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ABSTRACT: We clarify the relationships between different approaches to the conformal
bootstrap. A central role is played by the so-called extremal functionals. They are linear
functionals acting on the crossing equation which are directly responsible for the optimal
bounds of the numerical bootstrap. We explain in detail that the extremal functionals probe
the Regge limit. We construct two complete sets of extremal functionals for the crossing
equation specialized to z = Z, associated to the generalized free boson and fermion theories.
These functionals lead to non-perturbative sum rules on the CFT data which automatically
incorporate Regge boundedness of physical correlators. The sum rules imply universal
properties of the OPE at large A in every unitary solution of SL(2) crossing. In particular,
we prove an upper and lower bound on a weighted sum of OPE coefficients present between
consecutive generalized free field dimensions. The lower bound implies the ¢ x ¢ OPE must
contain at least one primary in the interval [2A4 + 2n,2A4 + 2n + 4] for all sufficiently
large integer n. The functionals directly compute the OPE decomposition of crossing-
symmetrized Witten exchange diagrams in AdS,. Therefore, they provide a derivation of
the Polyakov bootstrap for SL(2), in particular fixing the so-called contact-term ambiguity.
We also use the resulting sum rules to bootstrap several Witten diagrams in AdSs up to
two loops.
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1 Introduction

The conformal bootstrap constitutes a set of powerful nonperturbative constraints on con-
formal field theories. Nevertheless, the extraction of concrete physical predictions from the
bootstrap equations has proven notoriously hard. As a result, existing analytic approaches
typically rely on expanding the equations around a specific point in the space of confor-
mal cross-ratios. Indeed, the subject of modern analytic conformal bootstrap started by
studying the double light-cone limit [1-5]. More recently, progress has been made also by
utilizing the Regge limit [6-9] and the deep Euclidean limit [10, 11].

In this paper, we develop an analytic approach to the conformal bootstrap which does
not rely on any kinematical expansion, building on previous work of [12, 13]. Specifically,
we derive useful sum rules satisfied by the CFT data by integrating the crossing equation
against appropriate weight-functions in the space of cross-ratios. The integration includes
both Euclidean and Lorentzian configurations and combines them in a particularly con-
straining way.

An important ingredient of our approach is that the crossing equation holds holo-

L The constraints in

morphically as a function of independent complex variables z and Z.
the Lorentzian and Euclidean signatures, which each correspond to two-dimensional real
subsections, thus combine to more powerful constraints in two complex dimensions. The
crossing equation expressing the equality of the s- and t-channel expansions holds in this
two-complex dimensional space as long as we do not cross branch cuts where a pair of op-
erators becomes null-separated. We will refer to this region of validity of the s=t crossing
equation as the crossing region.

Analytic control is available at various boundary points of the crossing region, including
the double light-cone limit z — 0, Z — 1 and the u-channel Regge limit z, Z — ico. On the
other hand, the numerical bootstrap is based on an expansion of the crossing equations
around the center of the crossing region z = z = 1/2, going back to the seminal work
of [14].2 The numerical bootstrap effectively constructs distinguished linear functionals
acting on the space of functions of z and z. Those functionals which correspond to optimal
bounds on the CFT data also encode the spectra of the optimal solutions to crossing,
and are known as extremal functionals [16, 17]. The bounds of the numerical bootstrap
typically become optimal only when one goes to an arbitrarily high order in the expansion
around z = zZ = 1/2. In this limit we probe the boundary of the crossing region, including
the analytic bootstrap limits. We are led to the conclusion that both the light-cone and
Regge limits should play an important role in the numerical bounds on the low-lying
CFT spectrum.?

We can think of the expansion around the crossing-symmetric point as providing a
specific basis for the space dual to the space of functions holomorphic in the crossing
region. Clearly, it would be of great interest to have instead a basis which extracts the

2 2
. . — x x =
1We use the standard convention for the conformal cross-ratios u = 2z = P v=(1-2)(1-2)=
13724
o345,
2 where z;; = z; — x;.

fL‘l x
2See [15] for a recent review of some of the developments since then.
3Further evidence for the interrelatedness of the light-cone and numerical bootstrap was provided in [18].



complete information contained in the crossing region, in a manner reflecting our analytic
understanding of the corners.

In this paper, we achieve this goal for a simplified version of the crossing equation.
The simplification comes from setting z = z and expanding the s- and t-channel in SL(2)
blocks. When z € (0, 1), our kinematics corresponds to restricting the four operators to
lie on a line and using only the conformal group fixing the line. We stress however that
the resulting equation holds for complex z. In particular, the (u-channel) Regge limit lies
within our restricted kinematics and corresponds to z — i0co. Indeed, boundedness of
physical correlators in this limit plays a crucial role in our analysis. On the other hand,
the double light-cone limit lies outside our kinematics so we will not make contact with
the large-spin analytic bootstrap. Our conclusions will be valid for general D-dimensional
CFTs, but may not be optimal unless D = 1.

Summary of results and outline. We will introduce two bases for the crossing equation
of the four-point function (¢pppe@), where ¢ are identical SL(2) primaries. In our restricted
kinematics, the equation takes the form

Z ap Fa,(z) =0, (1.1)

OEpx

where the sum runs over the SL(2) primaries present in the ¢ x ¢ OPE and ap = (cpp0)?
is the squared OPE coefficient. Fa(z) is defined as the difference of the s- and t-channel
conformal blocks

Fa(z) = 27229Ga(2) — (1 — 2) 7224 GA(1 — 2), (1.2)

where Ga = 223F1 (A, A;2A;2). The two bases introduced in this paper are associated
to the bosonic and fermionic generalized free field solutions of this equation. Besides the
identity, these solutions involve only double-trace operators with dimensions AB = 2A442n
in the bosonic case and AY = 2A; + 2n + 1 in the fermionic case. For concreteness, let
us focus on the somewhat simpler fermionic case and drop the superscript on AF. As we
explain in detail in the main text, the function Fa(z) for general A > 0 can be written as
a linear combination of Fa, () and OaFa,, (z) for n € N>q:

[e.o]

Fa(z) = Z [an(A)Fp, (2) + Bn(A)OFA, (2)] (1.3)

n=0

The general form of the expansion coefficients «a,(A) and §,(A) is rather involved. Here
OFA, (z) stands for the derivative with respect to A of Fa(z) evaluated at A = A,,. This
equation tells us that if we add an operator of dimension A to the generalized free solution
with a small OPE coefficient, then crossing symmetry can be preserved at this order by
modifying the scaling dimensions and OPE coefficients of the double traces.

One interpretation of this equation is that it expresses a general Fa in a basis spanned
by the Fa, and OFa,. The coefficients of the expansion above can then be obtained by



acting on (1.3) with the dual basis, which consists of linear functionals a,, 3, acting on
functions of complex variable z and satisfying (for n,m € Nx>¢)

an(Ay) =
Brn(Am)

where we use shorthand notation for the action of a functional w on the Fa(z): w(A) =

(1.4)

Onm 0

w[Fal, and w'(A) = w[0aFa] by linearity of w. We will show how to construct the func-
tionals oy, and (3, explicitly as contour integrals in the complex z-plane against appropriate
holomorphic kernels. The integration contour probes both the Euclidean OPE limit and the
u-channel Regge limit. In particular fy is the extremal functional for the gap maximization
problem, constructed in [12, 13].

If we insert the decomposition (1.3) into the crossing equation (1.1) and formally
demand that the coefficient of each Fa,(z) and aFa, (z) vanishes, we find the functional
bootstrap equations:

Z ap an(Ap) =0, Z ao Bn(Ap) =0 Vn € N>g. (1.5)
Ocopxe O€px ¢

These equations can be derived rigorously by acting with the functionals «, and 3, on
the crossing equation (1.1) and swapping them with the infinite sum over operators. This
swapping property does not hold for a general functional (see [19]) but it does for «,, and
Br. In the main text, we explain a close connection between the swapping property and
boundedness in the Regge limit. In particular, (1.5) only hold for the OPE decomposition
of Regge-bounded correlators (which includes all correlators in unitary theories). We will
prove that (1.5) are a completely equivalent reformulation of the constraints contained in
the original crossing equation (1.1). However, they are much better suited for understand-
ing some of its consequences.

There is another way of thinking about the decomposition (1.3), namely as expressing
the crossing symmetry of the Polyakov block, defined by

[e.e]

Pa(2) = Ga(2) = Y [an(B)Ga,(2) + Bu(D)0aGa, (2)] - (1.6)
n=0
The Polyakov block is just the usual conformal block Ga(z) “dressed” by double trace
operators in order to obtain a crossing-symmetric object. In fact, Pa(z) is a sum of the
s-, t- and u-channel Witten exchange diagrams in AdSsy. It is possible to see that if the
functional bootstrap equations hold, then we can write

GA P, A
0)p(2)p(1)p(o0)) = ap O ol . 1.7
(B(0)8(2)6(1)¢(>0)) Oe%jw > Oe%jw o ool (L.7)
In other words, the correlator can be expanded in a way that makes crossing symmetry
manifest. This is precisely the idea behind the Polyakov-Mellin bootstrap [20-23]. Our
functionals o, and 3, thus provide a derivation of the SL(2) version of the Polyakov-Mellin
bootstrap from the standard crossing equation. In [22, 23], one needs to fix the contact-term



ambiguity of the Witten exchange diagrams, which has not been done in full generality.
We see that in our approach this ambiguity is fixed by demanding that the coefficients a,,
By arise from acting with linear functionals on the standard crossing equation.

Thanks to the orthonormality conditions (1.4), the functionals allow us to solve for per-
turbations around generalized free fields. Starting with the original solution and perturbing
by some fixed 4.5,

D anFa,(z) = -Fy(z) = > [banFa,(2) + an6A,0FA, (2)] = 65(2), (1.8)
n=0 n=0
we find simply
San = an[0S],  andA, = B,]6S], (1.9)

thus providing an analytic realization of the extremal flows introduced in [17].* This
procedure generalizes to higher orders of perturbation theory, so that in principle one can
systematically correct the original solution to any desired order. In the main text, we use
this idea to find the OPE decomposition of contact diagrams with external bosons and
fermions in AdS,. Carrying the procedure to higher orders, we bootstrap the one- and
two-loop contribution to the four-point function in the ¢* theory in AdSs.

Finally, the orthonormality properties (1.4) tell us that the action of the functionals
on Fa will have double zeros at the double-trace A. This implies interesting positivity
properties of this action. Since ap are positive thanks to unitarity, we can use the func-
tional bootstrap equations to derive sum rules which strongly constrain the OPE data. In
particular, we will find both upper and lower bounds on weighted sums of OPE coefficients
present between consecutive A,. Although nontrivial bounds exist for general n, their form
simplifies as n — oo:

lim sup Z 45in7[5 (Ao — An) ( a0 ) <1 (1.10a)

2 2 free
™ (Ap — A a
n—00 O:|Ao—Anl<1 ( @) n) Ao

165in%[5 (Ao — A, .
liminf 2 51 L10b
e O: |A@ZAng2 (80 = An)*(A0 = An1)(Bns1 — Do) afAreg ( )

Here afAree is an exponentially decreasing function which coincides with the squared gener-

alized free OPE coefficients at A = A,

free 2 (A)’ (A + 24, — 1)
‘A T T@AL)TR2A - )T(A —2A, +1)°

(1.11)

In the bounds above the ratio ap/ ageg is weighted by a positive function bounded above

by 1. The bounds tell us that every unitary solution to crossing must be similar to the
generalized free field in an appropriate sense at sufficiently large A. The first bound

“Indeed, the generalized free fermion is an extremal solution to crossing, as it saturates the bound on
the gap to the leading scaling dimension.



essentially means that the total OPE coefficient between A, — 1 and A,, + 1 is bounded
from above by the mean field OPE coefficient at A,,. This implies an upper bound on
OPE coeflicients of individual primaries. The second bound in particular implies that at
sufficiently large A, there must be at least one operator between A,_; and A, 1! The
inequalities are optimal since they are saturated by the generalized free field.

The outline of this paper is as follows. In the next section we make some general ob-
servations on the structure of the crossing equation and on the relationship between Regge
boundedness and bootstrap functionals. Section 3 discusses in detail how the functional
bases described above are related to Witten exchange diagrams and how they can be used
to derive a rigorous version of the Polyakov-Mellin bootstrap. The actual construction of
the functional basis is postponed to section 4. In section 5 we study the implications of
the functional bootstrap equations in detail, using them to derive upper and lower bounds
on the OPE data. The question of completeness, i.e. whether these equations are not only
necessary but also sufficient to ensure that a putative set of OPE data solves crossing, is
answered positively in section 6. Section 7 contains an application of the functional sum
rules to bootstrapping tree-level, one- and two-loop Witten diagrams in AdSs. We con-
clude with a short discussion and outlook. The paper is complemented by an appendix
containing some technical details.

2 The crossing region and bootstrap functionals

2.1 The crossing region and analytic bootstrap limits

In this paper, we will study some aspects of the crossing equation of the four-point function

1
- ]3312]2A¢]x34]2A¢

(9(x1)p(22)d(23)P(24)) 9(z,2). (2.1)

We can take ¢(x) to be a scalar primary operator in a unitary CFT. In fact, for most
results of this paper, it will be sufficient if ¢(z) is a primary under SL(2) acting along
a spacelike line. The four-point function can be expanded using the OPE in one of the
three channels, which leads to constraints on the CFT data. For the present case of four
identical scalars, the only independent constraint comes from the equality of the s- and
t-channel expansions:

(22)728¢ Z a0 Gap.Jo(2,2) = (241 —2,21—2). (2.2)
Ocpxo

Here ap = (cgp0)? are squared OPE coefficients and Ga (2, %) is the d-dimensional con-
formal block for the exchange of a symmetric traceless representation of dimension A and
spin J. In the following, it will be convenient to write this equation as

Z ao FA@,J@(Zag) = 07 (23)
Oepxop
where we defined
Fag(2,2) = (22) " 2¢Gas(2,2) — (23 1 — 2,2 1 — 7). (2.4)



We will call the functions Fa j(z,Z) bootstrap vectors, since the equation (2.2) lives in a
certain infinite-dimensional vector space of functions of z and Zz.

Eventually, we are going to specialize (2.2) to the section z = Zz and expand both
channels in the SL(2) blocks, but first it will be useful to review the region in cross-ratio
space where the full crossing equation holds. Let us start in the Euclidean signature, where
z and Z are complex conjugate. The s-channel sum then converges whenever z ¢ [1,00) and
the t-channel sum converges whenever z ¢ (—o0,0]. Therefore, in the Euclidean signature,
the equation holds whenever z stays away from (—oo, 0]U[1, c0). Moreover, the convergence
of both the s-channel and t-channel sum is exponentially fast for every point in the interior
of this region [24].

