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Abstract

The use of Instantaneous Angular Speed (IAS) in condition monitoring of
rotating machines is an appealing alternative to traditional approaches such
as those based on accelerometers: the direct angular sampling characteris-
tic of IAS measurements has proven to be a favoured framework to study
mechanical phenomena involved in rotating machines. Physical models have
been established to link the variations of IAS to torque disturbances in case
of mechanical fault such as bearing failure. In this paper an original point
of view is given on the IAS measurement by linking IAS variations and shaft
vibrations. First the orbit of a rotating shaft is studied to show that it
contains useful information about the health state of the bearing. Then an-
gle position sensors traditionally used in IAS measurements are combined
to reconstruct this orbit. It is shown that IAS measurements are sensitive
to the shaft vibrations, which may be used advantageously to enhance the
diagnosis possibilities. Finally the links between various defect sizes and the
reconstructed orbits are investigated to propose a fault severity indicator.
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1. Introduction

Condition monitoring is a common approach to reduce costs in industrial
environments. Indeed, an early diagnosis of an incoming failure can prevent a
machine from serious damages, and allows the customer to plan maintenance
operations to minimize the associated costs. In the field of rotating machines,
bearings are a key component prone to failure, and a correct diagnosis can
be challenging for the analyst. Various measurement techniques have been
developed for bearing condition monitoring, such as vibrations [1, 2], acoustic
emissions [3], or oil analysis [4]. More recently, the Instantaneous Angular
Speed (IAS) has been used effectively in the condition monitoring scope
[5, 6, 7]. The bearing failure case itself has been studied by Renaudin et al.
[8].

The IAS is a measurement based on the angular position of a rotating
machine. The principle is to associate a sensor with a target linked to the
rotating part to get a high resolution angle measurement, the rotating speed
being computed with the help of a high frequency clock. The sensor may be
either optical, associated with a zebra-tape target, or magnetic, such as Hall
cell arrays or magnetoresistances, associated with an “encoder” which is an
alternation of North and South magnetic poles.

At each discrete angular position, the sensor generates pulses which are
processed to obtain the angle of the rotating part. The measurement of
IAS itself has been the object of several studies. Li et al. [9] presented two
methods to estimate the IAS, one based on counting the number of pulses
at the output of the sensor in a given time, and the other one counting the
elapsed time between two consecutive pulses. Badaoui and Bonnardot [10]
showed that, using a counting system, angular sampling is a non-uniform
time sampling introducing a noise which power is proportional to the jitter
variance. André et al. [11] studied the accuracy of the counting system used
to estimate the IAS , and Leclere et al. [12] made a deeper analysis of the
measurement errors and their influence on the speed estimation, taking the
irregularity of the magnetic coder and the jitter of the clock into account.
Palermo et al. [13] proposed a calibration tool to minimize the geometrical
error when estimating the angular speed with zebra-tapes.

The most interesting feature of IAS is that it is naturally linked to the an-
gular phenomena involved in rotating machines, making it relevant for their
analysis; it has then attracted attention to a new field of research focused on
the angular point of view provided by the IAS measurement.
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A first attempt to model the IAS variations induced by a defect (gear,
bearing) has been made by Bourdon et al. [14] where a numerical model for an
angular periodic disturbance is proposed. This approach has been validated
later [15] where an experimental study confirms the interest of the method
in non-stationary operating conditions. A link between IAS alteration and
torque variations due to a bearing fault has been proposed by Gomez et al.
[16]. This latter work may be the only existing work trying to give a physical
explanation to the observed IAS variations in presence of a bearing fault. The
hypothesis is that rolling elements are creating a resisting torque due to their
rolling resistance modelled by Gomez as proportional to the normal contact
forces. Hence a flaking in one of the bearing races induces a disturbance of
these contact forces, leading to torque variations, and thus to slight rotation
speed modification, measured by IAS.

In this paper, a new point of view is given on the physical model under-
lying IAS variations in presence of a bearing fault. The proposed approach
deduces torque variations directly from the contact forces inside a faulty
bearing, as an alternative to the rolling resistance model proposed by Gomez
et al. [16]. Furthermore, it is shown that a bearing fault induces displace-
ments of the rotating shaft, which may be measured as slight disturbances
of the trajectory. A new theoretical model shows that, quite surprisingly,
angle measurement sensors are sensitive to these displacements, which has
not been taken into account in the traditionnal IAS measurements yet. As
a consequence, the way of measuring IAS is rethought at the light of these
new developments, and an original measurement apparatus combining sev-
eral sensors is proposed.

This paper is organized as follows. In the second section, a new mechan-
ical model is proposed to show that the orbit of a rotating shaft carries on
information about a bearing fault.

In the third section, it is proven that such orbits, and the information
they provide, can be indirectly retrieved thanks to several angle measurement
sensors placed on the same shaft. Mathematical material is provided along
with numerical simulation to support this statement.

In the fourth section, to validate the proposed approach, an experiment is
conducted using eddy-current displacement sensors as proximity probes, and
Anisotropic Magnetic Resistances as angle measurement sensors. Results ob-
tained by both kind of sensors are then compared to confirm the hypothesis
made in this paper. Several faulty bearings have been used in various con-
ditions, and a simple indicator of the fault severity is derived from the shaft
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orbits.
Finally some conclusions and perspectives are drawn in the last section.

2. Mechanical model of a rotating beam with faulty bearing

In this first part, a new mechanical model is proposed to describe the
contact forces inside a ball bearing. Two goals are pursued here:

1. The first one is to propose a novel explanation to the torque variations
induced by a bearing fault, which have been described in [16] as directly
linked to the rolling resistance of rolling elements.

