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in the presence of a boundary. We argue that there is a basis for this equation related to
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1 Introduction

The bootstrap philosophy [1, 2] was first applied to boundary conformal field theories
(BCFTs) in [3] building on general results of [4, 5] and the methods introduced in [6].
In that work, unitarity and crossing symmetry was used to derive numerical bounds for
general BCFTs, as well as exact results for the Wilson-Fisher fixed points in the presence of
a boundary. Since then, many other works have studied and generalized this to conformal
defects in a number of situations [7-14].

The usual bootstrap starting point are the two point functions, which in the presence
of a defect are non-trivial functions of one or more cross-ratios. A notable feature is that
unlike in the usual CFT bootstrap, the crossing equation for such correlators involves coef-
ficients which lack a definite sign, even assuming unitarity. This makes ordinary numerical
methods harder or impossible to justify. Approaches based on sparseness of extremal so-
lutions [15, 16] have so far obtained limited, but interesting, results [12, 15], which should
be extended and explored.

Very recently, the works [17-19] have introduced a new analytic approach to studying
1d CFT correlators, or more generally CFTs restricted to a line.! In this approach one in-
troduces a complete set of linear functionals associated to the generalized free field solutions
to crossing. They are the extremal functionals [16, 21] that correspond to these solutions,
and are associated to optimal bounds on the CFT data. By acting on the crossing equation
with these functionals one obtains a set of sum rules that this data must satisfy. These sum
rules are a complete reformulation of the original crossing equation, and have many nice
properties. Among them they provide upper and lower bounds on the Operator Product
Expansion (OPE) data, diagonalize perturbation theory around generalized free solutions,
and also allow a rigorous derivation of the (Mellin-)Polyakov bootstrap [2, 22-25]. In par-
ticular, in this 1d context it fixes the polynomial (or contact-term) ambiguity, that limits
the applicability of the Polyakov bootstrap in higher dimensions [26, 27].

The success of this approach suggests we should attempt to generalize it to other
settings. In this work we will initiate the study of the functional approach to the boundary
bootstrap. This is particularly nice as our results will be immediately relevant for higher-
dimensional CFTs in the presence of a boundary, providing a useful stepping stone towards
a functional bootstrap analysis of the higher-d CFT crossing equation.

!See also [20] for related work.



Concretely, in this paper we will explain how to construct suitable bases of linear
functionals that act on the crossing equation for a scalar CFT correlator (¢¢) on a half-
space. These functionals are associated to the generalized free boson CF'T in the presence of
a boundary with Neumann or Dirichlet boundary conditions. Technically the construction
shares sufficient features of the 1d CFT case that will allow us to make progress in a
relatively straightforward manner.

We act with our set of functionals on the crossing equation to obtain a set of functional
bootstrap equations contraining the OPE and Boundary Operator Expansion (BOE) data
of the BCFT. As we explain, these equations can be equivalently thought of as arising from
a Polyakov-type approach to bootstrapping the BCEFT crossing equation. In particular,
the functional actions on conformal blocks compute the conformal block decompositions
of Witten diagrams in an AdSg,; geometry in the presence of a radially extended d-
dimensional brane. The functional bootstrap equations then guarantee that two-point
functions can be written in a manifestly crossing symmetric manner in terms of Polyakov
blocks for BCFTs.

By perturbing the functional bootstrap equations around the generalized free solution
we can continuously deform it to more interesting interacting solutions. In particular,
if we assume the states in the spectrum to be essentially deformations of those of the
generalized free case, apart from eventually some fixed number of states which we control,
the deformation is uniquely fixed. This is the idea of extremality: sparseness of a solution
to crossing can be used to uniquely determine it. Here we will use this approach to rederive
Wilson-Fisher BCFT data up to O(€?) [28].

The outline of this paper is as follows. In the next section we briefly review the key
points of the boundary bootstrap which are relevant to this work. Section 3 introduces
the general ansatz for the functionals we will consider, and constructs a simpler, pedagog-
ical basis of such functionals which can be used to derive a toy version of the functional
bootstrap equations and the Polyakov bootstrap. The construction of the main functional
basis takes place in section 4, which is motivated by considering Witten diagrams in AdS
space in the presence of a brane. This picture is confirmed in 5 by explicitly computing
the relevant Witten diagrams, where we show the functional actions appear as coefficients
of bulk double trace operators and boundary derivative operators. In section 6 we explain
in detail how the functionals we construct are related to a Polyakov-like approach to the
bootstrap of BCFT correlators. As an application of the functional bootstrap equations,
we study them in perturbation theory around free theory in 4 — ¢ dimensions to recover the
Wilson-Fisher BCFT OPE and BOE data to O(¢?). We conclude with a discussion and
outlook. The paper is complemented by technical appendices.

Note added. While this work was being completed we became aware of the work [29]
which overlaps with ours.

2 Review of the boundary bootstrap

In this section we will briefly review the bootstrap approach to BCFTs. We will be brief,
referring the reader to the literature for further details, e.g. [3-5].



We consider d-dimensional CF'Ts on the Euclidean half-space with coordinates:

(@, zt) = (a1, 2% 2ty with 1 > 0. (2.1)

A boundary CFT arises when it is possible to choose boundary conditions at 2 = 0 in
such a way that a SO(1, d) subgroup of the conformal group is unbroken, namely the group
of conformal transformations which preserve the hyperplane 2 = 0, which we will call the
“defect”. Under these circumstances, the theory contains both the original bulk operators
O as well as operators O which live on the defect. The latter can be thought of as arising
by taking bulk operators sufficiently close to the defect. Correlators containing only defect
operators satisfy all the axioms of an ordinary CFT with the exception of the existence of
a stress-tensor.?
Since the original conformal group is partially broken, bulk scalar operators can now
develop expectation values while preserving the SO(1, d) subgroup:
(O, ah)) = @f& (2.2)
In turn this implies that the bulk two point function can become non-trivial. Indeed, with
two points we can make up a cross-ratio which is invariant under the unbroken conformal

transformations:?

1.1
L 41 x5

= — ,

|12/ + (21 + 25)?

In terms of this cross-ratio we can write a scalar two-point function as
A4>1J2FA4>2 g(z)

1\A IRVAVI

(z1)791 (zg) 792

fij = fz — fj. (23)

($1(Z1, 27 )2(T2, 73)) = 2

(2.4)

We have pulled out a power of z for convenience. In the bulk we have an OPE which takes
the schematic form:

h1 X Py = Z Ag1 0 (O + descendants) (2.5)
O€p1 X2
We can use this to derive an expansion for the correlator around z = 1:
G(z) = Z a0AG1 620 Gap (2] Ag;, Dg,) 5 (2.6)
O€p1 X2

where we have introduced the bulk conformal block,

S B

2 A A A JAND
AR(24+22 2 22 A - .
2 1<2+ 2 72 €+ 2 7A &, Z)’ (27)

(1-2)
GA(Z‘A¢17A¢2) = T
272
with
g = T, Alg = A¢1 — A¢2 (28)
2Since the half-space is conformally invariant to AdS, this can be thought of as a special case of the
construction in [30], where the bulk QFT happens to be a CFT.

. ~ 2 1182
3Note that this is related to the more usual & = % by £ = 17.
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which captures contributions to the two-point function from a bulk primary and all its de-
scendants.

It is possible to do a different decomposition of the same two point function [31]. This
arises from the fact that any bulk operator can be expanded in a basis of defect operators.
This is a direct consequence of radially quantizing the theory around a point contained in
the defect. This boundary operator expansion (BOE) takes the form

Zuo )RR C(2+)?0%0(@) (2.9)

where C[(21)20?] captures contributions of boundary descendants [4]. Using the BOE we
now have

=Y 1EGa, (20, Ag,) (2.10)

where we’ve defined the boundary blocks:

AL +A¢2

GA(Z’A¢1,A¢2) =z QFl(A A — &, QA 25,2’). (2.11)

From now on we will be interested in the case where Ay, = Ay, = Ay, Equating
the two different expansions for the correlator we obtain the boundary bootstrap crossing
equation:

Z pAGA(21Ag) = (aN)aGalz|Ay). (2.12)
A
From now on we’ll want to think of the above as a mathematical equation for the OPE and
BOE data, whose solutions may or not correspond to a physical theory. Accordingly the
sums now run over pure labels A, A and we have made several self-evident abreviations.

The BCFT crossing equation above is very similar to the D = 1 CFT bootstrap
crossing equation equating s- and t-channel expansions of a four-point function of identical
operators. Indeed, for € = 0 and setting (a\)a = /LQA /2 the two become equivalent. More
generally however, not only are the two channels now independent, but crucially the bulk
channel does not have positivity, since the (aA)a can have either sign.

Although the original equation was defined only for z € (0,1) in the Euclidean re-
gion, we actually have convergence in the much wider region R = C\(—00,0) U (1, c0).
This region is obtained by complexifying z and avoiding the branch cuts of the bulk and
boundary blocks.*

The generalized free solution

An important example of a CFT in the presence of a boundary is the generalized free
field (GFF) with Dirichlet or Neumann boundary conditions. This is a theory with an
elementary field ¢ whose correlators are given by Wick contractions. The two point function

41t is possible to prove this in the same way as the analogous statement for the D = 1 CFT, namely by
introducing a radial coordinate p(z) which maps the cut complex plane to the disk [32].



in turn is given as

- 1 - 1\ 1 1
<¢(.’E1,I’1 )¢(JJ2,.’E2 )> - (|j»12|2 + (m% _ $2L)2)A¢ + V(|£12|2 + (le + $2L)2)A¢
1
500() = oo 0 (2.13)

where v = 1, —1 for Neumann, Dirichlet boundary conditions respectively. In the bulk
channel the correlator contains the identity and double trace operators ¢[1"¢ with di-
mension A, = 2A4 + 2n. In the boundary channel one finds operators with dimension
A;’; = Ay + 2n for Neumann boundary conditions, and Ag = Ay + 1 + 2n for Dirichlet,
corresponding to (transverse) derivative operators 92"¢(Z, 0) or 911?"¢(&,0) respectively.
The OPE and BOE data in this case are [3]:

(A¢)n(2A¢ —1—e+ 2n)_n

Na, =v(=1)" 2.14
(aA)a, =v(=1) (By—ctn+ 1)l (2.14a)
9 (A¢)2n(A¢ — & — % + 27’L)_n
2 = N 2.14b
HAL = "o Tan)(Ay —c + 1)y crmani (2.14b)
Ap)ons1(Ag —e+ 3 +2n)_p
A = (Bo)ont1(Ap — €+ 5 +2n) Dirichlet (2.14c)

2202n+ DAy —e+n)—y

The GFF theory can be thought of as a free scalar field with mass m? = A,(A4 —d) living
in AdSg41 [33]. In the present context, we have placed a brane in AdS perpendicular to
its boundary, partially breaking the AdS isometries. The induced metric on this brane is
AdS;, which makes manifest that a subgroup of conformal transformations is preserved.
On this brane the field is chosen to have Neumann or Dirichlet boundary conditions.® The
resulting theory trivially reproduces the above correlators once AdS fields are pushed out
to the boundary. It is natural however to think of deformations of the solution above,
introduced by adding interactions in AdSg,1. This will play an important role in our story
later on.

3 Functionals and a simple basis

3.1 Functional ansatz and constraints

We propose that the optimal way to extract information from the crossing equation is to
act on it with a suitable basis of linear functionals. Note that we will use the word ‘basis’
somewhat loosely in this work. In particular a basis of functionals should be understood as
a set of functionals which establishes both necessary and sufficient conditions for crossing
symmetry to hold. However in this paper we focus on constructing a set of functionals
without proving their sufficiency.

The functionals should have the property that they commute with the infinite sums
over states in the crossing equation — the swapping condition [34] — and lead to finite

5This is not to be confused with the condition at the radial boundary of AdSg41.



results. Let us denote one such functional by w. Acting on the crossing equation we obtain
a sum rule
S A w(AAg) = S (aN) aw(AlA) (3.1)
A o) A ¢) > .
A A
which should be thought of as a constraint on the BCFT data. In the above we have
defined the useful abbreviations:

w|Cazlag)] = wAlag),  wGal1A0)] = w(AlA). (3.2)

We ask for the indulgence of the reader for the slight abuse of notation, which will pay off

in a lot less hats. We will also often drop the explicit A, dependence and use w(A), w(A).
The two basic properties we demand of a linear functional are:

e Finiteness

A) < 00 for A >0
A) < for A>0 (3.3)

w(
(

wlg] < o0

w

e Swapping
=Y 1Aw(AlAg) =Y (aN)aw(A]Ay). (3.4)
A A
These conditions are broad enough that they allow for many different sets of functionals.
Clearly the original crossing constraints are recovered by considering the (trivial) set of
functionals which evaluate a function at a specific point. A more interesting basis is the set
of derivatives at z = %, which is the approach used in the numerical bootstrap [6]. In this
paper our main focus is on an interesting set of functionals which in a sense are dual to
the generalized free field solutions to crossing discussed at the end of the previous section.
However, to illustrate the main ideas we will first consider a toy basis of functionals in the
next subsection.
For now, let us introduce our general ansatz for the functionals and examine in detail
how it is constrained by the above requirements. A natural starting point is:

W[F] = / dzh_(2)Im[F(2)] + /1 " de b () Im[F(2)] (3.5)

—0o0
with Im[F(2)] := lim_,o+ 5 [F(z + i€) — F*(z — ie)]. It is very natural to consider such an
ansatz, since we will be acting on functions which are holomorphic in the crossing region R,
and such functions are essentially determined by their values near the cuts (—oo, 0)U(1, 00).
We can think of the above as integrating the kernels h,,h_ against test functions on a
contour that wraps these cuts. Assuming for now sufficiently soft behaviour at z = oo
as well as holomorphicity of h4 away from the real axis, we can deform the contour of

integration to obtain instead:

w[F] = / e 12— e IFC)

+ / %Im{fu( )F(z) — /0 ’ %Im{h_(z)]f(z). (3.6)

s



Figure 1. Contour deformation leading from (3.5) to (3.6).

This deformation can be visualized in figure 1. One should really think of this form of the
functional action as the more fundamental one. In particular, when deforming the contour
to go back to (3.5) we might not be allowed to wrap the contours around the branch points
at z=0,1.

