each ε ą 0, we consider Iε : BDpOq ˆ
OpOq ˆ Ω ! r0,8s defined by

Iεpu,A, ωq :“

$

&

%

ż

A

W
´x

ε
, Eupxq, ω

¯

dx if u P LDpOq

8 if u P BDpOqzLDpOq.
(4.24)

(Then Iε “ Iεp¨, O, ¨q for all ε ą 0.)

Let ω P pΩ where pΩ P F is given by Proposition 3.7. The proof is divided into two steps.

Step 1: establishing the upper bound on LDpOqLDpOqLDpOq. We prove that (4.23) holds on LDpOq,
i.e. for every u P LDpOq, one has

ΓpL1
q- lim
ε!0

Iεpu, ωq ď

ż

O

WhompEu, ωqdx.

For this we proceed into four substeps. Fix u P LDpOq.

Substep 1-1: using the Vitali envelope. Consider the set function Su : OpOq! r0,8s
defined by

SupAq :“ lim
ε!0

inf
!

Iεpv, A, ωq : v P u` LD0pAq
)

. (4.25)

For each δ ą 0 and each A P OpOq, denote the class of countable families tQi “ QρipxiquiPI
(where Qρipxiq :“ xi ` ρiQ where Q is the unit cell centered at the origin) of disjoint open
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cubes of A with xi P A, ρi ą 0 and diampQiq Ps0, δr such that |Az YiPI Qi| “ 0 by VδpAq,
consider Sδu : OpOq! r0,8s given by

SδupAq :“ inf

#

ÿ

iPI

SupQiq : tQiuiPI P VδpAq

+

,

and define S˚u : OpOq! r0,8s by

S˚upAq :“ sup
δą0

SδupAq “ lim
δ!0

SδupAq.

The set function S˚u is called the Vitali envelope of Su (see §3.5). We prove that for every
A P OpOq, one has

ΓpL1
q- lim
ε!0

Iεpu,A, ωq ď S˚upAq. (4.26)

Fix A P OpOq such that S˚upAq ă 8. Fix any δ ą 0. By definition of SδupAq, there exists
tQiuiPI P VδpAq such that

ÿ

iPI

mupQiq ď SδupAq `
δ

2
. (4.27)

Fix any ε ą 0 and define Su,ε : OpOq! r0,8s by

Su,εpAq :“ inf
!

Iεpv,A, ωq : v P u` LD0pAq
)

. (4.28)

(Thus Su “ limε!0 Su,ε.) Given any i P I, by definition of Su,εpQiq, there exists viε P
u` LD0pQiq such that

Iεpviε, Qi, ωq ď Su,εpQiq `
δ|Qi|

2|A|
. (4.29)

Define uδε P u` LD0pAq by

uδε :“

"

u in OzA
viε in Qi.

From (4.29) we see that

Iεpuδε, A, ωq ď
ÿ

iPI

Su,εpQiq `
δ

2
,

hence limε!0 Iεpuδε, A, ωq ď SδupAq ` δ by using (4.27), and consequently

lim
ε!0

lim
ε!0

Iεpuδε, A, ωq ď S˚upAq. (4.30)

On the other hand, we have

}uδε ´ u}L1pO;RN q “

ż

A

|uδε ´ u|dx “
ÿ

iPI

ż

Qi

|viε ´ u|dx,

and so, as diampQiq Ps0, δr for all i P I, from Poincaré’s inequality we can assert that