2. The second objective is to completely describe the orbit of a rotating
shaft in the radial plane, and to prove that relevant information about
the health state of the bearing may be retrieved.

An abundant literature exists on the bearing fault model, which have
been the basis of vibratory analysis. The localized defect case, which is of
prime interest in the fatigue failure scope, has been the subject of increasing
attention. A first model has been proposed by Tandon and Choudhury [17],
showing that shocks occur when rolling elements pass through a localized
defect and are modulated by the load effect. It has been improved later by
Sopanen and Mikkola [18] taking distributed defects such as waviness into
account, and further by Sawalhi and Randall [19] who included slippage in
the model.

The aim of the present work is not to give a comprehensive description
of every complex phenomena involved in a bearing fault, but to introduce
some thoughts about the shaft behaviour and the torque variations. Hence
several hypothesis and simplifications have been made in order to carry on
the simulation:

1. Cage deflection is neglected such that rolling elements stay at the same
relative angular positions. The cage does not slip during its rotation.

2. There are no centrifugal forces acting on the rolling elements.

3. Temperature influence is neglected, as well as elasto-hydrodynamic ef-
fects.

4. The waviness of the raceways has not been taken into account, however
the proposed approach may be used for this purpose.

In recent years, extensive research has been done to study more and more
sophisticated defect models [20]. New developments are now focused on the
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estimation of the fault severity to predict the Remaining Useful Life of a
faulty bearing. In model based approaches the defect size is estimated, as
proposed by Sawalhi and Randall [21] who retrieves information coming from
the impacts of rolling elements at both entry and exit of the defective zone.
In [22] the traditional Hertzian theory of contact is modified inside the defect
zone to model the behaviour of rolling elements with better accuracy. An-
other illustration can be found in [23] where the cage and traction dynamics
are taken into account inside an advanced multi-body model. The approach
presented here, while being simpler and quite intuitive, has the advantage of
being able to show how a potential bearing defect may lead to IAS distur-
bances. In addition, the link with the shaft displacement is explored for the
first time.

2.1. State space equations

First, a simple 6−degrees of freedom beam has been simulated using a
Timoshenko model with finite element analysis (see Fig.1). The 6 degrees
of freedom are the 3 displacements

(
x y z

)
and 3 rotations

(
θx θy θz

)
along every axes. The shaft axis is along z, associated with its rotation θz,
while x and y axes define the radial plane.

Figure 1: Coordinates system of the 6-dof beam model with the 3 displacements x, y, z
and 3 rotations θx, θy, θz

.

The beam is discretized into P −1 finite elements linked by P nodes. De-

noteXi the vector of displacements for the node i, i.e. Xi =
(
xi yi zi θx,i θy,i θz,i

)T
5
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and Vi = Ẋi its time derivative. The global vector of displacement X =(
X1 X2 . . . XP

)T
and the global vector of velocity V =

(
Ẋ1 Ẋ2 . . . ẊP

)T
are

built. The system is described by the governing equations of motion

dX(t)

dt
= V (t)

M
dV (t)

dt
+ CV (t) +KX(t) = Fext

(1)

where mass matrix M , damping matrix C and stiffness matrix K are built
in the scope of the beam theory using mass m = 30 kg, diameter d = 75.9
mm, Young modulus E = 210 GPa, and Poisson ratio ν = 0.3. These
numerical values have all been chosen to match those of the experimental
bench described in section 4. Details are given in [24, 25] from which these
matrices have been adapted. The vector Fext represents the external forces
and torques applied to the system. Radial load in the (xy) plane subjects
the beam to bending. On the other hand, axial load (along the z axis) acts
in traction/compression on the beam. The motor torque will be transmitted
along z.

In the following section the external forces Fext are computed.

2.2. Bearing deflection and contact forces

At each time step, the external forces applying on the beam are computed,
and especially the contact stresses at the bearing locations. These forces have
been modelled by Hertzian contact forces caused by the deflection of the
rolling elements when the shaft moves from its original position (see Fig.2).

To take the geometry of an angular contact bearing into account, it is
convenient to use spherical coordinates to give the position of the rolling
elements. A set of local coordinate system (ejr; e

j
θ; e

j
ϕ) described in Fig.3 has

been obtained by rotating the initial coordinates system in the direction of
the jth rolling element. The angles θj ∈ [0, 2π[ define the angular position in
the radial plane (ex; ey) and ϕj ∈

[
−π

2
, π

2

]
the angular contact.

The matrix

Pj =

 cosϕj cos θj cosϕj sin θj sinϕj
− sin θj cos θj 0

− sinϕj cos θj − sinϕj sin θj cosϕj

 (2)
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Figure 2: When moving from its original position, the inner ring (IR) induces deflection
on the jth rolling element pressed against the fixed outer ring (OR) located at the angle
θj . The contact force Fj is proportional to the total deflection obtained by projecting the

displacement
−−→
OO′ in the radial direction

−−→
OM , M being the contact point between the

race and the rolling element.

Figure 3: The local coordinates system (ejr, e
j
θ, e

j
ϕ) linked to the jth rolling element.

