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RANDOM-WALK IN BETA-DISTRIBUTED RANDOM ENVIRONMENT

GUILLAUME BARRAQUAND AND IVAN CORWIN

ABSTRACT. We introduce an exactly-solvable model of random walk in random environment that
we call the Beta RWRE. This is a random walk in Z which performs nearest neighbour jumps with
transition probabilities drawn according to the Beta distribution. We also describe a related directed
polymer model, which is a limit of the g-Hahn interacting particle system. Using a Fredholm deter-
minant representation for the quenched probability distribution function of the walker’s position, we
are able to prove second order cube-root scale corrections to the large deviation principle satisfied
by the walker’s position, with convergence to the Tracy-Widom distribution. We also show that this
limit theorem can be interpreted in terms of the maximum of strongly correlated random variables:
the positions of independent walkers in the same environment. The zero-temperature counterpart
of the Beta RWRE can be studied in a parallel way. We also prove a Tracy-Widom limit theorem
for this model.

This is an updated version from May 2021 correcting minor mistakes from the published version of
this paper [BC17].
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HEEEEBEm

We study an exactly solvable one-dimensional random walk in space-time i.i.d. random environ-
ment. It is a random walk on Z which performs nearest neighbour steps, according to transition
probabilities following the Beta distribution and drawn independently at each time and each loca-
tion. We call this model the Beta RWRE. Using methods of integrable probability, we find an exact
Fredholm determinantal formula for the Laplace transform of the quenched probability distribution
of the walker’s position. An asymptotic analysis of this formula allows to prove a very precise
limit theorem. It was already known that such a random walk satisfies a quenched large deviation
principle [RASY13]. We show that for the Beta RWRE, the second order correction to the large
deviation principle fluctuates on the cube-root scale with Tracy-Widom statistics. This brings the
scope of KPZ universality to random walks in dynamic random environment, and the Beta RWRE
is the first RWRE for which such a limit theorem has been proved. Moreover, our result translates
in terms of the maximum of the locations of independent walkers in the same environment. Hence,
the Beta RWRE can also be considered as a toy model for studying maxima of strongly correlated
random variables.
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Our route to discover the exact solvability of the Beta RWRE was through an equivalent directed
polymer model with Beta weights, which is itself a limit of the ¢-Hahn TASEP (introduced in
[Pov13|] and further studied in [Corld]). However, we show that the RWRE/polymer model can be
analysed independently of its interacting particle system origin, via a rigorous variant of the replica
method.

Our work generalizes a study of similar spirit, where a limit of the discrete-time geometric g¢-
TASEP [BC13] was related to the strict weak lattice polymer [CSS15] (see also [OO15]). It should be
emphasized that this procedure of translating the algebraic structure of interacting particle systems
to directed polymer models was already fruitful in [BC14], where formulas for the ¢-TASEP allowed
to study the law of continuous directed polymers related to the KPZ equation.

1. DEFINITIONS AND MAIN RESULTS

1.1. Random walk in space-time i.i.d. Beta environment.

Definition 1.1. Let (Bz,t)xEZ,t€Z>g be a collection of independent random variables following the
Beta distribution, with parameters o and 5. We call this collection of random variables the en-
vironment of the walk. Recall that if a random variable B is drawn according to the Beta(c, )
distribution, then for 0 < r < 1,

P(B<r)= /Or T O ) (e +5)

L(e)I'(B)
In this environment, we define the random walk in space-time Beta environment (abbreviated Beta-
RWRE) as a random walk (X;)iez., in Z, starting from 0 and such that

o X1 = X;+ 1 with probability By, and

o X1 = X; — 1 with probability 1 — By, ;.

A sample path is depicted in Figure [l We denote by P and E (resp. P and E) the measure and
expectation associated to the random walk (resp. to the environment).

dx.

Let P(t,x) = P(X; > x). This is a random variable with respect to P. Our first aim is to show
that the Beta RWRE model is exactly solvable, in the sense that we are able to find the distribution
of P(t,x), by exploiting an exact formula for the Laplace transform of P(t,x).

Remark 1.2. The random walk (X;); in Z2, where X; := (¢, X;) is a random walk in random
environment in the classical sense, i.e. the environment is not dynamic (see Figure [If). It is a
very particular case of random walk in Dirichlet random environment [ES06]. Dirichlet RWRESs
have generated some interest because it can be shown using connections between Dirichlet law and
Pélya urn scheme that the annealed law of such random walks is the same as that of oriented-edge-
reinforced random walks [ES02]. However, since the random walk (X;) can go through a given edge
of Z? at most once, the connection to self-reinforced random walks is irrelevant for the Beta RWRE.

Remark 1.3.

e The Beta distribution with parameters (1,1) is the uniform distribution on (0, 1).

e For B a random variable with Beta(a, ) distribution, 1 — B is distributed according to a
Beta distribution with parameters (3, a). Consequently, exchanging the parameters o and
B of the Beta RWRE corresponds to applying a symmetry with respect to the time axis.

1.2. Definition of the Beta polymer.
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Xy

F1GURE 1. The graph of ¢t — X, for the Beta RWRE. One sees that that the random
walk X; := (¢, X;) is also a (directed) random walk in a random environment in Z2.

1.2.1. Point to point Beta polymer.

Definition 1.4. A point-to-point Beta polymer is a measure Q) ,, on lattice paths 7 between (0, 1)
and (t,n). At each site (s, k) the path is allowed to

e jump horizontally to the right from (s, k) to (s + 1, k),
e or jump diagonally to the upright from (s, k) to (s + 1,k + 1).

An admissible path is shown in Figure Let B;; be independent random variables distributed
according to the Beta distribution with parameters p and v — p where 0 < p < v. The measure
Q¢n is defined by

. He 7 We
D) = Zoowy

where the products is taken over edges of m and the weights w, are defined by
We =141 ife=(i—1,i) = (i,i+1)
1-B;; ife=(—-1,5—1)—=(i,7) with i > j,
and Z(t,n) is a normalisation constant called the partition function,
Z(t? TL) = Z H We.
m:(0,1)—(t,n)

The free energy of the beta polymer is log Z(¢t,n). The partition function of the beta polymer
satisfies the recurrence

Z(t,n)=2Z(t—1,n)Bp+Z(t—1,n—-1)(1—-By) fort>n>1,

Z(t,t+1)=2Z(t—1,t) for t > 0, (1)

Z(t,1)=Z(t—1,1)B;: for t > 0.
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Z(s, k) =1 ——] /

\ (s, k)
; / 4
/

(0,1)

FiGUurRE 2. The thick line represents a possible polymer path in the point-to-point
Beta polymer model. The dotted thick part represents a modification of the poly-
mer path that is admissible if one considers the half-line to point polymer (see the
paragraph . The partition function for the half-line to point model Z(s, k) at
the point (s, k) shown in gray equals 1.

with the initial data
Z(0,1) = 1. (2)

Remark 1.5. One recovers at the v — oo limit the strict-weak lattice polymer described in [OO15]
CSS15]. As v goes to infinity,

v - Beta(p,v — p) = Gamma(p),

and 1 — Beta(pu,v — u) = 1. There are t — n + 1 horizontal edges in any admissible lattice path
from (0,1) to (¢,n), and thus
Z(t,n) == lim v Z(t,n)
V—00

is the partition function of the strict-weak polymer. Indeed, in the strict-weak polymer, the hori-
zontal edges have weights Gamma(p) whereas upright paths have weight 1.

1.2.2. Half-line to point Beta polymer. Another (equivalent) possible interpretation of the same
quantity Z(t,n) is the partition function of an ensemble of polymer paths starting from the “half-
line” {(0,n) : n > 0}. Fix t > 0 and n > 0. One considers paths starting from any point (0, m) for
0 < m < n and ending at (¢,n). As for the point-to-point Beta polymer, paths are allowed to make
right and diagonal steps. The weight of any path is the product of the weights of each edge along
the path, and the weight . of the edge e is now defined by

_ Bij if e is the horizontal edge (i — 1, j) — (4, 7),
W, =
1 —-Bi; ifeis the diagonal edge (i — 1,5 — 1) — (i, §).

Let us denote by Z(t,n) the partition function in the half-line to point model. It is characterized
by the recurrence

Z(t,n) = Z(t —1,n)By, + Z(t — 1,n — 1)(1 — By,,)
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for all Z,n > 0 and the initial condition Z(0,n) =1 for n > 0. With the above definition of weights,
we can see by induction that for any ¢t > 0 and n > t, Z(t,n) = 1. For example, in Figure |2 the
possible paths leading to (s, k) are shown in gray. On the figure, one has

Z(s,k) = Z(2,6) = B1§Bag + (1 — B1§)Bag + B15(1 — Bag) + (1 — By5)(1 — Bag) = 1.

Consequently, the partition functions of the half-line-to-point and the point-to-point model coincide
for t +1 > n. In the following, we drop the tilde above Z, even when considering the half-line-to
point model, since the models are equivalent.

By deforming the lattice so that admissible paths are up/right, and reverting the orientation of
the path, one sees that the Beta polymer and the Beta-RWRE are closely related models, in the
sense of Proposition [1.6] This proposition is proved in Section

Proposition 1.6. Consider the Beta-RWRE with parameters o, 5 > 0 and the Beta polymer with
parameters i = « and v = o+ . For any fized t,n € Z=qy such that t +1 > n, then we have the
equality in law

Z(t,n) = P(t,t —2n+2).
Moreover, conditioning on the environment of the Beta polymer corresponds to conditioning on the
environment of the Beta RWRE.

1.3. Bernoulli-Exponential directed first passage percolation. Let us introduce the “zero-
temperature” counterpart of the Beta RWRE.

Definition 1.7. Let (E.) be a family of independent exponential random variables indexed by
the horizontal and vertical edges e in the lattice Z?2, such that E. is distributed according to the
exponential law with parameter a (i.e. with mean 1/a) if e is a vertical edge and E, is distributed
according to the exponential law with parameter b if e is a horizontal edge. Let (&; ;) be a family
of independent Bernoulli random variables with parameter b/(a + b). For an edge e of the lattice
72, we define the the passage time t, by

{me@ if e is the vertical edge (i,7) — (4,5 + 1),

. =

3
(1 —¢& )E. if e is the horizontal edge (i,7) — (i + 1, j). 3

The first passage-time T'(n, m) in the Bernoulli-Exponential first passage percolation model is given
by
T(n,m) = min Z te,

7:(0,0)=Dn,m con

where the minimum is taken over all up/right paths 7 from (0,0) to Dy, ,,, which is the set of points
Dy = {(i,n—i—m—i) :ng’gn},

Although the quantity that we are fully able to study is T'(n,m), that is a point to half-line
passage time, is is also natural to introduce the point-to-point passage time TPP(n,m) defined by
TPP(n,m) = min Z te,

7:(0,0)—(n,m) con

where the maximum is taken over paths between the points (0,0) and (n,m). We define the
percolation cluster C'(¢) by

C(t) = {(n,m) : T%(n,m) < t}.
It can be constructed in a dynamic way (see Figure . At each time t, C(t) is the union of points

visited by (portions of) several directed up/right random walks in the quarter plane Z;O. The
evolution is as follows:
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DII,.IH,

(0,0) "

FIGURE 3. An admissible path for the Bernoulli-Exponential FPP model is shown
on the figure. T'(n,m) is the passage time between (0,0) and D, ,, (thick gray
line). Note that the first passage time to D, ,, is also the first passage time to l~)n7m
depicted in dotted gray on the figure (cf Remark .

e At time 0, the percolation cluster contains the points of the path of a directed random walk
starting from (0, 0).

Indeed, since for any 1, j, & ; is a Bernoulli random variable in {0, 1}, either the passage
time from (i,7) to (i + 1,J) is zero, or the passage time from (i,7) to (i, + 1) is zero.
This implies that there exists a unique infinite up-right path starting from (0, 0) with zero
passage-time. This path is distributed as a directed random walk.

e At time t, from each point on the boundary of the percolation cluster where a random walk
can branch, we add to the percolation cluster after an exponentially distributed waiting
time, the path of that random walk. Paths starting with a vertical (resp. horizontal) edge
are added at rate a (resp. b). This random walk almost surely crosses the percolation cluster
somewhere, and we add to the percolation cluster only the points of the walk path up to
the first hitting point.

Indeed, any edge e = (z,y) from a point z inside C'(¢) to a point y outside C(t), has
a positive passage time. Hence, one adds the point y to the percolation cluster after an
exponentially distributed waiting time t.. Once the point y is added, one immediately adds
to C(t) all the points that one can reach from y with zero passage time. These points form
a portion of random walk that will almost surely coalesce with the initial random walk path

0(0).

Remark 1.8. Denote by Dn,m the set of points {(i,m) : 0 < i < n} (see Figure . Any path
going from (0, 0) to Dy, », has to go through a point of Dn,m. Moreover, the first passage time from
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A

Dn,m

M L) \

L 4

n
FIGURE 4. Percolation cluster for the Bernoulli-Exponential model with parameters
a =b=11in a grid of size 100 x 100. The different shades of gray correspond to
different times: the black line corresponds to the percolation cluster at time 0 and

the other shades of gray corresponds to times 0.2, 0.5 and 1.2. This implies that for
n and m chosen as on the figure, 0.2 < T'(n,m) < 0.5.

any point of Dn,m to the set D, , is zero. Hence the first passage time from (0,0) to Dmm is also
T(n,m).

Remark 1.9. When b tends to infinity, F, tends to 0 for all horizontal edges, and one recovers the
first passage percolation model introduced in [OC099|, which is the zero temperature limit of the

strict-weak lattice polymer as explained in [OO15, [CSS15].

Let us show how the Bernoulli-Exponential first passage percolation model is a limit of the Beta
RWRE.

Proposition 1.10. Let o = €a and e = eb. Let P.(t,x) be the probability distribution function
of the Beta-RWRE with parameters ae and e and T(n,m) the first-passage time in the Bernoulli-
Exponential FPP model with parameters a,b. Then, for all n,m > 0, —elog(P.(n + m,m — n))
weakly converges as € goes to zero to T'(n,m), the first passage time from (0,0) to Dy in the
Bernoulli- Exponential FPP model.

Proposition [I.10] is proved in Section [4

1.4. Exact formulas. Our first result is an exact formula for the mixed moments of the polymer

partition function E[Z(¢t,n1) -+ Z(t,nk)]. In light of Proposition this result can be seen as a
limit when ¢ goes to 1 of the formula from Theorem 1.8 in [Corl4|. Even so, we prove this in an

independent way in Section |3 via a rigorous polymer replica trick methods (See Proposition (3.4)).

Proposition 1.11. Forny > n9 > --- > ny = 1, one has the following moment formula,
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k ’I’Lj t
1 _ ‘ A "
E[Z(tanl)"'Z(t,nk)}:‘719/"-/ H A —%B H v+ zj M+ 2z Zj ’
(2im) 1<acpar PA 2B 1 % vtz ) vz
(4)

where the contour for z is a small circle around the origin, and the contour for z; contains the
contour for zjy1+1 forall j =1,...,k —1, as well as the origin, but all contours exclude —v.

The previous proposition provides a formula for the moments of the partition function Z(¢,n).
Using tools developed in the study of Macdonald processes [BC14] (See also [Dot10, [CDR10]), one is
able to take the moment generating series, which yields a Fredholm determinant representation for
the Laplace transform of Z(¢,n). We refer to [BC14, Section 3.2.2] for background about Fredholm
determinants.

Theorem 1.12. For u € C\ Rsq, fitn,t >0 withn <t+1 and v > p > 0. Then one has
E [e"Z0m)] = det(I — KEP)pa(cp)

where Cy is a small positively oriented circle containing 0 but not —v nor —1, and KBV : L2(Cy) —
IL2(Cy) is defined by its integral kernel

pp, 1 1/24ic0 Y gPF (v) ds
Ku ('U,'U ) - 2T /1/2—ioo Sil’l(ﬂ's)( u) gBP(’U + S) S+v— v’
where
B L(v) \"/T(v+v)\
gBP (v) = <F(u+v)> (F(u—l—v)) I'(v+v). (5)

In light of the relation between the Beta RWRE and the Beta polymer given in Proposition [1.6
we have a similar Fredholm determinant representation for the Laplace transform of P(t,x).

Theorem 1.13. For u € C\ Rsy, fix t € Z>o, x € {—t,...,t} with the same parity, and o, 3 > 0.
Then one has
E [e“PW)] = det(I — Kf") 1oy (6)

where Cy is a small positively oriented circle containing 0 but not —a — 8 nor —1, and Kﬁw :
L2(Cy) — LL2(Cy) is defined by its integral kernel

1 1/24ic0 RW d
KEW(y o) = 7/ Ty (v) s
2im J1/2—ico sin(7s) V(v +5)s+v—0f

where
0= (e a) o () !