Crucially, equation (2.2) remains valid when we make z and z complex and independent
of each other. In order to understand the full region of validity, consider first the s-
channel sum

G(2,2)= Y a0Gap.o(2 7). (2.5)
Oepxop
The conformal blocks on the r.h.s. are defined for z and Z complex and independent. Let
us now switch to the p, p coordinates of [25] defined by
4p _ 4p
T 20
The open unit p-disk maps to z € C\[1,00). As shown in [26], conformal blocks have
an expansion into monomials of the form phﬁB with positive coefficients, where h, h are
generically non-integer powers. This expansion converges (to a multi-valued function!)
whenever both p and p are in the open unit disk. This is also the region of convergence
of the sum over primary operators in (2.5). We conclude that (2.5) converges as long as z
and Z start in a Euclidean configuration and are continued from there such that neither z
or z passes through the cut at [1,00). Similarly, the t-channel expansion converges as long
as both z and z both stay away from (—o0,0].

The conclusion is that the crossing equation (2.2) is valid for z and z both on the first

sheet such that (z,2) € R x R, where

R = C\((—o0,0] UL, 0)). (2.7)

Correspondingly, we will call R x R the crossing region. When we leave the first sheet
through one of the branch cuts, either the s- or the t-channel OPE stops converging and the
equation (2.2) becomes meaningless. The crossing region includes the Euclidean section
z = 2" € R as well as the Lorentzian section 0 < 2,z < 1 with z and z both on the first
sheet. This is the region where all four operators stay spacelike separated.

Inside the crossing region, the sum on either side of (2.2) converges to a function
which is holomorphic in both z and z. This is because the individual conformal blocks
are holomorphic in both z and Z and the sum converges uniformly inside any compact
subregion of the crossing region. This means we can use the powerful tools of complex
analysis to study the consequences of crossing.



Figure 1. Left: the limit when z and Z go to infinity in opposite half-planes is controlled by the
u-channel OPE. Right: when z and Z approach infinity in the same half-plane with z/Z fixed, we
get the Regge limit of the u-channel.

The crossing region contains various interesting limits of the four-point function where
analytic control is available. They correspond to z and z approaching 0, 1 or co. These
limits lie on the boundary of the crossing region, but need to be approached from its interior
in order for the bootstrap equation to be valid. In particular, the point at infinity must be
approached along a path away from the real axis.

The simplest are the OPE limits. The s- and t-channel OPE limits correspond to
(2,Z) — (0,0) and (z,2) — (1,1) respectively. The u-channel OPE limit corresponds
to (z,2) — (ico, —iocc) or equivalently (z,2) — (—ico,i00).> In this case z and Z lie in
opposite half-planes since the u-channel OPE limit takes place in the Euclidean signature,
where z and Z are complex conjugates. More generally, if z and Z approach oo in any
direction away from the real axis but in opposite half-planes, the limit is controlled by the
u-channel OPE.

Next, we have the standard double light-cone limit of the analytic light-cone bootstrap,
where 725, 35 — 0, corresponding to (z,z) — (0,1). The other double light-cone limits are
specified by (z,z) — (0, £ic0), (1, +ico) and transpositions. For the four-point function of
identical operators, these other limits do not carry any new information.

There is precisely one remaining limit where both z and z approach 0, 1 or co from
within the crossing region which is not equivalent to one of the above. In this limit, we
take z and z both to oo in the same half-plane. This very interesting limit is controlled by
the Regge limit of the u-channel. To understand this claim, note that the Regge limit of
a given channel is defined in the same way as the OPE limit of that channel, after either
z or z has been taken around a crossed-channel branch cut. Thus in order to reach the
Regge limit of the u-channel, we can start near the u-channel OPE limit where |z| and |Z|
are very large with z, Z in the upper, lower half-plane respectively. Let us keep z fixed and
move Z. The u-channel OPE converges as long as Z stays away from z € [0, 1]. In order to
reach the u-channel Regge limit, we need to pass z through [0, 1] to the upper half-plane
and send z and Z to i00.% See figure 1 for an illustration of how the u-channel Regge limit

5The four-point function is real in the Lorentzian subsection of the crossing region 0 < z,z < 1. It
follows G(z*,z") = (G(z,Z))" inside the crossing region, where the star stands for complex conjugation.
Furthermore, we can assume G(z,z) = G(2, 2).

6Strictly speaking, in the u-channel Regge we take z,Z — ico with z/Z fixed.



is reached. Both the s- and the t-channel OPE stay convergent during the entire process
although they converge very slowly as we approach the u-channel Regge limit. In general,
the OPE of a given channel does not converge in the Regge limit of that channel, while the
remaining two OPEs converge slowly.

2.2 Sum rules and functionals

A fundamental problem in the conformal bootstrap is to use the crossing equation (2.2)
to extract useful constraints on the CFT data. Generally, such constraints take the form
of sum rules which arise from applying linear functionals to (2.3). Indeed, given a linear
functional w acting on holomorphic functions of z and Z in the crossing region, and satisfying
certain properties detailed below, we can apply it to the equation (2.3) to find the sum rule

D aow(Ao,Jo) =0, (2.8)
Oepxop

where we defined w(A, J) as the action of w on the bootstrap vectors
w(A,J) = wlFa,j]. (2.9)

For example, functionals can take the form of finite linear combinations of derivatives
with respect to z and Zz evaluated at the crossing-symmetric point z = z = 1/2, which
is the usual strategy for the numerical bootstrap. However, more general functionals are
possible. In particular, there are functionals which directly probe the interesting limits on
the boundary of the crossing region described in the previous subsection.

Of particular interest are the so-called extremal functionals, introduced in [16]. The
extremal functionals give rise to optimal bounds on the CFT data. Since such bounds are
often saturated by interesting strongly-coupled CFTs, the extremal functionals encode the
precise manner in which the crossing equation may eventually lead to a nonperturbative
solution of such theories.

The extremal functionals should generally be expected to probe the boundary of the
crossing region, in particular the analytic bootstrap limits. This is the reason why numerical
bootstrap bounds typically become optimal only when derivatives of arbitrarily high order
are included. In the limit of infinitely many derivatives, the numerical bootstrap functionals
can effectively see all the way to the boundary of the crossing region and probe the analytic
bootstrap limits.

This expectation was confirmed in [12] and [13], where examples of extremal function-
als were constructed analytically. The functionals take the form of holomorphic contour
integrals stretching between the crossing-symmetric point and the boundary of the crossing
region. In the present paper, we will generalize the construction and explain the crucial
role of the Regge limit.

We will now give a precise definition of a general bootstrap functional. Since the
functionals of the greatest interest probe the boundary of the crossing region, where the
OPE sums stop converging, we need to be especially careful about which functionals lead



to valid sum rules, as emphasized in [19]. To set up the definition, it will be convenient to
include the (2z)~¢ prefactor in the four-point function and write

G(z,2) = (22)224G(2, 2) (2.10)
so that crossing symmetry reads

G(z,2)=G(1—2,1—3). (2.11)
Similarly, we define the normalized conformal blocks in the two channels

GR))(2,2) = (22) 224G 4(2,2)

~(1) A (2.12)
GV (2.2) = [(1 - 2)(1 - 2)] 722G (1 — 2,1 - 2).

We can now define a bootstrap functional w to be a linear functional acting on functions of
z and Z which are holomorphic in both variables in the crossing region, where w is subject
to the following constraints

1. Finiteness on conformal blocks: w[é(As) 7] < o0, w[CNJ(At) 7] < oo for all unitary represen-
tations (A, J).

2. Finiteness on four-point functions: w[G] < oo, where G(z, Z) is any crossing-symmetric
four-point function in a unitary theory.

3. Swapping condition: suppose g~(z, Z) is a four-point function with conformal block
expansions

Z CLOGA Jo(7:7) Z aoGA Jol(7:7), (2.13)
Ocopx¢ Ocpxe

where ap > 0. Then the sums

Z aow[é(ASZQJO] and Z aow[G(A)O Jo) (2.14)
Oepx g Ocpxo

are absolutely convergent and equal to w|G].

When these three conditions are satisfied, the OPE decomposition of any unitary
solution to crossing must satisfy (2.8). While conditions 2 and 3 may appear at first sight
like mere technicalities, we will see that they make contact with some interesting physics.
The reason is that the functionals constructed in [12, 13] and in this paper probe the u-
channel Regge limit. As we soon review, four-point functions in unitary theories satisfy a
boundedness property in this limit. This allows us to consider functionals whose action on
physical four-point functions is finite but which diverge on more general functions that are
unbounded in the Regge limit. Such functionals lead to valid sum rules for the CFT data
which directly incorporate Regge boundedness.

~10 -



2.3 Functionals as contour integrals and Regge boundedness

In the rest of this paper, we are going to specialize the crossing equation to the section
z = z. z is still allowed to be complex and lie in R. When z is real and in the interval (0, 1),
this corresponds to restricting the four operators to lie on a spacelike line. This means we
have access to the s- and t-channel OPE limits, where z — 0, 1. Furthermore, we also have
access to the u-channel Regge limit, where z — i00.” It is a wonderful consequence of
complex analyticity of the correlator that imposing the crossing equation for operators on
a Euclidean line still gives us access to the (very Lorentzian) Regge limit.

Since we are effectively restricting the operators to lie in a line, we will simplify our
analysis further by expanding the four-point function in the conformal blocks of the 1D
conformal group SL(2) acting along this line. The 1D conformal blocks take the form

Ga(z) = 229 F1 (A, A 24 7). (2.15)
The equation that we will study in the rest of this paper is then

> aaFa(z) =0, (2.16)
A

where the sum runs over the scaling dimensions of SL(2) primaries in the OPE, an is the
OPE coefficient squared of the primary and

Fa(z) = 27220Ga(2) — (1 — 2) 722 Ga(1 — 2). (2.17)

Equation (2.16) is valid for any four-point function of identical primary operators in general
spacetime dimension. For intrinsically 1D conformally-invariant systems, it encodes all
information contained in crossing of a given four-point function.

The main technical result of this paper is the construction of an interesting basis for
the space of functionals for the crossing equation (2.16). We will work with the same
general form of functionals introduced in [12, 13]. The functionals are specified by a pair
of locally holomorphic functions f(z), g(z) and take the form

%-‘rioo 1
WlF] = 1 [ d=f(2)F(2) + ﬁ dz g(2)F(2), (2.18)

2
where F(z) is a general test function. This form explicitly connects various interesting
corners of the crossing region. The first contour integral connects the numerical bootstrap
limit z = 1/2 with the Regge limit z,Z — i00. The second contour connects the numerical
bootstrap limit with the deep Euclidean limit z,Z — 1. The sum rule following from the
existence of w takes the form

D aaw(A) =0, (2.19)
A
where we use the shorthand notation

W(A) = w[Fa]. (2.20)

"More precisely, we have access to the special case of the Regge limit where z/z=1.
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As a side comment, the first part of the contour corresponds to kinematics which
can be used to diagnose chaotic behaviour in out-of-time-order thermal correlators [27,
28]. Vacuum correlation functions of a CFT in flat space are related by a conformal
transformation to thermal correlation functions of the CFT quantized on the hyperbolic
space Hg_1 (see [29] or the above references). One can now compute a thermal correlation
function, where the operators ¢(x1), p(x2), p(x3), ¢(x4) are inserted in this order with equal
distances around the thermal circle at zero Rindler time. This corresponds to the point
z =z = 1/2. If we evolve operators ¢(z2) and ¢(z4) by the same Rindler time ¢, we get
an out-of-time-order thermal correlator. This is equal to the flat-space vacuum correlator
at cross-ratios
1 + isinh(t)

Z2=2z= 5 R

(2.21)
thus precisely tracing out the first contour in (2.18). The ¢t — oo limit is the Regge limit
Z — 100.

We would now like to explain more precisely in what sense our functionals probe the
Regge limit of physical correlators. The essential fact is that four-point functions of unitary
theories are bounded in the Regge limit. Specifically, with G(z, Z) normalized as in (2.10),
we have

~ (1 1
’g <2 +it, 3 + zt)' is bounded as t — 0. (2.22)

The boundedness condition can not be improved as there are correlators which approach
a constant in the Regge limit, for example the generalized free field. This means that for
the functional (2.18) to take a finite value on physical four-point functions, we must have

()] =001 asz— oo (2.23)

with € > 0.® In the examples of extremal functionals constructed in [12, 13] and here,
we have f(z) = O(272) as z — oo and thus the condition (2.23) is satisfied with ¢ = 1.
Therefore the sum rule (2.19) following from one of these functionals will restrict the
correlator g(z) to grow at most like 2!~ for > 0 in the Regge limit. This behaviour
is very different from the numerical bootstrap functionals which do not restrict the Regge
behaviour of the correlators unless infinitely many derivatives are included.

In other words, our extremal functionals allow one to bootstrap crossing-symmetric
correlators while making Regge boundedness manifest from the start. We will soon illus-
trate this on the example of contact and Witten exchange diagrams in AdSs.

80n the other hand, individual s- and t-channel conformal blocks decay in this limit as follows
GV (2) = O(log(2)27>2%) ,GW (2) = O(log(2)z~*4%). (2.24)

It follows that assuming (2.23) holds, the finiteness on conformal blocks and the swapping conditions are
satisfied automatically, at least for the first contour integral in (2.18).
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3 Extremal functionals and the Polyakov bootstrap

3.1 The fermionic basis

We are now in a position to explain the main results of the present paper. In section 4
we will construct two distinguished bases for the space of functionals for the crossing
equation (2.16). The two bases are associated to the theory of the generalized free boson
and generalized free fermion respectively. The elements of the bases are generalizations
of the analytic extremal functionals constructed in [12, 13]. In particular, all of the basis
functionals probe the Regge limit in the sense described in the previous subsection. It
will turn out that expressing crossing in the bosonic basis provides a derivation of the
SL(2) version of the Polyakov’s approach to the conformal bootstrap [20], recently revisited
in [21-23, 30-32].