7
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is the rotation matrix of the transformation from the initial coordinates of
the shaft U0 to the new coordinates Uj in the local coordinate system linked
to the jth rolling element, such as

Uj = PjU0 . (3)

When the shaft moves from its original position, the rolling elements are
subjected to a load leading to deflection, which is the relative displacement
between the two rings of the bearing minus the clearance (see Fig.2). The
total deflection of the system {inner ring + outer ring + rolling element j}
noted δj is simply expressed as the projection of the shaft displacement in
the jth radial direction

δj = Uj.e
j
r − c(θj) (4)

where c is the bearing inner clearance. If rj is the radial component of the
displacement Uj, the deflection is then written

δj = rj − c(θj) . (5)

In the Hertzian theory of contact, the bearing normal contact force is
directly proportional to the deflection of the different elements. It is given
by

Fj = kb max {0, δj}α ejr (6)

where Fj is the effort on the jth rolling element, kb is the equivalent stiffness
of the set { inner ring + outer ring + rolling element} and α is a coefficient
depending on the type of rolling elements used (balls, rollers). The equivalent
contact stiffness kb can be calculated in terms of the geometrical parameters
of the bearing, and in the case of ball bearings α = 3/2 [26].

When there is no deformation (i.e. when the relative displacement of
the rings is lower than the clearance, or δj ≤ 0), the load applied on the
corresponding element is null. The global force acting on the shaft is obtained
by summing the contributions of each rolling element

Fbearing = −
∑
j

Fj = −kb
∑
j

max {0, δj}α ejr . (7)

The total external forces Fext is obtained by summing the contributions of
external forces (torque and loads), and inner bearing contact forces Fbearing.

8
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2.3. Modelling a bearing fault

Two approaches exist in the literature to model a bearing fault. In the
first one, a defect on one of the raceways is introduced by adding a clearance
in the damaged zone; hence the defect is modelled as a hole in the ring
with a given shape, as proposed by Sawalhi and Randall [19]. The second
approach uses finite element analysis to describe the contact forces and hence
the deflection of the rolling element when passing through the defect zone;
an example is given in [22] where an equivalent stiffness is computed for
different types of defects, depending on the relative sizes of the defect and the
rolling element. In the present paper, an intermediate path is adopted: the
clearance approach is retained and the contact stiffness described in Eq.(6) is
kept constant, but the contact forces are derived in an original way, using the
defect profile and finite element analysis. This approach has the advantage
to remain simple while explaining the contact forces at the origin of the shaft
displacement.

For a fault located at angle θd of width 2a (oriented in the raceway di-
rection), the clearance is obtained by summing the bearing clearance cbearing
and the defect linked clearance cd,

c(θj) = cbearing + cd(θj) (8)

where

cd(θj) =

{
f(θj) if θj ∈ [θd − a; θd + a]

0 elsewhere

and f is some arbitrary shape function.
The defect is modelled as a hole in one of the rings (Fig.4a), corresponding

to a rectangular window function f . The contact force has been assumed to
be radial in Eq.(6), i.e. along ejr, which is reasonable without defect but
does not hold when a rolling element passes through a flaking zone. In this
section, this model is enhanced by considering a more complex defect shape,
with a force being no longer radial (Fig.4b).

The direction of the jth rolling element normal contact force Fj is di-
rectly deduced from the shape of the defect, so that the force is always
directed along the normal to the raceway surface. More precisely, when
R = (ejr, e

j
θ, e

j
ϕ) is the local set of coordinates, and c(θ) the shape of the

defect, the normal component is

9
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(a) Simple clearance model.
(b) Advanced model.

Figure 4: Contact forces in flaking zone – scale is not respected.

Fj = −||Fj||
(
1 + ċ(θ)2

)−1/2 (
ejr + ċ(θ)ejθ

)
(9)

where ||Fj|| = kb max {0, δj}α as given in Eq.(6). Proof is given in appendix.
This model explains the variations of external forces introduced by a de-

fect as a modification of the normal contact forces on each of the rolling
elements when they go through the defective area. Furthermore, this ap-
proach leads to torque disturbances that are directly linked to the rotation
speed and the associated IAS measurement. These disturbances are discussed
in the next section.

2.4. Torque disturbances

When the contact forces remain normal inside the bearing, there is no re-
sultant torque and thus no speed variations even in presence of a defect. To
explain the origin of IAS variations observed in measurements, Gomez et al.
[16] introduced a rolling resistance effect, from which a tangential compo-
nent directly proportional to the normal component is added to the contact
force. This tangential force is obtained with an arbitrary rolling resistance
coefficient, and leads to a resulting torque.

To avoid this arbitrariness, the presented approach deduces the value of
the tangential component from the race profile in Eq.(9). Furthermore, the
clearance model of Eq.(8) is used to model the waviness of the race as it is
done with a localized defect.

2.5. Simulation results

Once external forces and model of Eq.(1) have been set up, the Matlab
Ode45 solver is used to solve the system of differential equations, using an

10
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explicit adaptive Runge-Kutta method [27].
The simulated bench is designed to be as close as possible to the experi-

mental one used in the next section. The shaft is subjected to both axial and
radial forces, respectively equal to Fa = 4kN and Fr = 8.8kN . The shaft is
supported by two main bearings (ref. SNR 22212EAW33). At both extrem-
ities of the shaft, external forces are applied on the test bearings, which are
double row ball bearings (ref. SNR XTGB42000). An outline of the bench
is given in Fig.5.

Figure 5: Outline of the experimental test bench.

The shaft is in steel of density 7850 kg.m−3, of length 0.76 m and diameter
8 cm. The test bearing characteristics are summarized in Table 1.

Bearing Test Bearing Main Bearing
SNR XTGB42000 SNR 22212EAW33

Type Angular ball bearing Roller bearing
Nb of rolling elements 11 18
Inner ring diameter 38.42 mm 60 mm
Outer ring diameter 65.64 mm 110 mm
Cage diameter 52 mm 85 mm
Rolling element diameter 13.49 mm 18.7 mm
Rolling element length nd 11.2 mm
Internal clearance 20 µm 50 µm
Contact angle 36◦ 0◦

Table 1: Bearings characteristics.

