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Exponential decay to equilibrium of nonlinear
DDFV schemes for convection-diffusion
equations

Claire Chainais-Hillairet and Stella Krell

Abstract We introduce a nonlinear DDFV scheme for an anisotropic linear convection-5

diffusion equation with mixed boundary conditions and we establish the exponential
decay of the scheme towards its steady-state.

Key words: Discrete Duality Finite Volume scheme, discrete entropy/dissipation
relation, long time behaviour.
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1 Motivation

We are interested in the numerical discretization of linear anisotropic convection-
diffusion equations on almost general meshes. Let Ω be a polygonal connected open
bounded subset of R2 and let T > 0. The boundary Γ = ∂Ω is divided into two parts
Γ = Γ D∪Γ N with m(Γ D)> 0. The problem writes:

∂tu+divJ = 0, J =−Λ(∇u+u∇V ) in Ω × (0,T ), (1a)

J ·n = 0 on Γ
N× (0,T ), and u = uD on Γ

D× (0,T ), (1b)
u(·,0) = u0 in Ω . (1c)

We assume that the initial condition u0 belong to L∞(Ω) and is positive, that the
exterior potential V belongs to C1(Ω̄ ,R). The anisotropy tensor is supposed to be
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bounded, symmetric and uniformly elliptic : there exists λ M ≥ λm > 0 such that

λm|v|2 ≤Λ(x)v ·v≤ λ
M|v|2 for all v ∈ R2 and almost all x ∈Ω . (2)

We finally assume that the boundary data uD corresponds to a thermal Gibbs equi-15

librium, which means the existence of ρ > 0 such that uD = ρe−V on Γ D. This
implies that u∞ = ρe−V is a steady-state of (1). Moreover, the exponential decay of
the solution u to (1) towards u∞ is well-known, see for instance [2] (for even more
general results) and the references therein.

When designing numerical schemes for (1), it is crucial to ensure that the scheme20

has a similar large time behavior than the continuous model. This property is ensured
by classical TPFA schemes with linear B-fluxes on admissible meshes when Λ = I,
as shown in [4]. Unfortunately, these schemes cannot be used in the anisotropic
case and/or on general meshes. In [3], a nonlinear DDFV scheme has been intro-
duced for (1) on general meshes in the case of Neumann boundary conditions. The25

convergence of the scheme has been proved and numerical experiments show the
exponential decay of the scheme towards equilibrium. This last property has been
recently established in [5]. The aim of this paper is to introduce the nonlinear DDFV
scheme for (1) and to prove its exponential decay towards equilibrium. The main re-
sult is stated in Theorem 1.30

2 Presentation of the numerical scheme

2.1 Meshes and notations

In order to define a DDFV scheme, we need to introduce three different meshes – the
primal mesh, the dual mesh and the diamond mesh – and some associated notations,
for more details and also illustrations see [1, 3].35

The primal mesh denoted M is composed of the interior primal mesh M (a parti-
tion of Ω with polygonal control volumes) and the set ∂M of boundary edges seen
as degenerate control volumes. For all K ∈M, we define xK the center of K.

To any vertex xK∗ of the primal mesh satisfying xK∗ ∈ Ω , we associate a polyg-
onal control volume K∗ defined by connecting all the centers of the primal cells40

sharing xK∗ as vertex. The set of such control volumes is the interior dual mesh
denoted M∗. To any vertex xK∗ ∈ ∂Ω , we define a polygonal control volume K∗

by connecting the centers xK of the interior primal cells and the midpoints of the
boundary edges sharing xK∗ as vertex. The set of such control volumes is the bound-
ary dual mesh, denoted ∂M∗. Finally, the dual mesh is M∗∪∂M∗, denoted by M∗.45

For all neighboring primal cells K and L, we assume that ∂K∩∂L is a segment,
corresponding to an edge of the mesh M, denoted by σ = K|L. Let E be the set of
such edges. We similarly define the set E ∗ of the edges of the dual mesh. For each
couple (σ ,σ∗) ∈ E ×E ∗ such that σ = K|L and σ∗ = K∗|L∗, we define the quadri-
lateral diamond Dσ ,σ∗ whose diagonals are σ and σ∗ (if σ ⊂ ∂Ω , it degenerates50
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into a triangle). The set of the diamonds defines the diamond mesh D , which is a
partition of Ω . Finally, the DDFV mesh is made of T = (M,M∗) and D.