1.5. Limit theorem for the random walk. A quenched large deviation principle is proved in
[RASY13| Section 4] for a wide class of random walks in random environment that includes the Beta-
RWRE model. More precisely, the setting of [RASY13] applies to the random walk X; = (¢, X)
(see Remark . The condition that one has to check is that the logarithm of the probability of
each possible step has nice properties with respect to the environment (The random variables must
belong to the class £ defined in [RASY13l Definition 2.1]). Using the fact that if B is a Beta(a, )
random variable, log(B) and log(1 — B) have integer moments of any order, [RASY13 Lemma A.4]
ensures that the condition is satisfied. The limit

A = i o (& o)
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exists P-almost surely. Let I be the Legendre transform of A\. Then, we have [RASY13 Section 4]
that for z > (a — 8)/(a + B),

Jim % log (P(X, > 1)) = ~I(x) Pas. (7)

Remark 1.14. In the language of polymers, the limit states the existence of the quenched free
energy. Theorem 4.3 in [RAS14] states that for such random walks in random environment, we have
that

1 o1
tlg](r)lo n log (P(Xt = La;tj)) = tlgglo n log (P(Xt > a?t)) = —I(z).
In other terms, the point-to-point free energy and the point-to-half-line free energies are equal.

In [RASY13| Theorem 3.1], a formula is given for I in terms of a variational problem over a space
of measures. We provide a closed formula in the present case. It would be interesting to see how
the variational problem recovers the formulas that we now present.

For the Beta-RWRE, critical point Fredholm determinant asymptotics shows that the function I
is implicitly defined by

0+ a+B)+vi1(0) —2V1(0 + )
Ui(0) — U0 +a+p)

2(0) = 21 ®)

1(2(60)) = 1111\1(104—04—1-@ Uy(0+ )
1((9) — \111(0 + o+ ,3)

where U is the digamma function (¥(z) =I"(2)/T'(2)) and ¥y is the trigamma function (¥(z) =
U’(2)). The parameter 6 does not seem natural at a first sight. It is convenient to use it as it will
turn out to be the position of the critical point in the asymptotic analysis. When 6 ranges from
0 to 400, z(#) ranges from 1 to (o — 5)/(a + (). This covers all the interesting range of large
deviation events since (o — )/(a + B) is the expected drift of the random walk, and we know that
P(X¢ > at) =0 for x > 1.

Moreover, we define o(#) > 0 such that

Ui(a+0)— Vi (a+8+6)
\111(9) — \111(064-54—9)

In the case @« = § = 1, that is when the B,; variables are distributed uniformly on (0, 1), the
expressions for x(6) and I(z(0)) simplify. We find that

1+26
"0 = m iy

(W(O+a+8)—w®)+UO+a+8)—V(O+a), (9)

20(0) = W (0 + a) — Uy(a + [+ 0) + (Ua(a+ B+ 6) — Uy(0)). (10)

and
1

I(z(0)) = m,

so that the rate function I is simply the function I : z — 1 — /1 — 22,
The following theorem gives a second order correction to the large deviation principle satisfied
by the position of the walker at time ¢.

Theorem 1.15. For 0 < 0 < 1/2 and oo = = 1, we have that

) log (P(t,2(0)t) ) + I(x(0))t

t—00 t1/30(:v(9)) < yl| = FGUE(y)' (11)
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Remark 1.16. As we explain in Section [5, we expect Theorem to hold more generally for
arbitrary parameters o, > 0 and 6§ > 0. The assumption o = S is made for simplifying the
computations, whereas the assumption 6 < 1/2 is present because certain deformations of contours
are justified only for # < min{1/2, «+ }. The condition 6 > 0 is natural, it corresponds to looking
at x(0) < 1. We know that for z(6) > 1, then P(¢,z(0)t) = 0.

In the case a = 5 = 1, the condition # < 1/2 corresponds to x(6) > 4/5.

Remark 1.17. The Tracy-Widom limit theorem from Theroem [I.15] should be understood as an
analogue of limit theorems for the free energy fluctuations of exactly-solvable random directed
polymers. Similar results are proved in [ACQI11], BCF14] for the continuum polymer, in [BC14]
BCF14] for the O’Connell-Yor semi-discrete polymer, in [BCR13] for the log-gamma polymer, and
in [OO15, [CSS15] for the strict-weak-lattice polymer.

In light of KPZ universality for directed polymers, we expect the conclusion of Theorem to
be more general with respect to weight distribution, but this is only the first RWRE to verify this.

In Section [b] we also provide an interesting corollary of Theorem Corollary states that
if one considers an exponential number of Beta RWRE drawn in the same environment, then the
maximum of the endpoints satisfies a Tracy-Widom limit theorem. It turns out that even if the
rescaled endpoint of a random walk converges in distribution to a Gaussian random variable for
large ¢, the limit theorem that we get is quite different from the one verified by Gaussian random
variables having the same dependence structure.

1.6. Localization of the paths. The localization properties of random walks in random environ-
ment are quite different from localization properties of random directed polymers in 141 dimensions.
For instance, in the log-gamma polymer model, the endpoint of a polymer path of size n fluctu-
ates on the scale n?/? [Sep12], and localizes in a region of size O(1) when one conditions on the
environment[CN14]. For random walks in random environment, it is clear by the central limit
theorem that the endpoint of a path of size n fluctuates on the scale \/n.

Remarkably, the central limit theorem also holds if one conditions on the environment. A general
quenched central limit theorem is proved in [RAS05] for space-time i.i.d. random walks in Z%. The
only hypotheses are that the environment is not deterministic, and that the expectation over the
environment of the variance of an elementary increment is finite. These two conditions are clearly
satisfied by the Beta-RWRE model. In the particular case of one-dimensional random walks, and
when transition probabilities have mean 1/2, the result was also proved in [Bé04]. However, most
of the other papers proving a quenched central limit theorem for similar RW models assume a strict
ellipticity condition, which is not satisfied by the Beta-RWRE. See also [RAS09, BSS14] for similar
results about random walks in random environment under weaker conditions.

In any case, if we let the environment vary, the fluctuations of the endpoints at time ¢ in the
Beta RWRE live on the v/t scale. For the Beta-RWRE, Proposition shows that the expected
proportion of overlap between two random walks drawn independently in a common environment
is of order v/t up to time ¢. The v/t order of magnitude has already been proved in [RAS05, Lemma
2] based on results from [FF98], and our Proposition provides the precise equivalent.

Let us give an intuitive argument explaining the difference of behaviour between polymers and
random walks. Assume that the environment of the random walk (resp. the polymer) has been
drawn, and consider a random walk starting from the point 0 (resp. a point-to-point polymer
starting from 0). The quenched probability that the random walk performs a first step upward
depends only on the environment at the point 0 (i.e. the random variable By in the case of the
Beta RWRE). However, the probability for the polymer path to start with a step upward depends
on the global environment. For instance, if the weight on some edge is very high, this will influence
the probability that the first step of the polymer path is upward or downward, so as to enable the
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polymer path to go through the edge with high weight. This explains why two independent paths
in the same environment have more tendency to overlap in the polymer model.

In [GRASY15], a random walk in dynamic random environment is associated to a random directed
polymer in 1+ 1 dimensions, under a condition called north-east induction on the edge-weights. For
the log-gamma polymer, it turns out that the associated random walk has Beta distributed transition
probabilities. However, the environment is correlated, so that this RWRE is very different from the
Beta RWRE. The random walk considered in [GRASY15] defines a measure on lattice paths which
can be seen as a limit of point-to-point polymer measures. Hence, as pointed out in [GRASYT5|
Remark 8.3], it has very different localization properties than random walks in space-time i.i.d
random environment that we consider in the present paper.

1.7. Limit theorem at zero-temperature. Turning to the zero-temperature limit, Theorem [I.13]
degenerates to the following for the Bernoulli-Exponential FPP model:

Theorem 1.18. For r € Ry, fit n,m > 0 and consider T'(n,m) the first passage time to the set
Dy, 1, in the Bernoulli-Exponential FPP model with parameters a,b > 0. Then, one has

P(T(n,m) > r) = det (] — KTFPP)]LQ(C(/))

where C}y is a small positively oriented circle containing 0 but not —a — b, and KYPY : 1L2(C}) —
L2(C}) is defined by its integral kernel

KFPP(U u/) _ i /1/2+ioo i gFPP(u) ds (12)
r ’ 201 J1/2—ic0 5 gFPP(u+s)s+u—u'’
where .
FPP a-+u n a-+u )m
= —. 1
g (u) ( U ) <a +b+u U (13)

The integral in is an improper oscillatory integral if one integrates on the vertical line
1/2 + iR. One could justify a deformation of the integration contour (so that the tails go to
coeT2m/3 for instance) in order to have an absolutely convergent integral, but it happens that the
vertical contour is more practical for analyzing the asymptotic behaviour of det(I4 KF"") in Section
6l

One has a Tracy-Widom limit theorem for the fluctuations of the first passage time T'(n,xkn)
when n goes to infinity, for some slope x > 7. Theorem is proved as Theorem in Section @

Theorem 1.19. We have that for any 0 > 0 and parameters a,b > 0,

T(n,k(@)n) —7(0)n
< e — T >—y>=FTw<y>,

where £(0),7(0) and p(0) are explicit constants (see Section [6]) such that when 6 ranges from 0 to
infinity, k(@) ranges from +oo to a/b.

lim P

n—oo

Notice that in Theorem [1.19] we do not have any restriction on the range of the parameters a, b
and 6.

Another direction of study for the Bernoulli-Exponential FPP model is to compute the asymptotic
shape of the percolation cluster C(t) for a fixed time ¢ (but looking very far from the origin). In
Section [6.3] we explain, based on a degeneration of the results of Theorem what should be
the limit shape of the the convex envelope of the percolation cluster, and guess the scale of the
fluctuations. However, these arguments are based on a non-rigorous interchange of limits and we
leave a rigorous proof for future consideration.
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Since the publication of this paper as [BC1T|, we have noticed or been made aware of several
minor mistakes. These mistakes do not affect significantly the main results and are all remedied in
the present version. We are grateful to Mark Rychnovsky for noticing the mistake in the (former
version of the) proof of Lemma and a sign mistake in the statement of Theorem (this was
noticed in [BR17] which makes rigorous the claims from Section [6.3). We also thank Thimothée
Thiery and Pierre Le Doussal for telling us about the sign mistake in Proposition that they have
noticed in [TLD16|, footnote 4 page 23].

Outline of the paper. In Section |2, we introduce the ¢-Hahn TASEP [Corl4] [Pov13] and show
how some observables of the ¢-Hahn TASEP converge to the partition function of the Beta polymer
(and likewise endpoint distribution of the Beta RWRE). This enables us to give a first proof of
the Fredholm determinant formulas in Theorems and In Section [3, we give a direct
proof of Theorems [I.12] and using an approach which can be seen as a rigorous instance of the
replica method. In Section [ we show that the Beta RWRE converges to the Bernoulli-Exponential
FPP, and prove the Fredholm determinant formula of Theorem In Section [5| we perform an
asymptotic analysis of the Fredholm determinant from Theorem to prove Theorem We
also discuss Corollary which is about the maximum of the endpoints of several Beta RWRE
drawn in a common environment, and we relate this result to extreme value theory. In Section [6]
we perform an asymptotic analysis of the Bernoulli-Exponential FPP model to prove Theorem [1.19

2. FROM THE ¢-HAHN TASEP TO THE BETA POLYMER

In this section, we explain how the Beta-RWRE and the Beta polymer arise as limits of the
g-Hahn TASEP introduced in [Pov13] (see also [Corl4]). We first show that some observables of
the g-Hahn TASEP converge to the partition function of the polymer model (Proposition . This
yields a first proof of Theorem Then we prove that the Beta RWRE and the Beta polymer
model are equivalent models in the sense of Proposition [1.6]

2.1. The ¢g-Hahn TASEP. Let us recall the definition of the ¢-Hahn-TASEP: This is a discrete
time interacting particle system on the one-dimensional integer lattice. Fix 0 < g <1 and 0 < v <
fi < 1. Then the N-particle ¢-Hahn TASEP is a discrete time Markov chain Z(t) = {z,(t)})_, € Xy
where the state space Xy is

XN={+OO=$0>1‘1>~-->$N:Vi,xi€Z}.

At time t+1, each coordinate z,(t) is updated independently and in parallel to x, (t+1) = x,(t)+jn
where 0 < j, < zp—1(t) — zp(t) — 1 is drawn according to the g-Hahn probability distribution
©q.ii,p (n|Tn—1(t) — 25 (t) — 1). The ¢g-Hahn probability distribution on j € {0,1,...,m} is defined
by the probabilities

(2 Dm—j (¢ Dm
@m0 Dm—y’

(14)
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where for @ € C and n € Z>o U {4+00}, (a; q)n is the g-Pochhammer symbol

(a;@)n = (1 —a)(1 —qa)...(1 — ¢"'a).

2.2. Convergence of the ¢-Hahn TASEP to the Beta polymer. An interesting interpretation
of the g-Hahn distribution is provided in Section 4 of |[GO09]. The authors define a g-analogue of
the Pélya urn process: One considers two urns, initially empty, in which one sequentially adds balls.
When the first urn contains k balls, and the second urn contains n — k balls, one adds a ball to the
first urn with probability [v — p+n — k]y/[v + n]q, where for any integer m, [m], = (1 —¢™)/(1—q)
denotes the g-deformed integer, and we set ;i = ¢* and 7 = ¢¥. One adds a ball to the second urn
with the complementary probability. Then ¢4 5 5(j|m) is the probability that after m steps, the
first urn contains j balls. When ¢ goes to 1, one recovers the classical Pélya urn process.

For the classical Pdlya urn, it is known that after n steps, the number of balls in the first urn
is distributed according to the Beta-Binomial distribution. Further, the proportion of balls in the
first urns converges in distribution to the Beta distribution when the number of added balls tends
to infinity. Thus, it is natural to consider the g-Hahn distribution as a g-analogue of the Beta-
Binomial distribution. Further, we expect that if X is a random variable drawn according to the
¢-Hahn distribution on {0, ..., m} with parameters (g, ii,7), the g-deformed proportion [X],/[m],
converges as m goes to infinity to a ¢ analogue of the Beta distribution, which converges as ¢ goes
to 1 to the Beta distribution with parameters (v — p, ).

Now, we show that the partition function of the Beta polymer is a limit of observables of the
g-Hahn TASEP. Let F¢(t,n) be the rescaled quantity

Fe(t,n) = —e(zn(t) +n), (15)

where x,(t) is the location of the n'* particle in ¢-Hahn TASEP and we set ¢ = e, i = ¢* and
v=q".

Proposition 2.1. Fort > 0 and n > 1 such that n < t 4+ 1, the sequence of random variables

(F<(t,n)), converges in distribution as € — 0 to a limit F(t,n) and one has

6F(t,’n,) — eF(t_Ln)Bt,n + eF(t—l,n—l)(l _ Bt,n)

where By, are i.i.d. Beta distributed random variables with parameters (u,v — p). Additionally, we
have the weak convergence of processes

{0 ma1 = {Z(t 1) bizonz1
Proof. We first state a lemma useful for taking limits of g-Pochhammer symbols.

Lemma 2.2. Forr,q € (0,1) and z > 0, we have that

(75 ) oo .
0 @)oo a1 (L =r)".
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Proof. We take the limit of log ((gﬁz‘j"m). Since r,q € (0,1), one can use the series expansion of

the logarithm around 1. This yields

(r; @)oo > = 1—r¢
log [ ~—22 ) =N log | ———
o8 <(qu; @)oo ; T =g

7j=1 ] =0 =0
O il — g%
j=1 J 1- q]
— zlog(l —r)

The last convergence comes from term-wise convergence as ¢ — 1 along with absolute convergence
of the sum for r € (0,1). O

Lemma 2.3. The sequence of random variables exp(F'“(1,1)) converges as € — 0 to a Beta dis-
tributed random variable with parameters (pu,v — ).