A total of 10 nodes has been considered to discretize the shaft model. The
rotating speed is set up to 500 rpm. A rectangular window of various widths
and depths have been generated to model a hole in one of the raceways and

11
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study the shaft behaviour in several different fault cases (see Fig.6). Edges
of the defect area have been smoothed to avoid discontinuities. Results are
given for window widths of 1mm, 2mm, 3mm, and depths of 10µm, 50µm
and 200µm. The defect is simulated on the inner (non-rotating) ring of one
test bearing, the entry of the defect being at the same angular position for
each case study.

Width(mm)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D
e

p
th

(µ
m

)

0

1

2

3

4

5

6

7

8

9

10

11

Figure 6: A rectangular window is used to model the defect, the hypothesis being that a
fatigue crack leads to a large removal of matter when reaching the surface, forming a hole
in the raceway.

Fig.7 shows that the nature of the displacement induced by a localized
fault depends on both depth and width of the defect. The orbit drawn
Fig.7b shows that the shaft displacement is mainly vertical, i.e. in the defect
direction. It can be decomposed in two parts each time a rolling element
passes through the hole in the ring:

• at the entry of the defect, the rolling element is unloaded as the clear-
ance sharply increases, so that the shaft moves towards this direction

• when the rolling element reaches the exit zone, the clearance sharply
decreases and a shock happens as the ball is loaded again.

In order to validate these assumptions, two other shapes with a smoothed
entry (Fig.8a) or a smoothed exit (Fig.8b) have been simulated. It appears
(Fig.9) that the shock is effectively due to the sharp load/unload of one of
the rolling elements. Indeed with a smooth entry (or exit) the rolling element
follows the profile of the defect and no shock occurs.
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(a) Vertical displacements obtained for differ-
ent defect sizes. The displacement amplitude
increases with depth, while two shocks are ob-
served at entry and exit of the defect.
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(b) Corresponding orbits for the 3mm width case. Ver-
tical displacement is plotted versus horizontal displace-
ment.

Figure 7: Results obtained for a rectangular defect shape. Colours have been used to
compare the influence of defect size.

Simulations have been done with several speed conditions (Fig.10) corre-
sponding to experimental tests. It can be observed that the rotation speed
has little influence on the shaft behaviour.

2.6. Insights provided by the mechanical model

The proposed mechanical model shows that a bearing fault induces shaft
displacements viewed as disturbances of the trajectory. More precisely, the
sudden clearance increase occurring when a rolling element goes through a
localized defect leads to a displacement of the shaft in this direction, along
with a shock when the rolling element is loaded again. Using an original ap-
proach to model contact forces in an arbitrary shaped defect, the shaft orbit
in a radial plane has been studied with various fault cases. A first approach
indicates that both depth and width of the fault influence the amount of
shaft displacement. The following section shows in what extent angle mea-
surement sensors are sensitive to these displacements, proving that IAS speed
signals contain information directly linked to the vibrations of the shaft. As
a result, a new approach is proposed to enhance IAS measurements by re-
trieving optimally the information about a potential bearing fault contained
in the orbit.
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Figure 8: Asymmetric defect shape used to model a smooth entry/exit of the defect.

Figure 9: Vertical displacement for 3 different defect profiles : at left the rectangular
shaped defect, at centre and at right the 2 asymmetric shaped defects.
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Figure 10: Vertical displacements obtained for different speeds. The simulated defect is
200µm deep and 2 mm wide. Shocks are closer when rotation speed increases but it has
no clear effect on the shock amplitude.
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3. A theoretical approach to reconstruct orbits using angle mea-
surement

IAS is computed from high resolution angle measurements, provided by
magnetic or optical probes. The sensors are fixed to the machine, while
a target is rotating with the shaft and gives the angular reference. The
traditional point of view regarding IAS is that a bearing fault induces rotation
speed disturbances, that may be observable in the signals. It is shown in this
section that angle measurement sensors are sensitive to shaft displacements,
which can be explained by the target moving before the probe. Furthermore,
the shaft trajectory can be retrieved using several angle measurement sensors,
which can be used advantageously to diagnose bearings, as suggested by
the mechanical model studied in the preceding section. The demonstration
begins with some geometry.

3.1. Mathematical model

An orthonormal coordinate system R = (O, ex, ey) is considered, where
O is the shaft centre at its initial position (t = 0). A sensor is placed in A at a

distanceR fromO, and at an angle θ, such that
−→
OA = R (cos(θ)ex + sin(θ)ey).

For some t > 0, the shaft has moved from its original position by a dis-
tance Z in the direction ϕ, such that the centre of the shaft is now O∗ with−−→
OO∗ = Z (cos(ϕ)ex + sin(ϕ)ey), forming a new system R∗ = (O∗, ex, ey) as
depicted in Fig.11.

The angular position of the sensor in R∗ is noted θ∗, and is given from
the original angle θ; from Fig.11 it can be deduced that

tan(θ − θ∗) =
ỹ

R− x̃
(10)

where x̃ = Z cos(ϕ − θ) and ỹ = Z sin(ϕ − θ) are the displacements of the
shaft in the direction of the sensor and in the normal direction to the sensor
respectively.

The new angle is now

θ∗ = θ − arctan

(
ỹ

R− x̃

)
. (11)

In case of small displacements, that is Z � R, a first order approximation
gives

16



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Figure 11: Illustration of the shaft displacements: the shaft centre moves from its original
position O to the new position O∗ such that the angle given by the sensor placed in A is
now θ∗.

