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Very little research has been done in the area of pupils' perception of their understanding and in tutoring in the Czech Republic, so this paper describes one of prime attempts to find any connections between them. In a sample of 142 lower secondary pupils, distinctive attitudes were sought towards their desired understanding in mathematics and towards their attendance on tutoring lessons in mathematics. The results show there might not be much connection between these two areas, therefore, reasons are discussed and questions for further research are stated.

Introduction

It may seem self-evident that pupils would like to understand mathematics. This claim is supported by various research (e.g. Ali, Reid, 2012), nevertheless, researchers agree on the fact that when understanding is too difficult, pupils tend to memorize concepts by rote (Ali, Reid, 2012;[START_REF] Skemp | Relational understanding and instrumental understanding[END_REF].

The quality of pupils' understanding is often investigated, however, not much attention is paid to pupils' notion of their own understanding and its quality. Attitudes towards one's own understanding could also influence whether someone attends private supplementary tutoring (PST) lessons, therefore, a connection between pupil's attitudes towards their understanding and towards tutoring is analyzed in this paper.

The incentive for writing this article was a small-scale study conducted by the author, where 19 pupils of private supplementary tutoring were given a short questionnaire concentrating on their attitudes towards their own understanding and quality of their knowledge in mathematics (Novotná, 2018a). The study showed that pupils have differing comprehensions of what it means to "understand mathematics". Thus, a follow-up study was realized where a similar selection of pupils was asked a question: "Try to put into words what it means for you that you understand something in mathematics" [START_REF] Novotná | Vnímání porozumění v matematice [Notion of understanding in mathematics[END_REF]. Analogously, two kinds of understanding were exposed, the deep and the surface one (see section Theoretical background).

As a consequence, a larger and more detailed study has been done, which is presented in this paper. Do pupils mind when they do not understand something in mathematics properly? Do they seek tutoring lessons to help their understanding? Or is there any connection between understanding in mathematics and attending private supplementary tutoring lessons?

Theoretical background

Understanding in mathematics

Understanding is based on images or imagined feelings, situations, etc., or conceptual representations [START_REF] Sierpinska | Understanding in Mathematics[END_REF]. The level of understanding also influences the way we perceive and process new information.

Skemp distinguishes two kinds of understanding. Relational understanding is seen as "knowing both what to do and why", while the instrumental understanding is characterised as "rules without reason", because a pupil is able to formulate a rule, uses it in a standard situation, but does not understand why it works (Skemp, 1978, p. 9). None of the types of understanding should be refused, according to the author, nevertheless the relational understanding seems to be more suitable for mathematics due to its complexity, because it tends to be easier to remember, more permanent, adapts easily to new tasks, etc. [START_REF] Skemp | Relational understanding and instrumental understanding[END_REF].

Types of understanding are also captured by Hiebert and Lefevre's notions of procedural and conceptual knowledge. Conceptual knowledge is defined as "knowledge that is rich in relationships" and can be imagined as a web of knowledge where "the linking relationships are as prominent as the discrete pieces of information" (Hiebert & Lefevre, 2009, p. 3-6). Procedural knowledge consists of two distinct partsa formal language or a symbolic representation system, and algorithms and rules for completing a mathematical task. Star supplements the theory saying that both types of knowledge can be unequally deep, complex, or shallow or restricted, so we should distinguish different levels of procedural and conceptual knowledge, too [START_REF] Star | Reconceptualizing procedural knowledge[END_REF]. For purposes of this paper,1 the types of understanding like relational and conceptual are referred to as a deep understanding, types of understanding as instrumental and procedural are labelled as a surface understanding2 .