Proof. By the definition of F(t,n) given in Equation (15]),
exp(F(1,1)) =r <= x1(1) + 1 = —¢ 'logr.
For r such that —e~1log(r) € Z,
P (ml(l) +1=—¢llog 7“) = @g.ap(—€ T logr|oo)
e Ntogr P/ Q) 1 10gr (5 @)oo

=i = .
(QQ q)—e*1 log r (V3 Q)oo

We shall use the ¢-Gamma function defined by
(¢ 9)oo 1—
Iy(2) = ——0—-q) =
q( ) (q$; Q)oo ( )
Note that for j € Z>o,

(¢%;9); = (;Zi};q)&o =(1—q) Fqlgj(;r)j),
so that
("™ @)oo
ey =TT Do (1= )T ()
P(Xl(l)H a to >_ ' (¢; D)oo Ty (1)
(7¢; @)oo
(1 i T Do Iy(v)
=1-9 (rg” "5 @)oo Tg(v — p)Tq(p)

As € goes to zero, using Lemma 2.2 and the fact that I'j(x) — I'(x),
q—

T,(v) rw)
T(v— mTy(i) T — p)T ()’
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g0 (e
(rg"="; @)oo
Thus as € goes to zero,
_ _ L I'(v)
1 1 v—p—1
e "P(F(1,1)=logr) > rxrt 1 —r)" ' —-——. 16
(F°(1,1) = log) R PR (16)

Hence F¢(1,1), which takes values in a. + €Z where a. is an e-dependent shift, converges weakly to
a continuous random variable F whose density is given by f(s) = lime P (F¢(1,1) = s.) (where s,
is the closest point to s in ae + €Z). For more details, see the proof of [CSS15, Lemma 2.1] which
is very similar. Consequently, exp(F¢(1,1)) converges weakly to the continuous random variable
exp(F'). Since the density of F is given by the right-hand-side of with s = logr, one concludes
that the density of exp(F'(1,1)) is

Tufl(l _ T)V*/L%LV)
L(v — p)I (1)
which is the density of a Beta(u,v — p) random variable.
0
Lemma 2.4. Conditionally on e =10 = Z and e (tLn=1) — 7/ the sequence of random
variables % converges as € — 0 to a Beta distributed random variable with parameters
(/1’7 V= :u‘)

Proof. Conditioning on ef*(=1n) = 7 and e (t=1n=1) — 7’ corresponds to conditioning on the
fact that the gap x,_1(t — 1) — z,(t — 1) — 1 is € ' log(Z/Z’). The probability that e (") /7 = s,
conditioned to e (=11 = 7 and e (t-1n—1) = 7/ ig

P(mn(t) —zn(t—1)=—¢! log(s)’xn_l(t ) —zy(t—1)—1=—€¢! log(r)),

where we have set » = Z'/Z. By the definition of the ¢-Hahn TASEP, this probability is exactly
goq’m,;( — e 'log(s)| — e log(r)).

gquW( — ! log(s)’ — ! 10g(7')> =
g (0" @) —crog(r/s) (@75 @) —crog(s) (€5 Q) —clog(r)
(@50) —crog(r) (6D —clog(s) (T D) —elog(r/s)
S —— (54" @)oo (5¢:0)oc (rGi0)o0 _ Tqlv)
(50" @)oo (86" @)oo (545 @)oo Dg(v — )Ty (1)
Using again Lemma , one finds that as € goes to zero,

(L—r/s)* ' T(v)
(L=r)=t (v —pwI(k)

€ "y — € Hlog(s)| — e M og(r)) = (1 —5) !
which can be rewritten as

L oqno( — ¢ log(s)| — ¢ log(r)) —

()T )T iy o
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By the same arguments as in the proof of Lemma this shows that exp F“(t,n)/Z converges to
a continuous random variable in (r, 1) having density

)T ) e Y

exp F<(t,n)/Z — Z']Z
- 2'/Z

This implies that

= Beta(p,v — ).
O

It is clear that exp F“(0,1) = 1 for any e. By applying several times Lemma one sees that
exp F(t, 1) converges to a product of independent Beta random variables with parameters (u, v—p).
Finally, by recurrence on ¢t + n and using Lemma exp F(t,n) converges in distribution to
exp F(t,n) where the family of random variables (exp F'(t,n)), , is defined by the recurrence formula
of the statement of Proposition This, in turn, implies the weak convergence of processes

{0 me1 = {Z(81) b z0ms1- (18)
U

One has the following Fredholm determinant representation for the e,-Laplace transform of X, ().

Theorem 2.5 (Theorem 1.10 in [Corl4]). Consider q-Hahn TASEP started from step initial data
2n(0) = —n Vn > 1. Then for all ¢ € C\ Ry,

1
" {(Cq“(t””;q)oo
where C1 is a small positively oriented circle containing 1 but not 1/v,1/q nor 0, and KgHahn :
L2(Cy) — LL2(C4) is defined by its integral kernel
1 qHahn d
KgHahn(w7w/) _ 7/ . ™ (_C)S g (w) S
27 J1/2+4ir sin(ms) gatahn (gsq)) gSw — w’

o= (=) () woae

Let us scale the parameter ¢ as

] = det(] + K?Hahn)L2(Cl) (19)

with

Y. Then we have

q
1 c
* o] =Bl ()

where )
eq(t) = T
! (1= q)asq)
is the e;-exponential function. Since e4(z) — e uniformly for = in a compact set, we have, using
the convergence of processes and the fact that e ") are uniformly bounded by 1, that

: L _ F(t,n)
P_I}(l)E [(Cqﬂfn(tHH; q)oj =E {exp(ue )} . (20)

Hence, in order to prove Theorem[I.12] one has to take the limit when e goes to zero of the Fredholm
determinant in the right-hand-side of ([19). This is achieved in Proposition
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Proposition 2.6.

: 1 _ BP

where Cy is a small positively oriented circle containing 0 but not —v nor —1, and KEP :L2(Co) —
IL2(Cy) is defined by its integral kernel

1 fl/2tice g gF (v) ds
K BP N _ 7/ —u)® 21
w () 2im J1/2—i00 sin(ﬂs)( v) gBP(v+s)s+v— 1)

where

P00 = () (R o

Proof. Let us first show that the pointwise limit of the kernel of the Fredholm determinant of
the ¢-Hahn TASEP agrees with . Make the change of variables
w=¢q", w=q"
The function g4H2M™ ysed inside the integrand of the kernel K gHahn becomes
n t
gaHehn () — (@ Do\ [ (") 1
(4" @)oo (@ 0) ) (¢ 0)c0

We again use the g-Gamma function and the formula

(4% 9)0 = (;{;230 (1—a)

In terms of ¢-Gamma function

gotabn (g _ (( (1= 9)"Ty(v) ) ((1 — )Ty (v v>>t (1- )" "Ty(v +v)

1—q)"*Ty(v +v) (1= q)+Tq(p+v) (1= ) (49
Thus,
g (gr) (w +v+ s)rqw))" (rqw + v+ )T (v + v>>t Ly(v+v)
gattahn(gurs)  \ Ty(v + s)Tg(v +v) To(v+v+s)Ty(p+v) ) (1 =) Te(v+v+s)
and hence,
(1 g g¥n (g”) 9 )
quahn(qv—i-s) e—0 gBP (”U + S)

The extra factor (1 — ¢)* in g(g%)/g(q"**) cancels with the one coming from ¢. Moreover,
—€ . 1
¢t — gV =0 s+v—0v

where the factor —e comes from the Jacobian of the change of variables dw = —eg¢dv. This
demonstrates pointwise convergence of the integrand in the integral defining K gHahn to that defining
KBP

el

In order to show that —ngHahn(q”, q"") converges to KPP (v,'), one needs an integrable bound.
We will to show that for a fixed v, the quantity

T Ly +v+s) 1
sin(ms) Lg(v + v+ 5)7"Ty(v +s)" Ty(v + v + s)

(22)
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is uniformly integrable in s as ¢ varies. We need a few estimates to show this. For z = z + iy with
fixed z, we have from [EMO™53, Chapter 1, 1.18 (2)],

T (z + iy)|e|y‘”/2]y|1/27’” — e V27, (23)

ly|—o0

We also need the estimates for the ¢-Gamma function in the two next lemmas.

Lemma 2.7. For any fixed a,b > 0, there exists a constant Cy > 0 such that for any y € R and
q€(z1),
Ly(a+iy)
Ly(b+iy)

< CZ(’y’\bfaHl_i_l).

Proof. By symmetry, it is enough to prove the result for y > 0. We have

T (a 4 iy) a 1— qb+iy+n
g T (= L ‘
F‘](b + ,Ly) n>0 1 q v
If a < b, then
: _ btn
FQ(Q_FZ.Z/) < (1 _q)bfa H l—q ‘ — Fq(a) <1
Ly(b + iy) oo \L—qtn L'y (D)
If a > b, We write
Pyla+iy)| _ Pyla+iy)  Tq(b+[a—b]+iy)
Ly(b+iy) Ly(b+ [a—0b] +1y) Ly(b+iy)

Since b+ [a — b] > a, we have from the first part of the proof that
Ly(a+iy)
Ly(b+ [a—0b] +1y)
Moreover, since the g-Gamma function satisfies the functional equation

Ly(z +1) = [2]gly(2),

X

where [z], := % is the g-deformed complex number, we have that
. [a—b]—-1
Ly(a+iy) S
1K b i

It can be checked that for z,y € R, we have the identity

12 2 i (2
[z +iylgl” = [[z]q]” + " [[iy]q|™-
For q € (1/2,1), |log(q)/(1 — q)|*> < 2, and hence

(1 — cos (y log(q))) y? log(q)? ,
2 < 5 S 2y

(1-4q) (1—q)
This implies that there exist a constant C5 > 0 independent of ¢ such that
[a—b]—1

I b+i+iyl,
j=0

liylg|” = 2

which concludes the proof. O
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Lemma 2.8. For anyy € R and q € (0,1),
T(1+dy)| < [To(1 +iy)].

Proof. We have

. Zyoo 1—q"
Ly(141y) = H —

so that

o

) 1—gq
T, (1+iy)| =] .
! n—=1 \/1 + ¢%" — 2q™ cos (ylog(q))

, < p n+1\%
L+iy) = n+iy< n ) ’

n

We also have that

so that

o0

IT(1 4+ dy)| H

Hence, it is enough to show that for all n > 1,

gl

n—f—zy

n 1—4q"
V2 \/1—|—q2"—2q cos (ylog(q))
Setting Y = y/n and Q = ¢", it is equivalent to

1 (1-Q)?
<
1+Y2 7 1+Q2?—2Qcos (Y1og(Q))’

which is equivalent to
Y2(1- Q)% > 2Q(1 — cos (Y log(Q)) ),
which is true for any @ € (0,1) and Y € R. d
Finally, we can write using Lemma that for s € 1/2 + iR,

1 B ’F(S)I‘(l—s) I'1/2+s) T'y(1/2+s)
D,v+v+s)| | T(1/2+s) Ty (1/2+5)Ty(v+v+s)

I(s)D(1 — s)

D(s)D(L—s) Ty(1/2+5)
I'(1/2+s) Tylv+v+s)|
Hence, using Lemma there exist constants C,c > 0 such that is uniformly bounded by

= ‘

Ce~/2mls]] Tm/[s]|.

Thus, is uniformly integrable for s along 1/2+4iR, as g varies near 1. Consequently the integrand
of —eKé1 ahn(gv 0"y is uniformly integrable. By dominated convergence, it implies that we have

pointwise convergence of the kernel —ngHahn(q”, ¢"") to the kernel KBP (v, v/).

However, it is a priori not sufficient. In order to prove the convergence of the Fredholm deter-
minant, we use again dominated convergence. First notice that since the Fredholm determinant
contour is finite, one can prove as in [CSS15, Lemma 3.2] that —ngHahn(q”,q”,) is uniformly
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Xy

FIGURE 5. A possible path for the Beta-RWRE is shown. It corresponds to the
half-line to point polymer path in Figure P(t,x) is the (quenched) probability
that the random walk ends at time ¢ in the gray region.

bounded for v, v’ in the contour Cy and ¢ near 1. Moreover, each term in the Fredholm determinant
expansion

> 1
det(l + K&y =14y / . / det (K™ (wy, w))75_yduw ... du,
n=1""

can be bounded using Hadamard’s bound, so that the sum absolutely converges. Combining this
with the above established pointwise convergence of the kernels allows us to conclude the proof of
Proposition |2.6 O

Proof of Theorems[1.19 and[I.13. Proposition combined with yields the Fredholm deter-
minant formula for the Laplace transform of Z(¢t,n) given in Theorem In order to deduce
Theorem [I.13] we use the equivalence between the Beta polymer and the Beta-RWRE from Propo-
sition [I.6] proved in Section [2.3] O

2.3. Equivalence Beta-RWRE and Beta polymer. We show that the Beta RWRE and the
Beta polymer are equivalent models in the sense that if the parameters «, 5 of the random walk
and the parameters u, v of the polymer are such that u = « and v = « + 3, we have the equality
in law
Z(t,n) = P(t,t — 2n + 2).
The equality in law is true for fixed ¢t and n. However, as families of random variables, (Z(t,n))
and (P(t,t —2n+2)) for t +1 > n > 1 have different laws.

Proof of Proposition[1.6 Let us first notice that since p = o and v = ac+ f3, the i.i.d. collection of
Beta random variables defining the environment for the Beta polymer, and the i.i.d. collection of
r.v. defining the environment of the Beta RWRE, have the same law.

Also, as it was already pointed-out in Section the point-to-point Beta polymer is equivalent
to a half line to point Beta polymer.

Let t and n having the same parity. The random variable P(¢,t — 2n + 2) is the probability for
the Beta RWRE to arrive above (or exactly at) ¢ — 2n + 2. This is also the probability for the Beta
RWRE to make at most n — 1 downward steps up to time ¢. Let us imagine that we deform the
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FiGURE 6. Illustration of the deformation of the underlying lattice for the Beta
polymer. The left picture corresponds to the Beta polymer whereas the right picture
corresponds to the RWRE. Black arrows represents possible steps for the polymer
path (resp. the RWRE) with their associated weight (resp. probability).

underlying lattice of the Beta polymer so that Beta polymer paths are actually up-right path, and
we also consider the path from (¢,n) to its initial point. Then the polymer path is the trajectory of
a random walk, and one can interpret the weight of this polymer path as the quenched probability
of the corresponding random walk trajectory (compare the polymer path depicted in Figure [2| with
the RWRE path depicted in Figure , using the correspondence shown in Figure @ Moreover the
event that the random walk performs at most n — 1 downward steps is equivalent to the fact that
the polymer path starts with positive n-coordinate. These events correspond to the fact that the
path intersects the thick gray half-lines in Figures [2] and

Finally, for any fixed t,n € Z>o such that t + 1 > n, if we set x = ¢t — 2n + 2, then P(t,z)
and Z(t,n) have the same probability law. Moreover, conditioning on the environment of the Beta
polymer corresponds to conditioning on the probability of each step for the Beta RWRE. O

3. RIGOROUS REPLICA METHOD FOR THE BETA POLYMER

3.1. Moment formulas. Let W* be the Weyl chamber
Wk:{ﬁEZk:nlénQZ'-->nk}.

For 7i € W*, let us define
u(t, i) =E[Z(t,n1) ... Z(t,ng)], (24)

with the convention that Z(t,n) =) for n < 1. The recurrence relation implies a recurrence
relation for u(t, 7). We are going to solve this recurrence to find a closed formula for u(¢,7), using
a variant of the Bethe ansatz. It is the analogue of Section 5 in [CSS15]. Besides the strict weak
polymer [CSS15|, such “replica method” calculations have been performed to study moments of the
partition function for the continuum polymer [Dotl0, [CDRI10, BC14], the semi-discrete polymer
[BCS14),BC14], and the log-gamma polymer [BC14} TL.D14]. However, in those models, the moment
problems are ill-posed and one cannot rigorously recover the distribution from them. In the present
case, since the Z(t,n) € [0,1], the moments do determine the distribution as explained in Section
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Using the recurrence relation ,

k
UU+L@ZEhI«PJMu0ﬂmm+meﬂ@m—Uﬂ- (25)

i=1
Let us first simplify this expression when k = ¢ and @ = (n,...,n) is a vector of length ¢ with

all components equal. In this case, setting B = B;41,, to simplify the notations, we have

j=0

_Z<> { B)! B¢~ ]} u(t,m,...,n,m—1,...,n—1).

The recurrence relation can be further simplified using the next Lemma.

Lemma 3.1. Let B a random variable following the Beta(u,v — p) distribution. Then for integers
0<y<eg

E[(1 - BYB“7] = %

where (a)g is the Pochhammer symbol (a)y = ala+1)...(a+k —1) and (a)y = 1.