From this expression we find that finiteness of the action on the conformal blocks (2.7),
(2.11) demands:

e Finiteness:

hi(2) = ho(z) R 0|2 Ao, (3.7a)
I [hy ()] T2 O[(1 = 2)Re=1+7), (3.7b)
Im [h_(2)] “2 O[(—z)2e~ 1), (3.7¢)

for some n > 0. Now consider swapping. Since the crossing sums are uniformly convergent
in the crossing region, by deforming the contour of integration we see that we need only
worry about the behaviour of the kernels in the regions near co,0 and 1. However, it is
clear that for the last two no additional constraints come from the swapping condition. For
instance, it is true that the infinite sum over boundary blocks behaves worse near z = 1
than any single term in the sum. However, we can use crossing to bound this behaviour
by the bulk channel expansion, for which we are already assuming the functional action
is finite. The same argument goes through mutatis mutandis for z = 0. So, we must
worry only about the behaviour at infinity. Here, there is indeed a potential problem,
since the tail of the infinite sum over blocks falls off more slowly near z = co than any
individual block.

Let us see this explicitly. By crossing, it is sufficient to consider one particular channel
so let us pick for definiteness the boundary one. We will use the fact that the boundary
block can be written in terms of a radial coordinate [32]:

~ ~ A 11 « A z
GA(Z) = GPA(IOZ) = (4p2)A 2 F1 (27 §a A? + A?f)z) ’ Pz = T /g (38)

(1+V1-2)2

We will abuse notation and denote the expression on the right by GPA (p2|Ag). The impor-
tant point is that everywhere on the crossing region, and in particular along the functional



kernel integration contour, we have |p,| < 1. We then have:

’pz’) GA (ze)
> uiGA(1Ay) Z FA |A¢ = MA 2 (3.9)
A>Ax

where we have introduced an effective z variable:

4|p-| 1
Ze = —— ", Ze ~ 1—— 3.10
CUHRDT FRCe T (310
Hence we see that in the above the large z limit is dominated by the bulk channel identity.
Therefore we can bound:

0’26’A¢
< - 001 3.11
A% A \A“’ T 2[R9 (1 = 2¢)2¢ |zls00 M) (3.11)

This should be compared with the behaviour of an individual block, which goes as ~ |z|~%¢.

The contribution from the tail will be negligible as long as we make the contribution from
the integration region near z = oo vanishingly small. Given the bound above, we see that
this actually requires a stronger falloff condition on h(z) — h_(z) than (3.7).

The conclusion is that overall, finiteness and swapping conditions constrain our ansatz
in the following way:

e Finiteness+Swapping

hi(2) = ho(2) T2 O(2[ ), (3.12a)
Im [hy ()] *2 O[(1 — 2)2e~ 147, (3.12b)
Im[h_(2)] *207 Of(—z)2e— 14, (3.12¢)

The first condition above is the most non-trivial. Relaxing or strengthening it allows for
functionals that act on objects with softer or harder behaviour near z = oco. In particular,
perturbative corrections to correlators may not share the same large z-behaviour as fully-
fledged correlators.

3.2 Warm-up: a simple basis
3.2.1 Special values of Ay and orthonormal functionals

We will now consider a simple basis of functionals which nevertheless has several nice
properties. In this basis, the functionals will be dual to blocks in each channel with specific
integer-spaced scaling dimensions that appear in the generalized free solutions. We will
take a pedagogical route to explain general features which will be useful later, but the final
result will be extremely simple.

The construction starts from the simple observation that the discontinuities of both
bulk and boundary blocks are made up of two pieces. One of the pieces contains a sine



function, which vanishes automatically for those values of A, A corresponding to the gen-
eralized free field solutions. The other piece is, for both cases, a Jacobi function of the first
kind, which reduces to a polynomial when A=1+4e+nand A =2+ 2+ 2n with n in-
teger. This suggests using the orthogonality properties of Jacobi polynomials to construct
the following functionals:

1
T hy(z) =0, h(z) o (1 — z)Re27e p(0e) <1 i_ z> (3.13)
Frre ho(z)=0,  hy(z) o z8727¢ pl=ee) <2 ; Z) . (3.14)

Here the superscript stands for ‘pre-functionals’. We call these objects pre-functionals,
since we have not yet imposed on them the finiteness and swapping properties. With a
suitable choice of normalization factor we have:

Tgre(Am) = Onm, Tnpre(

7 (A) = 0, 7o

m) =0 (3.15a)

with A, = 1+ e+ n and A,, = 2+ 2= + 2n as before. In particular, we see that as long
as Ay = ¢ + 1+ k with £ > 0 some integer, these functionals are dual to those blocks
appearing in the crossing equation for the generalized free field solutions.

In general we have more prefunctionals than we need, in the sense that some of these
are not dual to any blocks appearing in the decomposition of the generalized free two point
function. For Ay = ¢ + 1+ k with £ > 0, we see that the bulk channel prefunctionals
withn =0,1,...,k —1 are not required. As for the boundary channel, we do not need the
functionals with n = 0,1, ... k—1 for Neumann boundary condition and in the Dirichlet case
those with n = 0,1,..., k. These unwanted functionals can be put to good use to construct
bona fide functionals (satisfying the swapping property) from the prefunctionals above.

The construction is clearer to understand with an example. Let us set Ay = ¢ + 1.
The prefunctionals 7,, have kernels hy(z) that do not falloff sufficiently fast at infinity to
satisfy conditions (3.12). Hence we must proceed with caution. There is a simple thing to
do which is merely to consider linear combinations of prefunctionals that do falloff faster.
One particular choice is to set

T = T — (3.16)

for some suitable coefficient ¢,,, so as to improve the falloff at infinity from the corresponding
kernels from 1/z to 1/22. Tt is clear many other choices of subtractions will do, but this is
canonical in a sense, since recall that we can definitely afford to lose 7)™ for the Dirichlet
boundary condition. For Neumann it looks like we are apparently missing a functional,
but there is a good reason for this, as will be explained further below.

After this subtraction procedure we have perfectly good boundary functionals. We can

proceed in the same way for the bulk channel functionals, defining

Tp = TR — dn 73 (3.17)



with d,, chosen such that h, (2)—h_(z) decays like 1/22 at infinity. In this way we construct
a set of functionals satisfying finiteness, swapping and the duality conditions:

Tn(Am) = (5nm7 Tn(Am) = _dn(sm,07 n,m Z 0

K o (3.18)
T, (Ap) =0, To(Am) = dnm — cndm 0, n>1m2>0.

where now A, = 2A4 + 2m, A, = Ay + n. This procedure can be repeated for other
values of Ay = 14 €+ k in a similar manner. Everytime we increase A, by one unit the
asymptotic behaviour of the prefunctionals is worse by an extra factor of z, but this is
compensated by there being more prefunctionals to use. Not all of these are independent,
and in the end the counting of degrees of freedom always works out that we end up with
just enough functionals to obtain the duality relations written above.

3.2.2 Shifted functionals and general Ay

Let us go back to our simple example at Ay = 1+ €. In this case it is easy to check that

for n = 1 one gets:

1
;'
In fact, one can check that for any Ay, =1+ ¢ + k one always finds this very same result.

GE hy(z) (3.19)

The reason for this is easy to understand. The Jacobi polynomials can be written as
polynomials in 27!, and so by taking linear combinations it must be that a particularly
simple set of functionals satisfying finiteness and swapping can be defined as:

1

STp h_(z) =0, hy(z) x e

n>1. (3.20)

The letter ‘s’ stands for “simple” or “shifted”, since we see all kernels are simply determined
from the n = 1 case by shifting the exponent or multiplication by a power of 2.
The shifted functionals satisfy the duality conditions

sTh(Am) =0 for m>0, n>1, (3.21a)
0 (Am) = Gpm, for m>n, n>1, (3.21b)

where Am:A¢+m:5+2—|—mand Ay = 2A4 +2m.
The discussion goes through mutatis mutandis for the bulk channel, for which we

can choose:
1
STnp - h+(Z) = 0, hf(Z) X m, n Z 1 (322)
b x -1, (2 — (3.23)
STp : +(2) x o _(z Oc(l—z)' .

where for s79 we must choose proportionality factors that h, (z) — h_(2) falls off as 1/22
at infinity. These functionals now satisfy

5T (Am) = Onm, for m>n, n>0, (3.24a)
STn(Am) = —dmoem, for m,n >0, (3.24b)

for some contants e,,.

~10 -



This particular functional basis has extremely simple kernels hi(z), and for this we
paid the relatively small price that the orthonormality conditions are more involved. It is
clear however that starting from this basis, for any n a finite Gram-Schmidt decomposition
can be made to go back to the orthonormal basis.

Now comes the crucial point. Although we have arrived at this basis via a somewhat
circuitous route, the final functionals are extremely simple, and in particular all details
related to the fact that we started with Jacobi polynomials have disappeared. This is not
an accident, since the functionals constructed above will actually have the same properties
for any Ag.

To see this, consider for definiteness the action of the boundary functionals. The bulk
case is analogous. When acting on bulk blocks we get

. * dz
STn(A)OC/l WIm[GA(z\Ad,)]

z

2Fl (%7 %7A - & 271)
A

— sin [g(A - 2A¢,)} /100 %(2 — 1)z % (3.25)

22
Thanks to the oscillating factor we see the functional is automatically zero for A = 2A4+m
independently of Ay, with m > 0.5 Now consider the action on the boundary blocks:

sTh(A) /100 %Im [GA(Z|A¢)} . (3.26)

Starting from this expression we deform the contour of integration to wrap around the
discontinuity of G5 for negative 2. We will see momentarily what are the conditions for
this manipulation. If we do this we now get

) ) 0 Ga (18)

sTn(A) o sin |:7T(A — A¢)] /_oo z(li-fn A<1 _Z Zl)Aj (3.27)
We see that automatically the functional vanishes on boundary blocks with dimensions
A= Ay + m, with m integer. But this is true only down to m = n, since at this point
the integral develops a divergence from the region near z = 0~. The divergence cancels
the zero of the sine function, leading to a finite answer. For A smaller than Ay +n we
can no longer trust the contour deformation and must go back to the original definition of
the functional action. We conclude that s7,, satisfies indeed the duality relations (3.21). A
similar argument goes through for the bulk functional basis. The messy details involving
Ay and € only become important if we insist in having a fully orthonormal basis.

3.3 Functional bootstrap equations

To summarize, we have shown that an orthonormal basis of functionals 7,, 7, exist with
the properties:

Tn(Am) = 6nma Tn(Am) = _dném,Oa n>1, m2>0 (3 28)
7/:n(Am) - 07 ?n(Am) - 5nm - Cn(sm,()a n,m > 0 '

SFor A < 2A —2 the integral diverges, and we must use instead expression (3.6) for the functional action.
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with A, = Ay +m and A, = 2A4 + 2m. This basis can be obtained for any Ay by
starting with the shifted functionals s7, and s7,, and performing a finite Gram-Schmidt
orthonormalization procedure. Applying this functional basis to a generic crossing equation
this gives a set of necessary conditions on the BCF'T data:

> Whwn(A) =D (aNawn(d),  w=r17 (3.29)
A A

which are the functional bootstrap equations associated to this particular functional basis.
There is a different way to understand the origin of these equations. The orthonor-
mality conditions suggest one may write

o0

Gal(2) = 3 [1(8)Gan,20(2) + 7l B)Grea,on(2)] (3.308)
n=0

Ga2) =D [Ta(A)Gaa, 42n(2) + 7a(A)Cria, a(2)] (3.30b)
n=0

where we have ommitted the dependence of the blocks (and functionals) on Ay for simplic-
ity. These expressions can be thought of as decompositions of generic bulk and boundary
blocks into a basis, the basis being constituted by bulk and boundary blocks with specific,
generalized free, scaling dimensions. Again, we use the word basis loosely here: roughly
speaking we have in mind the vector space made up of linear combinations of bulk blocks
and boundary blocks.”

If these decompositions are actually true (we will not attempt to prove this here), then
by plugging them into the original crossing equation and assuming we can commute sums

we get
S A m(B) = D (aN)aTa(A) | Ganyroa(2)
n=0 A A

(3.31)

+ 1D ATA) = D (@NaT(A) | Griagin(z) ¢ =0,
A A

and the functional equations now follow demanding that the coefficient of each “basis
element” is vanishing.

A closely related perspective on the same equations allow us to define a toy version of
the Polyakov bootstrap. If we define the (toy) Polyakov blocks

Pa(2) :=Ga(z) — Z Tn(A)G2a,+2n(2),

0 (3.32)
Pa() = Gale) = 3 7u(B)Grsa, (o),

n=0

A more precise statement would be that we would have a basis if the dual functionals 7,,, 7, would lead
to a set of constraints which fully capture those of the crossing equation.
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then it is not hard to show using the basis decompositions above that the functional
bootstrap equations arise from demanding that correlators may be expressed as

G(z) =Y piPa(2) + Y _(aX)aPa(2). (3.33)
A A

Hence, this simple basis have allowed us to derive a toy version of the Polyakov bootstrap
for BCFTs. Even though we have not attempted to, it is likely all the above statements
can be made rigorous. In the next sections we will construct a different basis of functionals,
leading to different functional bootstrap equations and different Polyakov blocks, but the
basic ideas are as above.

The functionals equations can be used for instance to reconstruct the generalized free
solutions to crossing. Assuming the correct spectrum for each boundary condition, one can
read off the BCF'T data:

A, +142p = T1+2p(0), (aX)2a,+2p = —7(0), Dirichlet —_
:U“2A¢+2p = T2p(0) + C2p#2A¢a ((1)\)2A¢+2p = —7,(0) — dpu2A¢, Neumann
Note we also have the constraints:
Top(0) = 0, Dirichlet
_ o ) (3.35)
T14+2p(0) = —Cl+2pHA Neumann

which follow from applying these functionals to the Dirichlet and Neumann solutions re-
spectively. From these relations we can reconstruct the whole OPE and BOE data for
both solutions given ¢,, d,, which were fixed by demanding the correct asymptotics of the
functional kernels.