Private supplementary tutoring

PST is defined in this paper as tutoring in a school subject (e.g. Mathematics, or English), which is taught in addition to mainstream schooling. This definition of private tutoring includes private tutoring lessons and preparatory courses (e.g. for entrance exams). The definition is inspired by Bray and Silova (2006, p. 29). However, they take into account only tutoring for a financial gain. Very little research on PST has been conducted in the Czech Republic. The only quantitative study was done by Šťastný (2016) who, within his doctoral thesis, compared his data with international surveys and analyzed the reasons of similarities and differences. The author collected questionnaire data from 1 265 students in the last year of higher secondary education in two regions of the Czech Republic, interviewed 22 tutors and analyzed tutoring offers on a specific tutoring website. He found out that, after foreign languages, Mathematics is the second most common subject for tutoring (Šťastný, 2016). The most common reasons for attending tutoring lessons were labeled "bad marks" and "preparation for a school-leaving exam". 3Authors often point out that in mathematics tutoring it is often procedures and methods which are emphasized (e.g. [START_REF] Bray | Blurring boundaries: The growing visibility, evolving forms and complex implications of private supplementary tutoring[END_REF][START_REF] Hohoff | Mathe auf Rezept. Eine Interaktionsanalyse von Nachhilfeunterricht in Mathematik[END_REF]. Pupils are taught to solve tasks only mechanically, without deep understanding, which usually means that it is impossible to further develop their knowledge. The procedures and methods are often soon forgotten.

Perception of one's understanding and its implications

Mathematics is often labelled as one of the least popular and most difficult school subjects (e.g. [START_REF] Hrabal | Jaký jsem učitel [What kind of teacher I am[END_REF][START_REF] Chvál | Změna postojů českých žáků k matematice během školní docházky [Change of attitudes of Czech pupils towards mathematics during school attendance[END_REF]. According to [START_REF] Chvál | Změna postojů českých žáků k matematice během školní docházky [Change of attitudes of Czech pupils towards mathematics during school attendance[END_REF], it is very difficult to measure all three components of an attitude (cognitive, affective, and behavioural) quantitatively. Qualitatively, we can pose extensive questions to a respondent or observe their reactions when solving mathematics problems; but mostly, only the cognitive and affective components are measured. Some research on attitudes towards mathematics has been done: there is a reciprocal relationship between attitudes towards mathematics and achievement in it [START_REF] Ma | Reciprocal relationships between attitude toward mathematics and achievement in mathematics[END_REF], learners' attitudes are also greatly influenced by school teachers [START_REF] Ponte | Students' views and attitudes towards mathematics teaching and learning: A case of a curriculum experience[END_REF], and the social context is an influential factor, too [START_REF] Hannula | Affect and mathematical thinking: exploring developments, trends, and future directions[END_REF]. However, as far as we know, the notion of one's understanding or knowledge has not been paid attention to. Some links can be found to selfefficacy, since positive beliefs and higher self-efficacy tend to be correlated with high performance in maths [START_REF] Hannula | Affect and mathematical thinking: exploring developments, trends, and future directions[END_REF].

Study

Research questions RQ1 -Is there any specific kind of understanding that pupils of selected lower secondary schools seek in mathematics? RQ2 -Is there any connection between a desired kind of understanding and attendance on PST? RQ3 -Does the attendance on PST change the notion of one's understanding in any way?

The study was realized in two lower secondary schools in Prague, Czech Republic during the first week of the school year. 149 pupils were given a questionnaire, seven of them were later excluded from further analysis, due to their incomplete and/or contradictory answers and/or their different mother tongue, making 142 respondents in total (see Table 1). The questionnaire was given to the whole class, no selection of pupils was made, all the grades were given the same questionnaire. Four sets of items are mainly important for this paper 4 : A, B, C & D. The following set of items (set A) explores the type of desired understanding in mathematics. Pupils were asked to label their level of agreement on a 5-point Likert scale to each of the 12 statements (only 10 of them were relevant to the research question and thus are presented here). Agreement to the statements marked as + supports deep understanding, whereas agreement to the statements labelled as -supports surface understanding.

a) -I am satisfied when I manage to solve a task, even if I don't understand the solution. b) -Formulas are only for counting, they don't help to understand mathematical concepts. c) + It is important for me to understand how formulas and procedures work. d) -It's a waste of time trying to understand how formulas were created. e) -When solving a task, I only need to know the formula, not why it works. f) -Understanding mathematics means that I remember something well. g) -When I forget a formula during a test, there is nothing I can do to come up with it. h) -The best way to learn mathematics is to learn sample tasks by heart. i) + When I learn something new in mathematics, I always look for connections to something I already know. j) -All I need to solve a task is to know the necessary formulas. There are two similar sets of items (sets B and C), measuring how often concrete situations appear. Set Bis aimed at the actual teaching of mathematics, asking: "How often do these situations happen in your Mathematics lessons at school?"; whereas set C concentrates on ideal tutoring lessons, 4 The questionnaire was given to the pupils in Czech language and was pilot tested. Only some of the results are discussed in this paper. hence asking: "How often would you like these situations to happen during a perfect mathematics tutoring". The situations5 in set B are taken directly from a PISA questionnaire (OECD, 2013), for tutoring the same situations are used, only "a teacher" is exchanged for "a tutor", singular is used instead of plural (pupils), etc. Deep understanding is supported by an agreement to these situations. Four-point scale is used, going from "every lesson" to "never or almost never".