θ∗ ' θ − arctan

(
ỹ

R

)
' θ − ỹ

R
. (12)

The angle is only impacted by the displacement in the normal direction
to the sensor, which is coherent with the intuition. When 3 magnetic sensors
are used, each one located at distance R from O at three different angles
θk, k = 1 . . . 3, then at any time t ∈ R, the corresponding modified angle is
thus written, using the same approximation,

θ∗k(t) ' θk +
Z(t)

R
sin(θk − ϕ(t))

= θk +
1

R
(X(t) sin(θk)− Y (t) cos(θk))

(13)

where X(t) = Z(t) cos(ϕ(t)) and Y (t) = Z(t) sin(ϕ(t)).
When the shaft is rotating, each of the sensors gives a measurement mk(t),

which is the angle of the shaft θ0(t) with an offset corresponding to their
angular position θ∗k(t),
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mk(t) = θ0(t) + θ∗k(t) . (14)

A set of 3 equations is obtained and can be written in the matrix formm1(t)
m2(t)
m3(t)

 =

1 sin(θ1) − cos(θ1)
1 sin(θ2) − cos(θ2)
1 sin(θ3) − cos(θ3)

 θ0(t)
X(t)/R
Y (t)/R

+

θ1

θ2

θ3

 (15)

or

M(t) = PV(t) + Θ . (16)

When P is non-singular, i.e. when the three angles θk, k = 1 . . . 3, are
distinct, the displacements are obtained by inverting Eq.(16),

V(t) = P−1 (M(t)−Θ) . (17)

This last equation demonstrates that with 3 angle position sensors ap-
propriately placed around the shaft, the orbit (X(t), Y (t)) can be estimated
along with the angular position θ0(t). In reality, each angle measurement is
polluted by sources of strong noise, especially the geometric error due to the
pole irregularities and the magnetic field distortion. A method to deal with
these sources of errors is presented in section 4.5.

3.2. Validation
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Figure 12: Magnetic simulation (in blue) and orbit reconstitution (in red) along horizontal
(left) and vertical (right) axes respectively.
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A simulation has been conducted to validate the proposed method. The
magnetic field produced by a 48 pole pairs encoder linked to the rotating
shaft has been simulated using Finite Element Method and a magnetic field
solver, the AMPERES commercial software. To obtain the magnetic field at
arbitrary positions around the coder with sufficient accuracy, choice has been
made to pre-compute the magnetic field in a neighbourhood of the encoder
with a 1µm spatial resolution, and then to interpolate the resulting mesh
thanks to cubic splines.

In this simulation, the sensor is not taken into account and thus the angle
is computed directly from the components of an ideal magnetic field. Results
are presented in Fig.12, where the orbit is computed from the angle position
as proposed in Eq.(17), and the three angle measurements are retrieved from
the orientation of the rotating magnetic field in the encoder tangent plane. As
expected the reconstructed orbit matches the simulated one, with a deviation
linked to the approximation done in Eq.(12).

4. An experiment with three magnetic position sensors and prox-
imity probes

In order to validate the theoretical results obtained in the preceding sec-
tions, an experimental bench has been set up. The aim of the experiment is
multiple:

1. Observe the shaft displacements in case of a bearing fault;

2. Demonstrate that the shaft orbit can be reconstituted solely from angle
measurement sensors;

3. Show the relevance of the method to detect faulty bearings in the con-
dition monitoring scope.

4.1. Test rig

For this purpose, a simple rotating shaft is monitored both with displace-
ment and angle measurement sensors described in section 4.2. An endurance
rig has been instrumented in order to reproduce natural bearing faults, and is
illustrated in Fig.13. These faults can be obtained through accelerated test.
The bearings and the configuration described in the simulation (see section
2.5, Fig.5 and Table 1) are used. The shaft is subjected to both axial and
radial loads.

19



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Figure 13: Test bench used in the experiment. The main bearings (1) are 2 roller bear-
ings SNR 22212EAW33. The test bearing (2) is a double row angular ball bearing SNR
XTGB42000, with an magnetic tape used as angular reference. Radial load is applied
through a spring system (3). The bench is an endurance bench used to reproduce natural
bearing faults, such as the large defect presented in section 4.4.
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A measurement campaign has been led, the rotation speed varying from
200 rpm to 500 rpm. These conditions have been chosen in order to not
deteriorate the faulty bearings when they are subjected to high loads.

4.2. Sensors

Proximity probes have been used to monitor the shaft displacements in
presence of a bearing fault. Two sensors measuring the displacement in two
orthogonal directions are used to completely describe the shaft trajectory in a
radial plane. This approach is often favoured in the field of turbo-machinery
where journal bearings are used [28], but it has not been investigated in
the case of ball bearings. Some use cases include motor diagnosis [29] or
large machinery monitoring, detecting macroscopic faults such as unbalance
[30]. Dadouche et al. [31] explored the use of an eddy current sensor for
bearing fault diagnosis, but used only one sensor and processed it as an
accelerometer. Recently Zhong et al. [32] had the same approach with a
different measurement device, using a camera coupled with a fringe pattern
to observe the 3D-displacements of a rotating shaft.

In this experiment, the “ground truth” used as the shaft position ref-
erence is given by two contactless eddy current displacement sensors (ref.
Kaman KD-2306). They are placed at a 90◦ angle in order to retrieve the
displacement of the shaft along 2 orthogonal axes, and thus the orbit in the
rotation plane, as described in Fig.14.

