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WEAK FUNCTORIALITY OF COHEN-MACAULAY ALGEBRAS

YVES ANDRE

ABSTRACT. We prove the weak functoriality of (big) Cohen-Macaulay algebras, which
controls the whole skein of “homological conjectures” in commutative algebra [10][13];
namely, for any local homomorphism R — R’ of complete local domains, there exists a
compatible homomorphism between some Cohen-Macaulay R-algebra and some Cohen-
Macaulay R’-algebra.

When R contains a field, this is already known [[13} 3.9]. When R is of mixed char-
acteristic, our strategy of proof is reminiscent of G. Dietz’s refined treatment [7] of weak
functoriality of Cohen-Macaulay algebras in characteristic p; in fact, developing a “tilt-
ing argument” due to K. Shimomoto, we combine the perfectoid techniques of [1]][2]] with
Dietz’s result.

1. INTRODUCTION.

1.1. If non-Noetherian rings have found their place in standard commutative algebra, it is
not so much as pathological examples or products of an inexorable generalization process,
but rather as invaluable auxiliaries when the resources of classical Cohen-Macaulay theory
fail. Indeed, “unwanted relations” between parameters of a Noetherian local ring R which
do not form a regular sequence may still be trivialized in some big, i.e. possibly non-
Noetherian, R-algebra.

This accounts for the importance of the existence of (big) Cohen-Macaulay R-algebras
in commutative algebra (cf. [10][L3][14]][3] for some overviews; in the sequel, we drop the
epithet big). Their existence has been known and used for a long time when R contains
a field, but it was proven only recently in mixed characteristic [2], using methods from
p-adic Hodge theory (perfectoid spaces).

For more sophisticated applications to the “homological conjectures” in commutative
algebra, more is required: a weakly functorial behaviour of these Cohen-Macaulay al-

gebras; namely, it is expected that for any local homomorphism R EN R’ of complete
local domains, there exists a compatible homomorphism between some Cohen-Macaulay
R-algebra and some Cohen-Macaulay R’-algebra. Again, this has been known for a long
time when R contains a field [[13]]; in characteristic p, it actually suffices to consider a lift-

+
ing R IS R'* of f to the absolute integral closures [12]]. In this paper, we establish this
weak functoriality in general:

1.1.1. Theorem. Any local homomorphism R— R’ of complete Noetherian local domains
fits into a commutative square

(1.1) R —R

I

cC —C'

1991 Mathematics Subject Classification. 13D22, 13HO0S, 14G20.
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2 YVES ANDRE

where C and C' are Cohen-Macaulay algebras for R and R’ respectively.

1.2. In the remaining case to be treated, i.e. when R is of mixed characteristic, we prove
the following more precise result:

1.2.1. Theorem. Any local homomorphism f : R—R’ of complete Noetherian local do-
mains, with R of mixed characteristic (0, p), fits into a commutative square

(1.2)

R R

L,
Rt — R'*

Ll

C —— '

where RY and R'" are the absolute integral closures of R and R’ respectively, C and C'
are Cohen-Macaulay algebras for R and R’ respectively, C'is I@O-perfectoid, and C" is K°-
perfectoid if R’ is of mixed characteristic (0,p) (resp. is perfect if R is of characteristic
p). Moreover, f+ can be given in advance.

Here K is the perfectoid ring obtained from the Witt ring of the algebraic closure of
the residue field of R’ by adjoining p*"*-power roots of p and completing; “f* can be given
in advance” means that for any choice of the upper commutative square, one can form a
commutative lower square as indicated. The compatibility with f is not just a refinement
of weak functoriality of Cohen-Macaulay algebras, but plays a crucial role in the proof.

1.3.  Our strategy is inspired by Dietz’s refined weak functoriality of Cohen-Macaulay
algebras in characteristic p. Using Cohen factorizations, one reduces to the case of a sur-
jection, in which case one proves a stronger version of weak functoriality where C'is given
in advance: this allows to compose or decompose the morphism f, hence to reduce to the
case when f is a quotient map by a prime ideal of height one (and R is normalﬂ

To deal with this special case in the char. p situation, Dietz uses a subtle Frobenius
argument. In order to transpose it somehow to mixed characteristic, we take advantage of
a remarkable insight of K. Shimomoto [[20], who combined the perfectoid techniques from
[L][2]] with Dietz’s results (through tilting) to show the existence of a perfectoid Cohen-
Macaulay R-algebra C, so that perfectoid techniques can be applied to C' itself.