Proof. By the definition of the Beta law, we have
1
- F((V)_ " /0 (1—az)zcIzgh= (1 — z)V+1,
I'(v) Tptc=—H)I—p+7)
PG (v — 1) D +0) |
_ (v — 1) (1) e—j
@)e

B[ - By 5]

g

In order to write the general case, we need a little more notation. For i € W*, we denote by
c1,Co,...cy the sizes of clusters of equal components in 7i. More precisely, c1,ca, ... cp are positive
integers such that > ¢; = k and

Ny =" =MN¢ > Nejgl = - Nejden > 00 > Negdogop_+1 = © 00 = N
Define also the operator 7(9 acting on a function f: W* — R by

TOFR) = flny, .. ,ni—1,...,ng).
Using the Lemma we have that

Ji—1
e = 5 S5 (T (5) e T oot uem o

j1 =0 Je 0 r=0

In words, for each ¢-tuple j1, ..., j¢ such that 0 < j; < ¢;, we decrease the j; last coordinates of the
cluster 7 in 77, for each cluster, and multiply by

. i\ V= H)ji\H)ei—j
paley (¥)e;

Ji
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Lemma 3.2. Let X,Y generate an associative algebm such that

1
XX+ XY+
1+V 14+v 1+v

Then we have the following non-commutative binomial identity:

(pX + (1 —p)Y)n — i <n> %X’jyn—j’

= \J (¥)n

YY.

YX =

where p = £,

Proof. Tt is shown in [Pov13l Theorem 1] that if X and Y satisfy the quadratic homogeneous relation
YX =aXX + XY +7YY,

with ( )
v(l—q q—U 1—¢q
- - ) B = Y ’7 = =
1—qv 1—qv 1—qu
and
p=p+o(l-p),
then
n
(PX +(1=p)Y)" = 3 @amo(iln) XY,
k=0

where ¢, 5.5(j|n) are the ¢-Hahn weights defined in (14). Our lemma is the ¢ — 1 degeneration of
this result. O

Let £&U*T denote the operator
c ) J—1
Ecluster _ C (V — M)J (M)C*j 7_(cfr)
) e
which appears in the R.H.S. of , and E(Jf’”ee the operator

ﬁg’r’ee _ H vz‘,

where V; = pr® 4 (1 — p). Tt is worth noticing that for ¢ = 1, £eluster — gfree,

For a function f : Z¢ — C, we formally identify monomials X1X2 . Xe Where X; € {X,Y} with
terms f(i7) where for all 1 < i < ¢, ne—; =n—1if X; = X and n.—; = n if X; =Y. Using this
identification, the binomial formula from Lemma says that the operators £/7¢¢ and LUster act
identically on functions f satisfying the condition

1 -1 1 .
= @)+ G 2 BT () —
V1 < z<c(1+y7' +1+ +1+V T )f(n,...,n) 0. (27)

One notices that the operator involved in acts independently by Egluswr on each cluster of
equal components. It follows that if a function u : Zso x Z¥ — C satisfies the boundary condition

1 -1 1 )
L@ SR B S C) 5 5
(1—1—1/7_ +1+1/ +1—|—1/ T )u(t,n) 0, (28)

for all 77 such that n; = n;11 for some 1 < ¢ < k, and satisfies the free evolution equation

u(t +1,7) (Hv) (29)
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for all 7i € Z*, then the restriction of u(t,7) to W* satisfies the true evolution equation (26)).

J (v)
probabilities of the Beta-binomial distribution with parameters ¢, i, v — u. Hence, the true evolution

equation could be interpreted as the “evolution equation” for a series of urns where each urn evolves
according to the Polya urn scheme. Such dynamics could be interpreted as the ¢ — 1 degeneration
of the ¢-Hahn Boson, which is dual to the ¢-Hahn TASEP [Corl14].

Remark 3.3. The coefficients (C)% that appear in the true evolution equation are

Proposition 3.4. Forni > no > --- > n, > 1, one has the following moment formula,

k nj N\ s
E[Z(tanl)"'z(tvnk)}:(22,;)16/.../ H A — ZB H(V—i—'zj) <M+z]> dz;

1<A<B<sz—zB—1j:1 z; vtz ) vtz
(30)
where the contour for zy is a small circle around the origin, and the contour for z; contains the
contour for zjy1 shifted by +1 forallj =1,...,k—1, as well as the origin, but all contours exclude
—v.

Proof. We show that the right-hand-side of satisfies the free evolution equation, the boundary
condition and the initial condition for u(0,7) for @ € W* (the initial condition outside W* is
inconsequential). The above discussion shows that the restriction to # € W* then solves the true
evolution equation . By the definition of the function u in and the initial condition for the
half-line to point polymer, u(0,7) = [[%_; Ip,51 = 1,51 (the second equality holds because the
n;’s are ordered). Let us consider the right-hand-side of when t = 0. If ng < 0, there is no pole
in zero, so one can shrink the z; contour to zero, and consequently «(0,7) = 0. When n; > 0 (and
consequently all n;’s are positive), there is no pole at —v for ¢ = 0, so that one can successively
send to infinity the contours for the variables z, zp_1,.... Since the residue at infinity is one for
each variable, then «(0,7) = 1. Hence, the initial condition is satisfied.

In order to show that the boundary condition is satisfied, we assume that n; = n;y1 for some i.
Let us apply the operator

( L g6 = ey 1 T(i))
1+v 1+v 1+v

inside the integrand. This brings into the integrand a factor

2
1 Z5 Zi+1 v—1 Zi4+1 1 Zi —V (Zz — Zi+1 — 1)

l+vv+ziv+zi1 v+H1lv+zia l—i—u_y—i—zi_(1+u)(u+zi)(u+zi+1)'

Since it cancels the pole for z; = z;11 + 1, one can use the same contour for both variables, and
since the integrand is now antisymmetric in the variables (z;, z;11) the integral is zero as desired.
In order to show that the free evolution equation is satisfied, it is enough to show that applying

the operator pr® + (1 —p) for i from 1 to k inside the integrand brings an extra factor H?:l 53:2 ’

This is clearly true since

(o9 1 ) ()" = (22" ks

Zi Zi V+ 2z

g

Remark 3.5. It is possible to prove a generalization of Proposition [3.4 where the parameter u
depends on ¢. In this generalization, the weight of an edge starting from a point (s,n) for any n
would have a weight B or 1 — B (depending on the direction of the edge), where B is a random
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variable distributed according to the Beta distribution with parameters (us, v — ps). In the formula
N
, the factor (‘Ifi—z) would be replaced by

et P

=0 V2

Such moment formulas with time inhomogeneous parameters have been proved for the discrete-
time ¢-TASEP [BC13] and for the ¢-Hahn TASEP in [Corl4] Section 2.4] (See also the discussion in
[CP15, Section 5.7] which deals with a generalization of the g-Hahn TASEP). In all these cases, this
allows to prove Fredholm determinant formulas with time-dependent parameters, using the same
method as in the homogeneous case. It is not clear however if one can find moment formulas with
a parameter inhomogeneity depending on n (e.g. the parameter v would depend on n).

Proposition provides an integral formula for the moments of Z(¢t,n). In order to form the
generating series, it is convenient to transform the formula so that all integrations are on the same
contour.

Proposition 3.6. For alln,t > 0, we have

o)
. 1 !
k _ | PP -  ~
E [Z(t,n) } w malms! ... (2im)¢N) / /det <vi +Ai - Uj)ij—l

Mk =

o)
X H f(’Uj)f(’Uj -+ 1) e f(’Uj + )\j — 1)d’U1 .. .dvg()\), (31)
j=1

where

oy = e (0 (1)

gBP (v +1) v v+uv) v+v
where gBY is defined in (@ and the integration contour is a small circle around 0 excluding —v and
for a partition A&k (i.e. ;N = k) we write X = 1™12™2 . meaning that m; is the number of
indices i such that \; = j components; and £(\) is the number of non-zero components (X)) = >, m;.

Proof. This type of deduction, called the contour shift argument, has already occurred in the context
of the g-Whittaker process in [BC14l Section 3.2.1]. See [BCPS15], in particular Proposition 7.4,
and references therein for more background on the contour shift argument. The present formulation
corresponds to a degeneration when ¢ — 1 of Proposition 3.2.1 in [BC14].

One starts with the moment formula given by Proposition [3.4}

_RFATZB
A<BZA_ZB_ _

Ew

E [Z(t,n =

zj dz]

We need to shrink all contours to a small circle around 0. During the deformation of contours, one
encounters all poles of the product [[4.p ﬁ Thus, a direct proof would amount to carefully
book-keeping the residues. Although one could adapt to the present setting the proof of [BCPS15]
Proposition 7.4], we refer to Proposition 6.2.7 in [BC14] which provides a very similar formula. The
only modification is that the function f that we consider has a pole at —v, but this does not play
any role in the deformation of contours.

It is also worth remarking that applying Proposition 3.2.1 in [BC14] to ¢-Hahn moment formula

[Cor14l, Theorem 1.8] and taking a suitable limit yields the statement of Proposition O
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3.2. Second proof of Theorem Thanks to Proposition the moments of Z(t,n) have
a suitable form for taking the generating series. Let us denote pp = E {Z (t, n)k] A degeneration
when ¢ goes to 1 of Proposition 3.2.8 in [BC14] shows that

k

> Mk% = det(I + K)r2(z-ox o)

k>0 ’
where det(] + K) is the formal Fredholm determinant expansion of the operator K defined by the
integral kernel
u f(o) f(ur +1)... f(ur +m — 1)

V1 +np — U2
and Cp is a positively oriented circular contour around 0 excluding —v. Since f(v + nj) is uni-
formly bounded for v € Cy and n; > 1, and vy + ny — v is uniformly bounded away from 0 for
v1,v2 € Co,n1 = 1, the identity holds also numerically. Since |Z(t,n)| < 1, then one can exchange
summation and expectation so that for any v € C
k
Z:U’k% - [euZ(t,n)} )

k>0

K(n1,vi;n9,v2) =

)

It is useful to notice that
g (v1)
v vn+1)...floy+n—1)= =——-2—.
f(o1) f(01 ). f(u 1 ) gBP (v1 4+ n1)

Next, we want to rewrite det(/ + K') as the Fredholm determinant of an operator acting on a single
contour. For that purpose we use the following Mellin-Barnes integral formula:

BP(

Lemma 3.7. For u € C\ Ry with |u| <1,

1 1 [1/2+ic0 e () ds

o~ 90 (V)
= T(—s)0(1 + 8)(—
n;u gBP(v+n)v+n—v  2im Ji/2-ic0 (=)l +5)(-u) gBP(v+s)v+s—0

o (32)

where 2° is defined with respect to a branch cut along z € Rgp.

Proof. The statement of the Lemma is very similar to [BC14, Lemma 3.2.13].
Since Res (I'(=s)(1 + ) = (=1)¥*!, we have that
sS=

> BP BP

n 9 (U) 1 1 / g (U) ds
D =5~ | T(=s)I'd —u)® 33
S PP tn) vt 2y A+ B r s = O

where H is a negatively oriented integration contour enclosing all positive integers. For the identity
to be valid, the L.H.S. of must converge, and the contour must be approximated by a sequence
of contours Hj, enclosing the integers 1, ..., k such that the integral along the symmetric difference
H \ Hi. goes to zero.

The following estimates show that one can chose the contour Hj as a rectangular contour con-
necting the points 1/2 4+ 4, k+1/2+ 4, k+1/2 —i and 1/2 — i; and the contour H as the infinite
contour from oo —i to 1/2 —i to 1/2+ i to oo + i.

We first need an estimate for the Gamma function [EMO™53, Chapter 1, 1.18 (2)]: for any § > 0

I'(z) = \/27re_zzz_1/2(1 +0(1/2)) as|z| = o0, |arg(z)| <m—0. (34)
Then recall that

)tI‘(y—Fv—Fs).

o) = ( L+ s) ))n(r(l/—i-v—l—s)

Fv+v+s D(p+v+s)
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Using (34),

(v—p)t
PP (0t 5) = VaTe VU (o sy rore 2 T UES) (1 +0 <1>> .
(V —+ v+ S)Vn S

It implies that for s going tvooeid’ with ¢ € (—7/2,7/2), 1/g5F (v+ s) has exponential decay in |s|.
Moreover, for s going to coe’® with ¢ € (—7/2,7/2) and ¢ # 0,

(—u)® T 1

is bounded. Further, using the exponential decay of ﬁ along vertical lines, one can freely deform
the integration contour # in to become the straight line from 1/2 — ico to 1/2 + iocc. O

sin(ws) v + s — v/

This shows that for any u € C\ Ry with |u| < 1, one has that
E [e"#0m)] = det(I + KPP )ia(cy), (35)

where the kernel KPP is defined in the statement of Theorem One extends the result to
any u € C\ Rsg by analytic continuation. The right-hand-side in (35| is analytic since we have
already shown in the proof of Proposition [2.6]that the Fredholm determinant expansion is absolutely
summable and integrable. The left-hand-side is analytic since |Z(¢,n)| < 1.

4. ZERO-TEMPERATURE LIMIT

4.1. Proof of Proposition In this section, we prove that the Bernoulli-Exponential first
passage percolation model is the zero-temperature limit of the Beta-RWRE. The zero temperature
limit corresponds to sending the parameters «, 8 of the Beta RWRE to zero.

Proof. We first show how the transition probabilities for the Beta RWRE degenerate in the zero
temperature limit.

Lemma 4.1. Fix a,b> 0. Fore > 0, let B, be a Beta distributed random variable with parameters
(ea,eb). We have the convergence in distribution

(- €log(B.), —elog(1 — B.)) = (¢Ea, (1~ §)Ey)

as € goes to zero, where & is a Bernoulli random variable with parameter b/(a+b) and (E,, Ey) are
exponential random variables with parameters a and b, independent of &.

Proof. Let f,g : R — R be continuous bounded functions.

B[f(— clog(B)g( — clog(1 — B.)] =

! ea— eb— F(ea + eb)
/0 f(—elog(z))g( — elog(l — x))x® (1 — z)® 1de. (36)

In order to compute the limit of , we evaluate separately the contribution of the integral between
0 and 1/2, and between 1/2 and 1. By making the change of variable z = —elog(z), we have that

1/2 €a + €
/0 f(—elog(x))g( — elog(l — x))z* (1 — x>€b111:((ea)—1t(ebb)) =
F(€a+ Eb) > P —¢lo _ efz/e efaze(ebf ) log( 76_2/6) P
ST ) / oy (P9 clos(l ) Dlegi=e=/9q; (37)
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Since
I'(ea + €b) ab

[C(ea)T'(eb) =0 a+b’
the limit of the right-hand-side in is

aib /Ooo f(2)g(0)ae™**dz = CLi_l_bIE‘,[]‘"(Ea)g(O)].

The contribution of the integral in between 1/2 and 1 is computed in the same way, and we
find that

lim E|f(— elog(B.))g( — elog(1 — B.))| = - i GELS (Ea)g(0)] + 5 E[f(0)g(Ep)]
= E[f(§Ea)9((1 - ) Ey)],
which proves the claim. O

Remark 4.2. Whether E, and Ej are independent or not does not have any importance. However,
it is important that F, and E} are independent of the Bernoulli random variable &.

Let o, = €a, e = €b and P.(t,x) the (quenched) distribution function of the endpoint at time ¢
for the Beta random walk with parameters . and f. Let T'(n,m) be the first-passage time in the
Bernoulli-Exponential model with parameters a, b.

It is convenient to define the analogue of the set of weights w, of the Beta polymer in the context
of the Beta RWRE. For an edge e in (Z>()? we define p. by

| Bj_isy; if e is the vertical edge (4,7) — (4,7 + 1)
Pe=11 = Bj_ii+j if e is the horizontal edge (i,j) — (i +1,7);

where the variables B.. define the environment of the random walk. Lemma implies that as €
goes to zero, we have the weak convergence

7r:(078[)1;1;1&Dmn {Z elog(pe)} = m(oygianm {Z te} )

ecm ecT

where the minimum is taken over up-right paths, and the passage times t. are defined in .