90°

Displacement

sensors

Angle measurement

sensors

Figure 14: Sensor disposition in the experiment. The three angular sensors are placed at
120◦ around the shaft, while the two displacement sensors are orthogonal to obtain the
orbit in the radial plane.
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In parallel three angle position sensors are placed at 120◦ one from each
others all around the rotating shaft, as shown in Fig.14, such that the position
matrix

P =

1 0 −1

1
√

3
2

1
2

1 −
√

3
2

1
2


described in Eq.(16) is non-singular and well-conditioned. The three sensors
are anisotropic magnetoresistances (AMR) coupled with a magnetic encoder
placed around the shaft to output its angular position. NTN-SNR CPT63
sensors have been used in this experiment, the angle being computed from
the magnetic field by the iC-Hauss iC-MQ chipset at the sampling rate of
100kHz. In order to obtain the orbit, Eq.(17) is used with the 3 angle sensor
outputs.

Figure 15: Experimental apparatus used to compare angle measurements done with AMR
and displacements given by proximity probes. In this paper Hall effect sensors (in green)
are not used.

4.3. Acquisition system
A custom acquisition card NI sbRIO-9627 is used to measure both digital

and analog signals simultaneously. Two analog channels are used to sample
the displacement signals given by the proximity probes at 50kHz with a
resolution 16 bits, while three digital channels are used to sample the TTL
signals coming from the angle measurement sensors at 80MHz. A FPGA is
used to compute the elapsed time between each edge of the sensors, following
the common elapsed-time technique [9].
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Bearing Origin of the defect Width (mm) Area (mm2)
1 None (healthy) 0 0
2 Artificial 1.8 1
3 Artificial 2.8 3.3
4 Natural 6 13

Table 2: List of defects.

4.4. Faulty bearings

The test bearing used during the experiment is an angular contact ball
bearing described in Table 1. Localized defects, both artificial and natural,
are present on the nonrotating inner ring of each tested bearing. A total
of 4 bearings have been tested – three different defect sizes are studied,
corresponding to small, medium and large size defects, along with an healthy
bearing used as reference. They are illustrated in Fig.16. The size of each
defect may be characterized by its width or its area as summarized in Table
2; in this work the depth of the defect has not been taken into account.

Figure 16: The three defects used in the experiment. The largest one, at right, is natural.
The smaller ones, at left and centre, are artificial, as it has been difficult to obtain natural
small size defects in this experiment.

4.5. Comparison of measurements

Both magnetic and eddy-current sensors measure the same phenomena
from two different points of view. First, magnetic sensors measure the mag-
netic field emitted by the encoder fixed to the rotating shaft. Any displace-
ment of the shaft results in a change in the magnetic field and thus in the
measurement. When used as angle position sensors, part of the information
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is lost (only the direction of the magnetic field is measured) but as stated
in section 3, this can be compensated by using several angle measurement
sensors.

On the other hand, eddy-current sensors are influenced both by the dis-
tance to the shaft and the material conductivity. Thus the rotation of the
shaft can only be observed indirectly, through eccentricity or conductivity
variations in the shaft.

Because of these differences, the comparison of signals coming from both
types of measurements is not obvious:

• The angle measurement is corrupted by the encoder signature, which
is a combination of pole irregularities and distortion of the magnetic
field. This signature, represented in Fig.17a, is a periodic pattern not
present in the eddy current signals.

• Conductivity changes in the material impact the eddy current sensors
with another periodic pattern (see Fig.17b), with the same periodicity
(one revolution) but not present in the magnetic measurement.

For these reasons, signals are not directly compared; the study is focused
on the displacement component induced by the bearing fault, which is decou-
pled from other phenomena. Indeed, the period between two rolling element
crossings through the defective zone is not synchronous with the shaft revo-
lution, which can be used advantageously, so that the displacement linked to
the bearing fault can be isolated from other sources, and compared in both
measurements.

4.6. Isolating the defect linked component

The slight modifications of the orbit induced by a localized defect are
challenging to observe, because they are hidden by macroscopic variations
such as eccentricity of the shaft (see Fig.17b). These phenomena are better
described in the angular domain, as they are linked to the rotation of the
shaft. Moreover, angular domain is adapted to the study of faulty bearings,
as the orbit will be disturbed by the defect each time a rolling element goes
through the flaking zone - i.e. at a fixed angular interval. Two steps are
necessary to isolate the defect linked component in the displacement signals:

• First, both displacement signals are resampled using the angle posi-
tion sensor as a reference. The resulting signals are then in the order
domain.
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(a) Periodic pattern observed on the angle measure-
ment sensors. For visualization purposes, the rep-
resented signal is the difference between the actual
angle measurement and a linearly increasing angle
obtained at an ideal constant speed. High frequency
oscillations are due to distortion of the magnetic
field for each pole.
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(b) Signals obtained from the two displacement sen-
sors. A periodic pattern linked to the shaft revolu-
tion is observed, due to both conductivity changes
and eccentricity of the shaft. The 90◦ phase shift be-
tween sensors is clearly observed as a delay between
sensor 1 (in blue)) and sensor 2 (in red)) outputs.

Figure 17: Observations of sensors signatures in each kind of measurements. These phe-
nomena are dominant in the signals and cannot be compared, coming from different phys-
ical origins.

• Then angular synchronous average is performed to remove the revolution-
periodic component and isolate the defect-linked component

Two strategies are followed successively to perform synchronous average:
the first one averages the signal at the rotation frequency to estimate both the
periodic pattern (in the angle measurement case) and the macroscopic com-
ponent (in the displacement measurement case), which are removed. Then
residues are averaged a second time, directly at the fault frequency, to iso-
late the component of interest from other components. In this case, the inner
ring characteristic frequency is estimated from the bearing geometry and is
theoretically equal to f0 = 6.65 orders. In practice, the fault frequency is not
known with accuracy and this latter operation is not straightforward: both
resampling errors and slippage inside the bearing lead to spectral smear-
ing, so that the synchronous average is not able to retrieve the defect-linked
component.