For each primal cell K ∈M and K∗ ∈M∗, we define mK the measure of K, mK∗

the measure of K∗. For a diamond D = Dσ ,σ∗ , whose vertices are (xK ,xK∗ ,xL,xL∗),
we define: xD its center ({xD} = σ ∩σ∗), mσ and mσ∗ the lengths of the edges,55

mD its measure, dD its diameter, αD the angle between (xK ,xL) and (xK∗ ,xL∗). We
have mD = 1

2 mσ mσ∗ sin(αD ). We will also use two direct basis (τK∗,L∗ ,nσK) and
(nσ∗K∗ ,τK,L), where nσK is the unit normal to σ outward K, nσ∗K∗ is the unit normal
to σ∗ outward K∗, τK∗,L∗ is the unit tangent vector to σ , oriented from K∗ to L∗, τK,L
is the unit tangent vector to σ∗, oriented from K to L.60

We define two local regularity factors θD , θ̃D of the diamond D by

θD =
1

2sin(αD )

(
mσ

mσ∗
+

mσ∗

mσ

)
, θ̃D = max

(
max
K∈M,

mD∩K>0

mD

mD∩K
; max

K∗∈M∗ ,
mD∩K∗>0

mD

mD∩K∗

)

and we assume the following regularity of the mesh:

∃Θ ≥ 1 such that 1≤ θD , θ̃D ≤Θ , ∀D ∈D.

Finally, we define the approximation ΛD of the anisotropy tensor Λ on each dia-
mond D ∈D as the mean value of Λ over D .

2.2 Discrete unknowns and discrete operators

We need several types of degrees of freedom to represent scalar and vector fields in
the discrete setting. RT is the linear space of scalar fields constant on the primal and
dual cells and

(
R2
)D the linear space of vector fields constant on the diamonds:

uT ∈ RT ⇐⇒ uT =
(
(uK)K∈M ,(uK∗)K∗∈M∗

)
ξD ∈

(
R2)D⇐⇒ ξD = (ξ D )D∈D

We also define a positive semi-definite bilinear form on RT and a scalar product on(
R2
)D by

JvT ,uT KT =
1
2

(
∑

K∈M
mKuKvK + ∑

K∗∈M∗
mK∗uK∗vK∗

)
, ∀uT ,vT ∈ RT ,

(ξD,ϕD)
Λ ,D = ∑

D∈D
mD ξ D ·ΛD

ϕD , ∀ξD,ϕD ∈
(
R2)D .

The associated norms are respectively denoted by ‖ · ‖2,T and ‖ · ‖Λ ,D.
The DDFV method is based on the definitions of a discrete gradient ∇D, of a dis-

crete divergence divT and a duality formula (see [1]). Here we do not recall the def-
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inition of the discrete operators as we will use a compact form of the scheme, as in

[3]. For uT ∈RT , we just define δDuT = (δDuT )D∈D by δDuT =

(
uK−uL

uK∗ −uL∗

)
for all D ∈D. Then, the usual definition of the discrete gradient ensures that :

(∇DuT ,∇DvT )Λ ,D = ∑
D∈D

δ
DuT ·AD

δ
DvT , ∀uT ,vT ∈ RT ,

where

AD =
1

4mD

(
m2

σ nσK ·ΛDnσK mσ mσ∗nσK ·ΛDnσ∗K∗

mσ mσ∗nσK ·ΛDnσ∗K∗ m2
σ∗nσ∗K∗ ·ΛDnσ∗K∗

)
∀D ∈D.

Finally, we introduce a reconstruction operator on diamonds rD. It is a mapping65

from RT to RD defined for all uT ∈ RT by rDuT =
(
rDuT

)
D∈D, where for D ∈

D, whose vertices are xK , xL, xK∗ , xL∗ , rDuT = 1
4 (uK +uL +uK∗ +uL∗).

2.3 The scheme

A nonlinear DDFV scheme for the convection-diffusion equation with Neumann
boundary conditions has already been introduced and analyzed in [3]. In this paper,
we want to take into account Dirichlet boundary conditions on the part Γ D of the
boundary. Let us introduce the set of Dirichlet boundary primal and dual cells :

∂MD = {K ∈ ∂M : K ⊂ ΓD}, ∂M∗D = {K∗ ∈ ∂M∗ : xK∗ ∈ Γ D},

Then, for a given v ∈C(Γ D), we define

EΓD
v = {uT ∈ RT ,s. t. ∀K ∈ ∂MD, uK = v(xK) and ∀K∗ ∈ ∂M∗D, uK∗ = v(xK∗)}.