Acknowledgment. 1 am very grateful to K. Shimomoto for sending me his paper [20], which not
only supplied a useful tool but also directed my attention toward Dietz’s work; I also thank him,
together with L. Ma, for comments on the first draft of this paper.

I am very grateful to O. Gabber for his critical remarks, notably for pointing out an unclear non-
(almost)-triviality issue in a previous version and for suggesting the use of solid closure theory to
settle this issue (cf. (2); he also proposed a different solution to this technical problem).

Finally, I am indebted to the referees’ very careful reading and useful advice.

lin this special situation (height one specialization), weak functoriality has already been established in [9]
in mixed characteristic, using perfectoid methods after [2], and is used to get important corollaries such as the
vanishing conjecture on Tor’s. The main progress in the present paper in this special situation lies, as said above,
in the fact that C' may be given in advance.



WEAK FUNCTORIALITY OF COHEN-MACAULAY ALGEBRAS 3

2. REVIEW OF ABSOLUTE INTEGRAL CLOSURE, (ALMOST) PERFECTOID ALGEBRAS
AND (ALMOST) COHEN-MACAULAY ALGEBRAS.

2.1. Weak functoriality of absolute integral closure. (See also [14, 3]). Let R be a
domain with fraction field K, K an algebraic closure of K, and R the integral closure
of Rin KT (so that RT N K is the normalization of R). In this situation, one may identify
the absolute automorphism group G = Autyx KT with the group of R-automorphisms
of RT.

Let R’ be another domain with fraction field K’ of characteristic 0, K'* an algebraic
closure of K, and R'* the integral closure of R’ in K'T.

2.1.1. Proposition. (1) Any homomorphism R L R lifts to a homomorphism R f—+>
R'T. If f is injective (resp. surjective), so is f.
(2) Assume that f is injective or R is normal. Then f is unique up to precomposition
by an element of G .

(3) Assume that R is normal. Any factorization R f# Ri— - —> R, ﬁi R of f
+ +
lifts to a factorization R* N Rf — - =R, Iy gre of any given fT.

Proof. (1) Let us first assume that f is injective. We note that any extension f is injective
[6, V. Cor. 2 to Prop. 1, §2 n.1]. The embedding K — K’ extends to an embedding
KT < K'T (unique up to precomposition by an element of G ); therefore f extends to
an embedding R* — R’ (unique up to precomposition by an element of G ).

Let us next assume that f is surjective, with kernel p. Let pT be a prime ideal above
p in the integral extension R*. Every monic polynomial P with coefficients in RT /p™T,
lifts to a monic polynomial with coefficients in R™, which is a product of linear factors
in the absolutely integrally closed domain R™, hence P is a product of linear factors in
R™ /p™ as well. We conclude that the fraction field of R /p™ is algebraically closed.
Since Rt /p* is integral over R = R/p, it is isomorphic to R'", hence f extends to a
surjection RT — R'T.

The general case is obtained by factoring f into a surjection followed by an embedding.

(2) The case when f is injective has already been treated, and the case when R is normal
(i.e. R = RT N K) follows from [6] V, Cor. 1 to Prop. 6, §2 n.1].

(3) By (2), for any choice of lifts f;', there exists o € G such that f,; o--- fif oo = fT.
It then suffices to replace f;” by f;" o o. O

2.1.2. Remark. (2) and (3) may fail if the assumption is removed (this is related to the
failure of going-down for non-normal rings), see e.g. [0, 'V, §2, ex. 13].

2.2. Perfectoid algebras. (cf. [18]], and further [1]; we use a specific perfectoid valuation
ring in this paper but the general theory would work over any perfectoid valuation ring). We
fix a prime number p. Unless otherwise specified, we denote by ~ the p-adic (separated)
completion of any ring. We denote by F' the Frobenius endomorphism z +— z? of any ring
of characteristic p.