This phenomena may be explained from a frequency perspective: as de-
scribed by Braun [33], the synchronous average may be viewed as a comb
filter at the frequency corresponding to the synchronous period, and all its
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harmonics. The bandwidth of the filter is inversely proportional to the num-
ber of averaged cycles, so that averaging a large number of cycles leads to
very narrow filters. As a result, any smearing in the spectrum, or any er-
ror in the estimation of the synchronous frequency, may lead to catastrophic
results.

To avoid these problems, a two-step strategy has been followed here:

1. First the exact fault frequency f̂0 is estimated from the spectrum X(f),
using the maximum amplitude in a given search range δf around the
theoretical value f0

f̂0 = arg max
f∈[f0−δf ,f0+δf ]

|X(f)|2

Note that better precision is achieved using a high harmonic, say the
kth harmonic fk of the fault frequency, and estimating f̂0 as

f̂0 =
f̂k
k

2. Use the cage frequency as the synchronous frequency, defined as

FTF =
f̂0

Nb

where Nb is the number of rolling elements in the bearing (here Nb =
11). This reduces the number of averages done so that the orbit of each
rolling element may be observed independently.

Results are illustrated in Fig.18.

4.7. Denoising signals

In this experiment, an other source of noise must be taken into account,
a resonance effect polluting the displacement signals. This effect can be
clearly observed when measurements are done at different speeds. Hence the
resonance is observed in a specific frequency band, which does not depend
on the rotation speed. However, after angular resampling, increasing the
rotation speed can be viewed as increasing the angular sampling rate, and
thus it moves the original resonance towards low orders. An illustration is
given Fig.19.

To be able to compare signals at different speeds, the resonance effect is
cancelled using a notch filter in the corrupted frequency band.
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Figure 18: Illustration of the synchronous average operation on the orbit, giving the
spectrum of the orbit before (in blue) and after (in red) synchronous averaging at the cage
frequency FTF . Positive frequencies are displayed only. The comb filter can be clearly
observed, capturing the fault frequency (11 times the cage frequency) and its harmonics.
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(a) Resonance observed in the PSD of resampled
displacement signals. When speed increases, the
resonance peak moves towards low orders.
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so that peaks linked to the fault are now dominant
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Figure 19: Observation and removal of the resonance at three different rotation speeds.
Displacement signals have been resampled with the angular reference and the Power Spec-
trum Density has been computed with Welch method.
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4.8. Results

After these steps, two signals representative of the shaft displacement in
two orthogonal directions are used to plot the orbit in a 2D plane. Equiva-
lently, three angle measurement signals are combined to reconstruct the shaft
orbit. Fig.20 shows the orbits obtained for these two types of signals in the
healthy case and with the largest defect. The first observation is that there is
a significant difference between the behaviour of the shaft in both situations:
in case of an healthy bearing, the amplitude of the orbit is about 1µm, while
it is multiplied by a factor 10 in the case of the largest defect. The second
observation is that this information may be retrieved both with orbits ob-
tained by direct measurement (the proximity probes) and with reconstructed
orbits obtained by the presented method (the angle sensors). A third point
is that the vertical direction is favoured in the trajectories obtained in the
defective case: this coincides with the vertical direction in which the defect
has been oriented, and confirms that the shaft is moving each time a rolling
element is unloaded when entering the fault zone.

To confirm this last observation, displacement signals have been projected
onto the maximum variance direction using a Principal Component Analysis
to perform further analysis. More precisely, let (xn, yn)n∈1..N be the couples

of sampled points given by both displacement sensors, and X =

x1 y1
...

...
xN yN

.

The covariance matrix is given by

R =
1

N
XTX .

The eigenvector V associated with the maximum eigenvalue λ of R is
used to project the trajectory onto the maximum variance direction, giving
the new signal

Z = XV . (18)

The obtained direction is almost vertical and corresponds to the fault lo-
cation, showing that the shaft trajectory is disturbed when rolling elements
pass through the defective zone. In Fig.21, this event is observed as a shaft
displacement at the fault characteristic frequency, i.e. 6.65 times per revolu-
tion. The shaft oscillation has a rectangular shape, reflecting both entry and
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exit of the rolling element in the defect zone, and the displacement amplitude
being coherent with the simulation.
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Figure 20: Illustration of the orbits obtained both without defect (left) and with defect
(right); the top row shows orbits obtained with eddy-current sensors, the bottom one
shows reconstructed orbits obtained with angular sensors.

A direct consequence is that care should be taken when using angle mea-
surement sensors to monitor a rotating machine through IAS signals. As
suggested by Eq.(11), the vertical displacement observed here would not be
measured by a sensor placed vertically. It can be deduced that an opti-
mal position may exist, but without prior information this position remains
unknown.

Amplitude differences can be noticed when comparing the two different
approaches, and several hypotheses may explain them:

1. The mechanical apparatus used to position the eddy-current sensors is
subject to vibrations, thus the signals have been processed to remove a
masking resonance effect thanks to a narrow notch filter, as explained
in section 4.7. It appears that this resonance does not appear in the
angle measurements, which are fixed to a distinct part of the machine.

2. Due to mechanical constraints, both types of sensors could not be
placed at the same exact point on the shaft. Vibration nodes could
then alter the results.
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Figure 21: Displacement obtained after projection of displacement measurements on the
most energetic direction, large defect, 500rpm. A displacement is observed each time a
rolling element passes through the defective zone, 6.65 times per revolution.

Improvements might be obtained using a more compact apparatus, mak-
ing sure that proximity probes do no vibrate to avoid the destructive filtering
operation described previously.