In the set D, the respondents were given four reasons why they either attend, attended or would choose to attend tutoring lessons in mathematics. They were asked to label their level of agreement to each of them on a 5-point Likert scale, and subsequently choose the most and least important reason.

The data from the questionnaires were transcribed and analyzed, using different types of t-tests (see the section Results) and methods of a descriptive statistics (arithmetic mean [AM], standard deviation [SD], etc.) in Excel. It was observed, whether there are differences in the evaluations of girls and boys, between respondents with PST experience and without it, and within individual school grades.

Results

Almost 46% respondents acknowledged participation in private tutoring lessons in Mathematics (see Table 3), with no bigger difference between girls and boys. As the most important reason for PST attendance was usually chosen "I want to understand the subject matter in depth" (AM=1.98, SD=1.17, chosen in 38%), whereas as the least important reason it was "I want to do homework" (AM=3.15; SD=1.44, chosen in 71%). However, the reason which was most agreed to was "I want to practice the subject matter from school" (AM=1.07, SD=1.07). No significant difference was found between pupils with and without PST experience (p>0.1).

When we compare the evaluation of items in the sets B (Mathematics at school) and C (ideal tutoring) using a paired sample t-test (i.e. evaluation of sets B and C by the same respondent), two items appear statistically significant: "The teacher (tutor) helps us (me) to learn from mistakes we (I) have made", p<0.0006 ; and "The teacher (tutor) presents problems for which there is no immediately obvious method of solution", p<0.05. These two items should therefore create the biggest difference between the Mathematics at school and mathematics tutoring.

However, there are almost no significant differences in the evaluation of the set B and C apart, using an independent sample t-test. Among pupils who acknowledge participation in PST lessons, in the set B there is only one significant item, "The teacher presents problems that require students to apply what they have learned to new contexts", p<0.05, which was agreed to more by pupils without PST experience. There was no significant difference found, neither between the pupils who acknowledged participation in private tutoring lessons and who did not; nor between boys and girls.

Those pupils who took part in mathematics tutoring were asked (measuring their level of agreement on a 5-point Likert scale) how their understanding changed. Deterioration of understanding is strongly disagreed by most of the pupils (AM=4.51, SD=1.01), while improved understanding is agreed by the majority (AM=2.07, SD=1.25). The majority of respondents also strongly disagree that it is shame attending tutoring in mathematics (AM=4.52), SD=0.99).

The data from items c and i in the set A were inverted, so that they support surface understanding as the rest of the items in the set (see There was no significant difference between the evaluation by pupils with PST experience and without it. The biggest difference was in the item a, which was evaluated slightly better by pupils with acknowledged PST experience (AM with PST =2.09, AM without PST =2.39, p=0.14).

Discussion and conclusions

The attendance on PST lessons in Mathematics was acknowledged by almost 46% respondents, which is a bit more than other research shows -Šťastný (2016) claims 36.8% of the respondents took part on PST (and only 53% of these in mathematics), [START_REF] Behr | Nachhilfe. Erhebungen in einer Grauzone pädagogischer Alltagsrealität[END_REF] only 31% of the respondents in Germany. The difference is probably caused by our definition of tutoring, since also tutoring without any financial gain was taken into account in this study. Another reason could be the choice of a sample, since the study was conducted in the capital city. In peripheral areas it may not be so common to attend a tutoring. On the other hand, the study was conducted in the first week of a school year, so it may be expected that more students are about to join tutoring lessons later in the year.

RQ1 -Is there any specific kind of understanding that pupils of selected lower secondary schools seek in mathematics?