It may seem puzzling that we are apparently missing a functional, namely 7y, which
we had to remove to fix the behaviour of the kernels at z = co. However, this is precisely
how it must be. Indeed, notice that by combining the above two solutions defining

G(z) = 20— 14 1)% — 26V(2) + (1 — 2)GP(2), (3.36)

(1-=2

with 0 < x < 1, leads to a perfectly reasonable family of solutions to crossing which
generically contain all operators in both GFF solutions. Had we been able to find a
new functional such that the duality conditions would hold even for A= Ay, i.e. with
Cnydyp = 0. Then we could read off the OPE and BOE data simply by acting with the
functionals to obtain

W =70),  (aNa, = 7(0) (3.37)

Since on the r.h.s. of these equations we just have some fixed numbers, this would be
in contradiction with the existence of the family of solutions described above. The fact
that we have this degree of freedom in the choice of crossing solution which keeps the set

A, = Ay +m and A, = 2A4 + 2m fixed in the block decomposition, translates into the
absence of a functional in the dual space. Indeed, x controls the O(1) behaviour of the
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Figure 2. The bulk exchange, boundary exchange and contact Witten diagrams respectively. The
semicircular area represents AdSg41 bulk in the presence of a brane, which is represented by the
dashed line.

correlator at oo, and our functionals were carefully constructed such that they do not care
about this overall constant.

We could now go on to investigate the consequences that these equations imply for
generic solutions to crossing. However, it seems likely this will not be very useful. Consider
for instance starting from the Dirichlet GFF solution and deforming it in a very slight man-
ner. Unless this deformation is trivial like in the x- dependent family of correlators above,
one should expect that at least the boundary spectrum should change non-trivially. While
to zeroth order the equations are nicely diagonal in the spectrum thanks to orthonormality,
allowing us to just read off the OPE and BOE data, the minute we expand in the spec-
trum the equations will become completely coupled. This is because dawy (Ay,) # dpm, for
these functionals. Clearly it would be nice to have a basis that has these properties, since
it would allow us to do perturbation theory in an efficient manner. Such a basis indeed
exists, and we will construct it in the next section

Before we do so, we would just like to comment that in [28], the authors were able
to bootstrap the Wilson-Fisher fixed point to O(e?) by essentially using the basis of func-
tionals constructed in this section, although they did not formulate their approach in this
language.®The reason this was possible is that the full set of boundary and bulk operators
appear only at O(e?) and only a finite set of them appear with dimensions away from their
free integer values. It is clear however that this approach is doomed to fail at order O(e®)
where an infinite number of operators pick up anomalous dimensions. With the basis that
we will construct next, there are no such limitations and it is possible in principle to go to
arbitrarily high orders in perturbation theory.

4 Bootstrap equations and BCFT basis

4.1 Witten diagrams and functional equations

As we have discussed in section 2, the generalized free solutions to crossing can be under-
stood as arising from the theory of a free massive scalar field in AdS44; in the presence of a
radially extended brane, on which Neumann or Dirichlet boundary conditions are imposed.
In such a theory it is very natural to consider perturbations. We will focus on those terms

8To be precise they used our initial Jacobi polynomial basis and only for the bulk channel.
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in perturbation theory which modify how the field interacts with the brane, while keeping
the bulk operator dimensions fixed. At tree level there are three sets of perturbations that
we can consider. We represent them diagramatically in figure 2. They correspond to bulk
and boundary exchange Witten diagrams, as well as contact interactions. Such diagrams
have both bulk and boundary conformal block expansions. Crossing symmetry for each
such diagram leads to the following equations:

oo

Ga() =Y [an(8) Gy () + ba(8) 93G5 (2) + tn(A)GAn<z)} (4.1a)
n=0
Galz2) =) 4, (A) G A, (2) +b(A)0,G4 (2) + fn(A>GAn(z)} (4.1b)
n=0
0= 3" [y (2)+ e 0,Gs, (2) + G, ()] (4.1¢)
n=0

with A,, = 2A4 + 2n running over bulk double trace operators, A, = 177” + Ay + 2n over
boundary derivative operators and k labels the contact interaction. We have omitted the
dependence of the blocks on Ay for brevity.

By analogy with the results of the last section, these expressions suggest that it may
be possible to use the sets G A, OAG A, and G, (modulo some elements to account for
the contact interactions above) as a basis. Notice that unlike the toy basis of the previous
section, here the boundary operator dimensions have spacing of two units, but this is
compensated by the extra terms involving derivatives of these blocks. Our job in this
section is then to construct functionals which are dual to this basis, i.e. ay,, By, 85, such that:

an(An) = bpm, 8Aan(Am) =0, an(Ap) =0, (4.2a)
ﬂn(Am) =0, 8Aﬁn(Am) = Onm, Bn(AM) =0, (4-2b)
0n(A) =0, Ox0n(Arm) =0, 0r(Ar) = 6pm (4.2¢)

To be precise, there are really two different bases one can consider, depending on whether
we choose functionals dual to the Neumann or Dirichlet solution. When necessary we will
make this explicit by adding a superscript +, — to the functionals for Neumann, Dirichlet
respectively. We will see that in the latter case we will be able to indeed satisfy the above
conditions, while for Neumann there will be a slight modification, as for the toy basis of
the previous section, cf. equation (3.28).9

By acting with the functional bases on bulk and boundary blocks, one expects that
decompositions of the form (4.1) should exist, with:

an(A) = an(A),
an(A) = an(A),

(A) = Bn(A), tn(A) = 0,(A) (4.3)

by
ba(A) = Ba(A), (D) = 0,(A) (4.4)

9This is also very similar to what happens in the 1D bootstrap case, with our Dirichlet and Neumann
cases being analogous to the fermionic and bosonic basis [19].
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In other words, these functionals should allow us to bootstrap Witten diagrams in AdSgy1.
We will compute these Witten diagrams explicitly in the next section, and study the precise
relation to the functional bases in section 6.

Just like with the toy basis, we can act with these functionals on the crossing equa-
tion (2.12), to obtain a set of functional bootstrap equations:

Y rhan(A) = (aN)aan(A) (4.5a)
A A

S 128 (A) = Y (aN)aBa(A) (4.5b)
A A

S EA0(A) = 3 (@A) ab(A) (4.50)
A A

for all n € N.10 The functional bootstrap equations are a set of fully non-perturbative
constraints on the OPE and BOE data. Unlike the toy basis, the «, 3, 8 basis now provide
an ideal starting point for a perturbative expansion around the generalized free solution.
To see this explicitly, consider starting with the free correlator and deforming it by
adding a new bulk operator with some small coefficient g. Expanding all relevant quantities,

G(z) = G9(2) +gg<l (2) + O(g), (4.6a)
A, =AY 4+ gAML O(g?), A, =AY L on 4+ gAML O(4?) (4.6b)
(aX)a, =@ + gt + O( %), i =ay) +gal) + 0(g*) (4.6¢)
where t(o),ag)) are the generalized free BCFT data given in (2.14), A%O) = 2A4 + 2n,
Aq(lo) = 177” +2A4 + 2n and
GO (2) = Go(2) + > tﬁlo)GAg)) () =) aﬁzo)@AS,) (2) (4.7)
n=0 n=0
GW(2) +Z [K0G 0 (2) + ADOAG 0 (2)]
= Z [ A<o> alP AP, @Agp (2)} (4.8)
Acting with the functionals we read off:
+oo
alf) = an(0), afl) = an(8) = 3 ADOsan(AT)  (4.92)
n=0
0 = B,(0), a WAL = Z AN B,(AD) (4.9b)
tY) = —6.(0), 1) = ~6n(A) ~ Z ADOAOL(AY)  (4.9¢)

0ur definition of N is such that it includes zero.
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We see that all the BCFT data, including boundary operator anomalous dimensions may
be determined from knowledge of the functional actions, as long as the quantities A%l)
are given as inputs: those anomalous dimensions belong purely to the bulk CFT and
must be determined independently. A particular case corresponds to setting them to zero,
whereupon we would recover the bulk exchange Witten diagram decomposition.'! It is not
hard to see that this behaviour persists to arbitrary orders in perturbation theory, in other
words, the a, 8,0 functional basis diagonalises perturbation theory around the generalized
free solution as long as the bulk spectrum is kept fixed (or known). We will discuss a
particular application in section 7, where we will bootstrap the Wilson-Fisher fixed point
with a boundary with Neumann and Dirichlet boundary conditions.

After these motivating remarks, we will now turn to the actual construction of the
functional basis. We begin by discussing general constraints on the functional kernels,
before solving these constraints appropriately, first for the boundary channel functionals
a, B, and then the bulk functionals 6.

4.2 Constraining the kernels

We start with the ansatz introduced in the previous section:

0 00
W[F] = / dzh_(2)Im[F(2)] + /1 dzh (2)Im[F(2)] (4.10)

—0o

The orthonormality properties (4.2) imply that we want to find functionals which have
double zeros in the boundary channel. So, unlike for our warm-up basis, it is much less
obvious how to choose appropriate kernels. However, one of the lessons of that construction
is that it is useful to rotate contours so as to go to the region where discontinuities of the
blocks are simple.

Consider the action of a generic functional w on the bulk blocks. Rotating contours
we can write

fe'e) 1
W(A) = /1 dz s (2)Tm [Ga (2] Ag)] — /0 dzTm [h_(2)] Ga(2]Ay)
~ [z () Re G (A3 + Re - (] IGaGIA)) (411

We want functionals to annihilate the generalized free boson bulk spectrum. In the region
z > 1 we have that the real and imaginary parts of the bulk block are proportional to
cos [Z(A — Ay)] and sin [5(A — Ay)] respectively. Hence it is natural to keep only the
latter terms in the expression above, which can be achieved by demanding

Im[h_(z)] =0, VzeR. (4.12)

This is then one of our conditions on the kernels. For future reference, we note that in this
case the functional action becomes

w(A) = sin g(A - 2A¢)} /100 dz [hi(z) — h_(2)]

2 (3.9, 8 - 51
(z — 1)A¢_%z%

(4.13)

11t would be interesting to follow the deformation to second order, as we would expect then that bulk
operators should be forced to pick up anomalous dimensions.
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This is valid only for A sufficiently large, depending on the singularity structure near z = 1
of h_, hy.

Next we look at the functional action on the boundary channel. In this case we want
to do the contour rotation in a different way, swapping the roles of hi, h_ to obtain

w(A) = /0 dzh_(z)Im {@A(z]A(z,)} - /01 dzIm [hy(2)] éA(Z‘Aqs)

—0o0
0
- / dz {Im [h.(2)] Re [GA(21A¢)] + Re[hy(2)] Im [G A(Z|A¢)H (4.14)
—0o0
We would like for the functional action to have double zeros. Since the imaginary and real
part of the blocks oscillate as sin[m(A — Ag)] and cos[r(A — Ay)], we can achieve this by
combining the non-oscillating and cosine pieces and setting the sine pieces to zero. That
is to say, we demand:

h_(2) = Re[hy (2)], 0>z (4.152)
Im [y (2)] = —vIm [h+ ( : )} (1—2)22, 0<z<l1. (4.15b)

z—1

which constitues a second set of constraints on the kernels. Under these conditions we get
1
w(A) = —(1 —vcos[m(A — Ay)]) / dzIm [k (2)] GA(2]Ag) (4.16)
0

which will have generically double zeros for A = 1_?” + Ay + 2n, again at least for A
sufficiently large that allows us to do the contour deformations.

In the following we will find solutions to equations (4.12), (4.15) subject to boundary
conditions appropriate for a,, 8, and 6, functionals satisfying the orthonormality condi-
tions (4.2), as well as the swapping and finiteness conditions (3.12).

Before we do this, there are important simplifications to keep in mind. Firstly, since
h_(z) is real for real z, these equations as well as the finiteness and boundary condi-
tions (3.12) only care about the difference hi(z) — h—(z). Hence by shifting hy(z) —
hy(2) + h—_(z) we can get rid of h_(2) altogether and work only with A (2).

Secondly, and more importantly, these equations are invariant under the shifts:

hi(2) = 21— 2)Thy(2),
A¢ — A¢ — 29 — p, (4.17)
v— (—1)Py,
with p,q € Z. This means that if we know a solution with specified singular behaviour
near z = 0,z = 1 it is easy to obtain all remaning solutions.
4.3 Boundary functionals
4.3.1 General solution

Boundary functionals are comprised of the «,, and (,,. The orthonormality conditions (4.2)
tell us the corresponding functional actions have to be zero on all double trace blocks in the
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bulk channel. In the boundary channel they must be zero for all A, larger than A,. At
that point there are two possibilities. 3, functionals are still zero for A= An, but non-zero
on the derivative of a boundary block. «, functionals are non-zero on A= An Given the
functional actions (4.16) and (4.13) we conclude that we must demand the behaviours:

B hi(x) TR (=)L >0 (4.182)
z 1
o T ()] 20 8L (4.18b)
2 2
z—07T 1
Bn i Imlhy(2)] 7% AT (4.18c¢)
z 2

where the first condition guarantees that representation (4.13) is valid strictly above
A =2A,.
To obtain these functionals, we consider the set of kernels:

AU+ Ayt m) 2P (k—m— 5 5+ m—k 5+ As+k, D)

hm 1 (2) == (4.19)
with 9 F} the regularized hypergeometric function and m, k < m two non-negative integers.
We claim that functionals defined by h_(z2) = 0,hy(2) = hy,k(2) form a complete set
from which finite linear combinations can be taken to obtain orthonormal functionals.