2.2.1. Let k be a perfect field of characteristic p, W := W (k) its Witt ring, ° :=
W[pz%"’], and K° its completion, which is a perfectoid valuation ring (F induces an iso-
morphism Ko / p% 3 Ke /p) with residue field k; this is the valuation ring of the perfectoid
field K := K°[1].

1
p



4 YVES ANDRE

The rilt of K° is defined to be K" := limp K° /p. This is a perfect complete valuation
ring of characteristic p. In fact, denoting by p” the element (. . . 7p% ,p) of Kbe, K is the

p’-adic completion of k[(pb)z%"’].

2.2.2. Let B be a p-adically complete and p-torsionfree I@"-algebra. Then B [%} is canon-
ically a Banach K-algebra, with unit ball p*p%cB . Let B[%]o D B be the ring of power-
bounded elements of B[] We say that B is spectral if the norm of B[] is the spectral
seminorm (i.e. is power-multiplicative This is equivalent to: p_z%”B = B[%]O, or else
to: p_z%’"B is integrally closed in B[%] [} 2.3.1 (5)]. This is implied by: B is integrally
closed in B[%] (8l 8.2.28]. Any spectral algebra is reduced.

2.2.3. We say that B is perfectoid if F induces an isomorphism B/ p% = B/p.

In that case, for any @ € K° with |p 5 < || < 1, F induces an isomorphism B/w —
B/wP. Any perfectoid algebra is spectral.
The p-adic completion of any colimit of perfectoid X °-algebras is perfectoid.

2.2.1. Proposition. Let a be an ideal of a perfectoid algebra B generated by a regular
sequence (p, T2, ...,xq). Then the a-adic completion B® is perfectoid.

Proof. Since a is finitely generated, B%is a-adically complete; (p, 2, ..., x4) is a regular
sequence in B%, and so is (x,...,z0,p) (resp. (zh,... ,a:g,p%)) for every n > 0. In
particular, B® is p-torsionfree and p-adically complete. Let us show that the ideal pB“
(resp. p% B%) is closed for the a-adic topology, or equivalently, for the (z, ..., z4)-adic
topology. Indeed, if an element b € B® can be written pc,, +d,, with d,, € (z3,.. ., xg)B“
for any n > 0, then pc,, is a (x2, . . ., z4)-adic Cauchy sequence. Since (x4, ..., z},p)isa
regular sequence, ¢, is itself a (o, . . ., £4)-adic Cauchy sequence, and its limit ¢ satisfies
b = pc. One sees in the same way that p% B%is a-adically closed.

—a
It follows that the map B®/p — B/pu (resp. B“/p% — B/p% ) is an isomorphism.
On the other hand, denoting by a the image of a in B/p, one has ar? ¢ Fa C aP, hence

_—a

— —a —F
B/pCl = B/pCl = B/p *. Since B is perfectoid, F' induces an isomorphism B/p% =

a _—F — . ~ A
B/p% = B/p f o B/pu, hence also an isomorphism B“/p% — B%/p. O

2.2.4. The tilt of a perfectoid I@O-algebra Bis B’ := limp B/p. This is a perfectoid
K’°-algebra, i.e. a p’-adically complete, p’-torsionfree, perfect K°°-algebra. The natural
morphism

2.1 B'/p” — B/p
is an isomorphism. This lifts to a natural isomorphism
(2.2) B = W(B")@yx)K* 5 B

(this is standard for p~ »~ B = B[%]" (Fontaine-Scholze); it follows that (2.2) is injective
in general, and surjectivity is checked by reducing mod. p).

Zwe refer to [1} 2.2] for a discussion of the difference between “spectral” and “uniform” (which means that the
norm of B[%} is equivalent to the spectral seminorm; equivalently, B[%]" C p~ ™V B for some positive integer

N).
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2.2.5. Let R be a complete local domain of mixed characteristic (0, p), fix a compatible

system of pt"

fectoid. Indeed, R is p-torsionfree like R™; since R is normal, an equation 2z = py

-power roots p»’ in RT, and view R as a K°-algebra. Then Rt is per-

in RT implies z/ p% € R*, hence R+ /p% 5 Rt /p is injective; on the other hand, any
element of Rt admits p-th power roots; one concludes that F' induces an isomorphism
~ 1 ~ 2

R* /p» = RT/p.