Let ∆ t be a time step. We first discretize the initial condition by taking the mean
values of u0 on the primal and dual cells and the exterior potential V by taking its
nodal values on the primal and dual cells. It defines u0

T and VT . Then, for all n≥ 0,
we look for un+1

T ∈ EΓD
uD solution to:

run+1
T −un

T

∆ t
,ψT

z

T
+TD(un+1

T ;gn+1
T ,ψT ) = 0, ∀ψT ∈ EΓD

0 , (3a)

TD(un+1
T ;gn+1

T ,ψT ) = ∑
D∈D

rDun+1
T δ

Dgn+1
T ·AD

δ
D

ψT , (3b)

gn+1
T = log(un+1

T )+VT . (3c)

The scheme is written here under a compact form. But it can also be expanded on
primal and dual meshes after the introduction of conservative numerical fluxes.70
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3 Main results

Steady-state

As the boundary conditions are at thermal equilibrium, uD = ρe−V on Γ D with
ρ > 0. Then, u∞

T = ρe−VT belongs to EΓD
uD and verifies δD (logu∞

T +VT ) = 0 for all
D ∈D, so that it is a steady-state to the scheme (3).75

Let us remark that, due to the definition of the steady-state, it is clearly bounded:
there exists m∞ > 0 and M∞ > 0, such that m∞ ≤ u∞

T ≤M∞.

Entropy-dissipation estimate

Let Φ1 : x 7→ x logx−x+1 the Gibbs entropy. We define the discrete relative entropy
(En

1,T )n≥0 and its associated discrete dissipation (In+1
1,T )n≥0 by:

En
1,T =

s
u∞

T Φ1

(
un

T

u∞
T

)
,1T

{
, ∀n≥ 0

In+1
1,T = TD(un+1

T ;gn+1
T ,gn+1

T ), ∀n≥ 0

The definition of the steady-state implies that δDgn+1
T = δD log(un+1

T /u∞
T ), so that

In+1
1,T rewrites80

In+1
1,T = ∑

D∈D
rD (un+1

T )δ
D log

(
un+1

T

u∞
T

)
·AD

δ
D log

(
un+1

T

u∞
T

)
, ∀n≥ 0. (4)

Proposition 1. Let assume that the scheme (3) has a solution un+1
T ∈ EΓD

uD for all n≥
0, satisfying moreover un+1

T > 0. Then, the following entropy-dissipation estimate
holds:

En+1
1,T −En

1,T

∆ t
+ In+1

1,T ≤ 0, for all n≥ 0. (5)

Proof. Due to the convexity of Φ1 and the fact that Φ ′1(x) = logx, we have

En+1
1,T −En

1,T

∆ t
≤

t
un+1

T −un
T

∆ t
log

(
un+1

T

u∞
T

)
,1T

|

.

Then, we obtain (5) by taking ψT = log
(
un+1

T /u∞
T

)
∈ EΓD

0 in the scheme (3). �

As a consequence of the entropy-dissipation estimate, we may obtain the exis-85

tence of a solution to the scheme (3). The result is a consequence of the control of
the dissipation implied by (5) and of a topological degree argument. We refer to [3]
for the idea of the proof. For the study of the exponential decay, we will further
assume that the solution to the scheme satisfies uniform bounds.
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Exponential decay90

Theorem 1. Assume that the solution to the scheme (3) is uniformly bounded:

∃m∗ ∈ (0,m∞] and M∗ ∈ [M∞,+∞) such that m∗ ≤ un
T ≤M∗ ∀n≥ 0. (6)

Then, there exists ν depending only Ω , Θ , m∗, M∗ and Λ , such that, for any k > 0,
if ∆ t ≤ k,

En
1,T ≤ e−ν̃tn

E0
1,T , ∀n≥ 0, with ν̃ =

1
k

log(1+νk). (7)

Proof. Based on the entropy-dissipation estimate (5), the proof consists in estab-
lishing the existence of some ν > 0 such that95

In+1
1,T ≥ νEn+1

1,T , ∀n≥ 0. (8)

Using the definition of Φ1, En+1
1,T rewrites: En+1

1,T = Jun+1
T log(un+1

T /u∞
T )−un+1

T +

u∞
T ,1T K. As x log(x/y)− x+ y≤ (x− y)2/(2min(x,y)) for all x,y > 0, we obtain:

En+1
1,T ≤

1
2m∗
‖un+1

T −u∞
T ‖2

2,T , ∀n≥ 0. (9)

For all D ∈D, we introduce the diagonal matrix BD , whose diagonal coefficients
are BD

σ ,σ = |AD
σ ,σ |+ |AD

σ ,σ∗ | and BD
σ∗,σ∗ = |AD

σ∗,σ∗ |+ |AD
σ ,σ∗ |. As shown in [3], there

exists a constant C(Θ ,Λ) depending only on Θ , λm and λ M such that100

w ·ADw≤ w ·BDw≤C(Θ ,Λ)w ·ADw, ∀w ∈ R2, ∀D ∈D. (10)

But, as BD is a diagonal matrix, for all D ∈D we have:

δ
D log

un+1
T

u∞
T

·BD
δ

D log
un+1

T

u∞
T

= BD
σ ,σ

(
log

un+1
K
u∞

K
− log

un+1
L
u∞

L

)2

+BD
σ∗,σ∗

(
log

un+1
K∗

u∞
K∗
− log

un+1
L∗

u∞
L∗

)2

.