Firstly, it is straightforward to check that these kernels satisfy equations (4.15) as long as
v = (=1)™*!. Then:

B (2) 727 O[2 757K (4.202)

I [l 5 (2)] 7% O[(1 — 2)Re+h=1/2] (4.20b)
z—1Tt 1

hmi(2) % 0(1), Ay > o \VE>0 (4.20¢)

N E)) 2012 — )20 12, Ay < % k=0. (4.20d)

The first two relations above guarantee that these provide good functionals satisfying finite-
ness and swapping. The last two tells us they are indeed zero on all bulk blocks. To see
these kernels form a good basis for the ay,, 5,, we examine the singular behaviour of their
imaginary parts near z = 0. We find:

ho,o : 0(2_2) —>ﬁa (4.21)
hio,hi1 : O(273),0log(z)z 1] %ﬂf,aé (4.22)
hg,o, h271, h2,2 : 0(2_4), 0(2_2), O(log(z)z_Q) —>ﬁ;, ﬁa, Oéa (4.23)

Note that the correspondence is not direct. We find that for even m, kernels with k£ < m

contain 3y, ..., 8 /2 and for £ > m we get combinations of a, .. with the same

SO
’ m/2—-1
0 functionals. So, even m contains all Dirichlet functionals. For odd m, kernels with

~19 —



k < (m + 1)/2 contain combinations of 3. .. 75(tn+1)/27 and for k > (m +1)/2 we get

combinations of aar e a?;n_l) /2 with the same S functionals. In particular we find
_ rA,+1) _s = 13 11
fi )=o) = -G A (< Rae 1) e
w2 z
I'(Ag+2) _s - 35 11
Bl ) =l = oA (—2,2;A¢+2;2) (4.24D)
8
q h = h —h h 4.24
o +(2) (1+A¢)(2+A¢)( 2.2(2) — hao(2) + na,hop(z))  (4.24c)
8
i h =———(h h 4.24d
Xy +(Z) A¢(1+A¢)( 1,0(2)+ 1:1('2)) ( )
with A VA )
+ +
nA¢:( ¢ ;; ¢ )(1+8log(2)—4HA¢) (4.25)

and H,, the harmonic number function.

4.3.2 Neumann contact term ambiguity

There is a slight problem in the above. Although it is not clear from the notation, as we have
defined it 93 (o )(Ay) # 0 as required by (4.2), and it would only be by adding a suitable
multiple of Bar that we could make this vanish. But Bar has not made an appearance in
the set of kernels above. It should correspond to something like a kernel with m =k = —1
but this then does not have the correct asymptotic behaviour at infinity.

In fact, such a functional does not exist, and the reason is very similar to what happened
for the easy basis in section 3.2. Here the reason why such a functional cannot exist, is that
it would preclude the existence of a relevant contact interaction in AdSg11 between the
bulk field and the brane, namely [ AdS, ddas\/gfI)Z(f, o+, y = 0). This decays at large z and
is only possible for Neumann boundary conditions. Such a contact interaction deforms the
Neumann GFF solution while introducing anomalous dimensions to boundary operators
that decay sufficiently fast for large A.12 It is easy to check that had we been able to
construct a full orthonormal basis of Neumann functionals, this contact term would’ve
been ruled out, since it is a modification of a solution to crossing that does not introduce
new states.

Hence, a fully orthonormal basis cannot exist for the Neumann case. Instead, the best
we can do is to find a set of «,, 8, with Gy = 0, such that

af (Am) = Gnm, dxait (Am) = —Omoda, af (Ap) =0, (4.26a)

with eg = 1. The parameters dy, ey, f, are functions Ay and spacetime dimension and
follow from the construction of the functional kernels. They can be determined by explicit
computation of the functional actions, as shown in appendix A. The constants f,, will make
their appearance in the next subsection when we construct bulk functionals.

12This is entirely analogous to what happens in the 1d functional construction when one attempts to
construct a basis associated to the generalized free boson [19].
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Thanks to these modified orthonormality conditions, the functionals now allow for a
homogeneous solution to crossing:

o0
0= |45, (G180) + en 93G5, (100) + f2Gn, (218)] (4.27)
n=0
This is of course nothing but the contact interaction described above. This will be checked
by direct computation of the Witten diagram in section 5.

To conclude this subsection, let us explain why we refer to this as an “ambiguity”
in the choice of basis. The point is that, unlike for the Dirichlet case, for Neumann it
is simply impossible to have a fully orthonormal set of basis functionals with the correct
large z behaviour, and once we have given up on full orthonormality, there is no good
reason to hold relations (4.26) to be sacrosanct. Equivalently there is now no canonical
choice of basis, unlike for the Dirichlet functionals. In particular in the above we have
decided to set 5y = 0, but it is clear we could have chosen differently, e.g. by shifting every
functional by £, we could have set 5, = 0 instead, or we could have even set some finite
linear combination of functionals to vanish. It is in this sense that the choice of basis is
ambiguous. Nevertheless, the choice above is particularly simple and we shall stick to it.

4.3.3 Shifted functionals

We will now show a different way of constructing the functional basis, by using the solution-
generating shifts introduced in (4.17).

Let us set:
By he(2) = hy (21Ay). (4.282)
ag - hi(z) = hag(Z‘Afb)’ (4.28b)
A hi(z) = hﬂf(z\Aw, (4.28c¢)
af © he(2) = h+(2]Ay), (4.28d)

0

i.e. the kernels on the righthand side can be read off from (4.24). Then we can define
sB;, hi(z) = z’2nhﬂ5(z|A¢ + 2n) (4.29)
sa, hi(z) = Z*Q”hag(zmqs + 2n) (4.30)
These functionals satisfy all the desired constraints and have the correct singular behaviour
near z = 0. By taking finite linear combinations of w,,w,_1,...wy with w = sa™,s8~
these can be chosen to satisfy the orthonormality conditions (4.2). This completes the

construction of the Dirichlet boundary functionals. As for the Neumann case, first we can
check that indeed:

hﬁf(z\A(b) = z_lhﬁo— (z|Ap +1) (4.31)

Then we can define
FICARE hy(z) = zl_gnhﬁo_ (z|Ap — 1+ 2n) (4.32)
sa)l hi(z) = zl_Q”hQE (2]Ag — 1+ 2n) (4.33)

— 21 —



for n > 1. For n = 0 this method fails, since we would break the required asymptotic
condition near z = oo. For ag however there is a way out: we can form a suitable linear

combination of hﬁ& h ag which falls off not as z2=3/2 as each individual kernel, but as z~%/2.
We can then set
ag ht(z) =z h%— (2|Ap — 1) + A(Aqg)hﬂo— (z|Ap —1)| . (4.34)

The choice A(Ay) = Ha, — log(4) does the trick, and we can check that the resulting
kernel matches the one we obtained in (4.24). This procedure does not work for obtaining
Bar , since we are not allowed to use o, , so we conclude again that such a functional cannot
be constructed.

4.4 Bulk functionals

We now turn our attention to the bulk functionals 6,,. The orthonormality conditions (4.2)
tell us the corresponding functional actions must have double zeros on all boundary deriva-
tive operators. In the bulk channel they must be zero for all A,, = 2A4 + 2m larger
than A,. Given the functional actions (4.16), (4.13) we conclude that we must demand
the behaviours:

1—v

0, - Im [y (2)] *207 O] 1-155 ), >0 (4.35a)

b, : he(2) "2 (2= 1)1, (4.35b)

where the first condition guarantees that representation (4.16) is valid all the way down
to A = 1_TV + Ay, and in particular that the functional action is zero for all boundary
operators. As may be expected from the discussion of the Neumann case in the previous
subsection, we should expect that something should go wrong when v = 1, and that’s
indeed what we will find.

After a somewhat circuitous route!® we were led to the following simple result for the
lowest Dirichlet bulk functional:

_ (Ag—1) - 131 1

~ 11 31 ~ 1 1 31
2 N IR - i W 4.
+ 2 1( 279’ ¢ 27Z> 2 1( 27 9’ ¢ 2’Z>:|’ ( 36)
with the normalization factor chosen such that 65 (2A4) = 1,

_AT(Ay — )T(Ay + 1)

A

(4.37)

The functional kernel is a combination of two pieces which separately satisfy (4.15), namely
2
4

P times

the top and bottom lines in the above. In particular the first piece is nothing but

13This involved constructing particular solutions for various integer A4, obtaining series expansions for
large z, and finally guessing the general Ay result.
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the boundary functional with kernel hoo(z) cf. (4.19) (which thanks to (4.17) is again a
solution). The specific combination above has the properties

hy(z) “2° 0(272) (4.38a)
Im[hy (2)] °2 O[(1 — 2)2e 2] (4.38b)
ho(z) 2L %Z ! 1 (4.38¢)
Imlhy (2)] *27 Ollog(2)] (4.38d)

The first two conditions guarantee finiteness and swapping, and the bottom two characterize
it as ¢, . From this expression it is now easy to obtain all other Dirichlet functionals and
(almost) all Neumann ones, by using the shift property (4.17):

1

(=1

EUARE hi(z) = mhag(zmd, — 1+ 2n), n>1 (4.40)

s, : hy(z)= heo‘(Z|A¢ + 2n), n>0 (4.39)

We cannot allow n = 0 in the last equation since this would destroy the behaviour near
z = oo. As discussed in the previous subsection this was expected: for Neumann bound-
ary conditions we cannot build fully orthonormal functionals since this would rule out the
contact term interaction. This also give us the clue on how to obtain the 9(')" : we must
combine it with a boundary functional. This will mean that GJ will no longer have double
zeros on all boundary double trace blocks, and upon the Gram-Schmidt decomposition to
orthonormalise the é,J{ this will be the case for all functionals. A suitable linear combina-
tion is

VAD(Ay)

9+2 h = h,— A, —-1)- X 77
0 +(Z) z 0 (Z| ¢ ) F(Ad)—f-%)

’h/BE (z]Ag — 1) (4.41)
where hﬁg (2|Ag) is a boundary functional kernel, cf. (4.24a), where we've added an extra
label to show the dependence on Ay. The shift and multiplication by z was necessary
to obtain a Neumann type boundary kernel. The linear combination above falls off at

-3/2

infinity as z unlike each individual term. One can check all other requirements on the

functional are satisfied, except that now near z = 0 we have Im[hy(z)] ~ O(1/z). Hence
this functional will have a first order zero at A = Ag.

The conclusion is that, after orthonormalisation, the best we can do for the Neumann
basis is:

0,(Ar) =0, Ox0n(Am) = =60, On (D) = Snm (4.42)
for m,n > 0. The constants f, are related to a contact diagram and given in appendix C.3.

4.5 Functional actions

Given the functional kernels h (z), we are interested in determining the functional actions.
We will now summarize how this is done, leaving specific results to appendix A.
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For the purposes of computing the o and S functional actions, we will use

_F(1+A¢+m) 2F1(]C—m—%,%—i—m—k,%-f—Aqg—i-k,%)

:h = — 4.43
W,k m.k(2) T(1+m—k) gk 3 3k ( )
For the bulk functionals we will compute the shifted functionals from the kernels
z
EUARE hi(z)= mh%(dA(p —1+2n)
1 (4.44)
with
Ag—3) -/ 131 1
h — A = N ((1)72 F . A -
oy (218 A4”/5[2(1—2) Ty T
~ 11 31 ~ 1 1 31
—oF | —=, =, Ay — =, — —= — 4.45
21< 9’9’ 1] 27Z>+2 1< 2 9’ ) 9’ >:|7( )

and the normalization factor:

L AT(Ay — )I(Ay + 1)

Na, = 4.46
TG a) .

With our choice of kernels we have in particular
SO (204 + 2n) = 1. (4.47)

To evaluate the functional actions we have proceeded as follows. For the wy, ;. functionals
we used the representations

Wik (A) = /oo dz By (2)Im [GA (2] Ag)]
! (4.48)

wmk(A) = /100 dz hp, 1, (2)Im [@A(z]A(z,)}

The discontinuities of the blocks are given in terms of Gaussian hypergeometric functions,
and so is the kernel h,, ;. We have evaluated these expressions by replacing the hyper-
geometric functions by their series representations and commuting the integration with
the double series. We check a posteriori equality of the resulting expressions with direct
numerical evaluation.

For the shifted bulk functionals we found it necessary to use different representations
depending on which action was considered. For the action on bulk blocks we did as for the
wp k- However, on boundary blocks it was necessary to use instead

(B) = — (1~ veos [x(A — ) /0 Lot [, ()] Ga (A1), (449)

In both cases the computation of the functional action proceeds as for wy, ;. However, for
the bulk functionals the final answer leaves one of the series unperformed.

To conclude note that given the functional actions above, one can go on to obtain the
orthonormal functionals by performing a finite Gram-Schmidt orthonormalization, and in
some cases we found it possible then to go on to guess the general orthonormal answer.
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5 Witten diagrams for BCFT

5.1 Setup

We will now explicitly compute the Witten diagrams which motivated the functional basis
constructed in the previous section. The Witten diagrams for external scalars with inter-
face boundary conditions, were constructed in [33] (see also [35] for the defect case). For
Neumann and Dirichlet boundary conditions, we will use similar techniques in our compu-
tations. We consider a free scalar field propagating in AdS4,1 in the presence of a brane
extended along the radial direction. In the Poincaré patch the action is given by

dy

1 1
S = —Z A% pdgt |ZVD - VD + —m2d? 5.1
sy T Ty (5.1)

with m? = Ay(Ay — d) and boundary conditions:

&(
aJ_(I)(f, x

y) =0, v=-—1 (Dirichlet)

0,y) =0, v=1 (Neumann)

81

,

L1 =
L (5.2)

The bulk field ® is dual to the boundary operator ¢, which will satisfy the same boundary
condition at z+ = 0:

(&, xt,y) "X yBeo(, at)
¢(&, 2 = 0) =0, v=-1 (Dirichlet) (5.3)
D1 (&t =0) =0, v=1 (Neumann)

We emphasize that throughout this section, we are not interested in this AdS theory for
its own sake, rather it merely serves as a way of generating individual Witten exchange
diagrams of interest.

In the absence of the brane, the bulk-to-boundary and bulk-to-bulk propagators
would be'*

1

CrolP X|Re) = p xy8e

(5.4)
1\ 2 d—1 4

BB\AL A2[8¢) = | T~ 281 | Ry Rp — =55 20¢ — s .