Let us focus on the fermionic case first. We claim that there exists a complete ba-
sis of functionals for the crossing equation (2.16), which is the dual basis of the vectors
F2A¢+2n+1(z> and their A-derivatives 8F2A¢+2n+1(z) with n a non-negative integer. We
refer to this as the fermionic basis since AF = 2A 4+ 2n + 1 is the spectrum of nonidentity
primary operators in the ¢ x ¢ OPE, where ¢ is the generalized free fermion field. In other
words, we claim that for each Ay, > 0, there exists a set of bootstrap functionals that we
denote as af and Y (F in the superscript stands for fermion) such that

(3.1)

for m,n € N, where we simplified notation by writing 0Fa (z) = OaFa(2).” Thus of is the
functional dual to the vector Far(z) and B is dual to OF Ar(z). Here and in the following,
we will frequently denote the action of functionals on bootstrap vectors by the same symbol
as the functionals themselves

an(A) = ay [Fal,

BE(A) = BE[Fal. (3.2)

The duality conditions (3.1) imply that af (A) has double zeros at the locations AF, except
for A = AF where it is non-vanishing and has a vanishing first derivative. Similarly, 8E(A)
has double zeros at the same locations except for A = AE, where it has a simple zero. In
particular, Bg is the extremal functional constructed in [12, 13], proving that the generalized
free fermion four-point function maximizes the gap above identity among SL(2)-invariant
unitary solutions to crossing.

Functionals af and S are in fact uniquely fixed by the conditions (3.1). In particular,
there is no bootstrap functional that has double zeros on the entire generalized free fermion
spectrum. We will construct af and Y explicitly in section 4 in the form (2.18). We will
find that for all basis functionals f(z) = O(272) as z — oo.

9Here and in the rest of this paper, N stands for the set of non-negative integers.

~13 -



Most of the rest of this paper will be devoted to exploring the consequences of the sum
rules arising from applying of and 8% to the crossing equation

Y anaf(A)=0, Y aaBi(A)=0 VneN, (3.3)
A A

These equations hold for every unitary solution to crossing. Furthermore, we claim not
only that these equations are a consequence of the standard crossing equation (2.16), but
also that they imply (2.16). In other words, if a putative set of OPE data consisting of
(A, an,)i=0,1,.. with all aa, positive satisfies (3.3) for all n, then it leads to a crossing-
symmetric four-point function. The proof of this claim is deferred until section 6.

We can get some intuition about the meaning of of and BY by applying the sum
rules in perturbation theory around the generalized free fermion. Let us assume that we
have a continuous family of crossing-symmetric four-point functions G4(z) parametrized by
coupling g such that it becomes the generalized free fermion for g = 0

2A¢ oo
Go(z) =1+ ( : > — 2?20 =14 aGar(2), (3.4)

1—2z
n=0

(0) _free

where ap”’ = a,& and
n

free __ 2F(A)2F(A + 2A¢ — 1)
‘A T T@AL)TERA - )T(A—2A, +1)°

(3.5)

Let us further assume that making g nonzero has only the following two effects at the leading
order. First, a new vector Fa,, with general Ap appears in the ¢ x ¢ OPE with coefficient
g. Second, the double-trace operators acquire anomalous dimensions and anomalous OPE
coefficients. These should be of order g2 to match the effect of O. In other words, G,(2)
admits the following OPE decomposition valid to O(g?):

Gy(2) =1+ ¢*Ga, (2 Zan )Ga)(2), (3.6)

where the deformed OPE data can be expanded in g:
Anlg) = A +759% + O(g")

3.7
an(9) = af +alg® + O(g"). &7
This leads to the following perturbative expansion of G,(z)
Go(2) = GV (2) +GW(2)g” + O(g"), (3.8)
where
GV (z) = Z [aDG A (2) + a1 {V0G ap (2)] (3.9)
The coefficients a,(ll), 77(11) are constrained by crossing symmetry
Fag(2) + Z [ ) Far (2 <0>7,§1>8FA5(Z)} —0. (3.10)
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We can solve for ag) and %(LI) by applying the functionals of and Y. Strictly speaking,

we can only use these functionals if z=22¢G(1)(2) is bounded in the Regge limit. We know
that 27224¢G(g; 2) is bounded in the Regge limit for any g since it is a unitary solution
to crossing by assumption. However, it can happen that Regge boundedness is spoiled at
individual orders in perturbation theory and is recovered only in the full finite-coupling
answer. Here we will assume that this does not happen at O(g?), i.e. that z=22¢G(1(2) is
bounded in the Regge limit. Functionals af and 3% allow us to pick individual terms from
the infinite sum and we find

all) = —af(Ap)

a9y = —pF(Ap).

Hence the deformation is uniquely fixed at O(g?) in terms of Ay and Ap. There is a clear

(3.11)

interpretation of this claim in terms of field theory in AdSs. The generalized free fermion
on the boundary is described by a free massive Majorana fermion ¥ in AdSs. Introducing
O into the OPE is the same as turning on a three-point coupling ¥2Q© in the bulk with
coupling proportional to g. g(l)(z) is therefore equal to the sum of the s-, t- and u-
channel Witten exchange diagrams in AdS,, with fermionic bulk-to-boundary propagators
of dimension A, and scalar bulk-to-bulk propagators of dimension Ap. More details on
the OPE decomposition of Witten exchange diagrams will be given when we discuss the
bosonic case.

Leading-order deformations of the boundary four-point function which only deform
the double traces correspond to four-point contact vertices in AdSs. Since the deformation
we found above was uniquely fixed, we just discovered using conformal bootstrap that
the Majorana fermion in 2D admits no renormalizable four-point interactions. Indeed,
U4 vanishes because of fermionic statistics and the simplest interaction is the irrelevant
operator (FOW)2. Trrelevant interactions lead to z~22¢G()(z) which are not bounded in the
Regge limit and which therefore do not solve the sum rules following from of and 5. In
section 7, we will explain how to use these functionals to bootstrap irrelevant interactions

as well.

3.2 The bosonic basis

The other complete set of functionals that we construct is associated to the spectrum of
the generalized free boson AP = 2A4 + 2n, n € N. An important subtlety arises in this
case. By analogy with the fermionic case, we can attempt to construct o, 55 satisfying

5]
BRl0Fas]

in the form (2.18). As we show in section 4, this is possible but only if we relax the

n

Fp]=0mn  ap]0Fa (3.12)
. :

0
5mn

constraint on the Regge behaviour of f(z). In fact, f(z) approaches nonzero constants

B

rather than being O(272) as z — oo for the functionals satisfying (3.12). This means o>

and 2 do not satisfy the finiteness on four-point functions and swapping criteria. However,
we can cure this problem simply by taking linear combinations which improve the Regge
behaviour of f(z) so that f(z) = O(z72). In fact, f(z) is meromorphic at infinity and
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satisfies f(z) = f(1—z), so that a single subtraction is enough. For example, we can single
out ﬂg’ to improve the Regge behaviour of the remaining functionals and define

B B
oy = 0, — cpf

671 = 671? - dnﬁ(])sa

where ¢, and d,, are fixed by the requirement that the f(z) kernels defining «,, and 5,
satisfy f(z) = O(z72). In practice, we find

(3.13)

_ (Ag), (404 —1),,
(n1)? (244)7 (444 +2n — 1),, (3.14)
Cp = %&bdn .

With this definition, «, for n = 0,1,... and S, for n = 1,2, ... together form a complete
set of consistent bootstrap functionals (8y vanishes identically since dyg = 1). Of course,
our choice to improve the Regge behaviour using 5[1)3 is not canonical — we could have used
any aB or 82 instead. However, it is clear that no matter how we choose to perform the
improvement, we will never find a consistent functional which vanishes at all double traces
2A4 + 2n and has a double zero at all but one double trace, unlike what happens in the
fermionic case. To emphasize that o and g2 are not full-fledged bootstrap functionals,
we refer to them as pre-functionals.

There is a simple interpretation of these statements in terms of the crossing-symmetric
deformations of the generalized free boson four-point function. Similarly to the fermionic
case, we want to classify the deformations of G(©) (z) which are bounded in the Regge limit,
this time assuming that no new operators appear in the OPE at the leading order along
the deformation.

2A4
GOy =1+ <1 : > 22 =14 Z UENTE (3.15)

—z
where a%o) = afAreBe We parametrize the scaling dimensions and OPE coefficients of deformed

double-trace operators as follows

An(g) = AB + (Vg2 + O(g")

3.16
an(g) = alY) + allg* + O(g"), (310
so that the crossing equation at order g2 becomes
3 [a;UFA%(z) + aﬁ?Wf}WFAE(z)} =0. (3.17)
n=0

Had aE and ﬁ,l? been consistent bootstrap functionals, we could apply them to this equa-
tion and conclude the generalized free boson admits no deformations of the kind we are
interested in. However, we know that only «,, 8, are consistent. Applying them to (3.17),

we can solve for %(11) and a%l) up to an overall constant

NONORPIMONC

(0),,(1)

: (3.18)
agl) = cnao ’)/0 s
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with ¢, and d,, given in (3.14). The overall constant can be absorbed into the coupling g2
and therefore we find precisely one Regge-bounded deformation. Its OPE decomposition
takes the form -
A=Y [anAg(z) + ddGan(2)] - (3.19)
n=0

These results exactly agree with the expectation from field theory in AdS5. The gen-
eralized free boson (3.15) is described by the free real massive scalar field ® in AdS,.
Crossing-symmetric deformations which involve only corrections to the double traces cor-
respond to quartic vertices. Boundedness of the deformation in the z — ioo limit restricts
us to relevant interactions. The only relevant quartic interaction that we can write down
is 4. Indeed, one can check that (3.19) exactly agrees with the OPE decomposition of the
corresponding tree-level Witten contact diagram.

We can generalize this logic to bootstrap higher-derivative contact diagrams in AdSs.
More derivatives in the vertex translate into faster polynomial growth of the diagram in
the Regge limit. Therefore, functionals of the form (2.18) which are consistent with higher-
derivative diagrams need to have f(z) polynomially suppressed by higher inverse powers of
z in this limit. We can construct such functionals by taking further linear combinations of
the elementary pre-functionals o and 82. Roughly speaking, improving f(z) by a factor
272 costs us one dimension of the space of functionals. This reduction introduces one new
dimension in the space of allowed solutions to crossing, corresponding to a new contact
diagram. In this way, we can bootstrap all higher-derivative contact interactions, order-
by-order in the number of derivatives. We give more details in section 7, where we also
explain how to generalize the above procedure to higher orders in g to compute higher-loop
diagrams in AdSs.

3.3 Bootstrapping Witten exchange diagrams

The functionals «,, and 3, defined in (3.13) can be given a nice physical interpretation in
terms of Witten exchange diagrams in AdSs. This connection also provides a derivation
of the Polyakov approach to the conformal bootstrap directly from the position-space
crossing equation.

Let us consider Witten exchange diagrams in AdSs. We will denote the diagram for
the s-channel exchange of a field with dimension A as

S 1 S
W(A)($1,x2,x3,x4) = |$12|2A¢‘$34‘2A¢ Wé)(Z) : (320)

A priori, Wg ) (z) is defined for z € R, and has non-analyticities at z = 0, 1, co corresponding
to collisions of pairs of boundary operators. Thus Wés)(z) gives rise to three complex-
analytic functions of z — the analytic continuations of WE) (z) from the regions (—o0,0),
(0,1) and (1,00). The t- and u-channel exchanges can be obtained from the s-channel

exchange by transposing the external points

W (21,22, 23, 21) = WE (21,24, 35, 2) (3:21)

WXJ)(:cl,xz,wg,m) = W(AS)($17$3,$2,1?4),
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which leads to the relations

W) = |

)
81_
1— 2 WA( Z)

(3.22)
W (2) = |22 W (1/2).

We will be interested in W(s’t’u)( ) for z € (0,1) and their analytic continuation from
there to the whole crossing region R. Let us expand these functions in the s-channel OPE.
Wés )(z) contains the “single-trace” conformal block of dimension A and double traces of
dimensions AB and their A-derivatives

W (z) = Z[ A)Gag(2) + 1 (A)0G g (2)] (3.23)

where we normalized the diagram so that the single trace block appears with a unit co-
efficient. The s-channel OPE of the t- and u-channel exchange diagrams contains double
traces of dimensions 2A4 4 j with j € N and their A derivatives

WA () = 3 |1 (8)Can i (2) + 1 (8)0Ca (=)

7 (3.24)
WL (2) = 301 [10(8)Gan,15(2) + v (8)0Gan,+5(2)]

j=0

where the equality of their OPE decomposition up to the (—1)7 factor is a consequence of
a symmetry exchanging z; and xs. We will be interested in the crossing-symmetric sum of
the exchange diagrams

Wal(z) = W) () + W (2) + W (). (3.25)
This function satisfies
L\ 24 ;
Wall(z) = (1 - z) wall(1 - 2) (3.26)

in the crossing region R. Its OPE decomposition takes the form
wall(z) Z [ A(A)Gap(2) + V2 (A)0G A8 (2)] - (3.27)

Note in particular that the double traces with dimensions 2A 4 plus odd integers cancelled
between the t- and u-channel exchange.

We would like to bootstrap the coefficients p!'(A), v3l(A) using the complete set of
bosonic functionals from the previous subsection. For that to work, we need to make sure
Wall(z) is bounded in the Regge limit z — ioo. It is possible to show, for example using
the Mellin representation, that W&ll(z) satisfies

w(A¢’ A)

Wal(z) ~ 2

as z — 100 (3.28)
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for some constant w(Ag, A). The ®* contact diagram in AdSs has the same asymptotic
behaviour A(z) ~ a(Ag)z~! in this limit. Therefore, there is a linear combination of
Wall(z) and A(z) which decays even faster in the Regge limit

(A¢’ A)
a(Ay)

so that Wgn(z) = O(272) as z — i0o. Since the contact diagram A(z) contains only double

Wal(z) = Wal(z) - Alz), (3.29)

traces, the structure of the OPE decomposition is unchanged
Wall(z) )+ Z [ AN (A)Ganvon(2) + VaH(A)aGmd)Jrzn(Z)} : (3.30)
The crossing symmetry of /Wgn(z) translates into

2+ [ANA) Far, ran(2) + P (A)0Foa 420 (2)] = 0. (3.31)

Because of the O(z72) decay of Wa“( ) in the Regge limit, we can apply the pre-functionals
ag and BE to this equation and swap them with the infinite sum over the double traces.
Thanks to the duality of pre-functionals and double-traces (3.12), only the action on the
first term and a single term of the infinite sum survives. We find

A(A) = —al[Fa]
/y\all(A) — _BB[FA] )

n

(3.32)

The OPE coefficients of double traces in the Regge-improved crossing-symmetric sum of
Witten exchange diagrams Wau( ) are precisely given by the pre-functional actions on the
bootstrap vectors!