2.3. Almost perfectoid algebras. Let B be a p-adically complete and p-torsionfree Keo-

algebra. Let 7 be a nonzero element of B which admits a compatible system of p-th power
1
roots w»* (which we fix).

2.3.1. We say that B is 77 almost perfectoid if it is spectral and if the Frobenius map
F induces an almost isomorphism B/ p% % B /p, i.e. kernel and cokernel are killed by
77, of [1L 3.5.4]. In fact, by spectrality, B/p? —B/p is p7 -almost injective [1| 3.3.1].

The tilt B’ := limp B/p of an almost perfectoid I@O—algebra is a perfectoid Kbo-

algebra, with a specific element 7° = (... ,w%,w). Moreover B! := W(Bb)®w(,@n)l@
is a perfectoid l@o-algebra, and the natural morphism Bf — Bisa (pr) 7 _almost isomor-
phism (hence a Wp%"’—almost isomorphism i T E pz%"’ B). Here, in BY, ﬂf is identified
with the Teichmiiller lift [(Wb)z%] The formation of B is functorial in B.

By spectrality, B*[1] — B[1] is an isometry [I} 3.3.3], and in particular B* — B is
injective.

Obviously, any spectral I@O—algebra B which is 77 -almost isomorphic to a -
almost perfectoid algebra is 77 -almost perfectoid.

2.3.2.  Almost ring theory over the basic setup (B, T B) satisfies the general assump-

tion of []: (ﬂ'ﬁ’c B)®2 is flat over B [8] 2.1.7]. However, certain “pathologies” occur

when 7 is a zero-divisor in B. In order to reduce questions about almost perfectoid alge-
1

bras to the convenient case when 7 is a non-zero divisor, one may replace B by n~ »~ B,
which is spectral if B is [1, (2.16)]. The elementary but crucial observation is that in a re-

N . . T . 1
duced Z|w»= ]-algebra, any m-torsion element is 7= -torsion. Therefore B — w~ #=
. e s .
is an almost isomorphism (so that 7~ »= B is almost perfectoid if B is), and the image of
1

minm p> B is anon-zero divisor.

2.4. Cohen-Macaulay algebras. Let R be a Noetherian local ring of dimension d, with
maximal ideal m. Let z = (21,22, ..., 24) be a system of parameters, and let B be a (not
necessarily Noetherian) R-algebra.

We say that  becomes regular in B, or that B is Cohen-Macaulay with respect to z if
for any ¢, multiplication by x; 1 is injective on B/(x1, ..., 2;)B,and B # (x1,...,xq)B.
It is a Cohen-Macaulay R-algebrcﬂ if it is Cohen-Macaulay with respect to any system of
parameters of R.

We shall use freely the following standard facts:

3as was noted by a referee (but will not be used in the sequel), this extra condition is actually unnecessary.

4this is frequently called a balanced big Cohen-Macaulay algebra in the literature: “balanced big” emphasizes
that B is Cohen-Macaulay with respect to any system of parameters of Iz, and is not assumed to be noetherian.
See next footnote.
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a) if B is Cohen-Macaulay with respect to some z , its m-adic completion B™ is a Cohen-
Macaulay R-algebra [S Th. 1.7];

b) a Cohen-Macaulay R-algebra B is also a Cohen-Macaulay S-algebra for any factoriza-
tion R — S — B such that S is local and finite over R (since the image of a system of
parameters of R in S is a system of parameters, and B is also mg-adically complete);

¢) an algebra over a regular local ring R is Cohen-Macaulay if and only it is faithfully flat
[13}2.1.d];

d) if R is a complete local domain, any Cohen-Macaulay R-algebra B with respect to some
z is faithful (by Cohen’s structure theorem, the domain R is finite over some complete
regular local subdomain A, and one may apply items a) and c¢) to the composed map
A— R— B— B™, alternatively, one can invoke [[11} Cor. 10.6]).

2.5. Almost Cohen-Macaulay algebras. Let B be an R-algebra, and let 77 be a com-
patible system of p*"*-power roots of some nonzero element 7 € B.