Gpr(X1, Xa|Ay) z (A, A 520 —d+1 : (5.5)

_ 2
with ( = %. For economy of space we’ve introduced the embedding formalism —

for a review and more details see [36-38]. In practice, we just need to know that PM XM

are d 4 2-dimensional vectors satisfying X? = —1, P2 = 0, with
. 1 .
XM= {x* x7, x xt = {1 [ER + (@) 4 e et ) (5.6)
Yy
PM — {P+,P*,Pi,PL} - {1, 22 + (xJ‘)Q,xi,a:J‘} (5.7)

14Up to normalization factors which will be irrelevant for us.
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with ¢ = 1,...,d — 1. This gives for instance
2P - Py, = ‘f12‘2 + (.’IJ{' — .%'%')2 (58)
L.
2P X = lFl o+ (ot~ a3)? + 4] (5.9)

_ Z12f? + (2 — 23)% + (41 — y2)?
4y1y2

In the presence of the brane, the propagators get modified. Since this is a free theory, it is

¢ (5.10)

straightforward to work out the correct propagators via the method of images. The result
is that:

%B(Xl,X2|A¢) = GBB(Xl,X2|A¢) + I/GBB(XM,X2|A¢) , (5.11&)
G%o(P, X|Ay) = Gpa(P, X|Ay) + v Gpa(Pr, X|Ay)
= Gpo(P, X[Ay) +vGpa(P, Xr|Ay), (5.11b)

e

where a subscript ‘r’ indicates a reflection x

Below we will consider three kinds of Witten diagram. These correspond to exchanges
of fields propagating in the AdSyy; bulk (bulk exchange), fields which propagate on the
AdS,; brane (boundary exchange) and finally we will also consider the simplest possible
contact interaction with the brane. These diagrams will compute corrections to a BCFTy
two point function (¢1(F1, x1)da(L2,3)) of fields with dimensions Ay, Ag, although we
will eventually be interested in setting ¢1 = ¢2 = ¢ and A; = Ay = Ay, We will write for

the two point functions:
W(z)
(x1)B1 (zg) 2

where z is the cross-ratio we’ve been using so far, and which can be written in terms of P;

W (P, Py) = (5.12)

and P» explicitly as:
2P Ps-
Py Py’
We will stick to the general rule that hatted quantities relate to defect and unhatted to bulk.
Hence Witten diagrams corresponding to boundary (bulk) exchanges will be represented
by hatted (unhatted) quantities.

(5.13)

z =

5.2 Boundary exchange

The boundary exchange Witten diagram is represented in figure 3. The diagram is then
computed for the two different boundary conditions, as follows:

Let us put Neumann boundary conditions on the AdSy,; scalars ®; and @2, which
are the external legs of the diagram. We assume the vertices @i\ifA, with ¢ = 1,2, on
the AdS, defect. Here W A is a freely propagating scalar field on AdSy, of dimension A.
The boundary-bulk propagators end on the AdS,; brane, where they become the same as
ordinary AdSg;1 bulk to boundary propagators (up to a factor of 2). The diagram above
then reduces to the same boundary exchange Witten diagram already evaluated in [33],

W*(Pl,PQ)—/ AW1dWo G (P, Wi A1)Ghy(Pa, Wa|A2)Gpp(Wi, Wa|A) . (5.14)
AdS,
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w, W,

Figure 3. The boundary exchange Witten diagram.

The integration runs over the AdS, brane, and the measure is simply the ordinary one on
AdS,. The Gpp(Wi, W2|A) is an ordinary bulk-to-bulk propagator in AdSy.

For Dirichlet boundary conditions, the vertex is instead O J_(bi\i/ A on the AdSy brane.
The diagram has the following form,

W—(Pl,Pg):/ AW1dWa 0\ G py(Pr, Wil A1)D?Gpy (P, Wa| A2)G (Wi, Wa|A) .
AdS,

(5.15)
Here we denote 0\ G(P,W) = limx_,w 9,1 G(P, X). Near the brane we have:

XosW40(et)  xt

Gpo(P, X) (—2P.W)

GL(P,W). (5.16)
Thanks to the derivatives in the integral (5.15), the integral then becomes similar to the
Neumann case, with boundary-bulk propagators whose external scalar dimensions have
effectively increased by one.

For unequal external scalar fields @1, @2, and Neumann boundary conditions the result

is given as follows:

—100

W) = AN (A [ : VL@ —n) (= fenf(-er)
Wg(z)—Nbdy(A)/ d7[4(1_z)} F(Qh/—QT)/_ dc(Aih/)L@, (5.17)

where h' = (d —1)/2 and,

) P (S8 T (S T e+ = 7)

fle,T) = 3T (0) . (5.18)

The normalization factor is chosen such that when decomposing into boundary blocks
we find:

W (2) = G5 (1A, M)

—Z[ (81,82, A)Ca20(2] A1, 82) 45 (B3, A1, A) G g o (2181, 80) | - (5.19)
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Setting A; = Ay + A12 Ag = Ay — AIQ and sending Ao — 0 we find

A1r2\J—>0 Eﬁ (A)

~4 A
a, (Al,AQ,A) A12

it (A) + O(Ara). (5.20)

l\D\'—‘

We have ommitted the dependence of bn,az on Ay = Ay = Ay for simplicity. The
boundary block expansion becomes:

(e 9]

B (2) = G (elAg) - Z[az<A>éA¢+gn<z|A¢>+6:<A>6A6A¢+zn<zm¢> (5.21)
n=0

As for the bulk channel we get instead

o~ Aq1+A ~ ~
W) = 272 03 V(AL A, A)Ga, s asran(2]A1,A).
Ar2=0 Py Z tA:'l_(A)GQA(b_;_Qn(Z’A(ﬁ) . (5.22)

The Dirichlet Witten diagram Wg is obtained from Wg, by shifting the dimensions
A1,Ay = A1 4+ 1, A + 1. The corresponding boundary block coefficients can be directly
obtained this way. The bulk block coefficients can be obtained be inspecting the expansion
around z — 1, where the expansion coefficients can be obtained from the above shifts.
Explicit expressions for all coefficients appearing here are relegated to appendix C.1.

5.3 Bulk exchange

The bulk exchange Witten diagram is shown in figure 4. For this diagram, we assume a
vertex ®1PoWA in the bulk, and a linear vertex WA on the brane. The U is a freely
propagating scalar operator in AdSgy1 that gets exchanged. We put Neumann/Dirichlet
boundary conditions on ®; and ®5, but on ¥ A we always put Neumann boundary condi-
tions.'> The diagram is then given by:

WX (P, Py) = dX [ dW G%y(Pr, X|A1DGYs( P, X|Ag)Gpp(X, WIA) .
Ad%a41 AdS,

(5.23)
The integral label Ads —31 indicates that the integration is restricted to zt > 0. Note
that the bulk-to-bulk propagator is the ordinary one. This is easy to see since irrespective
of the boundary conditions on ®; and @, the exchange operator always has Neumann
boundary condition. So the propagator G'; (X1, X2|A) from (5.11a) reduces to (twice of)
Gpp(Xi, X2|A) when one of the points X; and X» lies on the AdSy brane.
Using the propagators (5.11) and rearranging we can get:

WE(PLP) = [ X [ aw[Gao(Pr, XIA)Gao(Pe X|82)Gr(X. WIA)
AdSqin AdSy

+ v Gpo(Pir, X|A1)Gpa( P, X|A2)Gpp(X,WIA)| .
(5.24)

15WWe could have chosen a different boundary condition at the cost of modifying the vertex on the brane.
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Figure 4. The bulk exchange Witten diagrams can be written as a sum over two diagrams on full
AdSg+1. In the figure we show the Neumann case, Dirichlet would correspond to a minus sign on
the r.h.s.

These integrals can be computed using standard tools summarized nicely in [33]. The first
integral is straightforward, while the second is more involved. We give the details of this
computation in appendix B. The final expression is given by:

. A14+Ao
RN e dr [4(1-2)]7 2 D(OT(r - 42T - 83
Wi =A@ [ 5 [ rEArG - 1)
i de f(e,7)f(~e,7) 2P (15554, 1554 5 — 7 2)
8 /_m 21 (A — h)2 — 2) by (1—2) (62

where h = d/2 and,

F( A1+A22—h+c)r( 1+c—h)F( ht+c 7_)

fle,m) = T (C)2 2 : (5.26)

The above expression'® has the following boundary channel decomposition (as z — 0),

WA(z) =223 (5.27)
n=0

x [a;(Al,AQ,A)é

~

Avemsioe (101, 8) 40l (B, At Ay g 120 (2101 A) |

The fact that we only get e.g. A1 plus an even integer depends crucially on the combination
of terms in (5.25). As before, when we approach Ay — Ay + % and Ay — Ay — %
we find

A12—0 b, (A)

A

and the boundary block expansion becomes:

CLZ(AM AQ, A)

+ %aZ(A) + O(A12), (5.28)

Wg(z)zz%z[a;’L(A)CA}A¢+2n+1_2u(z|A¢)+bZ(A)8A@A¢ ontize (218g)| . (5.29)
n=0

1Note the presence of the extra hypergeometric 2 Fy function, which was not there for the interface case
considered in [33]. It is needed to implement the boundary condition.
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Figure 5. The contact Witten diagram.

Finally, in the bulk channel we find

A1+Ao

WX(2) = =z GR(2]A1, Ay) Zt” A1, Ay, A)GR™2 (2] A1, Ag)

A1+Az+2n

B0 80 | GA2]Ay) Zt )Gan,+2n(21Ag) | - (5.30)

All expansion coefficients are given later in appendix C.2.

5.4 Contact diagrams

The final tree level Witten diagrams we will consider are contact diagrams. They can
be represented by two AdS;y1 boundary-bulk propagators meeting at the AdS; boundary
where they interact via a quadratic vertex. There are several kinds of such diagrams
depending on the choice of this vertex. Here we will consider the simplest possible cases.

With Neumann boundary condition, the simplest such vertex is ®;®2 vertex on the
AdS; brane. We have:

Wit :/A AW G (P, WAL G (Py, W] Ay). (5.31)
dSy

For Dirichlet, we consider the vertex 0, 10| ®2. There is a simplification here similar to
the Dirichlet boundary exchange diagram. Following the notations of subsection 5.2, the
contact diagram can be written as follows,

Wg = dW Y Gy (P1, WA Gp(Po, W|AS). (5.32)
AdS,

Due to (5.16) and the derivatives on the propagators, the above integral becomes equivalent
to the Neumann case (5.31) with effective external dimensions shifted as A; — A;+1 and

Ay — Ag+1.
For Neumann boundary conditions, the boundary-bulk propagators are just the ordi-
nary AdSgy1 propagators (times 2). So the above integral simplifies to the interface case
diagram computed in [33]. For both boundary conditions, the contact diagram can be
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written in a compact way as follows,

y o 12\ TTT(AL =7+ )0(Ar — 74+ 5H)0(7)
WC(Z) = / dT( > ) F(A1+2A2*V — T+ 1) '

(5.33)

—100

As z — 0 this has the decomposition,

v L1489 = v i v ~
We(z)=z"2 Z[dn(AhAQ)GAI-i-Qn-Q—l*T”(Z|A1’A2)+dn(A2ﬂAl)GAQ—O—Qn-i-l*T”(Z|A17A2)]

n=0
)
A1=Ags=Ay A ~ ~
=y ¢>Z[d;GA¢ oy 1n (2189) el 03 G oy 10 (2100) | (5.34)
n=0

where as before, when we approach A; — Ay + % and Ay — Ay — %, we have

v 1

di(Ar,Ag) VET T4 2dy 4 O(As). (5.35)
12

As z — 1 we have the bulk channel decompostion,
A1+A
We(z) = =2 2 0 ) fUAL DGR A, pon(2]A1, A2)
A=0 Ay v
2 280N " Ganeon(2Ag) (5.36)

The expansion coeflicients for the contact diagram are given in appendix C.3.

6 Polyakov and functional bootstrap

6.1 Polyakov blocks

In section 4 we constructed two interesting bases of linear functionals that act on the BCF'T
crossing equation. This construction was partly motivated by considering the general
structure of Witten diagrams in a bulk dual to the generalized free field BCFT. In the
previous section we have explicitly computed these diagrams. We now close the circle and
show in detail how these are related.

The main claim of this section is that there exist Polyakov bulk and boundary
blocks Pa(z|Ag) and ﬁA(z\Aq;), for both Neumann and Dirichlet boundary conditions,
which satisfy:

Pa(z18¢) = Gal218g) = Y 0a(A]AG)Ga, (2A0)

n=0
=3 [an(A18,)C 4, (180) + Bu(AIA,)03C 4 (212)] (6.1a)
n=0
Palel8s) = G5 (2185) = Y |an(BIA)G4, (2180) + Bu(B184)05 G4, (:10,)]
n=0
= 0.(A)Ga,(2). (6.1Db)
n=0
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Concretely, we will show that the Polyakov blocks may be obtained from the Witten dia-
grams computed in the previous section. Indeed, note that the crossing relations satisfied
by the Polyakov blocks look remarkably similar to those arising from Witten exchange
diagrams, cf. (4.1a), (4.1b), but with the notable difference that here the coefficients in
the expansion are functional actions. We will show that it is possible to combine exchange
diagrams with contact terms in a way that in those equations we effectively set:

an(A) = an(A),  an(A) = an(A) (6.2a)
b(A) = Bu(A),  ba(A) = Bu(A) (6.2D)
n(A) = 0,(A),  eu(A) = 0,(A) (6.2¢)

In other words, the functional bases allow us to bootstrap Witten exchange diagrams.

Before we do this, let us briefly comment on why these Polyakov blocks are interesting
objects. The role in life of the Polyakov blocks is that they provide us with a way of
writing a generic two-point function in an explicitly crossing symmetric way. Concretely,
for a given two point function G(z), we have:

ZMA 2)|Ag) = (aX)a Ga(z|Ay)

A

—ZMA (2|Ay) +Z (aX)a Pa(z) (6.3)

This remarkable statement is true only if the contributions from the unphysical bulk double
trace operators and boundary derivative operators appearing in the conformal block decom-
positions of the Polyakov blocks drop out from the total sum. If we plug in the expression
for the Polyakov blocks into the above equation and commute the two series, one finds that
the unphysical states drop out precisely if the functional bootstrap equations (4.5a) hold,
which we repeat here for convenience:

S i an(A) = 3 (@M aan(A) (6.40)
A A

S 1A B(A) = 3 (aN)aba(A) (6.4D)
A A

S 1A0.(A) = 3 (M) aba(A) (6.4¢)
A

A
This establishes the link between the so-called Polyakov bootstrap and our functional
bootstrap approach.