3.4 Derivation of the Polyakov bootstrap

We are now one step away from deriving the Polyakov-Mellin approach to the conformal
bootstrap for SL(2). Let us first review its basic idea. One starts by postulating the
existence of distinguished functions Pa(z), which we will call Polyakov blocks. These
blocks are required to be crossing-symmetric

Pa(z) = <1 - Z>2A¢ Pa(1-2). (3.33)

Furthermore, the OPE decomposition of these blocks is required to contain the single trace
conformal block Ga(z) (with coefficient one), as well as double trace conformal blocks
GaB(2) and their A-derivatives 0Gap(z) (With coefficients that may depend on Ay and
A). Finally, and most nontrivially, it is required that for any crossing-symmetric four-
point function G(z) in a unitary theory, we can replace the conformal blocks in its OPE
decomposition with the Polyakov blocks without changing the result

ZaAGA Z%PA (3.34)
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Since the latter expansion is manifestly crossing-symmetric, conformal bootstrap is trans-
formed into the statement that all the double-trace contributions to the individual Polyakov
blocks drop out after performing the sum over the physical spectrum on the r.h.s. of the
above equation.

A priori, it is not at all clear that objects Pa(z) with the above highly-constraining
properties should exist. However, we can construct them straightforwardly using the com-
plete set of bosonic functionals. Indeed, we can take

o0

PA(z) = Ga(z) = > [an(A)GAE(z) + Bu(A)0G a5 (2)] - (3.35)

n=0

Since a;, and 3, are related to the prefunctionals o and 82 via (3.13), this expression is
related to the Regge-improved sum of Witten exchange diagrams as follows

Pa(z) = WRl(2) + BB(A)A(2) (3.36)

where A(2) is the ¢* contact diagram with OPE decomposition (3.19). Hence, Pa(z) is in-
deed crossing-symmetric since both summands in (3.36) are. Moreover, the equations which
express the cancellation of unphysical double-trace contributions on the r.h.s. of (3.34) take
the form

D anan(A) =0, > aaBu(A)=0 VneN (3.37)
A A

These equations are satisfied in every unitary solution to crossing by construction since
a, and [, are consistent bootstrap functionals. Recall that Sy = 0 identically so that the
n = 0 equation for 3 is satisfied trivially.

In summary, the Polyakov bootstrap equations are the usual bootstrap equations ex-
pressed in the basis of functionals «,, and 3,,.

In practice, the quickest way to find Pa(z) is to start with Wall(z) without any contact
term improvements, and add such multiple of A(z) that precisely cancels dGaa,(2) in the
OPE decomposition. Note that just like there is no canonical choice of a basis for the
bosonic functionals, there is no canonical choice of the Polyakov blocks. Indeed, one gets
equally valid Polyakov blocks from a linear combination of W2ll(z) and A(z) where any
fixed double trace term is absent, not necessarily 0Gaoa o (z). In general, two consistent
choices of the Polyakov blocks will differ by the contact diagram times w[Fa], where w is
a bootstrap functional.

The situation in the fermionic case is even simpler. Since af and Y are consistent
bootstrap functionals without any subtractions, we can define the fermionic Polyakov block

[e.e]

PR(2) = Ga(2) = Y [ah(A)Gar(2) + 85 (A)0Gax(2)] | (3.38)

n=0

and the four-point function then satisfies

G(2) =Y anGal(z) =Y aaP(z). (3.39)
A A
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As discussed above, PX(z) is the sum of Witten exchange diagrams in the s-, t- and u-
channel, where the bulk-to-boundary propagators are fermionic of dimension A, and the
bulk-to-bulk propagators are bosonic of dimension A.

The crossing equation in D > 1 has been used to bootstrap the crossed-channel OPE
decomposition of Witten exchange diagrams in AdSp41 in some cases in [7, 33]. Rather
general formulas for the OPE decompositions were found using Mellin-space techniques
in [32, 34]. For D = 2,4 a closed formula for the coefficient function of the crossed-channel
Witten exchange diagrams was found in [35] by applying the Lorentzian OPE inversion
formula of Caron-Huot [6] to a single crossed-channel conformal block. The direct-channel
exchange contributes a part which is not analytic in spin, and is therefore not captured
by the standard inversion formula. Functionals of this note automatically incorporate
also the direct channel exchange. There is in fact a Lorentzian inversion formula for
the principal series of SL(2) which reproduces the full crossing-symmetric sum of Witten
exchange diagrams when applied to a single crossed-channel conformal block [36]. We
checked our results for the OPE coefficients in Witten exchange diagrams with explicit
computations whenever possible.'?

Before we conclude this section, we should note that there is an an important sub-
tlety which we skimmed in the above. This is the fact that the equivalence between the
Polyakov approach and the functional bootstrap equations is only guaranteed if we are
allowed to commute the series running over the functional label n with that over A upon
inserting (3.35) into (3.34). That this is indeed true follows from an upper bound on the
OPE data derived in section 5, and will be proven in section 6.

4 Construction of the dual basis

4.1 Functionals for generalized free theory

We will now find the functional bases with all the properties that were described in previous
sections. We will use the construction [13] (which itself builds on [12]), to which we refer
the reader for further details, and which we now shortly review.!!

We begin with the general class of functionals given in equation (2.18) and consider

their action on the Fa:

1 tico 1
W[Fa] = / d=f(2)Fa(z) + / dz g(2)Fa(2), (4.1)

2 /1
The pair of kernels f, g are assumed to be holomorphic in the upper-half plane, and real
along their respective contours of integration in the above definition. It is useful to extend
f(2) into the lower half-plane by setting f(z) = f(1 — z). The pair f, g should satisfy the
so-called gluing condition,

Ref(z) = —g(2) —g(1 - 2) (4.2)

1We thank Xinan Zhou for providing us with a draft of [37] to facilitate some of these checks.
11 A different perspective on this construction will be given in [36] in terms of a Lorentzian OPE inversion

formula for the principal series of SL(2).
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for z € (0,1), which essentially tells us that f(z),g(z) arise as discontinuities of a single
kernel h(z). We would like for the functional action w(A) to be an oscillating function of A,
and in particular that it should have double zeros for A = AB AF depending on whether
we want functionals dual to the generalized free boson or fermion respectively. The trick
is to use that

. G z
lim Ga(z + ie) — im(A=20) A (Z—l)

= , f <0, 4.3
0t (2 + i€)?De (—2)28 ore (4.3)
to obtain the desired oscillations. Let us set
1
o) =n1= 2y ((), 0<es, (1.4
—z

with in particular f(z) real for z € R\(0,1), and set n = 1, —1 for the bosonic, fermionic
cases respectively. Following [13], a simple contour-deformation argument gives us

1 z
W(A) = w[Fa] = [1 - neosw(A — 28,)g(A),  a(A) = /0 azg() 9. )

which has the desired double zero structure. For z € (0, 1) equation (4.2) together with (4.4)
implies the fundamental free equation:

IR f(e) = (1= 2Py (1) - et (1), (1.6

z

This is the equation that the functionals dual to the generalized free solutions must obey.

4.2 General solution

We will now find a full set of solutions to the fundamental free equation subject to ap-
propriate boundary conditions, which we will discuss in detail. As it turns out the actual
construction of the solutions will then be fairly simple thanks to a nice property of the
equation which allows us to start with one particular solution and derive from it an infinite
set of other solutions.

4.2.1 Boundary conditions

We begin by discussing constraints on the behaviour of f(z) as z — co. One condition
arises from demanding that the functional action (4.1) on the Fa should be finite for
A > 0. This imposes in particular that f(z) should decay sufficiently fast as z approaches
infinity. For A > 0, the asymptotics of the Fa imply that we need f(z) = O(22247¢) for
some positive e. However, the swapping condition [19], which is the requirement that the
functional action should commute with (crossing-symmetric) infinite sums of Fa, actually
requires the stronger falloff 2717¢ for some € > 0. Since f(z) is analytic for z away from
(0,1), we must have that f(z) falls off like an integer power of z~! greater or equal than
two. Note that using (4.4) and the assumed falloff of f(z) we find g(z) = O[(1 — 2)?2¢] as
z — 17 and this is sufficient to guarantee that the contribution of g(z) to the functional
action is also finite. The swapping condition adds no further constraints on g(z).
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Next we discuss the behaviour of f(2) as z — 17. A generic solution of the fundamental
free equation which is sufficiently bounded at infinity will be divergent as z — 1*. There
are two classes of behaviour, labelled by the presence or absence of a leading logarithmic
divergence, along with a specific power law divergence. We can fix this divergent structure
by a simple argument. Note that the contour deformation leading to the functional ac-
tion (4.5) is generically not allowed, since the integral computing g(A) might be divergent.
However, since the original functional action was definitely finite, this divergence must
cancel against a double zero. The allowed behaviours are hence

21+ aglog(z — 1) + by

f(z) (z —1)2+2m n=-1 (F) (4.72)
e

with m € N.'2 If qp = 0, we say the functionals are of type 3, otherwise of type .
Note that a functional with a given m is only defined up to addition of lower m ones.
Furthermore, a-type functionals are also ambiguous to the addition of a 8 functional with
the same m. The functionals are characterized by the fact that both have double zeros for
A, with p > m, while for A,, the 3, functionals have simple zeros and the «,, functionals
are non-zero.

4.2.2 (General solution

Let us denote functionals by ag,, B and write f(2) — fa,. ek ,6%,?777 for the corresponding

f(2) kernels, keeping in mind that n = 1, —1 corresponds to bosons, fermions respectively.
Previously we constructed those solutions with n = —1 for all Ay [13]. We recall their form:

I 2 -1 ~( 13 1
@ = —na0Zt o (—5 3200+ Sias L8 4 2
9 15 5 1
E 27 Ay +2,Ay+3; 4.8
6w 2(2 g PRe T it T AR 4w>]’ (4.82)

_ 2(z —2 1 ~ 1 1 3 1
e (z):K(Ad))—(z Gy )[3F2 <—,—,2A¢+;A¢+2,A¢+2;—4w>

(22 — 1)w3/2 2
2A4+3)(2A4+5) ~ (1 1 1
—I—( ¢ 1)61} ¢ )3F2 <2 2 2A¢—|— A¢+3 A¢—|—3 —4w>
3(4A4 +5) =~ 33 7 1

Here 3F stands for the regularized hypergeometric function, w = z(z — 1) and the normal-

ization factor reads
['(4Ay +4)
2880 5T (A +1)2

K(Ag) = (4.9)

12 Actually, this argument only shows the weaker m € Z. For ao = 0 positivity of f(2) together with the
right falloff at infinity set m > 0. We do not however have a general proof of this statement.
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These solutions falloff as z~2

as required, and satisfy (4.7a) with m = 0. The ambiguity in
ap has been fixed here by demanding of,(Af) = 0.

In order to obtain other solutions, we will resort to the following very useful property
of the fundamental free equation. Consider some solution fwA *"(2), where w = a, 3, and
define a new function

Ay [1+2(z =D aym

o (2) Ww (2),

(4.10)

for integer k,p. Then it is easy to check that this will also satisfy the fundamental free
equation, as long as we change

_ - 3
N =05 Mg g =Ap— Cktp. (4.11)

Multiplication by the prefactor modifies the behaviour near z = 1 and z = oo, and it
can also give us a bosonic functional from a fermionic one and vice-versa (i.e. change 7).
Starting from the elementary m = 0 fermionic functionals written above we can use these
shifts to obtain all other solutions of interest.

First let us obtain obtain all fermionic solutions, i.e. those with n = —1 but arbitrary
m > (0. To do this we simply define

2m
The resulting functionals still have the required falloff at infinity and the right divergent
structure as z — 17. Since the prefactor is positive, they also preserve any positivity
properties of the original m = 0 kernels. Hence these provide good functionals with all the
right properties, and we remind the reader that each of them can be redefined by adding
lower m solutions. We can use this freedom to make certain nice choices detailed further
below. To obtain bosonic functionals we can define:
3
e R T A O} (4.13)
since we have just obtained all solutions on the righthand side. The minus sign is included
so that positivity of the fermionic functional action translates into positivity of the bosonic
one, cf. equations (4.4) and (4.5).

This leaves a priori two other sets of solutions to be constructed, namely those bosonic
solutions which satisfy (4.7b) with m = 0. Note that multiplication of a fermionic functional
by z(1 — z) could do the trick, but this ruins the falloff at infinity; we cannot correct this
by dividing by 1+ z(z — 1) since this would destroy analyticity of f(z) away from the real
axis. The only way out is to first take a specific linear combination of m = 0 fermionic
functionals which falls off as z=* and only then multiply by z(1 — 2), to obtain a bosonic
« functional with m = 0. In detail this is achieved by setting:

1 A

) =202 @ g )| (4.14)

This still leaves the Bar functional to be constructed. However, this is fine since such a func-
tional actually does not exist for general A¢.13 Indeed, as we have discussed in section 3,

13 An exception is the degenerate case A, = 0 where f(z) = ﬁ does the trick.
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it is precisely this missing functional which allows the deformation of the generalized free
boson solution by a contact term in AdSs. Another argument is that such a functional
would rule out the generalized free fermion solution to crossing, since the associated func-
tional action would be non-negative for all Ay > 2A, and zero on the identity. Finally, this
result can also be seen directly from the fundamental equation and boundary conditions.
Suppose such a functional did exist. Then we could form a new fermionic functional with
m = 0 by dividing it by z(z — 1). But then this would mean that there exists a fermionic
functional with m = 0 that falloff as =%, which is false: the unique m = 0 functional is
the one in equation (4.8a), which decays as 272 [13]. We conclude the only way to recover
the missing functional is to relax the required asymptotics to O(1) instead of O(z~2). This
leads precisely to the prefunctionals discussed in section 3.2.

