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Research into students' evaluations of given modelling solutions and their suggestions for improved modelling -Results from two empirical studies
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Modelling occurs not only when students solve tasks which require modelling activitiesalso when students evaluate given solutions of such tasks, activities which can be described by elements of the modelling cycle may be elicited. In particular, when reviewing and refining modelling solutions cooperatively in the classroom, students have to face specific requirements, such as reconstructing modelling thoughts, examining alternative modelling steps and comparing the quality of different modelling solutions. However, there is still relatively little empirical evidence related to how students deal with these specific requirements. This paper therefore focuses on empirical findings from two studies on this topic. The evidence suggests that the participating secondary students identified relevant possibilities of improving the modelling solutions, even if it was difficult for some of them to implement all suggestions in their own improved modelling solutions.

Introduction

When implementing modelling activities in the mathematics classroom, one of the difficulties concerns the phase after the students' individual or group modelling work: In this phase, a dialogue about the potentially very different modelling solutions which have been produced can offer valuable learning opportunities related to broadening the students' repertoire of modelling strategies, and also related to identifying and improving non-optimal aspects of the modelling solutions. However not only for the teacher, but also for the students, this phase can be expected to be very challenging, as they have to evaluate others' solutions and to think of or even implement suggestions for improved modelling related to these solutions. Despite the importance of this phase for the mathematics classroom, empirical research on how the students deal with such challenges is still needed. The two studies reported here consequently focus on this research aim. In a corresponding instrument, secondary students were asked to comment on given modelling solutions and to give suggestions for improving the modelling thoughts shown in the given solutions. The given solutions were pre-designed in a way that offered several aspects in which the modelling could be improved. On the base of their answers, the students were further asked to actually implement the suggestions in an improved modelling attempt. The results show that a majority of the students was able to suggest appropriate improvements, but also that it was not easy for them to combine all suggestions for improvement, especially when implementing the suggestions in the solution. We conclude from the findings that specific learning material focused on given modelling solutions could be a help for the learners. We will in the following first give an outline of the theoretical background of our approach, which will lead to the research aim of the two studies.

After describing the design and methods of the two studies, we will present results, which will be discussed in a concluding section.

Theoretical background

A key characteristic of tasks with substantial modelling requirements is their open-endedness, in the sense that the modelling cycle [START_REF] Blomhøj | Developing mathematical modelling competence: conceptual clarification and educational planning[END_REF][START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe[END_REF] can be completed several times, in order to revise and improve the modelling, corresponding assumptions, and the modelling results again and again. This task characteristic can be seen at the very heart of mathematical modelling, as mathematical models very often only afford approximating exact descriptions or predictions for situations in the "rest of the world" [START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe[END_REF]. As models can mostly be improved, refined in their complexity, or adjusted as far as modelling assumptions are concerned, such activities can be seen as typical for modelling. This underlines the importance of corresponding activities also for the mathematics classroom [START_REF] Lesh | Models and modeling in mathematics education[END_REF]: requirements students have to deal with when evaluating given modelling solutions or striving to improve them hence correspond to substantial learning goals when building up modelling competencies [START_REF] Maaß | What are modelling competencies?[END_REF]Blum et al., 2007;[START_REF] Kuntze | Zur Beschreibung von Kompetenzen des mathematischen Modellierens konkretisiert an inhaltlichen Leitideen -Eine Diskussion von Kompetenzmodellen als Grundlage für Förderkonzepte zum Modellieren im Mathematikunterricht[END_REF][START_REF] Brand | Erwerb von Modellierungskompetenzen[END_REF]. Evaluating given modelling solutions is hence important to studyfor deepening these thoughts further, we will first introduce our understanding of tasks with substantial modelling requirements. On this base, we will then turn to key aspects of activities of evaluating given modelling solutions and identifying suggestions for improved modelling.