Following these encouraging observations, the next section gives detailed
results obtained with the full dataset in order to valid the assumptions.

4.9. Fault severity indicator

In order to characterize each failure case, a severity indicator is derived
from these experimental signals. A very direct approach is to compute the
energy of the projected signal, energy given by the maximum eigenvalue λ
of the covariance matrix R. Thus λ can be used as a fault severity indicator,
but a more convenient one is obtained remarking that eigenvalues of the
covariance matrix can be viewed as the axes of the ellipse underlying the
data points in the least square sense [34]. Hence the semi-major axis can be
computed as L =

√
2λ, given in micrometers in Fig.22.

These experimental results confirm the conclusions obtained from the me-
chanical model. They show that shaft displacement measurements provide
useful information for characterizing a significant defect, despite some fluc-
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Figure 22: Indicator obtained from the orbit ellipse semi-major axis, computed from the
maximum eigenvalue of the covariance matrix between the two orthogonal signals. Top row
shows results obtained with eddy-current sensors, the bottom one shows those obtained
with angle sensors. While good results are obtained for the two largest defects, the small
defect is not separated from the healthy case.

tuations of the indicator as signals have been heavily filtered to counteract
the effects of various noise source.

As the smallest defect cannot be detected directly with the proposed ap-
proach, it is worth mentioning that a much more reliable indicator can be
derived in the frequency domain. In this example a simple energetic cri-
terion is adopted, based on the energy computed at the fault characteristic
frequency and its harmonics. It is computed directly from the Power Spectral
Density obtained by Welch method, taking into account the asymmetry of
the spectrum when dealing with complex signals that are used to represent
the two-dimensional orbits. Fig.23 and Fig.24 represent the mean energy
obtained from both positive and negative frequencies associated to each har-
monic taken separately, using displacement and angle sensors respectively. It
can be seen that for most harmonics, the energy is increasing with the defect
size, independently of the rotation speed (given in colours). When dealing
with displacement sensors, the main information is provided by the first five
harmonics, while the energy is spread all along the first ten harmonics in the
reconstructed orbits. As the objective is to separate the 4 different bearings,
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it is noticed that the first harmonic gives no information, at least from this
energetic point of view, and should be discarded in order to improve the
classification results.

Fig.25 presents a global indicator obtained by summing the contribution
of each harmonic, showing that each defect can be properly classified, and
that this time the method achieves good discrimination between the small
defect and the healthy bearing.

More sophisticated classification methods may eventually achieve better
performances and will be discussed in future works, as the objective of this
paper as been fulfilled: orbits have been proven to carry useful information
about the degradation state of the bearing, thus underlying the proposed
approach based on the angular reconstruction of the shaft displacements.
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Figure 23: Energy observed at the 6.65 fault frequency and its 10 first harmonics, for 4
different speeds, computed from displacement sensors. Vertical bars display the standard
deviation obtained for 5 measurements. Most of the energy is localized on the first few
harmonics.
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Figure 24: Energy observed at the 6.65 fault frequency and its 10 first harmonics com-
puted from angle sensors.. Vertical bars display the standard deviation obtained for 5
measurements. Energy is well spread along all the harmonics, but the fundamental (H1)
shows bad behaviour and has been discarded in the indicator computation done in Fig.25.
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Figure 25: Indicator obtained for 4 different speeds using the formula I =∑10
k=2 log

(
1 + (S+

k + S−k )/2
)

where S+
k is the energy measured for the kth harmonic of

the 6.65 fault order, and S−k its negative frequency counterpart. Top row shows results
obtained with eddy-current sensors, the bottom one shows those obtained with angle sen-
sors.
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5. Conclusion

In this paper, a new approach to condition monitoring of rotating ma-
chines has been presented. A mechanical model has been proposed to describe
a bearing fault, and the contact forces have been derived in the damaged
zone in an original way. Both simulations and experiments were conducted
to show that a bearing fault signature is observable in the shaft orbit. A the-
oretical model has been developed to show that angle measurement sensors
are sensitive to shaft displacements, so that a set of at least three sensors
can be used to retrieve this information. Based on this original principle,
an experiment was conducted where different bearing faults cases have been
studied. An indicator based on the orbit shape has been derived. Results
showed on one hand that the method achieves correct orbit reconstruction
and on the other hand that it can be used for the diagnosis of faulty bearings.
One advantage of this method is the possibility to use the angular reference
to work in angular domain, which is very convenient for the analysis of ro-
tating machine to get rid of speed variations. In further research, different
magnetic technologies will be tested to improve the sensitivity of the sensors
and thus achieve better discrimination results. Looking at the numerous ad-
vantages that simple angular magnetic sensors bring, the proposed method
is already an appealing alternative to more classical sensors such as vibration
or acoustic ones.

Appendix

Let γ : R → R be a function of class C1. Each couple (θ, γ(θ)) is used
to describe the curve defined by the bearing raceway. The direction of the
tangential vector to the curve is given by γ̇(θ) such that for any vector T
tangential to the curve at the point (θ, γ(θ)),

〈T, er〉
〈T, eθ〉

= γ̇(θ) .

Then for a normal vector N to the curve at the same point, with 〈T,N〉 =
0 the inverse relationship is

〈N, eθ〉
〈N, er〉

= −γ̇(θ) .
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It leads to

||N ||2 = 〈N, er〉2 + 〈N, eθ〉2 = 〈N, er〉2
(
1 + γ̇(θ)2

)
and finally

〈N, er〉 = ±||N ||
(
1 + γ̇(θ)2

)−1/2
,

the sign being determined by the orientation of the vector.
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