4.3 Orthonormal bases and special cases

The construction described above provides us with a full set of functionals with prescribed
boundary conditions. They have the property that the associated functional actions satisfy

am(Ayp) = dpm, a;n(An) =0

for n > m, for both bosons and fermions. In order to extend these orthogonality conditions

(4.15)

to 0 < n < m we can use the freedom to redefine a given m functional by lower m ones,
and that of shifting an « functional by the corresponding S functional with the same
m. We were able to find closed form expressions for such orthogonal functionals only for

special values of A,. For instance, for Ay = 1/2 the set of orthogonal fermionic (n = —1)
functionals is given by
1 2 I'(2+2m)!
= -0 — G 1 4.16
fon(2) = 2T P (552) | Poen (55) (4.17)
BT 22 T(3 4 4m) z 1—2 ’

with P, (z) the Legendre polynomials. We have checked (numerically) that the functionals
so defined satisfy the orthogonality properties above for all n,m € N.
Another case which will be useful to us later are the bosonic functionals with Ay =1

and n = 1:
1 2 (2 4+ 2m)*
Jon(2) = 50m fom(2) = T3+ ElmJgF(TZZr 4m) Gome2(1/2)
2 —
[, (2) = ;m [P2m+1 (ZZQ) + Pomta <i j i) (4.18)

() -n(15)

It can be checked that the corresponding functionals satisfy the relations:

am(An) = Onm, O/m<An) = —Cmono, n,m >0

4.19
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Figure 2. The action of the fermionic «, and 3, functionals for Ay = % and n = 0,1. The
functionals have double zeros at A = 2A4 4 2m 4 1 for m # n and m,n € N>¢. The action of
on the identity (A = 0) is equal to —a§r§2+2n+1, while 3, vanishes there. «,(A) and §,(A) also
describe the OPE decomposition of the crossing-symmetric sum of Witten exchange diagrams with
exchanged dimension A.

where the constants ¢y, d,, are related to a contact diagram in AdSs, cf. (3.14). Again, we
should set By = 0.

These examples illuminate a more general pattern of orthonormal functionals. The
basic building blocks

fAd,,n( ) . P2m+1 (222) 4 P2m+l(iti) (4 20)
gm \#) = LRV (= 12250 :
Ay, 1 Ay, ['(2+ 2m)?
o (2) = SOm o (2) = T g amy Cemra(1/2) (4.21)
satisfy the free fundamental equation for all m, for n = 1 and integer Ay or n = —1 and

half-integer Ay. Note the asymptotic behaviour near z = 1 takes the form

Fin@) 2 01— 1), m> A, -1, AgeN
’ s . ) 1 (4.22)
fom@ T Ol =172, mz= Ay -5, Ay eN+

and similarly for the a-type functionals with extra logarithmic factors. This means that
as we increase Ay we have the freedom to include building blocks with lower m, which we
must use to obtain a sufficiently fast falloff (i.e. O(272)) near z = co. As we increase A, by
one unit the behaviour near infinity of the building blocks gets multiplied by z(z — 1), but
at the same time we gain two new lower m blocks (« and f3), so it may seem the system is
under-constrained. However, experimentally we find that there are always identities among
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these lower m building blocks which reduces the number of degrees of freedom in precisely
the right way. Furthermore, the net result is always that after properly orthonormalized
B functionals have been constructed, the «,, functionals are always given by

Ay,— 1 Ay,
o () = 50mf57"(2)
2 (14 2A, +2m)?
m2T(24 404 +4m)D(1 +4A, + 4m

) = SO (2)

Qmy 2 m ﬁm
2 [(2A4 + 2m)*
T2 T(4Ap 4+ 4m)T(4A4 — 1 + 4m)

)G2m+1+2A¢(1/z), (4.23&)

Ggm_:,_QAd)(l/Z), (4.23b)

for half-integer and integer Ay respectively.
As a simple example, the fermionic basis for Ay = % is given by

3 _ 2 (4 +2m)? 3 1 3

2’ = — 2 - = 2 4.24
T @) = 2 TG+ g6 + dm) \Jim1 (&)~ 5emdio (2 (424
with ¢,, = 23 4 28m + 8m?, and «,, kernels given as above with Ay = % The identity
among lower m kernels in this case is:

3

3 = 12 () = 3. (4.25)

As a concrete illustration, the actions of the first few fermionic functionals at Ay = %

are plotted in figure 2.

5 Functional bootstrap equations and their implications

5.1 General idea

The functional bases constructed in the previous section provide us with an infinite but
countable set of constraints on the CFT data. These constraints are obtained by acting
with the functionals on the crossing equation and using the swapping property to find the
functional bootstrap equations (1.5) which we repeat here:

D anan(A) =0, > aafu(A)=0, neN (5.1)
A A

where one may choose to use the bosonic or fermionic basis. In either case, these equations
provide necessary, and as we will argue in the next section, sufficient conditions for the OPE
data to satisfy the crossing equation. In other words, these equations contain the same
information as the original crossing equation, but in a form that is much more amenable to
analytic (and numeric [38]) studies. In this section we will use these equations to extract
universal properties that must hold for any solution to crossing.

Previous work [10, 11, 24] appealing to Tauberian theory has been able to derive pow-
erful constraints on moments of OPE density at large A. These results may be summarized
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Figure 3. Functional &, used to prove the upper bound on the OPE coefficients (5.12), here
shown in the fermionic case for Ay = 2, n = 2. The contribution to the sum rule from operators
in [A, — 1,A, 4+ 1] (shown in red) must be bounded above by minus the contribution from where
an(A) < 0 (shown in green). The negative region stays finite in extent as n — oo and is dominated
by the identity in this limit, giving rise to the r.h.s. of (5.12).

as establishing that 1) the OPE decomposition converges exponentially fast in the crossing
region R away from its boundary and 2) the integrated or average OPE density of any
solution to crossing must behave asymptotically like that of a generalized free field (with
calculable corrections). Here we will be able to make more refined statements: we will
prove an upper bound on individual OPE coefficients, as well as the total OPE density
present inside intervals of finite size. We can establish these bounds for any value of A, but
they take a particularly simple form for A > 1. Moreover, we will obtain a lower bound
on a suitable average of the OPE density. The result is that both upper and lower bounds
strongly constrain variations of the OPE density away from the generalized free answer.

In both cases the derivation of the bounds follows in a straightforward manner from
the functional bootstrap equations, and in particular from the «, sum rules. The «,
functionals satisfy au,(Ay,) = dpm and also know about the generalized free OPE density
since ay(0) = —afgie, which follows from the existence of the generalized free solutions to
the functional equations. For both upper and lower bounds this will essentially imply that
contributions to the sum rule from the OPE density in the vicinity of A,, will have to cancel
the contribution of the identity, which is controlled by the generalized free result. For the
upper (lower) bound we will take «,, (—a;,) and modify it appropriately by  functionals
so as to obtain an object with suitable positivity properties. The positive contributions
can be ignored to obtain inequalities, and potential undesired negative contributions are
always sub-leading for large n, which leads to the desired bounds.

Throughout this section, it will be useful to keep in mind the definition:

I'(A)? D(A+2A,—1)

free __
~2T@2A —1) T(2A,)2T(A — 28, 1 1)

(5.2)

which yields the correct GFF OPE coefficients when evaluated for A = AF, AB.
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5.2 Upper bound on the OPE data

We will work with the fermionic functional bootstrap equations and at the end we will
comment on how similar results may be derived by resorting to the bosonic ones. We want
to find a functional for which contributions to the corresponding sum rule from values of
A in a neighbourhood of A,, must cancel that of the identity. Unfortunately, the basic o,
functional will not do, but a simple modification will suffice.

Let us begin from the «;, equations. Ignoring various positive contributions to the
corresponding sum rules, they imply the following bound:

D anon(A) <ak®+ ) aa[-on(A))] (5.3)

A€By, AeSy,

Here we have defined the bins B,, = [A, — 1,A,, + 1] centered around the generalized
free fermion values AY = 1+ 2A, + 2n, and the set S, where the functional is negative,
formally S;; = {A > 0: (A ¢ B,) N (an(A) < 0)}. We have also used a,(0) = —agene.
The equation above establishes a bound on a certain average OPE density inside any given
bin, but it is not very useful as one can check that the set S, contains operators with
arbitrarily large A. Our strategy is to introduce new functionals:

Qn = ap + bpfn. (5.4)

The coefficient b,, is chosen so that the associated functional kernel has a stronger falloff

behaviour,'*

fan(2) “X° 0(z7H). (5.5)

The shape of the resulting functional is illustrated in figure 3. The point of this improved
definition is that the functional action a;,(A) turns out to have much nicer positivity
properties, namely

Gn(A) >0  for A > AP (5.6)

with AR roughly 2A, for all n. We have checked this numerically in several cases. It
can also be proven rigorously at large n for specific, half-integer values of A, using the
asymptotic expressions for the functional actions derived in appendix A, as we will see
momentarily. With the & functionals our new improved bound is

> and@n(A) <ak+ > aal-an(A)) (5.7)

AEB, 0<A<AP

This is an exact bound valid for any n, constraining the average OPE density in the bin
B,,. The bound is non-trivial, as the a,,(A) are bounded from below in B,, by an order one
number. Although valid, this result is perhaps not so useful as expressions for the a,(A)

14To justify this prescription, we point out that for f., (z) we have lim._, o 2% fa,, (2) > 0, which implies
the functional action (4.5) will be necessarily negative for sufficiently large A. On the other hand sub-leading
terms turn out to have positive coefficients, so it is natural to remove the offending piece.
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are generically quite complicated. However we can obtain a cleaner version of the bound
by considering large n. For a generic functional w, let us define:

4sin® [T(A = A,)] [ afee
wn(A) = bﬂg } ( S0 ) Ru(A,An]Ay). (5.8)
an

The goal of this rewriting of w,(A) is to factor out the fast, exponential dependence on A
and n. Using the results of appendix A we can obtain

4AN2

O e N v s v (5.9)
16AAS

Ra(A,A,8y)  ~  —20=%n (5.90)

AAp—oo (A — A4)27

where the limits are taken holding the ratio A/A,, fixed. To be precise, we have checked
these expressions hold for several half-integer A, where the functionals take a simpler
form.'?

If we make A,, large but keep A fixed, we again find simplifications, but the result now

depends on Ay. In the simplest case Ay = 1/2 we find:
Ra(AAnlY) Avsoe 2 T(A) sinfr(A — A,)]

o _ 2 1
2A 1) AL T(2A)  wAp 7 (5:100)
Ba(d Anlg) apgee 8 _af* T(A)? o (wA (5.10)
(2A —1) A3 2A—1 AZA 2 '

We have written the last expression in a funny way because the ratio afAree (2A — 1) is
positive for A > 0. From the expression above we see explicitly that for large n the
functional action &, (A) is positive beyond A > 3/2. Furthermore for A < 3/2 we obtain

) ol
an(A) = —m. (5.11)
In particular, in the large n limit all values of a,,(A) for A < 3/2 are suppressed relative
to the value at the identity &, (0) = —agie. This means that in equation (5.7) we can
safely neglect the sum on the righthand side for sufficiently large n. For other values of
Ay we find the same pattern: the Ry functions contains two pieces, one analytic and one
non-analytic, with the latter dominating for small enough A, and for which the identity
contribution is always leading in the limit n — oo.
Overall, we can now write the bound in following simple form:

4 sin? [1 (A — An)] an
limsup ) 2 - ( = ) <1 (5.12)
n—oo |A7An‘§1 T (A — An) aAee

15We believe that the expressions hold for general Ay. For instance, assuming this is indeed the case it is
easy to show that the generalized free boson OPE density will satisfy the (fermionic) 8, sum rule at large

o0 T
P d =
/0 xx4_1 0

n for any A, which follows from
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Figure 4. Functional U,, used to prove the lower bound on the OPE coeflicients (5.18), here shown
in the fermionic case for Ay = %, n = 2. The contribution to the sum rule from operators in
[A, —2,A,, + 2] (shown in red) must compensate the contribution from where U, (A) > 0 (shown
in green). The latter always contains the identity, which gives rise to the r.h.s. of (5.18). There
could be an additional negative region (shown in blue), but its extent stays finite as n — oo and
its contribution sub-leading compared to that of the identity in this limit.

Although we have only derived this bound for a few specific values of Ay, we believe this
to be actually true for all Ay. A few notes are in order. Firstly, we have found the very
same bound by working with the bosonic functional basis, upon suitably reinterpreting the
meaning of the A,, above (i.e. changing them from AF to AB). Secondly, by using the fact
that the bound above holds for all large n together with the specific form of the averaging
kernel, we are free to extend the sum over a wider range in both directions, as long as A
stays large. Finally, it is clear that an equally good bound can be obtained by shrinking
the region over which we are averaging as much as we wish, so that the result above implies
also a bound on individual OPE coefficients, namely:

a

limsupf—A <C, 1<C<7?/4 (5.13)

ree
A—oco QA

The bound is strongest when A is at the centre of the bin, where C' = 1, weakening as we
move close to the edge by up to a factor of 72/4. However, we can combine this bound
with the one obtained from the bosonic basis (where the bins are shifted by one unit) to
improve the upper range of C' to 72/8 ~ 1.2. While we cannot rigorously prove it, it is
tempting to conjecture that the actual bound is actually

a
lim su < 5.14
A%oop afAree o ( )

5.3 Lower bound on the OPE data

We will now establish a lower bound on the OPE density. The strategy to obtain such a
bound is to cook up a functional U,,, such that its action looks essentially as illustrated in
figure 4. The functional action is negative for [A,_92, A, 42], with all other negative regions
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being suppressed for large n. The functional is constructed such that its action on the
free

identity is positive and given by the generalized free OPE coefficient ax*°. This implies
then that in the sum rule for U,, the OPE in the aforementioned negatlve region must be
large enough to at least cancel the identity contribution, establishing a lower bound.

Consider then the following combination which we call the double bin functional:

free free
ap, | Bny1 Ba-1 Onan
Up = — oy — . 5.15
n 4 [agejle+1 giell [ n 2 free /Bn ( )

The reason for this name is that the functional action dips to negative values when A €
[Ap—1,An+1]. This particular combination of functionals is chosen so that the functional
action looks like in figure 4, in particular it has first order zeros at A,11, Up(4A,) = —1
and U, (0) = alzee

Let us denote the second square bracket above by a,,. For large A, A,, we have Rg =
Oa, R with exponentially small corrections. We find then

4sin® [Z(A = Ay)]

free
2
n(A ~ 2 S ) 1253 Ra(A, An|A 1
U( )A,An,|A—An\—>OO 2 < fgee) |:38AnR,3( ) ‘ ¢>):|7 (5 6)

which is positive, as can be checked using (5.9a). In the limit of large A,, with fixed A we
again lose universality in Ay and must check case by case. For Ay =1/2, we get:

AnN—mo 4sin’ [%(A - An)] freer(2A)

[(A)*cos? (Z2) 16
7T2 aAn F(A)Q

_+_7

. (5.17)

where we have shown the leading analytic and non-analytic pieces in A,. In particular, this
shows that the functional is positive in this limit, and positive contributions to the sum rule
can always be ignored when we want to obtain a bound. For more general Ay, we find a
similar story. One always finds that for A larger than 2A4, the functional action is always
non-negative, apart from the double bin region (A, _1,A,+1). On the identity it is clearly
positive, since it must be equal to the free OPE value. For intermediate values of A we find
that there can be negative regions of U,(A), but these turn out to be always suppressed
in the large A,, limit, much as we saw in the previous subsection in the determination of
the upper bound on the OPE density.