Tasks with substantial modelling requirements

Tasks are central for the over-all instructional quality in mathematics classrooms (e.g. [START_REF] Jordan | Klassifikationsschema für Mathematikaufgaben. Materialien aus der Bildungsforschung[END_REF]; their characteristics are key for creating cognitively activating learning opportunities. In particular, for building up modelling competencies of the students (e.g., [START_REF] Kuntze | Zur Beschreibung von Kompetenzen des mathematischen Modellierens konkretisiert an inhaltlichen Leitideen -Eine Diskussion von Kompetenzmodellen als Grundlage für Förderkonzepte zum Modellieren im Mathematikunterricht[END_REF]see Borromeo Ferri, Greefrath, & Kaiser, 2013;[START_REF] Maaß | What are modelling competencies?[END_REF] characteristics of tasks play a key role. In tasks for instance, in which the mathematical model is already given or pre-determined (e.g., [START_REF] Lenné | Analyse der Mathematikdidaktik in Deutschland[END_REF], specific learning opportunities which correspond to key stages of the modelling cycle (e.g. [START_REF] Blomhøj | Developing mathematical modelling competence: conceptual clarification and educational planning[END_REF][START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe[END_REF] remain systematically unconsidered. In contrast, tasks with substantial modelling requirements emphasise activities of translating between mathematics and the "rest of the world" (see Blum, 2007;[START_REF] Galbraith | Modelling, Teaching, Reflecting -What I have learned[END_REF]. As for such tasks there is not only one single thinkable solution, the students are offered the possibility of own decisionmaking, students often need to make their own modelling assumptions and to select and use mathematical knowledge which may be helpful for their modelling. (see, e.g., [START_REF] Maaß | What are modelling competencies?[END_REF]Blum et al., 2007;[START_REF] Kuntze | Zur Beschreibung von Kompetenzen des mathematischen Modellierens konkretisiert an inhaltlichen Leitideen -Eine Diskussion von Kompetenzmodellen als Grundlage für Förderkonzepte zum Modellieren im Mathematikunterricht[END_REF]. The importance of task characteristics thus results from the possibilities the tasks offer to the learners with respect of modelling activities. This implies also that task characteristics can make a significant difference for the process of working on the task in the classroom. If tasks require, for instance, that explicit modelling assumptions need to be made, and if different solution approaches and results are possible, this creates the opportunity of discussing different modelling approaches with the students, of comparing these approaches, of reflecting on the assumptions and on their role for the modelling results, as well as the opportunity of reasoning about students' evaluations of the different modelling solutions. In these activities, it makes sense to consider less the "better" or "worse" modelling results, but to focus more on reconstructing, describing, and reflecting the different modelling approaches: such a focus promises deeper and richer learning opportunities as far as knowledge about models and modelling strategies is concerned (e.g. [START_REF] Lesh | Models and modeling in mathematics education[END_REF]. The learning opportunities contained in tasks may hence have an impact on the modelling-related classroom culture (e.g., Borromeo Ferri, Greefrath, & Kaiser, 2013;Blum et al., 2007;[START_REF] Galbraith | Modelling, Teaching, Reflecting -What I have learned[END_REF], Lesh et al., 2010).

As space limits of this paper restrict us in discussing all relevant aspects of tasks in detail (for more detail on this topic see, e.g., [START_REF] Kuntze | Überzeugungen von Lehramtsstudierenden zum Lernpotential von Aufgaben mit Modellierungsgehalt[END_REF], we would like to shortly introduce tasks with substantial modelling requirements as tasks which are open as far as given mathematical information is concerned, which offer multiple individual solution possibilities, which relate to life contexts and corresponding material (e.g., [START_REF] Galbraith | Modelling, Teaching, Reflecting -What I have learned[END_REF], which require translation processes between mathematics and the rest of the world (see Blum, 2007), which require multi-step solution processes (see results related to modelling processes in Borromeo Ferri, 2006), which encourage and enable learners to connect situation contexts with available mathematical models and to use meta-knowledge about modelling and about elements of the modelling process (see [START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe[END_REF][START_REF] Blomhøj | Developing mathematical modelling competence: conceptual clarification and educational planning[END_REF].