}uδε ´ u}L1pO;RN q ď Cδ
ÿ

iPI

ż

Qi

|Eviε ´ Eu|dx

ď Cδ

˜

ÿ

iPI

ż

Qi

|Eviε|dx`
ż

A

|Eu|dx

¸

, (4.31)
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where C ą 0 is independent of δ, ε and i. Taking the left inequality in (2.1), (4.29) and
(4.27) into account, from (4.31) we deduce that

lim
ε!0

}uδε ´ u}L1pO;RN q ď Cδ

ˆ

1

α
pSδupAq ` εq `

ż

A

|Eu|dx
˙

which gives
lim
δ!0

lim
ε!0

}uδε ´ u}L1pO;RN q “ 0 (4.32)

because limδ!0 mδ
upAq “ m˚

upAq ă 8. According to (4.30) and (4.32), by diagonalization
there exists a mapping ε 7! δε, with δε ! 0 as ε! 0, such that:

lim
ε!0

}wε ´ u}L1pO;RN q “ 0;

lim
ε!0

Iεpwε, A, ωq ď S˚upAq

with wε :“ uδεε , and (4.26) follows because ΓpL1q- limε!0 Iεpu,A, ωq ď limε!0 Iεpwε, A, ωq.
Substep 1-2: differentiation with respect to dxdxdx. We prove that

ΓpL1
q- lim
ε!0

Iεpu, ωq ď

ż

O

lim
ρ!0

SupQρpxqq

|Qρpxq|
dx (4.33)

with Su given by (4.25) and Qρpxq :“ x` ρQ where Q is the unit cell centered at the origin.
Recalling that Iε “ Iεp¨, O, ¨q for all ε ą 0, from (4.26) we have

ΓpL1
q- lim
ε!0

Iεpu, ωq ď S˚upOq.

But, it is clear that Su ď pβ ` |Eu|qdx, i.e. the assumption (a) of Theorem 3.16 is satisfied,
and it is easily seen that Su is subadditive in the sense of the assumption (b) of Theorem
3.16. Consequently (4.33) follows from Theorem 3.16.

Substep 1-3: using approximate differentiability. We prove that for dx-a.e. x0 P O,
one has

lim
ρ!0

SupQρpx0qq

|Qρpx0q|
ď lim

ρ!0

Sux0 pQρpx0qq

|Qρpx0q|
(4.34)

with ux0pxq :“ upx0q `∇upx0qpx´ x0q. Fix any δ ą 0. Fix any ε ą 0, any s Ps0, 1r and any
ρ Ps0, δr. By definition of Sux0 ,εpQsρpx0qq in (4.28) there exists v P ux0 ` LD0pQsρpx0q such
that

ż

Qsρpx0q

W
´x

ε
, Ev, ω

¯

dx ď Sux0 ,εpQsρpx0qq ` δ|Qsρpx0q|. (4.35)

Consider a Uryshon function ϕ P C8pOq for the pair pOzQρpx0q, Qsρpxqq such that

}∇ϕ}L8pO;RN q ď
1

ρp1´ sq
. (4.36)

Define w P LDpQρpx0qq by
w :“ u` ϕpux0 ´ uq.

Then w P u` LD0pQρpx0qq and

Ew “
"

Eupx0q in Qsρpx0q

∇ϕd pux0 ´ uq ` ϕEupx0q ` p1´ ϕqEu in Qρpx0qzQsρpx0q.
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Taking (4.35), the right inequality in (2.1) and (4.36) into account we see that

Su,εpQρpx0qq

|Qsρpx0q|
ď

1

|Qsρpx0q|

ż

Qρpx0q

W
´x

ε
, Ew, ω

¯

dx

“
1

|Qsρpx0q|

ż

Qsρpx0q

W
´x

ε
, Ew, ω

¯

dx

`
1

|Qsρpx0q|

ż

Qρpx0qzQsρpx0q

W
´x

ε
, Ew, ω

¯

dx

ď
Sux0 ,εpQsρpx0qq

|Qsρpx0q|
` δ

`β

˜

1

p1´ sqsN
1

|Qρpx0q|

ż

Qρpx0q

|u´ ux0 |

ρ
dx`

∆pρ, sq

|Qsρpx0q|

¸

with ∆pρ, sq :“ |Qρpx0qzQsρpx0q||Eupx0q| `
ş

Qρpx0qzQsρpx0q
|Eu|dx. Noticing that |Qρpx0q| ě

|Qsρpx0q| and letting ε! 0, we obtain

SupQρpx0qq

|Qρpx0q|
ď

Sux0 pQsρpx0qq

|Qsρpx0q|
` δ

`β

˜

1

p1´ sq

|Qρpx0q|

|Qsρpx0q|

1

|Qρpx0q|

ż

Qρpx0q

|u´ ux0 |

ρ
dx`

∆pρ, sq

|Qsρpx0q|

¸

.