As (logx− logy)2 ≥ (x− y)2/max2(x,y) for all x,y > 0, we deduce from (6) that

δ
D log

un+1
T

u∞
T

·BD
δ

D log
un+1

T

u∞
T

≥
(m∗

M∗

)2
δ

D un+1
T

u∞
T

·BD
δ

D un+1
T

u∞
T

.

From (4), (6), (10) (applied twice) and (2), we deduce that

In+1
1,T ≥C(Θ ,Λ)m∗

(m∗
M∗

)2
λm

∥∥∥∥∥∇
D un+1

T

u∞
T

∥∥∥∥∥
2

I,D

. (11)
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Let us now apply the discrete Poincaré inequality to un+1
T /u∞

T − 1 ∈ EΓD
0 (see [1]).

Combined with (6), this yields

‖un+1
T −u∞

T ‖2
2,T ≤CP(Ω)M∗2

∥∥∥∥∥∇
D un+1

T

u∞
T

∥∥∥∥∥
2

I,D

. (12)

From (9), (11), (12), we finally deduce (8), with

ν =C(Θ ,Λ ,Ω)
(m∗

M∗

)4
.

This concludes the proof of Theorem 1.

4 Numerical experiments105

We consider a test case where Ω = (0,1)2, V (x1,x2) =−x1, ΓD = {x1 = 0}∪{x1 =
1} and the exact solution uex is defined by

uex((x1,x2), t) = e−αt+ x1
2 sin(πx1)+ ex1

with α = π2 + 1
4 . We choose u0 = uex(·,0).

In order to illustrate the convergence and the robustness of our method, we test
its convergence on two sequences of meshes. The first sequence of primal meshes
is made of successively refined Kershaw meshes. The second sequence of primal
meshes is the so-called quadrangle meshes mesh quad i of the FVCA8 bench-110

mark on incompressible flows. In the refinement procedure, the time step is divided
by 4 when the mesh size is divided by 2.

The nonlinear system (3) is solved thanks to Newton’s method. In order to avoid
the singularity of the log near 0, the sequence (un+1,i

T )i≥0 to compute un+1
T from

the previous state (un
T )i≥0 is initialized by un+1,0

T = max(un
T ,10−12). As a stopping115

criterion, we require the `1-norm of the residual to be smaller than 10−10. In Table 1,
the quantities erru and errgu respectively denote the L∞((0,T );L2(Ω)) error on the
solution and the L2(Ω × (0,T ))2 error on the gradient, whereas ordu and ordgu are
the corresponding convergence orders. It appears that the method is second order
accurate w.r.t. space.120

The maximal (resp. mean) number of Newton iterations by time step is denoted
by Nmax (resp. Nmean). We observe that the needed number of Newton iterations
starts from a reasonably small value and falls down to 1 after a small number of
time steps. Therefore, our method does not imply an important extra computational
cost when compared to linear methods. Eventually, we observe numerically that the125

numerical solution remains bounded in time along the simulation (the bounds are
reached at the initial time), which validates the hypothesis (6) of Theorem 1.
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M dt errgu ordgu erru ordu Nmax Nmean Min un Max un

1 1.613E-03 3.447E-02 — 5.208E-03 — 2 2 1.0 3.148
2 4.032E-04 1.578E-02 1.12 1.389E-03 1.90 2 2 1.0 3.161
3 1.008E-04 8.629E-03 0.92 4.467E-04 1.72 2 2 1.0 3.161
4 2.520E-05 3.934E-03 1.19 1.157E-04 2.04 2 1 1.0 3.162
5 6.300E-06 9.668E-04 1.66 2.402E-05 1.86 1 1 1.0 3.162

Table 1 Numerical results on the Quadrangle mesh family, final time T=0.1.

In order to give an evidence of the good large-time behavior of our scheme, we
plot in Figure 1 the evolution of the discrete relative entropy En

1,T computed on the
Kershaw and Quadrangle meshes. We observe the exponential decay of the relative130

energy.

Fig. 1 Discrete relative energy En
T −E∞

T as a function of n∆ t. Left : computed on the first three
Quadrangle meshes. Right: computed on the first three Kershaw meshes.
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