According to the data, there is no prevailing tendency towards one type of understanding by the majority of the respondents (AM=3.0510 ). This finding is supported by [START_REF] Skemp | Relational understanding and instrumental understanding[END_REF], who claims that both types of understanding are useful, and one pupil can actively use both. However, there is a slight tendency that the respondents with PST experience incline a bit more towards a surface understanding (in 7 out of 10 items). The reason why would need some further research, we may only assume that one of the reasons can be pupils' attendance on preparatory courses, in which there is often (such as at school) no time for going under the surface of algorithms and procedures (Brousseau, 2002). Another explanation may be that pupils do not even know they do not understand something properly (deeply).

RQ2 -Is there any connection between a desired kind of understanding and attendance on PST?

Taking PST lessons may not be bound to one's desired type of understanding, no connection was found statistically significant. This may be caused by the great range of types of PST which a small number of respondents evaluated. To find any connections among various specific types of tutoring (individual, in a group, at school by their teacher, preparatory courses, etc.) and pupils' notion of understanding, a greater sample of respondents would be needed.

RQ3 -Does the attendance on PST change the notion of understanding in any way?

Respondents mostly agree their understanding in mathematics was improved with the help of PST. Nevertheless, by this they can mean both, deep and surface understanding. Further and longitudinal research would be needed to show, if individual preferences in the type of understanding can be changed with the help of PST.

This study has its limitations and it probably poses an equal number of questions as it answers. Due to the lack of research on how one sees the quality of his/her understanding, this study is seen as an exploratory one. Further studies are needed.

Table 1 : Respondents of the study Table 2: Items in the questionnaire

 1 The questionnaire consists of the following parts (see Table2): PST in general, PST of mathematics, attitudes towards PST of mathematics, attitudes towards Mathematics at school, attitudes towards mathematics in general, and attitudes towards one's own understanding in mathematics. The questionnaire was constructed on the basis of available literary sources, mostly the following: Silova, Būdienė andBray (2006) and Šťastný (2016) -PST in general, PST of mathematics; PISA questionnaire (OECD, 2013) -attitudes towards PST of mathematics, attitudes towards Mathematics at school; Hrabal and Pavelková (2010)attitudes towards mathematics in general;[START_REF] Code | The Mathematics attitudes and perceptions survey: an instrument to assess expert-like views and dispositions among undergraduate mathematics students[END_REF] attitudes towards own understanding in mathematics; and it was further developed and modified by the author.

		girls	boys total
	6 th grade	15	23	38
	7 th grade	24	23	47
	8 th grade	14	18	32
	9 th grade	16	9	25
	total	69	73	142

Table 3 : Pupils attending/attended PST lessons in mathematics

 3 

Table 4 : Items from the set A with their AM and SD

 4 Table4). The item a 7 supports the surface understanding the most (highlighted in the table), on the other hand, items d 8 and e 9 support it the least, therefore, endorse the deep understanding (highlighted in the table). All the other items are placed around the mean (3.0), which means that there is no outstanding trend in them.

		a	f	j	i	g	c	b	h	d	e	total
	AM	2.25 2.63 2.69 2.78 3.05 3.18 3.21 3.48 3.56 3.70 3.05
	SD	1.20 1.19 1.12 3.99 1.03 4.14 0.98 1.25 1.14 1.11

There are other attempts to capture types of understanding, for example, in the Czech context, Hejný's distinction between mechanical and non-mechanical knowledge is elaborated.

Among the authors, there, of course, are minor differences in their conception of deep and surface understanding.However, for the purpose of this paper, these are not of a high importance.

The reasons for seeking tutoring differ between the majority of European and Asian countries. In Europe, such as in the Czech Republic, pupil's bad marks are the common motivation, whereas in many Asian countries, tutoring lessons are attended by successful pupils, since they want to further broaden their knowledge[START_REF] Lee | Private tutoring and its impact on students' academic achievement, formal schooling, and educational inequality in Korea[END_REF].

An example of such a situation is: "The teacher asks questions that make us reflect on the problem", or "The teacher asks us to explain how we have solved the problem".

This item was statistically significant (p<0.01) even in smaller samplesgirls vs. boys, with vs. without tutoring, school 1 vs. school 2, and in individual grades (with exception of grade 6).

I am satisfied when I manage to solve a task, even if I don't understand the solution.

It's a waste of time trying to understand how formulas were created.

When solving a task, I only need to know the formula, not why it works.

1preference of a surface understanding, 5preference of a deep understanding
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