Of course, we have not shown that it is actually possible to commute the series. This
would amount to showing that the functional bases we have constructed is in fact complete
in some sense, i.e. that the functional bootstrap equations are completely equivalent to the
original crossing equation. We will not attempt to prove this here. However, given the fact
that these equations allow us to bootstrap arbitrary deformations of the generalized free
solution, it seems likely that this is correct.!”

17 A similar problem arose in [19]. There the proof of completeness crucially relied on establishing upper
bounds on the OPE density, so we expect the same must be true here. However, establishing such bounds
seems more difficult here due to lack of positivity of the bulk channel expansion.
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6.2 Dirichlet case

Let us then show how Polyakov blocks and Witten diagrams are related, beginning with the
Dirichlet case. In this case, we expect the situation to be simpler than for Neumann, since
there were no ambiguities in the definition of our basis of functionals. As we’ve discussed
before, there is a simple reason for this.

Ambiguities in the basis correspond to the existence of solutions to crossing which
preserve the form of the conformal block decomposition and which decay sufficiently fast
at large z. This is crucial, since we have constructed our functional basis by assuming
the functionals should satisfy the swapping property, but this is dependent on the large
z behaviour of a correlator. It can be checked by direct computation that the contact
interaction with smallest number of derivatives and Dirichlet boundary conditions behaves
like ~ /z for large 2. Since this is worse behaviour than for a generic two point function,
which is only constant in the same limit, this explains the absence of ambiguities in this
case, since such contact terms cannot be bootstrapped with our basis.'®

On the other hand, in our computation of the Witten diagrams we made specific choices
of vertices on the brane. For Dirichlet boundary conditions it is straightforward to check
that the boundary exchange Witten diagram falls off as 1/4/z (as can be determined e.g.
from its conformal block decomposition). The bulk exchange diagram also has the same
fall-off behaviour. This can be checked by taking special values of the exchange dimension
eg. A = 2A4 — 2.9 Then we can infer that 1) we cannot shift the Witten exchange
correlators by a contact interaction without changing the large z behaviour, and 2) that
there should be no issue in acting directly with our functional basis on these correlators.
By using the orthonormality properties of the functionals, it is natural to conclude:

z_Ad’W;(z) =Px(2) (6.5)

ZTROWL(2) = PR (2). (6.6)

That is, the Dirichlet functionals directly compute the conformal block decompositions of
Dirichlet Witten exchange diagrams. To check this we should test relations (6.2). We
have evaluated the functional actions for several n using (4.16), (4.13) and/or the original
definition (3.6), as well as the kernels constructed in section 4. To the extent we were able
to determine these, the results are presented in appendix A. We then compared them with
the conformal block decompositions of the Witten diagrams given in appendix C. In some
cases it is possible to do this analytically (in particular for the «, 8 funcitonals), in others
it is more convenient to do numerical checks. In all cases we found perfect agreement.

6.3 Neumann case

The Neumann case is more interesting. Here the simplest contact interaction falls off as
1

z~ 2 near infinity, while the boundary exchange Witten diagram computed in the section 5

falls off like 2=2.20 This is interesting for two reasons. Firstly, this means that our basis

18They can however be bootstrapped by demanding stronger falloff conditions on the functional basis.

9Tn general for A = 2A, — 2m with integer m the expression for WX simplifies (see [33]).

20Recall the boundary channel decomposition in the Neumann case is related to the Dirichlet one by
shifting everything by Ay — Ag — 1 and dividing by z.
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of functionals can act on any linear combination of the exchange diagram and the contact
interaction, since it is suitable for correlators which grow as z!/27 for any n > 0. Secondly,
recall that there is a missing Neumann functional precisely because we demanded that the
falloff at infinity was sufficiently fast. This prefunctional was such that the decay at infinity
was only 1/4/z. But we see that this is sufficient to act on the boundary exchange Witten
diagram, since overall we get a 1/22 decay. The missing functional is simply

Bre he(2) = 2hy (28— 1) (6.7)

We put a tilde to emphasize these functionals have poorer asymptotic behaviour. We can
combine it with the remaining basis functionals constructed in section 4 to get a complete
set of fully orthonormal prefunctionals, all of which decay at infinity as 272, From the
orthonormality relations (4.26) and (4.42) the correct combination is

d;{ = a: + dnBar

B'r—: = 57—; + enBJ )

0F =0, + fuy. (6.8a)

The claim then is that these prefunctionals directly compute the conformal block de-
composition of the Witten diagram, for example

o0

AW (2) = G (2) — Y [d;(A)éA¢+2n(z) + B (D)0 Gy ron(2)] - (6.9)

n=0

The a*, 3% functional actions are determined in appendix A, and they can be indeed
matched with the conformal block decompositions of the Neumann boundary exchange
diagram. It works analogously for the bulk channel decomposition.

The bulk exchange diagram (5.25) however falls off as 1/4/z, so the above prefunctionals
cannot be used directly. One can however modify the diagram by adding a contact diagram
to (5.25), since the resulting expression will still have the correct block decomposition as
in (5.28) and (5.29). Since the contact diagram also has the 1/4/z fall-off, adding it with
the right factor can cancel the leading large z behavior, so that the modified diagram falls

3
2

off as z72 . We can write the modified bulk exchange diagram as,

WE() = WE() = W5 (), (6.10)

where the functions w; and wy are defined by the respective fall-off behaviours z~2¢ WX =
wlzfé and ,Z_A<f>1/\/ar =3 wngé . The above object now allows the action of the prefunc-

tionals (6.8), and hence has a block decomposition,

[e.9]

N OEDY {&I(A)@szn(z) + B ()95 Gayran(2)
n=0
=Gal2) = > _ 05 (A)Gan,yan(2). (6.11)
n=0

~ 34—



We have not obtained the Polyakov block yet, since we want the coefficients to be the
good functional basis with stronger falloff near z = co. Hence we expect that we need
to take a suitable linear combination of the Witten exchange and the contact diagram to

recover it. This combination is easily found. Since our basis does not contain Bar , we
should have

220PL(2) = W(z) = Bo(B)WS(2) (6.12)
LoPE(2) = WE(2) — Bo(A)WE(2). (6.13)

It can be checked that for both the above objects the coefficient of 0 A@ A, (2) cancels in the
boundary conformal block expansions. This is compatible with (6.8) if and only if dy,, ey, fn
compute the contact diagram, which we have already shown in the previous section. Note
that we can alternatively define PK from WX by adding Wg and requiring the coefficient
of 0 AGA ,(2) to vanish frornAthe boundary channel expansion (which is natural to expect
given the decomposition of Pz). This way one arrives at the same expression as above. It
is straightforward to check that the condition (6.2) holds.

To conclude, as pointed out in section 4 our choice of basis of functionals is ambiguous
in the Neumann case, since we cannot have fully orthonormal functionals. This ambiguity
is reflected in the fact that unlike for Dirichlet boundary conditions, there is no longer a
canonical Polyakov block because of the existence of the contact interaction. In particular,
if w is a good functional satisfying the correct fall-off condition, we are always free to shift:

PL—PL+w(d)z2Wo(2). (6.14)
PL = PL+w(A)z72oWeo(2). (6.15)

7 Application — Wilson-Fisher at O(e?)

The functional bootstrap equations (4.5a) reformulate the crossing equation in a form
which is ideally suited for perturbative expansions. As a particular application, we will
reconstruct the BCFT data of the Wilson-Fisher fixed point, i.e. A¢? theory in d = 4 — €
dimensions tuned to the critical point) on a half-space with Neumann or Dirichlet boundary
conditions, by bootstrapping the two point function of the fundamental field ¢. These
boundary conditions preserve conformality on the defect and are usually called in the
literature the special and ordinary transitions respectively.?!

The above critical points have been studied in literature with a traditional RG ap-
proach, as formulated in [39] and extended in [40, 41] for the ordinary transition, and
in [42] for the special transition. The main results in perturbation theory include the criti-
cal exponents related to the surface-surface and bulk-surface correlation of the field ¢, and
the scaling of ¢? (order parameter or energy density) near the boundary up to an order
O(€?). We direct the reader to [43] for a concise review.

21'We will briefly comment in the next section on a third possible boundary condition, corresponding to
the extraordinary transition.
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To obtain BCFT data one often considers the dimensions in bulk spectrum as input,
and we will use the same principle in the BCFT bootstrap approach. The bulk dimensions
are known from the extensive study of usual CFT without boundary [23, 44-46]. We will
treat the Wilson-Fisher fixed point as a continuous deformation of the (generalized) free
solution, i.e. one which preserves the structure of the spectrum of states in the two point
function. This is certainly incorrect non-perturbatively since this spectrum is very different
in both cases: for instance we expect that the number of operators appearing in the bulk
channel increases exponentially fast for sufficiently large scaling dimension. In perturba-
tion theory however, almost all such operators have coinciding scaling dimensions, and so
we expect to get correct results for the (¢p¢) correlator, up to the order where degeneracies
among operators should get lifted. For the Wilson-Fisher BCFTs this turns out to first
happen at O(e?). More precisely at this order one will require extra information to disen-
tangle the anomalous dimensions of degenerate operators but one should still recover the
full correlator.?? Here we will only consider perturbation theory up to O(e?).

The functional bootstrap equations take the form:

> M, win(An|Ag, €) = wm(0]Ag,€) + Y (aM)a, wim(An|Ag,€) (7.1)
n=0 n=0

where w = «, 3,60 and we’ve explicited the dependence of the functional actions on both
Ay and the spacetime dimension via e. We will expand parameters as follows:

A, = A® 4 (AW 4 2A@) Ay = AD) 4 (AW 4 27D
12 =al® +ealV) + 202, (aN), =t + et) 4+ 262 (7.2)
0 1 2
Ay =AY +eall) + AP
with 1
AV = =X AD +2n, AP =280 +2n, AP =1, (7.3)

It is also convenient to define

@) — AD AW A0 A6 _gA D)

n n ’ n n ¢

i=1,2,.... (7.4)

Note these are anomalous dimensions with respect to the generalized free field solution.

Upon inserting these expressions into the functional equations and expanding in e
we will obtain the functional actions and its derivatives with respect to A, A, Ay and €
evaluated at Ay =1 and € = 0. We will omit this dependence below.

e O(€Y%

At this order we merely recover the free solution. In particular we get
al® = o, (0) = 6,0, 0 = —0-(0) = =00, (Dirichlet) (7.5)
a® = af(0) = 2610, tO) = —g1(0) = 6o, (Neumann) (7.6)

22Beyond this order, it is not that the functional bootstrap equations do not fail, but rather they give
rise to some other solution to crossing, namely one which has the sparsest possible spectrum of operators.
That said, the functional bootstrap equations give solutions to crossing, not theories, so it is quite likely
such a solution is actually unphysical.
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These equations tell us that the free solution to crossing contains one block in both bound-
ary and bulk channels, on top of the bulk identity. The fact that a%o), 97(10) vanish for n > 1
will lead to simplifications below. Notice that we have not imposed the free equation of mo-
tion at any point: rather the infinite decouplings of double trace and boundary derivative
operators follows automatically from the functionals.

e O(e)
At this order we get:

[e.9]

3 {ag)wm(Ag)) TORIC )aAwm(Am))}
n=0
— Dewnm(0) + Z {t(l INOI N ONOF N (A,@))} . (7.7)
In order to derive this expression we have used the orthonormality relations satisfied by
Qs Bm, O to simplify results, for instance, Oa ¢wm(A( )) 28Awm(A(0)). Using the
results from the previous order we can get:
ag) — Dea, (0) = t(() )v(l)aAam(A(()o)) — aéo)'y(g )8Aam(A(()0)) (7.8a)
tD) 4 Debn(0) = —t 10050, (AL) + 035" 0 0m (AL (7.8D)
0 = 182780 0a B (ALY — aP4M 05 B (AL (7.8¢)
where we have defined:
D. =AY oa, + .. (7.9)
On the other hand by explicit computation we find the relations:
Oram(AY) = —0 am(AY)),  m>1 (7.10)
On0m (DAY = —0,0m(A),  m>2 (7.11)
OB (A = =0, 8, (AY),  m>1. (7.12)

These expressions are valid for both Dirichlet and Neumann functionals. In the former
case, the r.h.s. of these equations is automatically zero. Recall also that all derivatives are
evaluated for Ay = 1,e = 0. We find therefore

a%) =0, form > 1, (7.13)
t%) =0, for m > 2, .

for either boundary condition, where we have used that for the Wilson-Fisher fixed point
1 _

we have A % As for the remaining quantities we get
1 1 1 1 1 1 1 (1 1 ..
a(()) 57( ) _ 2 t(() ) = 57(() ), t( ) — Zy(() , ’y(g ) — —578 ), (Dirichlet)
(7.14)
n_ 1 a n_ 1 o .a I @
a(()) 0, t(() ) = 57(() ), tg ) = Z'y( ), 7((] ) = —578 ), (Neumann)

This is in perfect agreement with the results of [3, 4].
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o O(€?)