Ignoring subleading and positive contributions, the sum rule arising from U, leads to
a simple bound:

16sin?[F(A — Ap)]

. an
lim inf 51 - 18
n—00 A;n|§2 T2 (A = Ap)2(A = Ap_1)(Aps1 — A) (agee> ( )

Here the averaging kernel can be obtained by considering the functional action in the
limit of large A, A,, with fixed difference. This result establishes a lower bound on the
OPE density, which is valid in the limit of large n. Just like in the previous subsection,
we have explicitly derived this bound for several half-integer Ay, and have also done the
same with the bosonic basis of functionals (for integer Ay), finding the exact same result
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upon reinterpreting the meaning of A,. We conjecture the bound holds for all Ay and
for either basis.

A few comments are in order. It is possible to obtain a lower bound for finite n,
just like we did for the upper bound in the previous subsection, but we will not write
it down explicitly here. The bound above is optimal, in the sense that it is saturated
by the generalized free solutions. Moreover, it is possible to check that the fermionic
bound is satisfied by the bosonic solution and vice versa. A more non-trivial test is that
the (0(0)o(1)o(z)o(c0)) correlator for the 2d Ising model satisfies the above bound non-
trivially, with the left-hand side evaluating to = 1.06.

A straightforward consequence of the bound is that one cannot have large gaps in the
OPE, since there must always be at least one state in between A,, and A, 2. Combining
the bosonic and fermionic bounds we find the remarkable result that the spacing between
consecutive primaries can be no larger than five at sufficiently large A.

6 Completeness

In this section we will demonstrate that the full set of functional bootstrap equations are
equivalent to the crossing equation, assuming unitarity. That is, we will prove

Y aaFa(2)=0 & ) aran(A)=0, Y aaBu(A)=0, VneN, (6.1)
A A A
where the sums range over A > 0, and aa > 0. The rough intuition for why this should
be the case is that equation (6.5) below allows us to express Fa in a basis formed by the
Fa,, ,0FA, , with uniqueness of the decomposition guaranteed by demanding that the coef-
ficients are functional actions. The functional bootstrap equations are then the coefficients
of this basis decomposition of the crossing equation.

For thoroughness, let us first briefly review why the functional equations follow from
crossing, i.e. why they are necessary. Necessity follows from

ZaAFAzo :?> Wn [ZCLAFA
A

A

= aawn(A), (6.2)
A

that is to say, if the swapping condition holds, with w = «, 8. By linearity of the functionals
this is proven if

Z anFa

A>A*

= 0. (6.3)

lim w,
A*—00

Our functionals were defined by integrals with kernels f, g as in our basic definition (2.18).
Then, as long as wy(A) is finite for all A > 0, the only danger comes from the region of
integration close to z = oo [19]. In that region we bound

> aaFal < D aa GA(|;1D+GA(‘Z21D]

A A
ASA* ASA* [ |z — 1]
S Gay(1/]2)  ~ O(z[7%) (6.4)
|z| =00 |2]—00
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where in the second step we have assumed crossing holds and that Ag is the smallest
dimension for which apn > 0. Equation (6.3) will hold if the f(z) kernel behaves near
z = 00 as z20717¢ for some € > 0. Depending on Ag we have different possibilities, which
leads to different possible choices of functional bases. Here we are interested in the case
Ag = 0, and our functionals were constructed so as to satisfy this precise requirement.
This proves necessity.

To show that the functional equations are also sufficient, we will use the crucial relation:

o0

Fa(2) = [0n(A)Fa, (2) + Bu(A)OFA, ()] . (6.5)
n=0
Establishing that (6.5) actually holds is a priori no easy feat. Luckily we already know
that such expressions do exist, as they follow from the conformal block decomposition of
(crossing-symmetric sums of) Witten exchange diagrams. More precisely, those objects
guarantee that decompositions of Fa exist in terms of Fa,,0Fa, . Once this is established,
the coefficients in the decomposition can be chosen as functional actions as we have proven
in section 3.
Using the decomposition (6.5), sufficiency can be rephrased as the commuting of a
double series:

ZaAFA = ZZaAan(A)FAn + ZZGAﬂn(A)aFAn
A

A n=0 A n=0
=3 (Z aAan(A)> Fa, +> (Z aAﬁn(A)> OFn, (6.6)
n=0 A n=0 A

If this is true, the functional bootstrap equations are not only necessary but sufficient. The
detailed argument proving this below is somewhat technical, but the main idea is that to
show the double series commutes we need to have sufficient control over the OPE density
at large A, and this is possible thanks to the upper bound derived in the previous section.
Let us argue why it is indeed possible to commute the series. We will show this for
the «, functionals, the other case being completely analogous. We will start from the top
expression and show that the functional equations imply it is zero. First note that

[e's) N-1 00
DY anon(A)Fa,(z) =) (Z + Z) anan(A)Fa, (2)
n=0 n=N

A n=0 A

=) "> anon(A)Fa,(2) (6.7)

A n=N
We have commuted the sum with the series since each individual series is finite by assump-
tion (and zero). Next we do the following manipulation:

Z Z apnon(A)Fp, (z) = lim Z Z apnon(A)Fp, (2)

ANIHOO
A n=N A<Ap—1n=N

=— lm Y > aran(A)Fa,(2) (6.8)

Ay —
MO0 TN A Ay —1
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where in the second step we commuted a finite sum with an infinite one and used the
functional equations once more. The unit shift in A, is for later convenience. If we can
show that this last expression vanishes we are done.

Let us then examine the limit. We begin by pointing out that since for any finite sum
in n the limit is indeed zero, it is not hard to see that the desired result can be established
by showing that:

Ve >0, IN,, M. : Z Z apnon(A)Fa, (2)] < e (6.9)
TL:NE AZAA{6—1

To prove this we will use the upper bound (5.12) on the OPE density. First, we bound the
lefthand side by the double sum of the modulus of the summands, and consider the inner
sum, which we rewrite as:

Y. lasan(d)]

A>Apy —1
=Y D laaon(d))
k=M. A€By
00 . 2
free an 2sin [f(A B A”)] } 2
== ClAn oo RQ(A, An’Ad,)(A — Ak) . (6.10)
k::zl\:/[ Aék a¥ { (A= Ak)

As we show in appendix A, the important property of Rq(A,A,|Ay) is that for A, A,
both large, it is given by a simple rational function with a double pole for A = A,,. For
those bins By such that |A,, — Ag| > 1, we can use the OPE upper bound to get:

D

A€By

ap 4sin? [Z(A — A,)]

WAL ALIAG (A — AR)?
agee WQ(A_AIC)2 R( ) ‘ ¢)( k)

< Ra(Ak,An’Aqg) < 1(611)

In particular,
Ro(Ak, AplAy) ~ O(AL?), A > A, > 1. (6.12)
For those bins where |A,, — Ag| ~ 1 we have
Ro(A, A (A — Ap)? ~ Ro(A, A (A — A2~ 1 (6.13)

and we can use the OPE upper bound again to obtain

2
an PSin(WQA)] 2

T Ro(A AL (A - A <1 6.14

2 fai (aoage @A) (6.14)

It is clear that the full sum over bins converges, and we conclude

Z apan(A) §afA“;epn (6.15)
A>Any,
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where p,, is some n-dependent polynomial of fixed degree independent of M.. We are now
nearly done since we have shown:

oo oo
S| Y aron@)Fa, )| < Y palaklFa, ()] (6.16)
n=Ne¢ | A>App, n=~Ne

Since we know that the OPE for the generalized free field solution converges exponentially
fast [24], the extra polynomial growth factor is irrelevant and hence by choosing N, appro-
priately we can make this arbitrarily small. We conclude that (6.9) is true, and that the
functional bootstrap equations are indeed necessary and sufficient to establish that a set
of OPE data satisfy the crossing equation.

7 Witten diagrams in AdS,

7.1 Continuous families of solutions to crossing

Let us imagine we are given the full set of CFT data of a conformal-invariant theory,
satisfying unitarity and crossing. The theory may or may not include the stress tensor. It
is natural to ask whether the theory admits a deformation of the CF'T data which preserves
unitarity and crossing. We can further restrict to deformations which do not introduce any
additional degrees of freedom. Thus the deformation is described by a continuous family
of CFT data A;(g), cijk(g) where i, j, k run over all primary operators in the theory, and
where g is a real deformation parameter such that for ¢ = 0 we recover the original theory.
For simplicity, let us focus on the four-point function G,(2,Z) of identical scalar primaries
along such deformation. Thanks to crossing and unitarity, G4(z, Z) is bounded in the Regge
limit for any g. If we assume the CFT data admit a series expansion for small g, we get a
corresponding expansion of G,4(z, Z)

Gy(2,2) = GO (2,2) + GV(2,2)g> + GO (2, 2)g" + ..., (7.1)

where we chose g2 as the small parameter for future convenience. While Gy(z, 2) has to
be bounded in the Regge limit, there is in general no guarantee that the terms in the
expansion G (m)(z, Z) with m > 0 are themselves bounded in the Regge limit. However, one
expects that the Regge boundedness of the finite-coupling correlator constrains the rate of
growth of the perturbative terms in the Regge limit.'6

The situations where we start with a theory with a stress tensor and where the stress
tensor is present along the deformation are quite rare. Indeed, the only known examples of
local theories with nontrivial conformal manifolds are two-dimensional or supersymmetric
and come from deforming the path integral by an exactly marginal local operator. On
the other hand, the existence of deformations is presumably more generic in non-local
conformal theories. For example, the 3D Ising CFT admits a non-local deformation in the
form of the long-range Ising model [39-42]. Therefore, the picture of the space of conformal
theories that our current understanding suggests is that of a finite-dimensional space of

16Consider the toy example fy(z) = —, which is bounded as z — oo, but whose terms of the

1
T—g%
perturbative expansion diverge there. The rate of growth of the perturbative terms is proportional to the
order in perturbation theory.
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non-local theories, where local theories arise generically as isolated points, or sub-manifolds
of nonzero codimension.

Many examples of non-local conformal theories can be obtained as the boundary duals
of standard local, UV-complete quantum field theories placed in AdS [43, 44]. Any defor-
mation of the bulk QFT preserving its UV-completeness and overall consistency will give
rise to a family of unitary and crossing-symmetric boundary CFT data. In the simplest
case, we can start with the theory of a single free massive scalar field in AdSg11. Its set
of boundary correlators is known as the generalized free scalar theory. The theory can
be deformed by local interaction vertices in the bulk Lagrangian. If we want to preserve
UV-completeness in the bulk and thus get a full-fledged theory on the boundary, the in-
teraction should be renormalizable. The simplest example is the mass term, which simply
interpolates between generalized free fields of different scaling dimensions.

Non-renormalizable bulk vertices still give rise to perturbative deformations of the
boundary CFT data, but there is no guarantee that such perturbative expansion can be
completed to a non-perturbative family of conformal theories. References [45, 46] found
that (in d > 2) there is in fact a one-to-one correspondence between bulk four-point vertices
and leading-order deformations of the scalar four-point functions G(!)(z, Z) on the boundary,
assuming the deformation only modifies the double-trace data at this order. Note that of
these infinitely many vertices, only the scalar ®* interaction gives rise to Q(l)(z, z) which
is bounded in the Regge limit.

7.2 Scalar contact diagrams

We can use the bases of functionals constructed in this paper to repeat this exercise in
AdSs, and then carry the procedure to higher orders in the coupling. Consider the theory
of a real scalar field ® in AdSs with mass fixed in the units of the AdS scale so that
the boundary ¢ has dimension Ag. The counting of physically distinct bulk four-point
vertices is equivalent to the counting of crossing-symmetric polynomial S-matrices in 2D
Minkowski space. In 2 — 2 s-channel scattering in 2D, the Mandelstam variable u vanishes,
while s + ¢ = 4m?. Since crossing corresponds to s — 4m? — s, the crossing-symmetric
S-matrices are linear combinations of s?(4m? — s)? with b = 0,1,.... The corresponding
complete and independent set of quartic vertices can be written schematically as (9°®)*
with b=0,1,....'7 In a 2 — 2 scattering process in 2D, there is only one way to take the
high-energy limit, namely s — co. We can think of it as the u-channel Regge limit since
we can get it by boosting particles 1 and 3 by a large boost to the right and particles 2
and 4 by the same boost to the left. In other words, u = 0 stays fixed, while s and t are
becoming large. In this limit, the S-matrix of vertex (9°®)* behaves as s2°.

In the boundary theory, we consider the four-point function (¢(z1)p(x2)d(z3)d(x4))
and proceed exactly as in section 3.2. We want to solve for the double-trace data at tree-

level 7,(11) and aﬁf), which yield the OPE decomposition of the tree-level four-point function

G (z) = 3" [alGaa,van(2) + alPAD0Goa o0 (2)] - (7.2)
n=0

"The notation simply means that the vertex contains four ® fields and 4b derivatives.
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What is the expected Regge behaviour of G (z) corresponding to the bulk vertex (9°®)*?
In general, if the S-matrix goes as s/ at large s with u fixed, we expect

272206 (2) ~ 271 as 2 — oo, (7.3)

This can be derived for example from the Mellin representation of the contact diagrams.
Therefore, for the vertex (9°®)* we expect z=22¢G(1)(2) ~ 220=1. In particular, only the
interaction with no derivatives is bounded in the Regge limit.

This structure is reproduced in the language of functionals in the following way. As
explained in section 3.2, the bosonic prefunctionals af, B imply there is no consistent
deformation of the form (7.2) which decays at infinity as 2= 224G (2) = O(z~17¢) with
€ > 0. This of course agrees with our counting of bulk vertices, since the interaction with

the softest Regge behaviour goes as z 1.

The functionals o, 3B are defined using the
contour integrals (2.18) with f(z) = O(1) as z — oo. In order to construct functionals
which are compatible with solutions to crossing with worse Regge behaviour, we need to
take linear combinations of a® and 82 with improved Regge behaviour of f(z). This can
be accomplished from knowing the large-z expansion of f(z) for the prefunctionals. Recall
that f(z) = f(1 — 2) for all functionals. As in section 3.2, we can subtract an appropriate
multiple of 3§ from the remaining prefunctionals to cancel the constant term of f(z) at
z = 00. Thanks to the symmetry f(z) = f(1—z), this automatically cancels the coefficient
of 1/z as well. Therefore, we obtain functionals o, for n > 0 and Sy, for n > 1 which are
compatible with any crossing-symmetric deformation such that z=22¢G(1(2) = O(2'~¢)
with € > 0. The first subscript refers to them being obtained by a subtraction of 5(1)3
from the other elementary prefunctionals. These functionals fix all the double-trace data
in terms of 7((]1) and therefore, they allow precisely one linearly independent solution to
crossing. This is precisely the contact diagram with no derivatives, which is indeed the
unique solution with the stated Regge behaviour.