Evaluating given modelling solutions and identifying suggestions for improved modelling

It follows from the considerations above that tasks with substantial modelling requirements will mostly lead to a variety of different solutions in the classroom, e.g. if students work in small groups on these tasks. Reviewing and reflecting on these different solutions constitutes a rich learning opportunity, as students may learn to evaluate solutions in a criteria-based way and enlarge their reservoir of modelling strategies (e.g., [START_REF] Lesh | Models and modeling in mathematics education[END_REF]. When reviewing given modelling solutions that have been produced by other students, full modelling cycles can be carried out, even if the emphasis is less on producing a modelling solution and more on understanding the mathematical model and the underlying assumptions, as well as evaluating the relevance of the modelling results for the situation in the rest of the world. It is almost evident that the focus of these activities differs from a task in which a modelling solution has to be producedbut still, reviewing, reflecting on and improving given modelling solutions is highly relevant for modelling competencies.

As evaluating given modelling solutions requires multi-step thinking, such tasks can be expected to be complex for students. This highlights the importance of empirical research which focuses on students' difficulties and competencies in evaluating and improving given modelling solutions, in particular non-optimal modelling solutions. Related questions for research are the following, for instance: Are students able to make sense of given modelling solutions? What may make it more difficult or what may facilitate students' understanding of such modelling solutions? Are students able to identify non-optimal assumptions or aspects of the model? What suggestions for improved modelling can be expected from secondary students? Are the students able to really implement their suggestions in an improved modelling solution? What role can learning environments play in which the comparison between different modelling solutions is explicitly encouraged?

In this research area, the two exploratory studies presented here aim to provide insight. In the following section, we introduce our specific research aim.

Research aim

In line with the research need outlined above, the two studies presented here aim to cast light on the question "Can students develop suggestions for improving given examples of modelling solutions and to what extent are they able to implement these suggestions for improvement in revised modelling attempts?" For finding out about this mainly exploratory question, an instrument was designed in which students were asked to evaluate non-optimal modelling solutions by fictitious students for three tasks with substantial modelling requirements. In Study A, one given modelling solution was given for each task. In Study B, two different solutions for each task were presented to the students. An additional exploratory research aim combining the two studies was consequently: May a specific stimulus to the students to consider different modelling solutions encourage them in developing suggestions for improvement of the modelling solutions?

Design and methods

The instruments used in Studies A and B consisted of tasks, given modelling solutions and questions the students had to answer. Figure 1 shows a part of the instrument of Study B with the so-called car park task, with two given modelling solutions and with questions to the students. Study A used the car park task as well, but with only one given modelling solution, which was relatively similar to the first solution in Figure 1 ("Nicole"). From Study A to Study B, the instrument was varied systematically in the sense that study A presented only one given modelling solution per task, whereas the possibility of comparing two given modelling solutions per task in Study B might encourage the participants to reflect on different modelling approaches and corresponding modelling assumptions. The answers to the open format questions (cf. Figure 1) from the students were coded according to a top-down coding scheme, with acceptable inter-rater reliability (Cohen's kappa amounted to 0.87 in Study B). It was coded which expected suggestions for improvement were given by the students, and whether and how the students implemented these suggestions in their own improved modelling solutions. As examples, the codes "doors" and "access pathway" will be shortly explained below at the beginning of the results section.

Both in Study A and B, the instrument was divided in three sections of 45 minutes, so that the students could work on the questions in three separate lessons. For example, the students worked on the instrument section represented in Figure 1 for 45 minutes during the first lesson. The second author and the usual teacher were present, but their role was rather passive, and clarification questions from the students were rare.

The sample of Study A consisted of 21 year 6 students (12 girls, 9 boys, aged 12 or 13 years) at a South German technical track secondary school, who worked on all three sections of the instrument. 19 of these students worked on the instrument section shown in Figure 1, as two students were absent on this school day. The participants of Study B were 17 year 7 students (7 girls, 10 boys, aged 12 or 13 years) at another technical track secondary school, all 17 worked on the instrument section shown in Figure 1. Due to space limitations, we will in the following concentrate on the students' answers to the instrument section associated with the car park task (see Figure 1). 

Results

In Study A, 19 students worked on the instrument section around the car park task. In their answers, we identified 24 suggestions for improvement, all students taken together. There were two categories for suggestions of improvement of the modelling solutions, namely the category "area [Space for answer] What else should Nicole take into account? What could she improve in her solution?

[Space for answer] Solution by Sally:

Explain in your own words how Sally has thought and what she has calculated.