At this order the equations become more involved. We obtain:

5~ {2l (B0 (D324 050) Dgeom (A0
n=0

1 . ) . .
Lo [(A0p -y agwmm;%+a;°>fygl>pea&wmmgﬂ>>}

o0 (7.15)
1
= <2D3+A( 8A¢> Wi (0 +Z {t (tgowgutgwgw) Opwm (A

1
5t (A2 -4(AD)?] BAwm(AD) +07(D DeaAwmm@)}
where again we used the orthonormality properties of w,, to simplify things. Specializing

to the a, 8,0 functionals and doing some simplifications we get

1 R )
o+ 2ol G P (A

— (a5 + a5 dus — 3" Dedn
+

(7.16)
:A((;)aA¢am(O) + ( ((]0)7(() ) t(()l)’}/((]l)) aAOém(A((]O)) + tgl),ygl)aAam(AgO))
1
5167 (8672 = 4AL)?] R am(AF) +1677" Dedaam(A")
d©5@) 4 g3 4 %a(o)(A(l)yag B (AD)
— (a( ’Yo ) ao 'Yo D Cm 1
= t( ) (2) ¢ 0 1t~ Mg (0) (7.17)
+ 1 70 ﬁm( )+ 1 ’71 ABm (A7)
1
5t (A8 = 4a0)2] 2B (AF") + 67" DedsBu(A")
1 N
(0)( (() ))232 (A(()O))—
(a((]o)%gz 1) (1 ) Fu— ao D Fm
(7.18)

=AP 0, 0m(0) + 1) + (té Ins? + 1 )7(1)) Orcm (ALY + 1194V 0p0,, (A1)

1
510" (A6 = 4] 0R0n(AL) + 107 DOsOm(AY)

In each of these three equations, note that the second line is only non-zero for the Neumann
boundary condition. Recall that the coefficients d,,, €y, fin provide the conformal block
decomposition of the simplest contact interaction with Neumann boundary conditions, cf.
appendix C.3. In this case, the second equation is also only valid for m > 1, as ﬁar = 0.
Determining the second order coefficients is now a matter of evaluating derivatives of
functional actions at specific values. In some cases this can be done analytically, but for
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the bulk functional actions especially this is difficult. For instance from the second set of
equations one finds for Dirichlet boundary conditions:

1
5 = @ ﬂgl) (%U - 1) (Dirichlet) (7.19)

For the purposes of this work, we were content to check analytically where possible, and
more generally numerically, that the results following from these equations are in perfect
agreement with those of [28].

e O(€?®) and beyond

It is easy to see that there are no obstacles to going to higher orders in € expansion. In

particular at p-th order the equations look schematically as

> {alf (A0 + a9 P00 (A0 + (.} (720
n=0

= 8008 100) + 3 { AP (A) + 4P s (A0) + ()
n=0

where on both sides of the equation the dots involve only results that are lower order in

€. In particular, hidden in the dots we have contributions from infinite sets of operators

in both bulk and boundary channels starting from p = 3. Since the functionals satisfy

01(rt)hor(n§)rmal(it)y properties, it follows that by choosing w = «, 8,6 we can isolate specific
p) A P

am’ s Ym’ Or tmy’ in the infinite sums above, e.g.:

+00
o) = AP0, wm(0) + Dt P orcm(AL) + (...) (7.21)
n=0

The order € data will be expressed only in terms of results from previous orders in e,
as well as the infinite set of bulk scaling dimensions 77(11) ) and A¢(p) which must be given

as inputs.

8 Discussion and outlook

In this work we have constructed two functional bases for the BCFT crossing equation,
which are associated to generalized free field solutions with Neumann and Dirichlet bound-
ary conditions. The functionals lead to a set of sum rules, the functional bootstrap equa-
tions, which constrain the BCFT data. We have explained the relation of these equations
to a Polyakov-like approach to the BCEFT bootstrap, and used them to rederive perturba-
tion theory results for the Wilson-Fisher fixed point to O(e?). There are a number of open
problems and possible applications and extensions of these results.

The functional sum rules derived in this paper form a set of necessary conditions on
the BCFT data. It would be nice to see if they can be used to derive bounds on this data
as was done for 1D CFTs in [19]. We expect this to be possible at least in the boundary
channel where there is manifest positivity. Such bounds are crucial if we want to show that
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the equations are also sufficient for crossing. In particular, until we do so, our proof of the
validity of the Polyakov bootstrap will remain incomplete.

The sum rules lend themselves nicely not only to perturbative but also numerical stud-
ies of the crossing equation. This can be done by truncating the sum over the spectrum
and considering only a finite set of functional equations. One can think of this as applying
Gliozzi’s [15] (or extremal flows [16]) method to the BCFT crossing equation in a par-
ticularly nice basis. Since the same basis reproduces the correct e-expansion coeflicients,
at least to some order, it is reasonable to expect that repeating the analysis numerically
should also give good results. Right now the chief technical obstacle both for perturbative
and numerical analysis is better control over the functional actions.

We have discussed two discussed kinds of bases for the BCFT crossing equation and
their associated functionals, in sections 3 and 4. For both kinds, generic dimension bulk
and boundary blocks were expanded in terms of double trace bulk blocks and boundary
derivative blocks. In the first, “easy” basis, the boundary channel was comprised of blocks
@An of dimension A, = Ad; +n for n = 0,1,..., whereas in the main bases of section 4
we had A, = A st 2n. This halving was compensated by the appearance of derivatives of

boundary blocks 0 Aé A, - It was thanks to the functionals dual to these latter objects (i.e.
the f3,,) that we were able to control deformations of the generalized free solution where
the boundary operator dimensions were allowed to change.

In both kinds of bases however, the bulk channel is comprised of blocks with dimension
Ga, with A, = 2A,4 + 2n, but not their derivatives. This implies that in this basis we
do not have good control over deformations where the bulk operator dimensions change,
which means in practice these must be inputs. It seems then that there should be a third
kind of basis, where also in the bulk channel we halve the set of operators and introduce
compensating daGp,,. In general however, we expect that such a basis should be very non-
trivial, since it would not be associated to generalized free fields. The reason why we should
expect this basis to exist at all is because the associated functionals can be constructed
numerically: indeed, the original numerical bootstrap for BCFTs implemented in [3] can
be thought of as constructing exactly such functionals. It would be very interesting to see
what can be said of such basis, as they might then allow us to access scaling dimensions
of higher-d bulk CFTs.

In this paper we have constructed explicit expressions for Witten diagrams for BCFT's,
subject to Neumann and Dirichlet boundary conditions. It would be worthwhile to explore
their structure more, to see if there are further simplifications and interesting features in
their block decomposition [27, 47].

We restricted the application of the functionals to the perturbative analysis of a Wilson-
Fisher CFT with a boundary with Neumann and Dirichlet boundary conditions. On sim-
ilar lines one may investigate other boundary CFT examples that allow a perturbative
approach. One straightforward but interesting generalization to our analysis is the case of
extraordinary transition for Wilson-Fisher theory in d = 4 — € dimensions. As shown in
appendix B.4 of [3], it is defined by the existence of a one-point function for the bulk field
¢ i.e. the existence of a boundary identity operator. We leave study of this interesting case
for the future.
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Let us conclude by noting there are several possible generalizations of the results in
this paper which should be obtainable with moderate efforts. Among these stand out
bootstrapping two point functions of spinning fields [48] and including various amounts of
supersymmetry [49]. The latter is particularly interesting in light of applications to line
defects in superconformal CFTs where many exact results are available. We look forward
to exploring these and other developments in the future.
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A Functional actions

In this section we compute the functional actions starting from the expressions for the
kernels determined in section 4

A.1 « and (3 functionals

The o and § functionals can be obtained from the wy, ; by Gram-Schmidt decomposition.
Concretely, we have:

 wano — Yoo Oawano(A)B;

B, = — (A1)
Oxwan,0(Arn)
n—1 A
g = Wame10 = iy awan—10(A) 6" (A.2)

8Aw2n—1,0(A;LF)

_ Won422n+42 — S Oawans2,ma2(A7)BT — Y0 wansnonga (A oy

a, = )A (A.3)
Won+42,2n+2 (An )
4+ Won412n+1 — Z?ill 8Aw2n+1,2n+1( j)ﬂj 2?2_11 w2n+1,2n+1(A3_)ai_
) = A (A.4)

")

Wan+1,2n+1
with A =14 Ay +2n and At = Ay + 2n.
A.1.1 Action on boundary blocks

One finds:

420t A= 3D (AL 3T (k4 A+ 354) T (m+ Ay +1)
(m—k)IT(A)T (mfAZA¢+3) r (m+A+§¢+4fd) I (2k7m—§+A¢,+1) I (2k7m+A;rA¢+2—d)
(A.5)

W k(A) =~
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Using this expression we find
B (D) =G () = enfif (A) (A.6)

where

oSS (a8, ()’
1 (3-80) (v (552) 1 (=55 o (i ) (5o
(A7)

In this expression A, = Ay +2n. Recall that the B, & are the fully orthonormal Neumann

Gr(A)=

prefunctionals, i.e. functionals whose kernels fall off as 272 at infinity, and not as 273 as
they should. The e,, are found to be

) A 2
_ A —d+An+A
4As—Anp (An) T (%ﬁl)

en = - 5 (A.8)
F(A¢)r(—g+A¢+%)r(—g +An+%)r (W)
The Dirichlet functionals are then obtained simply by
B (AlAg) = B (AlAg +1). (A.9)

In particular this leads to exactly the same expression as the r.h.s. of (A.7) but now with

~

An =1+ A¢ + 2n.
As for the «, functionals, after computation we observe that:

o = %&ﬁn. (A.10)

This holds for tilded and untilded Neumann functional actions as well as Dirichlet. In
particular we also get

d, = %&Len. (A.11)

A.1.2 Acting on bulk blocks

In this case we find

- 3 A-2A44+2 A A k+ 1+A
Wi (A) = Ny p(A) sin [—(A—QAd,)] Fs 2T g (A19)
2 htmil m+2+2,%5%+A
with
ge=mp (224 L AVT (8 — A+ 1) T (k+ A5 T Ay+1
Npi(A) = (27 +A)T (3 o+ T (k+ 25D (m+ Ay + ) (A.13)

73/2(m — k)
After Gram-Schmidt decomposition we were able to find relatively simple expressions for
the fn(A):
TOA=20,42 A A 1

n +A
- e [Ton Z . - 2 2020 2
B (A) =sin [2 (A 2A¢)] b"vk(A)4F3 —4k+A  4+4k+A 2—d i1 (A-14)
k=0 L 2 ) 2 y 9 + A
- n r A—2A¢+2 A A 1A
+ s n _ + ad 2 12020 2 .
B (&) = sin [2 (A 2A¢)] Z bu(B)aFy 2-4k+A 2+4k+A 2-d 1 (A-15)
k=1 L 2 ’ 2 3t A
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with

A— 1+A _
- Aeom)  (Be+259), . T(A7)r(-2,+4)T (H52)r(a+23)
()= n
’ a2ngs (Ap+n+k+354) (n—k)!(n+k+1)!
(A.16)
— A A 1+A 2 d
b+ (A) = 2k (A¢+¥)n—k P(A;{)F(l—Aqb—F?)F( 2¢)P(A+T)
n,k e 1—d — '
42175 (Ag+n+k+159) (n—k)(n+k)!
(A.17)
To obtain the tilded functionals one just needs to know that
Bo = W-_1,—1, (A.18)

since Bn = Bn + 67’LBO'

As for the ay,(A) functional actions, these two are given in terms of finite sums of
4F35(1) as above, but we were now not able to derive a closed form expression for their
coefficients.

A.2 Bulk functionals

The orthonormal bulk functionals may be obtained from the shifted bulk functionals by
Gram-Schmidt orthonormalization, which in this case takes the form

n—1

0, = s — > _ 56, (A:)0; (A.19)

n n 7
=0

n—1
0, = s0F = s0,7 (A0 (A.20)

n - [
i=0
To recover the untilded functionals, i.e. those with the correct falloff in the Neumann case
there is a slight modification:

n—1

0 =505 = s (A)OF,  n>1 (A.21)
=0
07 =05 — fobo,  0f = s0f (A.22)

where fy was previously determined to be

_ VT(Ay)
Jo= NEEY (A.23)

Note we must have also

0, =0, — fubo (A.24)
where

fn:

()" /m2Ag+1—d)T(n+Ap)? (Ag—h+3) |
, (A.25)
2(n)D(A)T (n+ Ay + 5) (n+ 20y — h),
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is determined in appendix C.3. Consistency requires

n

> S0 (M) fi =0 (A.26)

i=0
and we have checked this is the case numerically to great accuracy.
As for the shifted functional actions we find

+oo 1 _p _ 1 Ad42-d gy 2A¢+2n;2p_1_d
s, (A) —Sm[ (A —2Ay) ]J\/ Zztnm V3 Fy Abtodtn . | 20ubAinitpid’
p=0 i=0 i ) ;14 5 |
(A.27)
- 400 1 _p—% A+22—d it 2A¢+2n;2p73—d
+ o [Toa , 7 |
S‘gn (A) = sm [Q(A 2A¢ ] Zztnpz 3F2 Al-dip . | 28+ At2n42p—3—d ;1
p=0 7=0 i 5 ,Z+ 5 |
(A.28)
and
A Xe [ AA+A+1-d,2842d ]
50 (A) =sin? [ }N SN (A)E ¢ =
p=0i=0 12A4+2—d,i+Ag+A+n+p+5° |
(A.29)
A SN [ A Ay +A-d, 20t :
50,7 (A) = sin® [ (A— A+} Zztnm )3 ¢ 5 .
p=0i=0 _2A+2—d,i—|—A¢+A+n+p—% |
(A.30)

The coeflicients appearing in these and the above expressions can be obtained from the

authors upon request.

B Computation of bulk exchange Witten diagram

In this appendix we give the details of the computation of the bulk Witten diagram (5.24),

which we show here for convenience,
WE(PLP) = [ X [ W [Gra(Pr X180 Gao(Pa X|A2) Gl X WA)
AdSg41 AdSy

+ v Gpo(Pir, X|A1)Gpa (P, X|A2)Gpr(X, W’A)} :
(B.1)

The first part of (5.24) is the same bulk exchange integral evaluated in [33], for the interface
boundary condition . The second integral is slightly different, so let us work it out in detail.
The bulk-boundary propagator Gpy(P, X) is given by (5.4). The bulk-bulk propagator in

its spectral representation is given by,

B @00 de ['(h+c)T'(h—c)
Gpp(X,W|A) —/_i<>O (c2—(A—h)?) 272" (c)T'(—c)

/ dP(—2P.X)"e(—2P.Ww)h=¢
DAdS 41
(B.2)
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Carrying out the integral over X, which is over bulk AdSy;1 gives us the following three-
point function,

(O1(P1)O2(Po)Opye(P)) = (B.3)

ﬂ_hl—\ (Al-‘,-AQQ—h—C) F (A1+A22—h+c) 1—\ (Al_A22+h+C> F (AQ—A21+}L+C)

A1+Ag—h—c h+c+Aq9 h+c+Agy °

2F(A1)P(A2)F(h + C)(—2P1.Pgr)f (—2P1.P)f (—QPQT.P) 2

Here we have
)“ +
2Py, P = (To — 7)* + (zg +x7T)2. (B.4)

(On—o(P)) = 2.2 - (B.5)

The integral over P can be done with Schwinger parameters, that yields,

/OO dedd—lw 7Th
oo (2P, P) TR (Lop P) TR (p L2y r(hﬂgﬂw)r(’”cgﬁm)F(h;C)
y /oO ds dt du s"F5 ¢TI [ tu(—2P;.Py,.) s(tri — uxy) ] (B.6)
— . exp |— — . .
o St ou(t+u)li(s+t+u)? P t+u (t+u)(s+t+u)

Here :):f-, xé- > (0. To evaluate the integral, the usual steps are to insert the following,

lz/d/\5()\—(s+t+u))/dp6(p—(t+u)), (B.7)

and do the s integral. Then we rescale A\ = p\, t = pt and v = pu and carry out the ¢
integral . This gives,

00 1 0 e h+c+A h+c+A c
/ d)\/ du/ dp (A—l)hT_l(l—u) TR, 21_1ph%_1
1 0 0

p(A—1)
)

X exp [—pu(l —u)(—2P,.Py) — (1 —wazr —uzy)?| . (B.8)

Note that the limits of the integrals follow from the above rescalings. Here we have to do
an inverse Mellin transform, to rewrite one part inside the exponential as a power law. For
this we use the following,

e T = / = T(r)z"dr. (B.9)

—100
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We choose the arguments of exponentials and power laws carefully such that the integrals
over A and w can be carried out. Rearranging the exponential slightly we can write,

p(A—1) (A—1)

. =t - wytad)

exp [—pu(l — u)(=2P,.Py) — (1 — w)zt +uad)? + 422"

—exp [-putt - w)-2P1p) + 422D 01— gt o)

X /m drT(7) (”(AA_D(Q —u)zy + uw%‘)2> . (B.10)

—100
One can easily verify that the quantities inside exponential and in power of 7 are of definite

signs, which allows us to do the p,u and X integrals. This gives a hypergeometric 9 F;. The
final answer, including the first term of (5.24), is given by (5.25).