We can generalize this procedure to encompass solutions with arbitrarily fast Regge
growth as follows. Let us single out the functionals 32 with n = 0,..., N and use them
to improve the Regge behaviour of the remaining functionals. Thanks to the symmetry
f(z) = f(1 — z), we can thus cancel all inverse powers of z up to and including z~2V—1,
We call the resulting subtracted functionals ay,, (with n > 0) and Sy, (with n > N +
1). These functionals are compatible with any crossing-symmetric deformation such that
2728060 (2) = O(22N*17¢) with € > 0, and they fix the double-trace data in terms of
%(11) with n = 0,...,N. Thus, there are precisely N + 1 linearly independent crossing-
symmetric deformations of the form (7.2) with the stated Regge behaviour. These are
exactly the contact interactions (0°®)* with b =0,..., N.

We have used the above procedure to find the OPE decomposition of the first few

contact interactions.!® For the contact diagram with no derivatives, we find
4
(2n)1(Ag),, (48¢ —1),,
2 2
(n!)? (28¢);, (286)3,

18Tn practice, we can perform this procedure fully rigorously only when we have full control over the

M(0) = : (7.4)

functional kernels, i.e. Ay € N in the bosonic and Ay € N+ % in the fermionic case. The presented results
are obtained by analytic continuation from these values.
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in agreement with the known result. Here the argument in the round bracket refers to the
label b = 0 of the interaction. The normalization is chosen so that ’y(()l) = 1. For the contact
diagram with four derivatives (up to a possible addition of the non-derivative diagram),

we find

AV (1) = (16A% — 1343 — 3A% + 160" Ay + 8n* + 64n>A3

+16n° Ay — 8n® + 96n° A3 + 8n*AZ — 24n* A4 — 2n° (7.5)

(A¢+R—1)(2A¢+2n+l) " .

+64nAé — 28nAi —2nAy + 2n)

We also verified that the corrections to the OPE coefficients in all contact diagrams are
given by the standard relation

oD — EM (7.6)
"2 on '

7.3 Fermionic contact diagrams

It is straightforward to repeat the reasoning of the previous section for the theory of a single
massive Majorana fermion W in AdSs. The boundary correlators in the free theory are those
of the generalized free fermion. In this case we can not write down any renormalizable bulk
interactions. There is no ¥* vertex because it vanishes thanks to the fermionic statistics.
Similar counting as in the bosonic case leads to the conclusion that the independent quartic
vertices have 4b + 2 derivatives with b > 0 and there is a unique vertex for each b.

In order to bootstrap these contact diagrams in the boundary theory, we consider the
four-point function (¢(z1)(x2)Y(z3)(x4)), where ¢ is a 1D Majorana fermion opera-
tor, dual to the one-particle state in the bulk. The set-up is the same as in section 3.1.
Power-counting suggests that the bulk four-point vertex with 4b + 2 derivatives will give

20+1 45 2 — joo. The

a correction to a four-point function such that z=22vGM(2) ~ 2z
fermionic functionals af and BF show that there are indeed no deformations of the kind
we are interested in such that z=22vG)(2) = O(2'~¢) as z — oo with € > 0. Simi-
larly to the previous section, we can subtract appropriate linear combinations of 65 with
n =0,...,N from the remaining functionals to obtain functionals which are compatible
with any crossing-symmetric four-point function such that z=22+G)(z) = O(z2N+3-¢)
with € > 0. The subtracted functionals fix the double-trace data in terms of ’y,(Ll) with
n = 0,...,N. There are thus precisely N 4+ 1 independent deformations involving only
corrections to the fermionic double-trace data such that z=22vG(1)(z) = O(22N+3=¢) with
€ > 0 in the Regge limit. These are precisely the fermionic four-point interactions with

4b + 2 derivatives and b=10,..., N.

We used the large-z expansion of the f(z) kernel of the functionals of, 8F to find
the OPE data for the first few values of b. The expressions quickly get complicated so we
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include only the leading contact interaction (with b = 0, i.e. two derivatives)
Yo = (6447 + 6447 — 4A7 — 1644 + 64n" + 256n° Ay + 64n° + 384n° A%

+192n% Ay — 8n° + 256nA% + 192nA% — 16nA4 — 12n — 3) (7.7)

F(n+3)T(n+Ap— DT (n+Ay+ )T (n+24,+1)
Fn+ 1 (n+ Ay +1)T (n+ Ay +2)T (n+2Ay)

The corrections to the OPE coefficients are again given by the formula (7.6).

7.4 Higher orders: universality up to two loops

Intuition from flat space indicates that loop-level diagrams are not independent of tree-
level diagrams. Indeed, if one knew all tree-level scattering amplitudes in a perturbative
QF'T, one could fix all the vertices in the Lagrangian, which could then be used to find the
amplitudes at arbitrarily high order in perturbation theory, at least in principle. Therefore,
tree-level determines the theory to all orders. At its core, this principle is just unitarity
of the underlying theory. Quantitatively, it can be expressed as cutting rules for Feynman
diagrams [47]. We expect a similar principle to apply for weakly-coupled field theory in
AdS, or equivalently for the perturbation theory in CFTs around the generalized free field.
Indeed, the authors of [35, 48] found that the conformal bootstrap equations fix certain
one-loop diagrams in AdSy.1 for d > 2. Here we would like to explain how one can use
bootstrap functionals to find some one- and two-loop Witten diagrams in AdSs.

Before we compute the diagrams, we will make general comments about what kinds
of contributions can be expected at increasing orders in perturbation theory. We consider
the most general renormalizable Lagrangian for a real scalar field in 2D which preserves
the global Zs symmetry

[e.9]

_} 2_1 252 A2n_ zon
L=(09) - ;m*® Z(%)!@. (7.8)

All UV divergences of Feynman graphs coming from this Lagrangian can be removed by
normal-ordering the vertices. We want to perform the standard perturbation theory in the
number of loops. This is equivalent to writing

Aon = fi2ng®™ 2, (7.9)

and performing perturbation theory in g while keeping u, fixed. Consider the Feynman
graphs contributing to the flat space 2 — 2j scattering amplitude in this theory. The
leading contribution comes from the tree-level diagram produced by vertex ®2/+2 and the
amplitude is thus proportional to ¢%/. Thanks to unitarity, the 2 — 2 scattering amplitude
will have branch cuts starting at s = (2jM)? corresponding to the production of the 2j-
particle states, where M is the physical mass of the single-particle states. The discontinuity
across the branch cut is proportional to the square of the 2 — 25 amplitude, and hence

2L+42

to g%. Since any L-loop graph for the 2 — 2 scattering goes as g , we see that the
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2j-particle cut appears first at 2§ — 1 loops. In particular, diagrams up to and including
two loops only contain two-particle cuts.

Let us place the theory with Lagrangian (7.8) inside AdSs in a way respecting the
isometries. We adjust m? in such a way that Ay is independent of g. For g = 0, the
spectrum of the primary operators on the boundary consists of the identity, the single-
particle state ¢ of dimension A, two-particle states [¢?],, of dimensions A,, = 2A, + 2n,
as well as k-particle states [¢F]; of dimensions kA4 + integers for all k& > 3. Consider the
¢ x ¢ OPE. For g = 0, only the identity and two-particle states appear in the OPE. For
g > 0, higher-particle states can appear in this OPE. By the global Z, symmetry, only
states with even k can appear. The set of Witten graphs contributing to the boundary
three-point function of two ¢s and one 2j-particle state is the same as the set of Feynman
graphs contributing to the 2 — 2j amplitude. Therefore, this three-point function goes as
g% as g — 0. If we expand the four-point function (¢p@¢¢) in the OPE, we find that the
leading contribution of the exchange of 2j-particle states goes as g% for j > 1 and therefore
these states first appear at 2j — 1 loops.' In other words, the four-point function up to and
including two loops comes entirely from perturbative corrections to the two-particle states.

7.5 Using functionals to calculate loop diagrams

We will now explain how to use bootstrap functionals to compute the one- and two-loop
contributions to the four-point function (¢ppp). The basic idea is that once we have
determined all double-trace data at a given order in perturbation theory, we can use the
functionals o, and 3, to compute the OPE coefficient and anomalous dimension of [qﬁQ]n
at the next order. Let us write the perturbative expansion of the four-point function up
to two loops as follows

G(2) =G0 (2) + G (2)g* + G@(2)g"* + ¥ (2)g° + O(") . (7.10)

Figure 5 shows the Witten diagrams contributing at the various orders of perturbation the-
ory. Except for O(g°), we only include connected diagrams. The only role of higher-order
disconnected diagrams is to renormalize m? of the boundary-to-boundary propagators,
which we are fixing by keeping the external dimension fixed at Ay4. Similarly, only am-
putated diagrams are included, since we are keeping Ay fixed in the bulk-to-boundary
propagators. Finally, one might think that the four-point function at O(g%) can depend on
the ®5 coupling thanks to the diagram including one four-point and one six-point vertex,
shown in figure 6. However, this diagram is in fact proportional to the four-point con-
tact diagram already included at O(g?), and therefore its only effect is to renormalize the
four-point coupling.

In summary, one can think of our set-up as a kind of on-shell renormalization scheme,
where the renormalization conditions are to keep Ay and Agye fixed, the perturbative

9We can include the j = 1 case by saying that the double discontinuity of the four-point function first
receives contribution from the exchange of 2j-particle states at 2j — 1 loops. In this way, the statement is
completely analogous to the flat-space discussion of the previous paragraph if we replace double discontinuity
of the four-point function with the discontinuity of the scattering amplitude.
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0(g°) : O(g°) : O(g") : O(¢°) :

“+perms. “+perms. “+perms.

Figure 5. The Witten diagrams contributing to the four-point function at increasing orders in
perturbation theory. “+4perms.” means that diagrams obtained by permuting the external legs
should be included.

Figure 6. This O(g%) diagram does not need to be included because it is proportional to the
four-point contact diagram, and therefore only renormalizes the four-point coupling.

parameter being Ag2 — 2A4 ~ g*. The four-point function up to O(g°) is uniquely fixed
in terms of Ay and Aye.

We will assume that z=22¢G()(2) for i = 1,2,3 are bounded as z — ico. This assump-
tion is presumably possible to prove from the fact that all interaction vertices are relevant,
and is ultimately justified by the self-consistency of the answers we find. Let us write the
perturbative expansion of the double-trace data up to two loops as follows

An(g) = 28p + 20+ 70" + 776" +4P¢° + O(%)

7.11
2 +a%2)g4+a$l3)g6+0(gs). ( )

an(g) = al) +allg

We would like to fix the anomalous dimensions and OPE coefficients from crossing symme-
try. Before we do that, note that the bulk coupling g% does not map to any natural boundary
observable. Thus instead of parametrizing the deformation by g2, we will parametrize it
by the anomalous dimension of ¢?. Thus we define a new coupling

7 = Ao(g) =285 =18V + 4764 + 1P 6% + 0(g®) (7.12)

and express all OPE data in terms of g2. This procedure is well-defined since ’y(()l) % 0.
In fact, we will drop the tilde and call the new coupling g by a small abuse of nota-
tion. In other words, we are fixing the gauge of the coupling reparametrization invariance
by requiring
M _q W) _ 0 for i > 2
Yo =1 75 =0 forj>2. (7.13)

Note that as a result of this reparametrization, our results for the OPE data at one and
two loops will in general contain contributions from Witten diagrams of lower loop orders.
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The OPE data yields the following OPE sums for the perturbative correlator, where
we introduced the shorthand notation A, = 2Ay4 + 2n

GO(:) =3 a0, (2 (7.14)
n=0

g0 (z) =3 [alGa, () + a0 P0G, ()] (7.15)
n=0

RIOEDY {aS’)GAn(z) + (a7 + oDy P + 0PN 9Ga, (2) (7.17)

a0 4 G 0] 6, () + Gl P0G, )

where §7Ga, (2) denotes the jth derivative of the conformal block with respect to A,

evaluated at A = A,,. GY)(2) includes A-derivatives of the double-trace conformal blocks

() ()

of maximal order j. The OPE data ~;’ and a,)’ appear in G (2) only in coefficients

of O0Ga,, (2) and Ga,, (z) respectively, but not in any terms with a higher A-derivative of
conformal blocks.

() ()

and a;;’ recursively in the order of
1)

The last fact implies that we can solve for ~y

perturbation theory. In section 7.2, we have already found the tree-level quantities ~yy

(1)

and ay,’, see equations (7.4) and (7.6). We will now use the crossing symmetry and Regge

(2) (2)

boundedness of G (z) to solve for v’ and ay . The crossing equation at one loop reads

o0

S { a2 P )+ [P+ a0 D] 0Fs, () 4 gl PP Fs, ()} =0, (1)
n=0

Recall from section 7.2 the complete basis of bosonic functionals «,,, and (,, obtained by
an appropriate subtraction of BO from a and BB

(1) (1)

U am
Qm = O‘Pn (0) /80 = aB - 760
ag ’Yo
B agn)%(vp B 07(7(1])%(71) (7‘19)
Bm = ﬁm 1) /BO ﬂm /BO ’
CLo 'Yo

where we used (7.13) to simplify the expressions. Let us apply S, to the one-loop crossing
equation (7.18). (,, commutes with the infinite sum because of Regge boundedness. Inside
the sum, we get zero contribution from the term proportional to Fa, (z) since 5, (A)
vanishes on all double traces. From the term proportional to dFa, (z), only the summands
with n = m and n = 0 contribute thanks to the defining Kronecker-delta behaviour of 3,,
on derivatives of double traces. Therefore, we find the equations

(0),, (1)

am’ Ym
a©~@ 4 g0 L) _ RONE [aéo)%(f) +aél)%§1) +T(()2)] ’ (7.20)
0 /0
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where we defined the infinite sums

OB (An) . (7.21)

l\D\H

Note that 7“53) is fixed by the tree-level OPE data. The m = 0 equation is satisfied trivially,
and the m > 1 equations allow us to solve for the one-loop anomalous dimensions

2 2 1 1 2
o _ ) e e o |y
T = + + + Vi =

(0) (1) (0) (0) 0 (1) ) (1)

fm 1% % 0 (7.22)

NOR ORENO G '

—_m + -0 Im + 2 %(n) .
RN R RO

Thus the one-loop anomalous dimensions are determined provided we can evaluate the

sums rg). Similarly, in order to find the one-loop OPE coefficients aﬁf}, we apply the

functional o, to the crossing equation (7.18). We find

2 2 ay To.@, 0.0, @ p . 3+ o
al) = —q') + ©_ M [ao Yot Y 7o ] ()—1—#@”), (7.23)
Ay "o
where
=1
a5 =2 5 ()20 an (M) (7.24)
n=0

In the next subsection, we will present a worked example at Ay = 1, where the infinite
sums can be found analytically. Having found the double-trace OPE data at one loop, it is
straightforward to carry the argument to two loops. The two-loop crossing equation takes

the form
S {aFs, 2) [0 + oD+ 2500 0,
n=0 (7.25)

1 1
9202 4 002 02 () + gl (PP )} =0.