Since the times t. in the FPP model are either zero or exponential, and there is at most one
path with zero passage time, the minimum over paths of ) . t. is attained for a unique path with
probability one. We know by the principle of the largest term that as € — 0,

—elog (P(n+m,m —n)) = —elog ( Z exp (Z 10%’(1%)))
7 (

0,0)—Dn,m ecm
has the same limit as
min —clo .
7:(0,0)=Drm {;r g(pe)}

Since the family of rescaled weights ( — € log(pe))6 weakly converges to ()., then

i —elog(p. i to b
oty (T} >, {30

ecm ecm

Hence for any n,m > 0, —elog(P.(t,n) weakly converges as € goes to zero to T'(n,m). O



RANDOM-WALK IN BETA-DISTRIBUTED RANDOM ENVIRONMENT 29
4.2. Proof of Theorem Theorem [1.18| states that for r € R<, one has
FPP
P(T(n,m) >r) =det(I — K, )r2(cy)

where C}) is a small positively oriented circle containing 0 but not —v, and KXY : 1L2(C}) — L2(C})
is defined by its integral kernel

1/24i00 T8 FPP
KFPP(y, o) = — / g W ds (38)
2 J1j2—ice 8 GFFP(u4s)s+u—u
where R N m 1
PP, (Gt a+u 1
g () = < U ) <a+b+u) U (39)

Proof. The proof splits into two pieces. We first show that under appropriate scalings, the Laplace
transform E[euFe("tmm=n)] converges to P(T(n,m) > r). Then we show that the Fredholm deter-
minant det(I — KBP) from converges to det(] — KEPP)LQ(C{)).

First step: We have an exact formula for E [e”P e (”er’m*")}. Let us scale u as u = —exp (€7 17)

so that
E [enPimm] _ g [oxp (e CelogPrtmm-m) )]

If fe(x) :=exp (—6*6_11), then the sequence of functions { f.} maps R to (0, 1), is strictly increasing
with a limit of 1 at 400 and 0 at —oo, and for each 6 > 0, on R\ [—4, ] converges uniformly to
1,-0. We define the r-shift of fe as f'(x) = fe(z —r). Then,

E|ene(ntmm=n)] — B| I (~elog(P:(n +m,m —n)))|.

Since the variable T'(n, m) has an atom in zero, we are not exactly in the situation of Lemma 4.1.38
in [BC14], but we can adapt the proof. Let s < r < u. By the properties of the functions f,
mentioned above, we have that for any n > 0, there exists an ¢y such that for any € < €,

P(—elog (P(n+m,m—n)) > u) < E[fz(—elog (Pg(n—l—m,m—n)))] <

IP’(— elog (Pe(n+m,m —n)) > s).

Since we have established the weak convergence of —elog (P.(n+m,m —n)) one can take limits as
€ goes to zero in the probabilities and we find that

P(T(n,m) > u) < ligéle{fg( — elog (Pe(n+m,m — n)))}

< hmsupE[fJ( — elog (Pe(n+m,m — n)))} < P(T(n,m) = s).

e—0

Now we take s and u to r and notice that T'(n,m) can be decomposed as an atom at zero and an
absolutely continuous part. Thus, for any r > 0,

P(T(n,m) >r) = E%E{f:( — elog (P.(n+m,m — n)))}

Second step: We shall prove that the limit when e goes to zero of E {e“P € (”+m’m_”)} is det(/ —

KF PP)]L2(CO) where KPP is defined as in Theorem For that we take the limit of the Fredholm
determinant KW from Theorem Let us use the change of variables

~ / ~/
vV=¢€0, Vv =€U, S=E€S.
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Assuming that the limit of the Fredholm determinant is the Fredholm determinant of the limit,
which we prove below, we have to take the limit of e KW (@, €?’). The factor ¢ in front of KW is a
priori necessary, it comes from the Jacobian of the change of variables v = €0 and v’ = €v’. For any
1 > € > 0 the kernel KW (v,0') can be written as an integral over e + iR instead of an integral
over % + 4R, since we do not cross any singularity of the integrand during the contour deformation,
and the integrand has exponential decay. Thus, one can write

1 1/2+ic0 _ RW (_~ ds
EKRW(E’D,GQ'}/) _ 7/ : €T _ _u)gs g EGU)~ _ ~8 . (40)
2 J1/2—ico sin(mes) gV (v +38)5+0 -0
With u = —exp (¢71r), we have that (—u)*® = e%". Moreover, since
. 1
limel'(ez) = —,
e—0 z
we have that
i RW(ET)) B gFPP (,5)

—0 gfW (et +3)  ¢g"PP(0+3)’

where ¢g'PP is defined in , and

. €T 1

lim —— = —.

e—0sines 5
Because the integrand in is not absolutely integrable, one cannot apply dominated convergence
directly. Instead, we will split the integral into two pieces: the integral over s when Im[es] < 1/4
and the integral over s when Imles] > 1/4. Let us begin with some estimates. Since the function
z + z/sin(z) is holomorphic on a circle of radius 1/2 around zero, there exists a constant C' > 0
such that for s € 1/2 + iR and € > 0 such that |es| < 1/2, we have

1
’L - *’ < CE.
sin(me§) s
In order to lighten the notations, we denote
g™ (€0) 1
gtW (et +€5)5+0— 0"

G(e, 5) =

The variables © and ¢’ are fixed for the moment. We know that G(e, ) is bounded for € close to
zero and § € 1/2 + iR. Moreover, there exists a constant C’ > 0 such that for |es| < 1/2,

FPP (5
)G(e,§)— ) ~1

< C'e.
FPP(5+38)D+5— 0 ‘

We have the decomposition

—1

g .
1 l_,'_ze B 1 l+1€ 1 ~
— / T (e, 5)dE = / v (” = ) ¢ G(e, 5)d3
2

2im ! sin(7mes) ! \sin(mes) 3§

_ e 1_ de”
4 4

i o—1 .1
1 %JFZGT erg . - - 1 % Ze4 erg e
+2m/ 1 g(G(e,s)—G(O,s))ds—l—?/é___l <G0,8)d5. (1)

e
1

The first integral in the R.H.S of can be bounded by

¢ 1/%%‘”1 )[e"?|Gle, se™)ld
62ﬂ_ 1 s)le €, S€ S,

_4
2571
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which is O(e). The second integral in the R.H.S of can be bounded by

1, ie !
et /2+ P

“or Ji_it |5]
2 4

which is O(elog(e!)). The third integral in the R.H.S of converges to a limit as € goes to zero,
even if the integrand is not absolutely integrable. The limit is the improper integral

1 1/24i00 ers gFPP(f}) ds _ KFPP@,,D )

Qwr/l/z_ioo S gPPG S o+s—o 7

It remains to show that we have made a negligible error when cutting the tails of the integral. We
have

1 14ico 5 1 Letioo _
/12 Le”G(e, 5)ds = —/2 = T erse 1G(e, se1)ds =
2

2im +i L sin(mes) 2im Jieyi  sin(ms)
1 Letioo _ 1 Letioo _
— ’ _ - T grse 1(G(e,se l)fl)dsqtf/2 _ - T erse ' gs. (42)
2im Jiepi  sin(ms) 2im Jieti  sin(ms)

The first integral in the R.H.S of goes to zero by dominated convergence, and the second
integral in the R.H.S of goes to zero by the Riemann-Lebesgue lemma. At this point we have
shown that for any o,7" € Cy,

lim KW (ep, et’) = KPP (0, 0).

Observe now that the kernel KYFPP(%,4') is bounded as ©,% vary along their contour. Using
Hadamard’s bound, one can bound the Fredholm series expansion of Kf PP by an absolutely con-
vergent series of integrals, and conclude by dominated convergence that under the scalings above

det(I — Ky )i2(cy) — det(l — KPP )2(cy)-

5. ASYMPTOTIC ANALYSIS OF THE BETA RWRE

Let us first define the Tracy-Widom distribution governing the fluctuations of extreme eigenvalues
of Gaussian hermitian random matrices. We refer to [BC14l Section 3.2.2] for an introduction to
Fredholm determinants.

Definition 5.1. The distribution function Fgug(x) of the GUE Tracy-Widom distribution is de-
fined by Foug(z) = det({ — KAi)IL,2(x,+oo) where K; is the Airy kernel,

1 eZiw/Soo 67;77/300 ez3/3_zu 1
Kai(u,v) = —— dw dz—57———
Ai(0) (2im)2 Je—2in/300 e—it/300  eW/3mwv » gy’

where the contours for z and w do not intersect. There is some freedom in the choice of contours.
For instance, one can choose the contour for z (resp. w) as constituted of two infinite rays departing
1 (resp. 0) in directions 7/3 and —x/3 (resp. 27/3 and —27/3).
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5.1. Fredholm determinant asymptotics. We consider a Beta RWRE (X;);>0 with parameters
a, > 0. For a parameter 6 > 0, we define the quantity

_ \111(94-04-1-,3) + \111(9) — 2‘1’1(94‘@)

z(0) U1(0) — U1 (0 + o+ B)

(43)
and the function I : (%, 1) — R such that
Ui +a+pB)— V(0 +a)
I(x(0)) =
(2(9)) Ui(0) — V(0 +a+B)

where ¥ is the digamma function (¥(z) = I"(2)/I'(2)) and ¥y is the trigamma function (¥;(z) =
U’(2)). Moreover, we define a real-valued o() > 0 such that

Ui(a+0)— Ui (a+L+0)
Ui(0) —U(a+B+0)

The fact that we can choose o(f) > 0 is proved in Lemma We will see that a critical point
Fredholm determinant asymptotic analysis shows that for all # > 0 and «, 5 > 0,

| log (P(t,2(0)t) ) + I(x(0))t
A, 1735(6)

(WO+a+8)—0(®)+U(O+a+ph)-U(@0+a), (44)

20(0) = Wa(0 + o) — Uy(a + S+ 0) +

(Wa(a 4 +0) — ¥x(0)) . (45)

<y | = Foue(y). (46)

However, due to increased technical challenges in the general parameter case, we presently prove
rigorously only the case of Theorem which deals with a = =1 (i.e. when the B, ; variables
are distributed uniformly on (0, 1)).

When a = 3 the expressions for z(0) and I(z(6)) simplify. We find that

1426
)= —+———
) = a1y
and
1(9)) 1
x ==
0%+ (0 + 1)’
so that the rate function I is simply the function I : z — 1 — /1 —22. We also find that for
a=0=1,

2
0 1 2(1-VI=a?) gy .
N T s A 120t T Ji—22 1-1(2)
where x = z(0).
Theorem 5.2. For 0 <60 < 1/2 and o = 3 =1, we have that
' log (P(t,2(0)t) ) + I(x(6))t
Jim 1755.6) <y | = Foue(y). (48)

The rest of this section is devoted to the proof of Theorem Most arguments in the proof
apply equally for any parameters «, 8 except the deformation of contours which is valid for small 6
and Lemma which is only valid for a = 8 = 1. We expect the general «, 5,0 to still hold but
do not attempt to extend to that case.
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We first observe that we do not need to invert the Laplace transform of P(t,x(6)t). Setting
U = —e”(w(a))*tl/%(e)y, one has that

log (P (t,z(0)t)) + I(x(0))t
Jim B [euP(t,:c(ﬁ)t)} = lim P ( t1/3a()9) <yl (49)
This convergence is justified by Lemma 4.1.39 in [BC14], provided that the limit is a continuous
probability distribution function, and we see later that this is the case. Hence, in order to prove
Theorem one has to take the t — oo limit of the Fredholm determinant @ in the statement of
Theorem [L.T3]

The asymptotic analysis of this Fredholm determinant proceeds by steepest descent analysis, and
is very close to the analysis presented in the recent papers [BCF14l [FV15, Barl5l Vet14] [CSST5|
BC15], that deal with similar kernels. Let us assume for the moment that the contour Cj is a circle
around 0 with very small radius. One can make the change of variables v+ s = z in the kernel KXW
so that, with the value of u that we choose,

KRV (o) = 1 /1/2“‘” ™ o) (¢1(2(6)) /30 (0)y) g™ (v) dz
u ’ 2im J1/2—i0o sin(m(z — w)) gV (2) z — "’
and the contour for z can be chosen as 1/2 + iR. The kernel can be rewritten
1 1/2+i00 T

KEW(y, o) = — —————exp (t(h(2) — h(v)) — "0 (O)y(z — v))

2im J1/2—ico sin(m(z — w))

where

The function h governs the asymptotic behaviour of the Fredholm determinant of KEW. The
principle of the steepest-descent method is to deform the integration contour — both the contour in
the definition of KW and the L2 contour — so that they go across a critical point of the function
h. Then one needs to prove that only the integration around the critical point has a contribution
in the limit, and one can approximate all terms by their Taylor approximation close to the critical
point.

The first derivatives of h are

W(z) = I(2(0)) + U(a + z) — %\Il(z) - %\Il(a Y B+ 9"'(29)(@(2) ~ Wt B+ 2)),
and
B(2) = Uy (o + 2) — %\Ifl(z) - %\Iil(a F B4+ :[;(29)(%(2) —Wi(a+B+2).

One readily sees that the expressions for z(0) and I(z(f)) in and are precisely chosen so
that h'(0) = h”(6) = 0. Let us give an expression of i’ in terms of 6:

Ui(a+60)— V(a3 +0)
OB NCETET) (Wla+B+2) - w(z)

Ui(a+0) —Vi(a+ [ +0)
\111(9)—\111(Oé+,3+9)

W(z)=¥(z+a)—V(a+B+2)+

- (q/(.9+a)—qu(a+ﬁ+9)+ (lll(a+ﬂ+9)—\ll(9))). (51)
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Expressions are much simpler in the case @« = 8 = 1. In that case we have

Wy L L, 1 <2z+1 _20+1>
Th+1 241 1+(9+1)2 z2(z+1) 0(0+1))"

N
B (0 — 2)?
C2(T+2)(1+ 20+ 262)

In order to understand the behaviour of Re[h| around the critical point 0, we also need the sign
of the third derivative of h.

Lemma 5.3. For any «, 3,60 > 0, we have that h"'(6) > 0.
Lemma, [5.3|is proved in Section [5.2

" 1/3
By the definition of ¢(#) in 1' o(f) = (h 2(9)) / . Then, using Taylor expansion, we have that
for z in a neighbourhood of 6,

(52)

(53)

We now deform the integration contour in and the Fredholm determinant contour which
was initially a small circle around 0. Let Dy be the vertical line Dy = {0 + iy : y € R}, and Cy be
the circle centred in 0 with radius #. This deformation of contours does not change the Fredholm
determinant det(I + KXW) only if

e All the poles of the sine inverse in corresponding with z —w € Z~( stay on the right of
Dy.
e We do not cross the pole of h at —a — 3 when deforming the L2 contour.
Hence, we will assume that 8 < min(a + 3, %) so that the two above conditions are satisfied.

Lemma 5.4. For any parameters o, 3 > 0, and 0 > 0, the contour Dy is steep-descent for the
function Re[h] in the sense that y — Re[h(6 + iy)] is decreasing for y positive and increasing for y
negative.

Lemma is proved in Section The step which prevents us from proving Theorem for
any parameters «, 8 > 0 is the steep-descent properties of the contour Cy.

Lemma 5.5. Assume a = 3 = 1. Then the contour Cy is steep descent for the function —Re[h], in
the sense that y — Re[h(0ei?)] is increasing for ¢ € (0,7) and decreasing for ¢ € (—,0).

Lemma [5.5|is proved in Section |5.2l Proving Lemma for arbitrary parameters «, 8 turns out
to be computationally difficult, and we do not pursue that here.

In the rest of this section, although the proofs are quite general and do not depend on the value
of parameters, we assume that o« = § = 1 so that we can use Lemma Let us show that the
only part of the contours that contributes to the limit of the Fredholm determinant when ¢ tends
to infinity is a neighbourhood of the critical point 6.

Proposition 5.6. Let B(0,€) be the ball of radius € centred at 6. We note Cg (resp. Dg) the part
of the contour Cy (resp. Dy) inside the ball B(0,¢€). Then, for any e > 0,
. RW o RW
A det (1= Ko ), = fim det (1= Ky o)
where K?E“GN s defined by the integral kernel
1 U

K (1) = 5 ps sin(n(z —w)) T (t(h(2) = h(v)) = 50 (O)y(= — v))

I'(v) dz
['(z)z—v"

(54)
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Proof. By Lemmas and there exists a constant C' > 0 such that if v € Cy and z € Dy \ D,
then

Re[h(z) — h(v)] < —C.
and consequently

dz
— 0.
2z — v t—

exp (t(h(2) = h(v)) = 30 (0)y(z - v))
m has exponential decay in the imaginary part of z, the contribution of the
integration over Dy \ Dj is negligible (by dominated convergence). Thus, KZI}W (v,v") and K&XV(U, V')
have the same limit when ¢ goes to infinity.
By Lemmas and there exists another constant C’ > 0 such that if v € Cyp \ C§ and z € Dy,
then

Since

Re[h(z) — h(v)] < =C".
Consider the Fredholm determinant expansion

det (I — KEW) =1 + 7(_1) oo [ det (KR Wi, W, dwq ...dw,.
u | u J . 1
el n. 1,j=

The k' term can be decomposed as the sum of the integration over (Cg)k plus the integration over

(Cg)k\(Cg)k. The second contribution goes to zero since it will be possible to factorize e~¢"*. Finally,
the proposition is proved using again dominated convergence on the Fredholm series expansion,
which is absolutely summable by Hadamard’s bound. O

Let us rescale the variables around 6 by the change of variables
2=04+t"32 v=04+t"3%, o =04t

The Fredholm determinant of KS\EN on the contour Cj equals the Fredholm determinant of the
rescaled kernel
Ky (0,0) = PR (0473, 0 4 715
acting on the contour 651/35.
It is more convenient to change again the contours. For L € R, define the contour

ch = {Jyleim=remt) .y e [0, 1]}, (55)
where ¢ is some angle ¢ € (7/6,7/2) to be chosen later. We also set
C:= {|y|ei(”_¢)'sgn(y) T 0} . (56)

The contour Cj is an arc of circle and crosses ¢ vertically. For e small enough, one can replace
the contour Cj by C" without changing the Fredholm determinants. The values of L and ¢ has to
be chosen so that the endpoints of the contours coincide.