C Witten diagram block decompositions

In this appendix we are going to give the details of the coefficients of expansion of the
various Witten diagrams, and how to compute them. Since the Witten diagram expressions
in section 5 are written as functions of (1 — z)/z, it is convenient to use the variable &,

1-=2
= (c.1)
In terms of this, the bulk and boundary blocks are respectively given by,
—8p— Ar+A A+Ap A+A
A (AL AY) =€ (L4 ¢) 1;22F1< Jr2 =, Jr2 21’A_h+1’_£>
~ _A INERAY) A A A 1
GA (Z|A1,A2):£ (1—|—£) 2 9F) (A,A—h+1,2A+2—d,—§) . (CQ)

It is clear that the limit z — 0, which corresponds to boundary channel, will be given by
& — 0o. In the bulk channel, where z — 1, we have £ — 0.

C.1 Boundary exchange diagram

In the diagram (5.17) with Neumann boundary conditions, we have the following set of
poles in 7,

1. 7=h £ c+mq, for m; € Z and mqy >0
2. T = —mg, for myo € Z and my >0
and the following poles in c,

(A—n)

= +(A1 — W' + 2mg3) for m3 € Z and m3 > 0
(
(

H_

= +(Ag — W' + 2my) for my € Z and my > 0

=+(h' — 7+ ms), for ms € Z and ms > 0

— 46 —



In the boundary channel decomposition (5.19), we have £ — oco. Here the various &
dependencies arise from the collisions of 7 and ¢ poles. The 7-contour is closed on the
right. To obtain the “physical term”, we take the residues at the poles 7 = h’ & ¢. For
the ‘“+ (‘=) sign we close the c-contour on the right (left) and then choose ¢ = A — b/
(c=h— A) The total gives us the first term in the large £ expansion of the boundary
block @A((1+£)_1\A1, Aj). Since we normalize it to unit coefficient, this gives us Nkiiy(A)
that reads,

AAHID(A 4+ 3 — h)

F(A)F(AlgA)F(AQEA)F(A+%1+1 . h)F(A+%2+1 _ h)

N (D) = (C.3)

Let us now compute the coefficient of the boundary block G Ai+2n, Which is related to the
coefficients of £~21727_ Tt is obtained by taking residues at 7 = b’ +¢+m;. Once again the
choice of the c-contour depends on the sign. Then we take residues at ¢ = A1 —h+2 [n— %]
withmy =1,2,---n (orc=—A1+h'—2 [n— %] as appropriate from the choice of contour).
This gives all the contribution to £ ~2172", from which we subtract the contributions from

the blocks GA1+21€ with k < n. This gives us the coefficient a,} (A1, Ao, A),

(—1)"T(2n + AT (22220 (n + Ay + § — AT(2E22E — h+n)
gditnpl(A — Ay —2n)(A+ A1+ 2n+1-d)T(2n+ A1+ L —h)
(C4)

The third set of poles in ¢ simply gives us a, (Ag, Ay, A) similarly as above. The fourth

(AhAQ? ) Nbdy(A)

set has already been used up from the 7 poles. For equal scalars the coefficients l;:{ and a,"
can be obtained from (C.4) as shown in the main text.

In the bulk channel expansion of the diagram (5.17), we have £ — 0. So the 7-contour
is closed on left. The coefficient f:{ of the bulk block Ga,4A,+2n can be obtained by taking
the residues at the poles 7 = —my of I'(7) and rearranging the powers of £ as expected in
the bulk blocks. The coefficient of £”, coming from the residue at 7 = —n is given by,

< (=4)"T (R +n) [ de f(c, —n)f(—c, -n)
(AL AQ; ) N];:iy(A) n!T (2h/ + 2”) /;ZOO Tm (A _ h/)Q o C2 ’ (05)

where we remind the reader,

f( ) - F(C+A21—h/)r<C+A22—h/>r(c+h/_7_) (C 6)
c,T) = 20 (0) . .
We get tAﬁ , by subtracting the contributions to t:;{ from lower blocks Ga,+A,+2r With k < n.
The general extression is too tedious to present, so we just indicate how to obtain them
recursively,

—

S Y F AL+ B k(Do 4+ K)ok Tan
Z[ — k) (AL 4+ Ay +1—h+2k),_ k]t’“’ (C7)

k=

[en]

~
ot

and for n = 0 it is simply Aar =
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For the Dirichlet case, the analogous relations are simply obtained from the Neumann
case as shown below,

Niay D) = [N D) o, a1 (©8)
Ag—Ag+1
ap (A1, D80, A) =65 (A1 +1,0+ 1,A), (C.9)

AL +1,A+1,A). (C.10)
C.2 Bulk exchange diagram

Here we give the details of the block expansion coefficients from the bulk exchange opera-
tors. The Witten diagram is given by (5.25). The following are the poles in 7:

1. T:%+m1,form1€Zandm120
2. T:i%—mg,foerEZandmgzO

and the poles in c are,

l.c=+(A—-h)

2. ¢c==+(A1 4+ Ay — h+2mg) for mg € Z and m3 > 0
3. ¢ ==%(1 — h+2my) for my € Z and my > 0
4. ¢ = +(h — 27 4 2mg3) for ms € Z and msz > 0.

In the bulk channel, we have £ — 0. So the 7 contour is closed on the right. First

we will compute the normalization N, (A). To get this, first we take the residue at the

poles 7 = e

9

de F( 1i§7h )F( A1+A22:tcfh )F( 2mjéc+h )1—\( h:l:c+2;n7A12 )F (h:l:c#»?;angl )

T:—ﬁm (W] = bulk/(zm')z (—1)m2xmiT(+¢) (2= (h—A)2) T (FEL=22) T (h+ c+2m)

hﬂ:C*A1 7A2+2m

F l—c—h 14c—h 1Fc—h—2m
Xf(_c,w) (45) 2 1+I/2 1[ 2 ’ 2 A’ ~ 21 ’Z]
2 (l—z)}k%
(C.11)
Let us remind the reader that,
T Ai1+As—h+c T 1+c—h T htc T
fle,m) = C T - 7) (C.12)

2I'(c)

The normalization N}, (A) comes from requiring coefficient of Ga in the bulk channel
decomposition to be 1. In the ¢ — 0 expansion of Ga((1 + &)7!A1, Ay) the first term

is §A_A21 =22 This is obtained from (C.11), by putting m = 0 and taking the residue at
¢c=A—h (c=h—A) for the upper (lower) sign with the c-contour closed on right (left).
This gives,

281+ A2=A+2 S T(A)T(A — h+ 1)
N};julk(A) =

r (%) r (A+A21—A2) T (A—A21+A2) T (A1+§2—A) r (A+21—d) T <A+A13—A2—d)

(C13)
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We will now look at the coeffients of the blocks GA, 4,425 For simplicity of the expressions
we will take Ay = As = Ay, which is the case we are interested in anyway. First we have
to obtain the power of . This is done again from (C.11) with the following steps

Step 1. For the first term in parantheses, for the upper (lower) sign, we take the residue
at c=A14+Ay—h+2(n—m) (c=—-A1 —Ay+h—2(n—m)) and do the sums over
m=20,1,--- ,n. Finallly we expand in ¢ and the get the coefficient of £".

Step 2. For the second term (i.e. the hypergeometric) we expand in £, and integrate the
coefficient of £™ over c¢ using residues. Then we sum over all m > 0.

Let us denote the total coefficient of £ obtained in this way by 2. It can be expressed
as an infinite sum of 3F5 hypergeometric functions, but their expression is too tedious to
display here. The coefficient of the block ¢ is then obtained by using a recursion formula
like (C.7):

n—1
v _ v (_1)nik(<A¢ + k)n*k)z v
_t”_t”; [(n—k)!(2A¢+l—h+2k)n_k - (C.14)

Let us now calculate the boundary channel decomposition coefficient a,, (A1, Ag, A) of
the boundary block G5 5, , vi1 from (5.27) . The leading term of the block is ™
2

(times the prefactor (1 + f)% coming from (C.2)). Since the limit is £ — oo, the 7
contour is closed on the left. A certain power {21~ is obtained by taking residues of
T = % — k, with £ = 0,1,---m, then expanding the terms at large ¢ for each k£ and
summing. Let us call this coefficient al,, where

m N +i00 h— A1+A2+1
:k:O S /—ioo 2“[<5km+yz< m— k —p ><

fle, 28 —k) f(—¢, 5 —k) o &Y "T(5F k)T (A2 —k
((A=h)?—c?) KT (32521 4 k)T (Ao —2K

NE

N
AN

G 557, (557), +5P’°>>

q! (k+2131)

1

] (C.15)

q

~

~

Integrals of this type can be evaluated using the following identity [27]

/ioo Eng’:l (a; = §)T(a;i +35) T (ar+a2)T (ayr+a3)T (a2 + as) T (a3 + a4)
Liso 20 (4a3 — 2)T(c)T(—c) (a1 +a4)T (2a4 + 1)

" 3F2<a1 +ag,a4 —az + 1,040 —ag +1

;1). (C.16)
This gives the following,

a1+a4+1, 2a4+1
m
7 Nl (B2 — k) T (A%A1582 _ )T (4 A=2a1)
14 - 3 1 :
am(Al, Asg, A) - Z 2281 +2k+1(—1)k k! (A1 —k)_, T (A+1—h)

A1+A2+1
("))
k=0

XP(A1+A22+17d) . A+21 d’A A21 AQ_H A+A21 —d 1 k ymzki h— A1+A2+1
(A—d+1) 372 Atd=d A h—l—l m— k —p

p=1 ¢g=1

(p q)(k A21+ ) F(A1+§2+17h+q) A+1 d+q,A A1 A2+1 A+A21 d+1 k 1
g (k+235) (A—2h+20+1) At3~d iy A-hil ’

17
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;n e the coefficients of the lower boundary
2

y L .
blocks ay,,,. We give ay, in the recursion formula,

The a?-s are obtained by subtracting from a

n—1
Y Ay + 2K )op—ok (A1 — h+ 2K + 1), y
i Z [( 1 )2n—2k(A1 )2n—2k (A, Ar, As),

(A1, B2y B) =y, 1oy = 2o |7 (20— 20)12A1 + 4K 12— d)on-2k
(C.18)

wherek’:kz—i—le”.

C.3 Contact diagram

The contact Witten diagram (5.33) is rather easy to decompose into boundary and bulk
blocks. There is only the 7-integral, whose contour is closed on the right for boundary
channel, and on the left for bulk channel. As we expand around & — oo and £ — 0 the
coefficients of £~21~" and £" are respectively given by,

(—1)”F(A21 — TL)F(TL + 1_71/ + Al)
nlr (A21+21—2TL) :

T'(n+ 152 +A0)T (n+ 152 + Ay)
nlr (2n+A12+A2+1) .

i (A1, Ag) =

and fY(A1,Ay) = (C.19)

From the above, obtaining the block decomposition coefficients is straightforward. For the
Neumann case, we have the boundary channel expansion coefficients,

(A1+22+1=d)T 20+ AT (Agy =20)T (n+ 5+ A, — h) (Srgsi=d)

d+ A ,A = n—1
n (A1 82) 22 1(—1ynpIT (L5220 _ ) T (2n+ Ay + 1 1)
(C.20)
The corresponding coefficients for Dirichlet are simply given by
d;(Al,Ag) :d;t(Al—l-l,AQ—i-l) (021)
The bulk decomposition coefficients, for the Neumann case, are given by,
(—1)™(d— Ay — Ay — DT (n+ ADD(n + Ag) (ALE22E3 —p)
(A Ay) = (5% Juos . (C.22)

2T (n+ 282 + Dy (n+ Ay + Ay — 1),

For Dirichlet the corresponding coefficients f,; can be obtained from f}j , which are given by,
fo = (AT + 1,05 41). (C.23)

One can approach the equal scalar limit, Ay — Ag + % and Ay — Ay — %, to get

v 1
d%(Aq, Ay) 1270 A% + 57+ O(An). (C.24)

For later use, let us show these quantities for the Neumann case. Choosing the normaliza-
tion e, = e, Jef, dn=d} /e and f, = f; /ed, we get the following,
16_n(A¢)2nF (n + A¢ —h+ %)2

1
= , and dy = =0pey . C.25
T )T (A —ht DT 2ntAy—ht 1) 27 (C.25)
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The bulk expansion coefficients are given by,

(—)"VT(2Ap + 1 = d)T(n+ Ag)? (Ap — h+ 3)
2()L(AG)T (R + Ay + 3) (n+2A4 — h)

fo = nol (C.26)
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