[Space for answer] What else should Sally take into account? What could she improve in her solution?

[Space for answer] What do YOU think how many cars can be parked on the car park? Write down your thoughts and a calculation.

[Space for answer] Task: Car park A new car park will be built on the grassland shown here.

How can you find out how many cars can be parked on this car park? per car"/"doors" (i.e. there needs to be space for opening the cars' doors, so the assumed area per car is too low) and the category "access pathway" (i.e. the cars need an access pathway to reach the parking positions). We observed that all suggestions by the students were expressed using terms of the context (e.g. "there needs to be space between the cars"), four answers additionally used expressions related to the mathematical model (e.g. "You have to do 50:2, because between the cars there needs to be space in order to open the car doors"). Among the 19 students, 10 students mentioned one suggestion, 7 students mentioned two suggestions, and 2 students did not mention any suggestion for improving the given modelling solution.

Figure 2 shows results related to the implementation of the suggestions for improvement in the students' own modelling solutions. The data shows that out of the 10 students who made one suggestion for improvement, 7 successfully implemented this suggestion in their own improved modelling, with 1 of these students lacking of an adequate interpretation of the improved mathematical solution. In Study B, there were two given modelling solutions, which meant that there were more possibilities for making suggestions for improvement. Figure 3 presents the numbers of students with certain numbers of suggestions. The data shows a range from (two) students who could not make any suggestion for improvement at all to a student who made four suggestions related to Nicole's solution and four suggestions related to Sally's solution (in this case corresponding to the same four codes). The codes for the suggestions relate to the area per car, the space needed for the tree, the measures assumed for the car, the inclusion of the access pathway in the model, possibilities of improving the sketch, the estimation of the size of the car park, and further suggestions.

Figure 4 displays the results related to the implementation of the suggestions in improved modelling attempts. The Figure shows clusters of cases of students: There are two students who have not improved the modelling and not made any suggestions, there are eight students who have not been successful in implementing all of their suggestions, there is a further cluster with students who succeeded in implementing all of their suggestions and two students who have implemented even more improvements than they had initially suggested. As the data of Study B was more complex than the data of Study A with only one given modelling solution, Figure 4 summarizes the elements of the modelling cycle which have been displayed individually in Figure 2 in such a way that the answers had to show that the suggestion for improvement were implemented in a complete modelling cycle. 

Discussion and conclusions

The key aim of the study was to explore to what extent students can develop suggestions for improving given examples of modelling solutions and to what extent are they able to implement these suggestions for improvement. The findings of both studies suggest that a majority of the students was able to identify suggestions for improving the given modelling solutions. Moreover, many of the suggestions could be implemented by the students in their improved modelling solutions. However, there are also students who fail in developing suggestions for improvement. These students might either have had difficulties in understanding the given modelling solutions and/or it might have been difficult for them to consider possible alternatives to the given modelling solution. For follow-up research, it would not only be interesting to enlarge the data base and to further explore these students' difficulties, but also to compare all students' proficiency related to developing own modelling solutions with their proficiency in evaluating and improving given modelling solutions. A further focus concerns the support of students' implementation of their suggestions for improved modelling. In the mathematics classroom, specific learning environments and learning material should concentrate on supporting corresponding modelling competencies of the students.

Considering study A and B together, the question whether only one or multiple modelling solutions should be offered to students in order to encourage their evaluation and the development of suggestions for improved modelling, the results rather do not provide a simple picture: For deciding on how many given modelling solutions should be provided in the everyday classroom, also the learners' individual competencies may be an important factor and should be taken into account.
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 1 Figure 1: Example of task, given modelling solutions (translated), and questions to students

  In class 7a, the students had to work on the following task: Solution by Nicole: Explain in your own words how Nicole has thought and what she has calculated.

  car is 4 m long, so the grassland is 12 m wide and 20 m long. Area of the grassland: 12m x 20m = 240 m 2 Area car: 2 m x 4 m = 8 m 2 Number cars: 240 m 2 / 8 m 2 = 30 30 cars fit on the new car park.
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 2 Figure 2: Code frequencies related to the implementation of suggestions for improved modelling
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 34 Figure 3: Frequencies of suggestions to Nicole's and Sally's solutions (Study B)