We define the rescaled contour for the variable Z by

D' :={iy:y€[-L, L]},
and we set D := iRR.
Proposition 5.7. We have that
. BP
tliglo det(I — Ky7€ )LQ(CE) = det(I + Ky)ILQ(C)’
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where K, is defined by its integral kernel

Ky(wa w/) =

1 pooe™/® dz e?*/3-yz
% /ooefi‘”/?’ (Z — w’)(w — Z) €w3/3fyw

where the contour for z is a wedge-shaped contour constituted of two rays going to infinity in the
directions e~/ and e'™/3, such that it does not intersect C.

The proof of Proposition follows the lines of [FV15, Proposition 6.4] (see also [BC15, Propo-
sition 6.13]).

Proof. We take the limit of the rescaled kernel det(I — K7, (#,7)). Let us first examine the pointwise
convergence. Under the scalings above
t~13g 1
sin(m(z —v)) tooo Z -0’
dz dz

z—v tooo F—9

Hh(z) — hw)) —— O 53 oy

Now we justify that one can take the pointwise limit. We take Dt'? as the integration contour for
the 7 variable. Since Z is pure imaginary, exp(23/3 — Zyo()) has modulus one. Moreover for fixed
? and ?’, we can find a constant C"”” > 0 such that
=131 dz "
< .
sin(m(z —wv)) z =o' ~ (Im(2)?)

This means that the integrand of K. ;76(17, v') has quadratic decay, which is enough to apply dominated
convergence. It results that

lim K¢ (9,0")

tooo  ¥€

1 6230(9)3/3723/0(9) 1 dz
~ 2 /Doc 0 (0)?/3=tyo(0) z — 5z — ¢
Now we need to prove that one can exchange the limit with the Fredholm determinant. By Taylor
expansion, there exists a constant C' > 0 such that for |v — 6| <€,
0 3
"(3)(@)3‘ < Ctlp— 0. (57)

Our aim now is to show that we may find constants C’,C” > 0 such that for ©,?" along their
contour,

[t h(v) -

Ky o(9,7)] < C" exp(—=C"[5]). (58)
However, there was a lack of rigor in the justifications given in previous versions of the present paper,
including the published version. Indeed, as pointed out to us by Sergei Korotkikh, the argument of
the complex variable ¢ is 7/2 + O(e), so that the real part of @63 may not decay faster than the
bound in the R.H.S. of , as |0] increases along the contour.

Instead, we need to consider a higher order Taylor approximation, as it was kindly suggested to
us by Sergei Korotkikh (see also [Kor21] for an alternative approach). Using (52), we may compute
the fourth derivative of the function h and find that

h(4)(0) _ 6(1+26) .
62(1+ 6)2(1 4 260 + 262)

(59)
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1/3 - €
et \%6)254-2*94-0(6)

S~ |

FIGURE 7. Left: The contour Cj for variables v, v’ is shown (thick black segments).
Since the length of each segment is €, the length of the corresponding arc it intercepts
is €4 o(e). Taking into account that the circle has radius 6, it implies that the angle
o shown in the figure is a = § + o(¢). Right: The contour (thick black segments)
for variables ©,7’ obtained after the change of variables v = 6 + ¢t~1/35. The angle
of the segments is the same as on the left, that is ¢(e) = § + 55 4 o(e).

By Taylor expansion, there exist a constant C' > 0 such that for |[v — 0] < € with € chosen small
enough,

o(0)* 5 73R ()
3 ' 41

,54

th(v) — < Ctlv — 6P < Ce*|)>. (60)

According to the choice of contours made in , the variable ¥ belongs to a contour formed by
two segments leaving 0 with angle +¢(e) where ¢(¢) = § + 55 + o(e€), see Figure
Thus, using that t=1/3|3| < € and (Y (8) < 0,

—o(0)3 —1/37,(4) c o (0)3 c —1/37(4)
Re l ) 7 — ll (0)1741 = —sin (;))9 + 0(6)) (9) 5] — cos <2 + 0(6)) T IRT0) Gl

3 4! 3 0 4!
~13 0'(9)3 h(4) (0)
< —é€|?] ( 50 ST + o(e) (61)
Using and the expression of o(6) in ([45]), we find that
0)°  h¥(0 1
70" | hV(O) -
20 4] 460%(1 4 0)2(1 + 20 + 262)

Combining and , there exist a constant ¢ > 0 such that
Re[—th(v)] < —ce|o|* + C3|o]>.

Hence, choosing € small enough, we may find constants C’, C” > 0 such that
]K;7E(73,17’)| < C"exp(—C'e|t]?).

Thus, the integrand of the rescaled kernel decays exponentially and we can apply dominated con-
vergence. Further, the Fredholm determinant expansion of K' is integrable and summable (using
Hadamard’s bound), and dominated convergence implies that the limit of det( + K&P)LQ(CE) is the

€
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Fredholm determinant of an operator f(y acting on C defined by the integral kernel

S 1 6230(0)3/37231(7(9) 1 dz
Ky(U7 v ) = /Doo 6530(9)3/3,@/0(9) F_oi—0"

2im
Since the integrand of f(y has quadratic decay on the tails of the contour D> one can freely deform

the contours so that it goes from coe /3 to coe'™3 without intersecting C°°. Finally, by doing

another change of variables to eliminate the dependency in () in the integrand, one recovers the
Fredholm determinant of K as claimed. O

Using the det(/ — AB) = det(I — BA) trick, one can reformulate the Fredholm determinant of
K, as the Fredholm determinant of an operator on L?(y,oc) (see e.g. [BCEF14, Lemma 8.6]). It
turns out that

det(I + Ky)]LQ(C) = det(I — KAi)]LQ(z,-i-oo)a
and this concludes the proof of Theorem [5.2]

5.2. Precise estimates and steep-descent properties. The following series representations will
be useful:

VE -V = Y e T (62)

is valid for z and w away from the negative integers. We also use

00 1 1
T1(2) — W1 (w) = Z [(n+2)2 - (n+w)2]

Proof of Lemmal5.5 Given the expression (b1f) for the first derivative of h, we have

‘Ijl(o“Hg) —Vi(a+B+0)
0 gy (et B0 - Ta0), (64

where U5 is the second polygamma function (¥o(z) = L W;(2)). Hence h(6) > 0 is equivalent to

(63)

" (0) = Ua (0 + ) — Uy(a+ B+ 6) +

(T2 +a+B) = Wa(6+)) (T1(6+a + 8) — V1(6))

— (W10 +a+B8) = Ui(0+a)) (T2(0 + o+ B) — Wa(0)) > 0,
which is equivalent to
\P2(9+a+5)—\112(9+a) \1/2(9+01+5)—\112(0)
Ui(0+a+p6)—¥i1(0+a) Ui(0+a+B)—T(0)
The function trigamma W; is positive and decreasing on Rsg. The function ¥, is negative and
increasing. One recognizes in difference quotients for the function ¥y o \IJII. Thus, it is enough
to prove that ¥y o \1;1—1 is strictly concave. The derivative of W5 o \111—1 is U0 \Ifl_l/‘llg o \Ifl_l. Since
U, is decreasing, it is enough to show that W3/Ws is increasing, which, by taking the derivative, is
equivalent to W, Uy > U35,
For all n > 1, one has the integral representation

U (2) = — /0 e (66)

(65)

1—et
Thus for > 0, Wy(x)Wa(x) > ¥3(x)Vs(x) is equivalent to

—xt U S —a:t U 9 4
t < [T
/ / (I1—et)(1—ev) “ / / (I—eH(1l—ev) “
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By symmetrizing the right-hand-side, the inequality is equivalent to

—:L’t .Z‘UtQ 2 —;vt zth 2 t2—|—u2
tu < >
/ / (I—eH)(1—e) " / / (I—et)(1l—ev) 2

which is true for all x > 0. O

Proof of Lemma[5.7] Note that the published version of this proof in [BCI7] contained a mistake.
The present version remedies this issue, closely following the proof of [BR20), Lemma 2.6], which is
a statement very similar as Lemma (it corresponds to the «, 5 — 0 limit).

By symmetry, it is enough to treat only the case y > 0. Hence we show that if y > 0, then
Im[h/ (6 + iy)] > 0. Using (51)), Im[h/(6 + iy)] > 0 is equivalent to

(w1(0) = Wi(a+ B+0))Im|W(a +0+iy) - U(a+ B+ 0 +iy)]
+ (Wi(a+0) = Ui+ B+ 0) ) Im[W(a+ B+ 0 +iy) — U(0+1iy)| >0. (67)
Using the series representations , Equation is equivalent to

i —p
= (m+0+atiy)(m+0+a+p+iy)

(w1(0) = Wi(a+ B+ 6))Im

oo

a+p
+<\111(a+9)—\111(a+5+9))1mmz::0(m+9+iy)(m+9+a+ﬁ+iy) >0, (68)

We have that

-p ]_ 1 1
m[(m+9+a+iy)(m—|—9+oc+6+iy) S (m+0+a)P+y? (mHO+a+B)2+y?

and

- { —(a+B) ] B 1 B 1
(m+0+iy)(m+0+a+B+iy)] (m+0)2+y> (m+0+a+p)?+y?
It yields that can be rewritten as

(01(0) = Wi(a+5+0)) (@0 +a) — @O +a+5)) >
(21(0) + @ = Wi(a+ 5+ 0)) (2(0) ~ 2(0 + o+ ), (69)

where
1

)= L e

nz0
The inequality is equivalent to
Uy () — (0 + ) - U0 +a)— U0 +a+p3)
d(0) — D(0 + ) D0+ a)— 0+ a+ph)
Using Cauchy’s mean value theorem, there exist 61 € (6,0 + «) and 63 € (0 + «,0 + a + ) such
that is equivalent to

(70)

Va(01) _ Ya(62)
(6r) © 2'(6a2)
We need to show that the function Wo(6)/®'() is decreasing. Taking the derivative, this amount

to showing that for all 6 > 0,
U3(0)®'(0) — Uy (0)D"(0) < 0.
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Using, the series representations for the digamma and ® functions, this is equivalent to showing
that

Z Ty,m > 0 where T}, ,, = a(n+ 0)B(m + 6) — A(n + 0)b(m + 6), (71)
n,m=0
with
1 1- 2 1 1
a(z) = —, blx) = 73”"3, Alz) = =, Bz)= ——.
Ty TR )
Note that

Trm > Tom := a(n +0)B(m + 0) — A(n + 0)b(m + ),
where b(z) = ——— > b(x).
x4 (1-5—%3)
In order to prove , we will show that Tn,m + Tmm > 0, and for that we will show that

(1) For all 0 < n < m, Tmm >~0. ) ) )

(2) For all 0 < n < m, either Ty, py /T = 0 0r [Ty /Timnl > 1.
To prove (1), observe that using the shorthand notation ng = n + 6, myg = m + 6, we have
mg (me(me — ng) + y*)

ng (mj +y2)°

Tn,m =

which is clearly non-negative for all 0 < n < m. Now we turn to proving (2). We have

3
_ 1 y)

Tom _ ne( 02 ) mo(mg —ng) + ¢
T M (1 n y2>3 ng(ng — my) + y>

2
my

For n < m, the numerator is always positive. Regarding the denominator, there are two cases to
consider. Either it is nonnegative, which implies T}, , /Ty, »n > 0, or the denominator is negative. In
the latter case, we have that y? < ng(mg — ng) and

3
2
1 Yy
( i ”3) ng mg(mg — ng) +y°
(1 + 1/2>3m9 ng(mg —ng) —y*

2
2

3

3
2
-~/ >1and

2
1+
7TL9

ng my(me —ng) +y* _ ng mg(me — no)
mg ng(me —ng) —y? =~

For n < m, we clearly have that

=1

)

mgy ne(me — np)

so that ’Tn,m / Tm,n‘ > 1. Therefore we have proved (2) and this concludes the proof of Lemma |5.4
L]

Proof of Lemma[5.5. We have that

(ﬁbRe [h(@e“@] = Re [i@ewh'(eew’)] .
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Using formula , we have
) 1— ip)2
W (oeity = — 91 =e?) .
e (fe +1)((0 + 1) + 62))

We have to show that for any ¢ € (0,7), Re[ife!®h/(0e’®)] > 0. We can forget the factor
0/ ((0 +1)? + 6%)) which is positive. Thus, we have to show that

Im [(1 — 6i¢)2

(fet® + 1) <0

One can see that the inequality is equivalent to

2sin(¢)(cos(¢) — 1) < 0,
which is always true for ¢ € (0, 7). O

5.3. Relation to extreme value theory. Let us now state a corollary of Theorem Let

(Xt(l))tezw, e (Xt(N))teZ20 be N independent random walks drawn in the same Beta environment
(Definition|[L.1]). We denote by P and £ the measure and expectation associated with the probability
space which is the product of the environment probability space and the N random walks probability

space (for f a function of the environment and the N random walk paths, we have £ [f] = E [E®N [ f]}
and P(A) = E[14)).
Corollary 5.8. Assume a = 3 = 1. We set N = || for some ¢ € (%, 1), and xg = I 1(c) =

V1 —(1-c¢)?. Then we have

lim P

t—o00

mMaX;—j, _ |ect| {Xt(i)} — tao
t1/34d

< y) = Faue(y), (72)

where

g 21/362/3(1 _ 6)2/3'
1—(1-¢)?

Remark 5.9. The condition ¢ > 2/5 is equivalent to xg > 4/5. It is also equivalent to the condition
that 6 < 1/2 in Theorem 5.2, Hence, it is most probably purely technical.

Remark 5.10. We expect that Corollary 5.8 holds more generally for arbitrary parameters «, 3 > 0.
One would have the following result:
Let N = |e] such that there exists zo > g—;g and 6y > 0 with z(6p) = z¢ and I(z(6y)) = c.

Then "
Max;— |ect| | X YL —tag
lim P ( 1,...,|ect] { t } < y) — FGUE(y)a (73)

t—00 t1/30'(1170)/1/(1130)
where I'(z) = L 1(z).

Remark 5.11. The range of the parameter ¢ in Corollary is a priori ¢ € (0,1). The reason
why the upper bound is precisely 1 is because we are in the o = 8 = 1 case. In general, the upper
bound is I(1), which is always finite. It is natural that ¢ is bounded. Indeed, we know that for all

1, Xt(i) < t (because the random walk performs +1 steps), and for ¢ very large there exists some i
such that Xt(l) =t with high probability. Hence, one expects that for ¢ large enough, the maximum
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mMax;—1, . |ect| {Xt(z)} is exactly ¢t with a probability going to 1 as t goes to infinity, and there cannot
be random fluctuations in that case.

If one considers N simple symmetric random walks (corresponding to the annealed model), the
threshold is log(2) (i.e. for ¢ > log(2), (1 — (1/2))" — 0 and for ¢ < log(2), (1 — (1/2)H)Y — 1).
One can calculate the large deviations rate function I for the simple random walki’|and check that
I%(1) = log(2).