On the other hand, without loss of generality we can assert that

lim
ρ!0

1

|Qρpx0q|

ż

Qρpx0q

ˇ

ˇ|Eupxq| ´ |Eupx0q|
ˇ

ˇdx “ 0.

But

∆pρ, sq

|Qsρpx0q|
ď 2

ˆ

1

sN
´ 1

˙

|Eupx0q|

`
1

sN
1

|Qρpx0q|

ż

Qρpx0q

ˇ

ˇ|Eupxq| ´ |Eupx0q|
ˇ

ˇdx,

and so

lim
ρ!0

∆pρ, sq

|Qsρpx0q|
ď 2

ˆ

1

sN
´ 1

˙

|Eupx0q|. (4.37)

Letting ρ! 0 in (4.37) and using Theorem 3.10 and (4.37) we deduce that

lim
ρ!0

SupQρpx0qq

|Qρpx0q|
ď lim

ρ!0

Sux0 pQsρpx0qq

|Qsρpx0q|
` δ ` 2

ˆ

1

sN
´ 1

˙

|Eupx0q|

“ lim
ρ!0

Sux0 pQρpx0qq

|Qρpx0q|
` δ ` 2

ˆ

1

sN
´ 1

˙

|Eupx0q|.

Letting s! 1 we conclude that

lim
ρ!0

SupQρpx0qq

|Qρpx0q|
ď lim

ρ!0

Sux0 pQρpx0qq

|Qρpx0q|
` δ
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and (4.34) follows by letting δ ! 0.

Substep 1-4: end of step 1. Combining (4.33) with (4.34) we deduce that

ΓpL1
q- lim
ε!0

Iεpu, ωq ď

ż

O

lim
ρ!0

SuxpQρpxqq

|Qρpxq|
dx.

On the other hand, taking (4.24) and (4.25) into account, we see that

lim
ρ!0

SuxpQρpxqq

|Qρpxq|
“ lim

ρ!0
lim
ε!0

SEupxq
`

1
ε
Qρpxq

˘

pωq
ˇ

ˇ

1
ε
Qρpxq

ˇ

ˇ

with SEupxq
`

1
ε
Qρpxq

˘

pωq given by (3.1) with ξ “ Eupxq. But, by Proposition 3.7 (and
Definition 3.8) we have

lim
ε!0

SEupxq
`

1
ε
Qρpxq

˘

pωq
ˇ

ˇ

1
ε
Qρpxq

ˇ

ˇ

“ WhompEupxq, ωq

for all ρ ą 0, hence

ΓpL1
q- lim
ε!0

Iεpu, ωq ď

ż

O

WhompEupxq, ωqdx,

which completes the proof of Step 1.

Step 2: using a relaxation theorem. From Step 1 we have

ΓpL1
q- lim
ε!0

Iεpu, ωq ď Jhompuq

for all u P BDpOq with Jhom : BDpOq! r0,8s given by

Jhompuq :“

$

&

%

ż

O

WhompEupxq, ωqdx if u P LDpOq

8 if u P BDpOqzLDpOq.

As ΓpL1q- limε!0 Iεp¨, ωq is L1-lower semicontinuous we deduce that

ΓpL1
q- lim
ε!0

Iεpu, ωq ď Jhompuq

for all u P BDpOq, where Jhom is the L1- lower semicontinuous envelope of Jhom. But,
by Proposition 3.9 can assert that Whom is continuous and symmetric quasiconvex and has
1-growth, hence by Theorem 3.14 we have

Jhompuq “

ż

O

WhompEupxq, ωqdx`
ż

O

W8
hom

ˆ

dEsu

d|Esu|
pxq, ω

˙

d|Esu|pxq

for all u P BDpOq, and (4.23) follows. �
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