If we apply the functional 3,, to this equation, we can solve for 7,(3) in terms of the OPE

(3)

data at lower orders. Similarly, we can solve for ay,” by applying the functional «,,. The

result is ® O ®_ @ O
@) _Tm _Gm 2, |To Tay am | )
A S (7.26)
NORRNC) '
oY = g + BT,
where we defined the following infinite sums over the lower-order OPE data
- 1 1
1 = 3 {00 + a2 a8 ) + Gl PR )
0 (7.27)
1 1
9 = 3 {000 + Gl 2] et (A + GV PR A ]
n=0
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7.6 Example: Ay =1
We will now carry out the above algorithm in practice for Ay = 1. In this case, we have

| |

(4n 4+ 1)! (7:28)
From (7.4) and (7.6), we get the OPE data at tree-level
4 — !
" (n+1)(2n+1) (7.20)
ap’ = = [2H4n+1 — Hap — H2n+1] —

(dn+1)! 7

where H, is the harmonic number. The tree-level four-point function can in fact be found

in closed form
log(l —2) log(z)
+
z 1—2

GW(z) = 222 (7.30)

(2)

We can now use formula (7.22) to find 7, . It is possible to find a closed formula valid for

general n
) 2n(2n + 3) (3 + Ho, L (2n? + 5n + 4)
T (n+1)2n+1) (n+1)2(2n+1)2  2(n+1)3(2n+1)2
_ 1 Z (—=1)7(2n — j 4+ 1)2j42 (Hg +H(g)) ‘
(2n+2)(2n +1) = J((F+1)H? J J
Here we use the following notation for harmonic numbers of higher rank
)y~ L
H)' = 7 (7.32)

Jj=1

so that in particular H, = H, o,

In practice, the result was found by evaluating the sums
( ) toa high precision, recognizing them as a rational linear combination of {(3) and 1, and

finally recognizing the form for general n. For the first few values of n, the formula gives

702 =0 (by definition of the coupling)

NON L 317 7.33
o @ 925127
72 =150+ Tos00-

Similarly, we can apply formula (7.23) to find the corrections to OPE coefficients at one
loop. In this case, we were not able to find a formula valid for general n. The first few

values read .

@ _ 7 5
4
@_m 19 612119 7.34
A= o5t C( )~ 108000 (7.34)
0 _ L‘l 1177 UTT ) 3880170127
2 =726 T 2835 3000564000 °
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We were able to determine the full four-point function at one loop, from which the coeffi-

(2)

cients a;;’ can be read off

G (z) = (1_12)2 {4(2 — 2)2°Lis(1 — 2) + 4(1 — 2)* (2 — 1) Lia(2)
z mt z—
+4(2z — 1)Liy (z — 1) - %22 (22 —2z2—-6) — 4 3 2 log(z)log®(1 — 2)

—2(1 — 2)? [(z2 —1)log(1 —2) + (22 +2) log(z)] Liz(1 — 2)

— 222 [(z — 2)zlog(z) + (22 — 22+ 3)log(1l — 2)] Lis(z) — (z — 1)2%log(2)

+ {2 log(z) — 2 (22% — 32% + 42 — 1) log (f)] C(3) + 226_ L logt(1 — 2)

2
+ [7;(22 1) = (2= 1) (2 +1) logQ(z)] log2(1 — 2)

+(1 — 2)? [7;2 (2% +2) log(z) + z] log(1 — z)} : (7.35)

One can explicitly check that this expression is crossing symmetric. We also checked that
it agrees with the crossing-symmetric combination of one-loop bubble diagrams in AdSs,
up to a tree-level contact interaction.

Finally, let us present the results at two loops, coming from formulas (7.26). The
evaluation of the infinite sums over double-trace operators becomes much more demanding.
We could find the first few anomalous dimensions and the first OPE coefficient:

763) =0 (by definition of the coupling)
20¢(3)? 7t 329¢(3) 122572 209

3)
=— -1 — = — 7.36
n 3 00) + 13 36 | 2502 | 486 (7.36)

3 112¢(3)  56¢(5) 7w 20503((3) . 17497972 45033217
T2 = 15 5 150 2700 162000 16200000

4 6 4 2
@) 4m*((3) 227 9 9 ™ o
- _ 1 1 T_T 43 .
af 2 T —560(3)? — 10mC(3) + 136¢(5) + o5 — - +3 (7.37)

These results are a prediction of the conformal bootstrap for two-loop Witten diagrams in
AdSs. It would be interesting to check them against an explicit evaluation of said diagrams.

8 Discussion

In this paper, we have constructed two interesting bases for the SL(2) crossing equation.
The bases provide a direct bridge between the analytic and numerical bootstrap. Express-
ing the crossing equation in either basis leads to sum rules satisfied by the OPE data of
any crossing-symmetric four-point function in a unitary theory. Regge boundedness of
such four-point functions plays a crucial role in deriving the sum rules, and indeed the sum
rules will not be satisfied by a general crossing-symmetric four-point unless it is bounded
in the Regge limit. The sum rules can be obtained rigorously by applying suitable linear
functionals to the standard crossing equation.
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The elements of our bases are labelled by the double-trace operators in mean field
theory. More precisely, we get two functionals (basis elements) for every double trace,
denoted ., and (,, where n labels the double traces. The contribution of a primary
operator of dimension A to the sum rules is weighted by universal functions «,(A) and
Brn(A). These functions coincide with coefficients of the double-trace conformal blocks in
the OPE decomposition of the crossing-symmetric sum of Witten exchange diagrams in
AdSs with exchanged dimension A. We call the latter objects the Polyakov blocks. The
validity of the sum rules discussed in this paper implies that the four-point function can
be expanded not only in conformal blocks but also in Polyakov blocks, with the same
coefficients. In this way, our approach gives a derivation of the Polyakov-Mellin approach
to the conformal bootstrap for the SL(2) crossing equation.

We have discussed several applications of the sum rules. One of them is the analytic
bootstrap of the anomalous dimension and OPE coefficients in perturbative theories in
AdSy up to two loops. Another application is the derivation of upper and lower bounds
on OPE coefficients in general unitary solutions to crossing, valid for sufficiently heavy
exchanged operators. These results are similar to those of the analytic Euclidean bootstrap
of [11], which studied the large-A tails of the OPE density. The advantage of our bounds
is that they apply to individual primary operators at large but finite scaling dimension.?’
Our bounds apply to squared OPE coefficients of primary operators ap = (c¢¢@)2 divided

by an exponentially decreasing function afAree which interpolates between the squared OPE

coefficients in the generalized free field. The upper bound implies that the sum of ap/ ageg
over all primary operators in the ¢ x ¢ OPE with Ao between 2A,+2n—1 and 2A,+2n+1
. 2 C

is at most 7 +€,,, where €, — 0 as n — oo. This implies the same upper bound on ap/ ageoe
for any individual primary O € ¢ X ¢ present in the same interval.

The lower bound implies that the sum of ap/ afAreg for Ap between 2A4 + 2n — 2 and
2A4 + 2n + 2 must be at least 1 — ¢),, where €}, — 0 as n — oco. In particular, there must
be at least one operator in this interval for sufficiently large n. Since this result holds also
for the fermionic mean field theory, we conclude that there are no gaps larger than 5 in the
spectrum of primaries in the OPE, from some finite A onwards.

The existence of the upper bound discussed above allowed us to prove that the func-
tional bootstrap equations are completely equivalent to the standard crossing equation. In
other words, if a putative set of OPE data satisfies all the sum rules from our basis, then
it gives rise to a crossing-symmetric four-point function.

The essential feature of the sum rules of this article are the prefactors
sin?[Z(A — 2A,)], which provide the double zeros at double traces while maintaining
positivity. This structure is reminscent of the double discontinuity which enters in the
Lorentzian OPE inversion formula of Caron-Huot [6]. It turns out that there is indeed a
version of the Lorentzian inversion formula which underlies the functionals of the present
article, as will be explained in an upcoming work [36].

There are several natural generalizations and possible future directions stemming from
this work. We believe the logic presented here should carry over universally to various

200f course, the advantage of the results of [11] is that they apply to OPE density of primaries under
SO(2, D) for D > 1 rather than SO(2,1) primaries as is the case in our work.
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problems governed by a version of the crossing equation. Most importantly, these are the
crossing equation in D > 1. The notions of the mean field theory and also of Witten
exchange diagrams exist also in that case so that a generalization should be feasible. The
case of nonidentical external operators, and systems of multiple correlators should also
be addressed.

Another natural avenue is the modular bootstrap, where there exists a direct connec-
tion between our approach and the recent solution of the sphere-packing problem in 8 and
24 dimensions [49-51]. Tt is likely that adapting the techniques of the present work would
be effective for improving the bounds of [52-54] at large central charge.

The construction of the functionals «, and 3, central to this paper came directly
from an effort to understand the optimal functionals of the numerical bootstrap and how
optimal solutions may be smoothly deformed or “flowed” into each other [17]. Indeed, our
functionals are the optimal functionals whenever the generalized free field is the optimal
solution to crossing. It is therefore natural to expect that «, and 5, are a much better
starting point for the numerical bootstrap even in the cases when the optimal solution is
not the mean field theory. This will be explored in an upcoming work [38].

In some sense, a,, and [, exist precisely because mean field theory saturates appro-
priate bootstrap bounds. Should we expect that a similarly useful basis of functionals
exists for every theory that saturates some bootstrap bound? This seems to be the case
perturbatively around mean field theory and probably also more generally in 1D. Further
developments in our understanding of the analytic conformal bootstrap will be needed to
answer this important question in D > 1.
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A Functional actions and asymptotics

In this appendix we will show how to determine the bosonic (fermionic) functional actions
for Ay (half-)integer for the building blocks constructed in section 4.3. We will then show
how these may be expanded in various regimes.

A.1 Building block actions

For convenience let us work with the g kernel:

o) = (1= 2072 (). (A1)

48 —



For A sufficiently large, the functional actions are computed by:

! z
w(A) =[1 —ncosm(A —2Ay)] /0 dzg(2) ZSA:), (A.2)

In the end the result will be valid for generic A by analytic continuation. We will find the
actions for the building blocks introduced in section 4, which correspond to:

Ay, _ 2—z
gﬂﬁn _ 22A¢ 2Ph*1 <Z> + nthl(Qz — 1) (AS)

A, A, T(h)? Gu(l—2)
R O T

(A.4)

where we have swapped the m label by h = 2 + 2m. We can now compute

/ol Sha () eat) - D) ! (A.5)

[(2A4) AA—1) — h(h —1)
1
Galz) _ T2A)
/0 ds Pt (22 = 1) 5507 = s 5(hs AlAg) (A.6)
Laz z \2T2e I'(2A)I'(2h) -
/0 = Gnl1-2) <1Z> Gal2)- = Fap e S A1) (A7)
with ) )
T(A)T(A — 204+ 1
s(h: A1) = B8 200 ¢ D
T2A)(A —h— 284+ 2)T(h+ A —2A4 + 1)
A8
o ANA-28+ LA +1 (4.8)
28 A —h—28,+2,h+ A - 2045+ 17
and

7 [s(h; AlAg) — s(Ah|L = Ay)]
sin[r(A —h —2A4)]

S(hi AlAy) = (A.9)
With these ingredients we may compute any functional action for fermionic functionals
with half-integer Ay or bosonic with integer Ay, after the functional kernels are con-
structed as explained in section 4.3. In some cases, s(h; A|Ag) can be expressed in terms
of more elementary functions. See [55] for an illustration of the techniques involved in such
simplifications.

A.2 Asymptotic expansions

The basic tool for performing asymptotic expansions of the above integrals is the formula

()2 [t 1-2\" T@Et+1)20(h—t—-1)
Jt(h):F(Qh)/Odzz 2Gh(z)< . > = Tttt . (A.10)

It has the following expansion for h > 1

Jy(h) =T(t+ 1)’ 2 x [L+O(h™)] . (A.11)
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This makes it easy to find the asymptotic expansion of s(h; A|Ay) for h > 1. We simply

1— A2,

= —=. The leading terms is just y

need to expand (1_2)2A¢ GA(1—z) in powers of y =
so that we find

T(A)PT(A —2A,4 +1) pAAG—2A-2

(s AlAg) = F@A)

x [L+ 0] . (A.12)

Similarly, we can find the asymptotic expansion of s(h; A|Ay) for A > 1 by writing

r(A)? [tdz

NN Ga(2)227 22 P, _1(22 — 1) (A.13)

s(h; AlAg) =

and expanding 22722¢ P,_;(2z — 1) in powers of y = =2, We find

z

1 1 2Ay—h2+h—1
At AT Al

s(h; A|Ay) = +O(A™?). (A.14)

In order to find the asymptotic expansion of s(h; A|Ag) for h > 1, we can first use the
relation between s(h; A|Ag), s(A;h|1 — Ay) and s(h; AlAy)
n sin[r(A —h —2A4)]

s

s(h: AlAg) = s(Ash|1 - Ay) ANy (A1)

and use the expansions derived above to find

1 1 1-2A4—A2+A
s(hiAlAg) = 5 + 5 + ¢h4 +

D(A)T(A —2A4 +1)2

- TR sin[r(h — A 4 2A4)|p*%e 72872 5 [T+ O(h™1)] .
(A.16)

Which term dominates depends on the value of A. Finally, it is useful to find the expansion

O(h™)

of s(h; A|Ay) in the regime where both h and A are becoming large with a fixed ratio.
One way to do this is to first perform the expansion of s(h; A|Ag) in 1/A and fixed h and
keep only the maximal power of h at each order

1 h? h* RS 1
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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