Proof of Corollary[5.8. This proof relies on Theorem [5.2] which deals only with & = 8 = 1. However,
this type of deduction would also hold in the general parameter case, and we write the proof using
general form expressions. From Theorem [5.2] we have that writing

log(P(X; > at)) = —I(2)t + t/30(2)xs, (74)

then x; weakly converges to the Tracy-Widom GUE distribution, provided x can be written x = x(6)
with 0 < § < 1/2. For any realization of the environment, we have on the one hand

P < max {Xt(i)} < xt) = (1 - P(X; > xt))

i=1,..., et |

lect]

= exp (LeCtJ log (1 — P(X; > ZL‘t)))

t_2/3a(:po)y

On the other hand, setting © = ¢ + Ty We have that

P ( max {Xt(i)} < xt) _p (maX@':L...,LeCtJ {Xt(i)} —txg < y) . ()

i=1,..., et ] t1/30(20) /1’ (z0)

By Taylor expansion, we have as t goes to infinity
I(x) = I(wo) + t*Po(wo)y + O ?),

and
2/3 o' (o) (z0)y n (’)(t_4/3).

o(x) =o(xg) +t~ T (z0)

Hence, the R.H.S. of is approximated by
— (@)t + " Po(x)xe = —I(wo)t + "2 (x0) (x¢ — y) + O V/?) + O™/ x). (76)

Choosing x( such that I(x¢) = ¢, we have

P ( max {Xt(i)} < ﬂ) = Eexp (LQCtJ log (1 — P(X; > J:t)))

i=1,..., et ]
= Eexp ( — || P(t,xt) + O (eCtP(t, xt)2) )
— Eexp (etl/?’o(m)(Xt—y)+O(t*1/3(1+Xt)) +O(P(t,at))+ O (eCtP(t, xt)Q) )

The second equality relies on Taylor expansion of the logarithm around 1. The third equality is the
consequence and . Since x; converges in distribution, ¢~1/3(1+y;)) converges in probability

1By Cramer’s Theorem, it is the Legendre transform of z — log <6722+€z ) One finds

I°(z) = (1 +2)log(1 + 2) + (1 — z)log(1 — z)) for x € [-1,1],
~+oo else.
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to zero by Slutsky’s theorem. Hence, the term O(t~'/3(1+ x;)) inside the exponential converges in
probability to zero. Recalling that I(xg) = ¢, we have

P(t,zt)? = exp (2log (P(t, xt))) = exp (2( —ct+ (’)(tl/3Xt)>) = exp ( — 2ct + 2t2/3(9(t_1/3)<t)>,

and since O(t~'/3(1 + x;)) converges to zero in probability, we have that P(t,xt)? is smaller that
e~5° with probability going to 1 as ¢t goes to infinity, so that the term O (eCtP(t,xt)z) can be
neglected. One can bound similarly O(P(t,zt)) by e~ 3% with probability going to 1. Thus,

, OA
- (maXzzl,...,\_ectJ {Xt } txg < y) ~ im P( e J{Xt(i)} < xt)

t—00 t1/30(x0) /I’ (z0) t=o0  \i=1,..,[ect
= i <
Jim P(x: < y)
= Fgug(y).
In the case a = 8 = 1, we have seen that I(z) = 1—+/1 — 22 so that g = /1 — (1 — ¢)2. Moreover,

using (47), s
2c2
o(xg) = (1 — c) (77)

Py = 2 = VI (78)

and

Combining (77)) and (78)) yields
21/302/3(1 _ 6)2/3
r =d= ,
o(xo)/ T (o) T-(1_ o

as in the statement of Corollary Finally, we have that I(z(1/2)) = 2/5 and x((1/2)) = 4/5, so
that the hypothesis of Corollary match with that of Theorem O

In order to put Corollary in the perspective of extreme value statistics, recall that if (G;); for
i=1,...,|e?] is a sequence of independent Gaussian centred random variables of variance 1, then
we have ([Gal87, Section 2.3.2]) the weak convergence

1 1
V2ct max {Gi}—2ct+ 5 log(t) + 3 log(4me) = G,
) 1ec

i=1,...

where G is a Gumbel random variable with cumulative distribution function exp(—e™").
For the Beta-RWRE with general o, 5 > 0 parameters, the variables Xt(z) have mean g—;gt with
variance O(t) (see Proposition (1) and (2)). Let us note

() _ ap
X - by

Vit

We know that Rgi) converges weakly to the Gaussian distribution by the central limit theorem.
(4)

Moreover, conditionally on the environment, R;’ converges weakly to the Gaussian distribution (It
is proved in [RAS05], see the discussion in Section [1.6). However, if we let the environment vary,

Rgi) =

the variables Rgi) are not independent since the random walks all share the same environment.

The next proposition characterizes the covariance structure of the family (Xt(i))@;[. We state the
result for any parameters o, 5 > 0.
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Proposition 5.12. (1) For alli > 1, we have 8{ ()} = ﬁ

(2) For alli > 1, we have € [(Xt(l)> } = (3%/5) t2+ (a4fg)2t'
(3) For alli+# j>1, we have
.y —B8\?2  4apXizi p(xl) = x1))
£ [xOx0)] — (to‘ 5) s=0 2 s = A7) 79
XX a+p (a4 P (a+p+1) i

(4) For two random variables X andY measurable with respect to P, we denote their correlation
coefficient as

E[XY]
VEXE?]
For all i # j > 1, the correlation coefficient p(X() Xt(j)) equals 1/(a + B + 1) times the

E-expected proportion of overlap between the walks Xt( D and Xt(j), up to time t.

p(X,Y) =

Proof. The points (1) and (2) are trivial since X; is actually a simple random walk if we do not

condition on the environment. In any case, let us explain each case explicitly.
(1) Let us write Ay = X341 — X¢. Then X; = Zﬁ;(l) A;. A; is a random variable that takes the
value 1 with probability E[B] and the value —1 with probability E[1— B] for some Beta(a, f3)

random variable B. We find that £ [A;] = ;%g» and

EX =) E[A]=t .

(2) We have
t t
gl =€ > aYy A,
=1 j=1

For i # j, E[AA;] = E[A]E[A,], and since A; equals plus or minus one, & [(A;)?] = 1.
Hence,

efow] e (555) 0= (555) +1Gym

(3) Let us write A() Xt(jr)l X(Z) and A(]) t(+) - X(j). We have

£1xPxP] = [ZA@ ZA 1

For n # m, since the increments and the environments corresponding to different times are
independent,

e[a0ag) =e[a0] e [a0] = (255)

However, £ [Ag )Agj )} depends on whether Xff) (] ) or not. More precisely,

£ [aDAR|x( 2 xP] =€ [AD] € [a0)] = (2192

and

£[aPaP|x® = x] = [e[AP]E[A))] ]X}ﬁ =xP] =E[@2B -1,
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for some Beta(a, ) random variable B. This yields

£[aDAP] =P # x7) <O‘ — 5)2 +P(X) = X (2B - 1)?].

a+f
Using E[B?] = %, we find that
e[xOxP)] = Zp< X)) daf
v a+ﬁ (@+ )2 (a+p+1)

(4) The E-expected proportion of overlap between the walks X; @ and Xt(j ) up to time t is

1 t—1
25 lzo]lxy)zxs(j)] = ZP = ))

Hence, the point (4) is a direct consequence of (1), (2) and (3).
g

One can precisely describe the behaviour of ZZ;%] P(Xéi) = éj )). For simplicity, we restrict the
study to the case where the random walks have no drift, that is a = .

Proposition 5.13. Consider (X,g(l))tez20 and (Xt(2))tez>o two Beta-RWRE drawn independently in

the same environment with parameters o = 3. Then

N/ P<X§1):X§2)) 20+1 1

tooo 200 /T
and consequently .
vi 5[ ()X(J)l 1
Vi VT | o avE

Proof. First, notice that (Xt(l) - Xt(Z))t>0 is a random walk. Let Y; := Xt(l) —Xt(2). The transitions
probabilities depend on whether Y; = 0. If Y; =0, then
+2 with probability E[B(1 — B)]
Yip1 =Y =140 with probability E[B2 +(1- B)z]
—2  with probability E[B(1 — B)]
where B is a Beta(a, «) random variable. If Y; # 0, then

+2 with probability 1/4
Yir1— Y1 =<0 with probability 1/2
—2 with probability 1/4

In the following, we denote r = E[B(1 — B)] = 1;%5. We also denote P, := P (Y; = 0) which is the

quantity that we want to approximate.
We introduce an auxiliary random walk starting from 0 and having transitions
+2  with probability 1/4,
0  with probability 1/2,
—2 with probability 1/4.
We denote by @; the probability for the auxiliary random walk to arrive at zero at time ¢ and stay
in the non-negative region between times 0 and ¢.
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probability Qs

probability 1/4

0 "/
Nl V

first return at 0

probability r

FIGURE 8. A possible trajectory of the random walk Y; is decomposed to explain
the recurrence . The trajectory in the gray box has the same probability as that
of the auxiliary random walk.

By conditioning on the first return in zero of the random walk (Y;);, we claim that for ¢ > 2,

t
1
Po=01—-2rP_1+2 Zeri_m_i. (80)
=2

Let us explain more precisely equation (see Figure :

e The term (1 —2r)P;_; corresponds to the case when the first return at zero occur at time 1.

e The factor 2 in front of the sum in accounts for the fact that the walk can stay either in
the positive, or in the negative region before the first return in zero, with equal probability.

e The factor r is the probability that Y7 = 2 (which is also the probability that Y; = —2).

e The factor 1/4 is the probability of the last step before the first return at zero.

By conditioning on the first return at zero of the auxiliary random walk, one can see that @,
verifies the recurrence

1 |
Qr=-Q¢1+ Z —Q;_2Q¢_; for t > 2.
2 i=2 16

This implies that if Q(z) = >_,,59 @n2" is the generating function of the sequence (Qy), then

Q(2) —1—1/22 =1/22(Q(2) — 1) + 1/162%Q(2)>.
This yields

Q(z) = 8—42—228\/1—2'

Now, let us denote G(z) = >_,50Pn2" the generating function of the sequence (P,),. The
recurrence (80) implies that

G(z)—1-(1-2r)z=(1-2r)z(G(z) — 1) + 2r(1/4)G(2)Q(2).
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This yields
1
G(z) = .
() 14 2(4r = 1) +4r(vV1—-2—-1)
The function G(z) is analytic in the unit open disk, and can be developed in series around 0 with
radius of convergence 1. The nature of its singularities on the unit circle gives the leading order for
the asymptotic behaviour of its series coefficients. As z — 1 (for z € C\ D where D is the cone
D = {z :|arg(z — 1)| < €}, for some € > 0 arbitrarily small, and taking the branch cut of v/1 — z
along Rs1),

1
~ dr/1 =2’

where ~ means that the ratio of the two sides tends to 1 as z — 1 and z belongs to the domain
described above. We deduce (from e.g. [F'S09, Corollary VI.1]) that

1 1
dr /7t

G(z)

P,
This clearly implies that
Yo P 1
\/Z t—00 27“\/%.

Since 7 = ﬁ and using , we get

Ve x® x ) o1
ViVt | e ayT

O

Comparison to correlated Gaussian variables. Consider for simplicity only the case o = 5. We
denote as before th) = Xt(l)/ Vt. As already mentioned in Section R,El) converges weakly as ¢
goes to infinity to the Gaussian distribution N(0,1) (whether we condition on the environment or
not). It is tempting to ask if the same limit theorem for the maximum holds when one replaces the

R,Ei) by the corresponding limiting collection of Gaussian random variables (it would correspond to
taking first the limit when ¢ goes to infinity and then study the maximum as N goes to infinity).
The theory of extreme value statistics provides a negative answer.
Let X n(\) be the matrix of size N
1 A A

/log(N) o log(N)

1 :
(A = | VIEW) :
. . A
log (V)
A A 1
log(N) o log(N)
where A > 0 is a parameter. If we set N = |e“], and look at the maximum of the sequence

{Rﬁi)}lgig N as t goes to infinity, the correlation matrix of the sequence is asymptotically ¥ (\)

with A = —V;/W (cf. Proposition [5.13)).
Let Gy := (G, ..., G™) be a Gaussian vector with covariance matrix ¥ (\) and let denote the
maximum My := max;—1,_ N{G (i)}. Theorem 3.8.1 in [Gal87] implies that we have the convergence
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in distribution

My — /2log(N) + A2
(A1/log(W)) e

In particular, we have the convergence in probability of My /1/log(N) to /2.

— N(0,1).

Thus, we have seen that the maximum of (Rgi)) and the maximum of (G(i)> i obey to

N

very different limit theorems: both the scales and the limiting laws are different.

Remark 5.14. By Corollary we have the convergence in probability

maXizl,...,N{Rl(ézg(N)/c} P . T
10g<N) N—o0 \/E’

where ¢ = I(xg). Since for any o and 8 = «, I”"(0) = 1, we notice that when zy — 0, the
approximation at the first order coincide with the Gaussian case. To substantiate this parallel, one
must extend to the full parameter range o, 5 > 0 and 0 < ¢ < 1 in Corollary byonda=p8=1
and ¢ > 2/5 (see also Remark [5.9).

Remark 5.15. It is clear that the sequence (Xt(i))1<'<N is exchangeable. There exist general
S

results for maxima of exchangeable sequences. In some cases, one can prove that the maximum,
properly renormalized, converges to a mixture of one of the classical extreme laws (see in |Gal87]
the discussion in Section 3.2 and the results of Section 3.6). However, it seems that our particular
setting does not fit into this theory.

6. ASYMPTOTIC ANALYSIS OF THE BERNOULLI-EXPONENTIAL DIRECTED FIRST PASSAGE
PERCOLATION

6.1. Statement of the result. We investigate the behaviour of the first passage time T'(n, xn)
when n goes to infinity, for some slope £ > ¢. When k = §, the first passage time T'(n, kn) should
go to zero. The case k < { is similar with x > # by symmetry.

As in Theorem we parametrize the slope x by a parameter 6 (which turns out to be the
position of the critical point in the asymptotic analysis). Let

ot
K(0) = 16?2 (a+9)12 ’ (81)
(a+60)?  (atb+0)?
1 1 1 ___alatb)
7'(9)‘_a+9_9+ﬂ(6)(a+9_a+b+9>_92(2a+b+26)7 "
and
1 1 . ] 1/3
0= |5~ om0 (@rrap ~rop)) )

When 6 ranges from 0 to 400, () ranges from +oo to a/b and 7(0) ranges from +oo to 0.

Theorem 6.1. We have that for any 8 > 0 and parameters a,b > 0,

. T(n,k(0)n) —7(0)n
lim P < POLE

> —y) = Foue(y).

n—oo
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By Theorem [1.18] we have a Fredholm determinant representation for the probability
P(T(n,m(@)n) > r).
We set r = 7(0)n — p(#)n'/3y. Thus, we have that
P(T(n, k(@)n) > 7(0)n — p(9)n1/3y) = det(I — KfPP)LZ(Cé),

where
1 1/2+ico u-+s ds
FPP N & _ _ 1/3
K (u,u)) 2ir o exp (n(H(u +5) = H(u)) — p(0)n ys) w s(stu—u)
and b
z a+b+z
H(z):= 1 —V 1 T, )
(2) T(0)z + Og(a—l—z)—i—/{(m Og( a+z )
We have 1 1 1 1
H'(z) = - = - '
(2) =7(0) + - a+z+“(9)(a+b+z a+z)
and

" 1 1 1 1
(2) = (a+2)2 22 + () ((a—i—z)2 (a+b+z)2) '
We can see from the expressions for the derivatives of H why it is natural to paramametrize x, 7
and p as in (81)), and (83)): with this choice, we have that H'(9) = H"(0) = 0.
As in Section [f] we assume for the moment that the Fredholm determinant contour is a small
circle around 0. We do the change of variables z = u + s in the definition of the kernel, so that

/2+i00 z 4
REP ) = g [0 o uld () = ) = plOn oy~ ) S8 (80)

Lemma 6.2. For any parameters a,b > 0 and 6 > 0, we have H" (0) > 0.

Proof. We have
1 1
2o 2, dwn (2

0 (a+0?®  op — arer \(atb0+0)° ~ (a+0)3

Hence we have to show that

(923_ (af@)3> ((a+19)2 - (a+b1+9)2> ~

(o~ aroron) (7 aron) ©
(a+0)2 (a+b+0)3)\6% (a+0)?
By putting each side to the same denominator, we arrive at
ba+b+0)(20+2a+b) ((a+0)° = 6°) > ad(20+ a) ((a+ b +0)* — (a +0)*)
& ab(a+b)(a+0)*(2a+b+360) > 0.
which clearly holds. O

We notice that given the expression , H"(0) = 2(p(0))3. By Taylor expansion around 6,

y— 3
H(z)— H(0) = W +0((z - 0)h). (86)



50 G. BARRAQUAND AND I. CORWIN

6.2. Deformation of contours. We need to find steep-descent contours for the variables z and w.
For the z variable, we choose the contour Dy = 6 4+ iR as in Section [5. For the u variable, we notice
that since we are integrating on a finite contour, it will be enough that Re[H(z)] > Re[H(0)] along
the contour (See [TW09] and [BCG14]).

Lemma 6.3. The contour Dy is steep-descent for the function Re[H] in the sense that y — Re[H (6+
iy)] is decreasing for y positive and increasing for y negative.

Proof. Since %Re[H(@ +iy)] = Im[H'(0 + iy)], and using symmetry with respect to the real axis,
it is enough to show that for y > 0, Im[H'(6 + iy)] > 0. We have

Ll B N ] Y ( Yy _ Yy )
e (e . R N U AN N R u R N s .

Given the expression for k(6), we have to show that

(9241ry2 a (9+a§2+y2> ((ai@)Q B (a+l)1+9)2> <

( 1 1 ) ( 1 1 ) (87)
O+a)2+y? (O+a+b)2+y2)\62 (a+0)2)"
Factoring both sides in the inequality and cancelling equal factors, one readily sees that it is

equivalent to
1 1

< )
(024 y2)(a+b+0)2 ~ ((0+a+b)?+y?)6?
which is always satisfied. O

Instead of finding a steep-descent path for the L? contour as in Section |5, we prove that we can
find a contour with suitable properties for asymptotics analysis, following the approach of [BCG14].

Lemma 6.4. There exists a closed continuous path v in the complex plane, such that

e The path v encloses 0 but not —a — b,

e The path -y crosses the point 0 and departs 0 with angles ¢ and —¢, for some ¢ € (w/2,57/6),

o Let B(0,¢) the ball of radius € centred at 0. For any € > 0, there exists n > 0 such that for
all z € v\ B(0,¢), Re[H(z)] — Re[H[0]] > n.

Proof. Since H is analytic away from its singularities, Re[H] is a harmonic function. It turns out
that the shape of level lines Re[H (z)] = Re[H (0)] are constrained by the nature and the positions of
the singularities of H, and provided H is not too complicated (does not have too many singularities),
one can describe these level lines.

We know that level lines can cross only at singularities or critical points. In our case, three
branches of the level line Re[H (z)] = Re[H (0)] cross at # making angles 7/6,7/2 and 57/6. This
can be seen from the Taylor expansion .

The function H has only three singularities of logarithmic type at 0, —a and —a+b. When z goes
to infinity, Re[H (z)] = Re[H (0)] implies R[7(0)z] ~ Re[H (0)]. Hence, there are two branches that
goes to infinity in the direction +ooi + Re[H(0)]/7(0). Additionally, one knows by the maximum
principle that any closed path formed by portions of level lines must enclose a singularity. Finally,
one knows the sign of Re[H (z)] around each singularity:

e Re[H(z)] < 0 for z near 0,
e Re[H(z)] <0 for z near —a — b,
e Re[H(z)] > 0 for z near —a.
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6k

-2 0 2 4 6

FIGURE 9. The solid lines are contour lines Re[H (z)] = Re[H(0)] in the case 6 =
a = b= 1. Dashed lines are contour lines Re[H (z)] = Re[H ()] + 2n with n = 0.05.

This is enough to conclude that the level lines of Re[H(z)] = Re[H(#)] are necessarily as shown
in Figure |§| (modulo a continuous deformation of the lines that does not cross any singularity). It
follows that one can find a path « having the required properties. It would depart 6 with angles
+¢ with ¢ € (w/2,57/6), and stay between the level lines that depart § with angles +7/2 and
the level lines that departs 6 with angles £57/6 (For instance, one could follow the level lines of
Re[H (z)] = Re[H (0)] + 2n outside of a neighbourhood of 6). O

We have the analogue of Proposition [5.6

Proposition 6.5. Let B(0,¢) be the ball of radius € centred at 8. We denote by v¢ (resp. Dg) the
part of the contour v (resp. Dy) inside the ball B(0,¢€). Then, for any e > 0,

Jim det (I — KX 2 = Jlim det (7 — Ky )2 (e
where Kifp is defined by the integral kernel

dz

z—u

(88)

KR (un) = % /D ﬁ exp (H(H(2) — H(u)) = t"3p(0)y(z — u))

Proof. The proof is similar to the proof of Proposition [5.6] The two main differences are

(1) The integral defining K; PP in is an improper integral, which forbids to use dominated
convergence.
(2) The L? contour (i.e. the contour +) is not steep-descent.

The point (2) is not an issue since in the proof of Proposition we actually only used the fact
that for any e > 0 there exists a constants C’ > 0 such that Re[h(z)] —Re[h(0)] > C’ for z € Cy\ Cj.
This property is still satisfied by the contour ~.
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The point (1) is resolved by bounding the integral over Dy \ Dy with the same kind of estimates
as in the proof of Theorem More precisely, one writes

0+ioco ~ 2
s [ e (H() — H(w) = p0)n (e~ w) S S| <
0+ioco 2 ~
exp ( —Cn—n'Bp(0)y(0 — u)) % /0;; exp ( - ip(@)n1/3y1m[z]) u(z—u;i(z—u’) . (89)

The integral in the R.H.S of is an oscillatory integral that can be bounded uniformly in n
(actually it goes to zero by Riemann-Lebesgue’s lemma) so that it goes to zero when multiplied by
exp (— Cn —n'Bp(0)y(6 — u)). O
The rest of the proof is similar to Section [} One makes the change of variables

z=0+ én_1/3, u=0+ fm_l/g,u’ =0+ a'n" /3.
It is again convenient to deform slightly the contours for u and v’ so that the contour for @ and @’
is ¢ as in Section (C is defined in )
Proposition 6.6. We have that

Jim det (I — Ky ")z () = det(I + Ky )rae),
where the contour C is defined in @ and K, is defined by its integral kernel
1 ooei™/3 dz ez3/3fyz

N —
Ky(w,w') = 27 Joe-inss (2 — W) (w — z) ew®/B—yw

and the contour for z does not intersect C.

Proof. The proof is similar to the proof of Proposition It is actually slightly simpler, as the
contour for the variables u, u’ (i.e. the variables of the kernel K PP(u,u')) departs 6 with angle 4,

where ¢ € (7/2,57/6) does not depend on €. Hence, using a Taylor expansion of the function H to
the third order as in suffices to show that

Re[~t(H(u) — H(0)] < —clil?,
for some constant ¢ > 0, which allows to bound the kernel appropriately. O

6.3. Limit shape of the percolation cluster for fixed ¢. As 6 goes to infinity, x(6),7(0) and

p(6) are approximated by
(o) = & 4 200 (;) +0(;>2,

(0) = %a(a +b) (;)3 +0 (;)4 ,

o(0) = <ga(a + b))l/3 (;)5/3.

On the other hand, we have from Theorem [6.1] the convergence in distribution
T(n,k(0)n) —7(0)n
p(O)nt/3
where Loy is the GUE Tracy-Widom distribution.

Scaling 6 by n'/3 suggests a limit theorem for the shape of the convex envelope of the percolation
cluster after a fixed time. Of course, there is a non-rigorous interchange of limits here, and one

= LquE,
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FIGURE 10. Percolation set in the Bernoulli-FPP model at different times for pa-
rameters a = b = 1. The different shades of gray corresponds to times 0, 0.1, 0.2,
0.3, 0.4, 0.6, 1 and 4. Although it seems on the picture that the convex envelope of
the percolation cluster at time ¢ = 4 is asymptotically a cone, this is an effect due
to the relatively small size of the grid (300 x 300), and it is not true asymptotically:
n = 300 is not enough to discriminate between en and ¢n?/3 (see Section .

should use the Fredholm determinant representation in order to make this rigorous (we do not
include this here).

Let us set @ = n'/3. Then
a 3a(a+b)

bn+ —n2/3 + O(nl/?z)

k(0)n = 5

and )
7(0)n = Sa(a+b) + O(n~1/3).

This suggests that the border of the percolation cluster at time %a(a + b) is asymptotically at a
distance an‘? from the point $n (See Figure. The fact that p(8)n'/? = O(n=2/9) suggests



54

G. BARRAQUAND AND I. CORWIN

an anomalous scaling for the fluctuations of the border of the percolation cluster. We leave this for
future consideration.

[ACQ11]
[Barl5]
[BC13]
[BC14]
[BC15]
[BC17]
[BCF14]

[BCG14]
[BCPS15]

[BCR13]
[BCS14]
[BR17]

[BR20]
[BSS14]

[Bé04]
[CDR10]
[CN14]

[Cor14]
[CP15]

[CSS15]
[Dot10]
[EMO™53]
[ES02]

[ES06]
[FF9g]

[FS09]
[FV15]

[Gal87]

[GO0Y]

REFERENCES

G. Amir, I. Corwin, and J. Quastel, Probability distribution of the free energy of the continuum directed
random polymer in 1 + 1 dimensions, Comm. Pure Appl. Math. 64 (2011), no. 4, 466-537.

G. Barraquand, A phase transition for ¢-TASEP with a few slower particles, Stoch. Proc. Appl. 125
(2015), no. 7, 2674-2699.

A. Borodin and I. Corwin, Discrete time g-TASEPs, Inter. Math. Res. Not. (2013), rnt206.

, Macdonald processes, Probab. Theory and Rel. Fields 158 (2014), no. 1-2, 225-400.

G. Barraquand and I. Corwin, The ¢-Hahn asymmetric exclusion process, arXiv preprint arXiv:1501.03445
(2015).

, Random-walk in Beta-distributed random environment, Probab. Theor. Rel. Fields 167 (2017),
no. 3-4, 1057-1116.

A. Borodin, I. Corwin, and P. Ferrari, Free energy fluctuations for directed polymers in random media in
1+ 1 dimension, Commun. Pure Appl. Math. 67 (2014), no. 7, 1129-1214.

A. Borodin, I. Corwin, and V. Gorin, Stochastic siz-vertex model, arXiv preprint arXiv:1407.6729 (2014).
A. Borodin, I. Corwin, L. Petrov, and T. Sasamoto, Spectral theory for the g-Boson particle system,
Compos. Math. 151 (2015), 1-67.

A. Borodin, I. Corwin, and D. Remenik, Log-gamma polymer free energy fluctuations via a fredholm
determinant identity, Commun. Math. Phys. 324 (2013), no. 1, 215-232.

A. Borodin, I. Corwin, and T. Sasamoto, From duality to determinants for ¢-TASEP and ASEP, Ann.
Probab. 42 (2014), no. 6, 2314-2382.

G. Barraquand and M. Rychnovsky, Tracy-Widom asymptotics for a river delta model, International
workshop on Stochastic Dynamics out of Equilibrium, Springer, 2017, pp. 483-522.

, Large deviations for sticky Brownian motions, Electr. J. Probab. 25 (2020).

E. Bouchet, C. Sabot, and R. S. Santos, A quenched functional central limit theorem for random walks
in random environments under (T')., arXiv preprint arXiv:1409.5528 (2014).

J. Bérard, The almost sure central limit theorem for one-dimensional nearest-neighbour random walks in
a space-time random environment, J. Appl. Probab. 41 (2004), no. 1, 83-92.

P. Calabrese, P. Le Doussal, and A. Rosso, Free-energy distribution of the directed polymer at high
temperature, Europhys. Lett. 90 (2010), no. 2, 20002.

F. Comets and V. Nguyen, Localization in log-gamma polymers with boundaries, arXiv preprint
arXiv:1409.5754 (2014).

I. Corwin, The ¢-Hahn Boson Process and g-Hahn TASEP, Inter. Math. Res. Not. (2014), rnu094.

I. Corwin and L. Petrov, Stochastic higher spin vertex models on the line, arXiv preprint arXiv:1502.07374
(2015).

I. Corwin, T. Seppéldinen, and H. Shen, The strict-weak lattice polymer, J. Stat. Phys. 160 (2015), no. 4,
1027-1053.

V. Dotsenko, Replica Bethe ansatz derivation of the Tracy—Widom distribution of the free energy fluctu-
ations in one-dimensional directed polymers, J. Stat. Mech. 2010 (2010), no. 07, P07010.

A. Erdélyi, W. Magnus, F. Oberhettinger, F. G Tricomi, and H. Bateman, Higher transcendental func-
tions, vol. 1, McGraw-Hill New York, 1953.

N. Enriquez and C. Sabot, Edge oriented reinforced random walks and RWRE, Comptes Rendus 335
(2002), no. 11, 941-946.

, Random walks in a dirichlet environment, Electron. J. Probab. 11 (2006), 802-816.

P. A. Ferrari and L. R. G. Fontes, Fluctuations of a surface submitted to a random average process,
Electron. J. Probab. 3 (1998), no. 6, 34 pp. (electronic). MR 1624854 (99e:60214)

P. Flajolet and R. Sedgewick, Analytic combinatorics, Cambridge University press, 2009.

P. L. Ferrari and B. Vetd, Tracy- Widom asymptotics for - TASEP, Ann. Instit. Henri Poincar’e, Probab.
Stat. 51 (2015), no. 4, 1465-1485.

J. Galambos, The asymptotic theory of extreme order statistics, second ed., Robert E. Krieger publishing
company, 1987.

A. Gnedin and G. Olshanski, A g-analogue of de Finetti’s theorem, Electron. J. Combin. 16 (2009),
no. R78, 1.




RANDOM-WALK IN BETA-DISTRIBUTED RANDOM ENVIRONMENT 55

[GRASY15] N. Georgiou, F. Rassoul-Agha, T. Seppéldinen, and A. Yilmaz, Ratios of partition functions for the

[Kor21]

[0C099]
[0015]

[Pov13]
[RASO5]
[RASO09]
[RAS14]
[RASY13]
[Sep12]
[TLD14]
[TLD16]
[TW09]

[Vet14]

log-gamma polymer, Ann. Probab. 43 (2015), no. 5, 2282-2331.
S. Korotkikh, Hidden diagonal integrability of q-hahn vertexr model and beta polymer model, arXiv preprint
arXiv:2105.05058 (2021).
N. OConnell, Directed percolation and tandem queues, DIAS Technical Report DIAS-APG-9912 (1999).
N. O’Connell and J. Ortmann, Tracy-Widom asymptotics for a random polymer model with gamma-
distributed weights, Electron. J. Probab. 20 (2015), no. 25, 1-18.
A. M. Povolotsky, On the integrability of zero-range chipping models with factorized steady states, J.
Phys. A 46 (2013), no. 46, 465205.
F. Rassoul-Agha and T. Seppaldinen, An almost sure invariance principle for random walks in a space-
time random environment, Probab. Theory Rel. Fields 133 (2005), no. 3, 299-314.

, Almost sure functional central limit theorem for ballistic random walk in random environment,
Ann. Inst. Henri Poincaré Probab. Stat 45 (2009), no. 2, 373-420.
, Quenched point-to-point free energy for random walks in random potentials, Probab. Theory Rel.
Fields 158 (2014), no. 3-4, 711-750.
F. Rassoul-Agha, T. Seppélédinen, and A. Yilmaz, Quenched free energy and large deviations for random
walks in random potentials, Comm. Pure Appl. Math. 66 (2013), no. 2, 202—244.
T. Seppélédinen, Scaling for a one-dimensional directed polymer with boundary conditions, Ann. Probab.
40 (2012), no. 1, 19-73.
T. Thiery and P. Le Doussal, Log-gamma directed polymer with fized endpoints via the Bethe ansatz
replica, J. Stat. Mech. 2014 (2014), no. 10, P10018.
, Exact solution for a random walk in a time-dependent 1D random environment: the point-to-
point Beta polymer, J. Phys. A: Math. Theor. 50 (2016), no. 4, 045001.
C. A. Tracy and H. Widom, Asymptotics in ASEP with step initial condition, Commun. Math. Phys.
290 (2009), no. 1, 129-154.
B. Vetd, Tracy-Widom limit of ¢-Hahn TASEP, arXiv preprint arXiv:1407.2787 (2014).

G. BARRAQUAND, COLUMBIA UNIVERSITY, DEPARTMENT OF MATHEMATICS, 2990 BROADWAY, NEW YORK, NY

10027, USA

Email address: barraquand@math.columbia.edu

I. CorwIN, COLUMBIA UNIVERSITY, DEPARTMENT OF MATHEMATICS, 2990 BROADWAY, NEW YORK, NY 10027,
USA, AND CLAY MATHEMATICS INSTITUTE, 10 MEMORIAL BLvD. SUITE 902, PROVIDENCE, RI 02903, USA,
AND MASSACHUSETTS INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, 77 MASSACHUSETTS AVENUE,
CAMBRIDGE, MA 02139-4307, USA

Email address: ivan.corwin@gmail.com



	1. Definitions and main results
	2. From the q-Hahn TASEP to the Beta polymer
	3. Rigorous replica method for the Beta polymer
	4. Zero-temperature limit
	5. Asymptotic analysis of the Beta RWRE
	6. Asymptotic analysis of the Bernoulli-Exponential directed first passage percolation
	References