We say that  becomes 77 -almost regular in B, or that B is 77 -almost Cohen-
Macaulay with respect to x if for any ¢, multiplication by z;;; is almost injective on
B/(z1,...,x;)B, and B/(z1,...,xq)B is not almost zero, i.e. =B ¢ (x1,...,24)B.
Since (z1,...,z4)R contains some power of m, the last condition is equivalent to
77 B ¢ mB, of [2 4.1].

This terminology may be slightly misleading since “Cohen-Macaulay” does not for-
mally imply “almost Cohen-Macaulay’: 7 B ¢ mB is stronger than B # mB. The
following proposition allows us to settle this issue in some generality.

2.5.1. Proposition. Let R be a complete Noetherian local domain with maximal ideal m,

and let B be a Cohen-Macaulay algebra with respect to some system of parameters  of
1

R. Assume that B contains a system of p*"-power roots w7 of some nonzero element

T € B.

(1) If B is m-adically complete and " BNR # 0, then Bisa 77 -almost Cohen-
Macaulay R-algebra.

(2) Let p be a prime ideal of R such that " BNR ¢ pR. Then B/(mB +\/pB) is
not w7 -almost zero.

Proof. (1) (not used in the sequel - ¢f. also [2, 1.1.2]) We have to show that 7 B ¢ mB.
By Cohen’s structure theorem, the domain R is finite over some complete regular local
subdomain A. The assumption " BNR # 0 then implies BN A # 0 (using
a norm argument). On the other hand, since B is m-adically complete, it is a Cohen-
Macaulay R-algebra, hence faithfully flat over A. In particular m’} B N A = m"; for every
n. Their intersection is 0 by Krull. Since m4 R is m-primary, "m"B N A = 0. If the
idempotent ideal ’/TP%'OB is contained in mB, it is contained in N m"™ B, which contradicts
TP BN A0

(2) Let us set R’ = R/p, a complete local domain with maximal ideal m’ = m/p. We
cannot apply (1) to the R’-algebra B/+/p B, which might not be Cohen-Macaulay; instead,
following O. Gabber’s suggestion, we will use Hochster’s solid closure theory [11]].

Let us write \/pB as a filtered union of finitely generated ideals I, of B containing pB.
Since B is a Cohen-Macaulay algebra with respect to z and (z)R is m-primary, B has
a nonzero R-dual [11} 2.4]. It follows that B/pB has a nonzero R’-dual [L1} 2.12], and
further that every B/I,, has a nonzero R’-dual [11} 2.1 (m)]. By [LL 5.10], it follows that
for any given ideal J of R’ and every a, the intersection J(B/I,) N R in B/I, (which
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equals the intersection (JB + I,) N R’ in B) is contained in the integral closure J of .J
(in the terminology of [11ll, J(B/I,) N R’ belongs to the solid closure of .J). Their filtered
union J(B/v/pB) N R’ is therefore contained in J.

Now B/(mB + v/pB) = (B/\/pB)/m'(B/+/pB), and by the same argument as in
(1), it suffices to see that N, m'™(B/y/pB) N R’ = 0. Applying the above observation to
J = m/", this is derived from the classical vanishing of Nm/™ [13, 5.3.4]. (Il

2.5.2. Remark. In 4.3 and 4.4, Proposition( 2) will ensure that our constructions do
not lead to the (almost) zero algebra. On the other hand, B will always be reduced, so that
the condition m # 0 is equivalent to the non-triviality of the basic setup, i.e. 7 B #0,
and also to 7~ 7 B # 0.

3. GETTING RID OF “ALMOST”: SHIMOMOTO’S CONSTRUCTION.

3.1. Let R be a complete Noetherian local domain of mixed characteristic with alge-
braically closed residue field k¥ = k™ of characteristic p. Let (z1, T2, ...,74) be a system
of parameters for R, with x1 = p.

The following synthetizes, strengthens, and recasts the results of [ZOf] (and their proof)
according to our needs.

3.1.1. Theorem. Let B be a 77 -almost l@"—peifectoid, almost Cohen-Macaulay R-
1

algebra with respect to x for some nonzero w € pr> B (it is tacitly assumed that the

W (k)-structures coming from R and K° coincide).

(1) There exists a I@O-perfectoid Cohen-Macaulay R-algebra C (which one may as-
sume to be mp-adically complete) and a morphism B — C.
(2) One may assume moreover that C' is an R -algebra.

The assumption 7 € pp%“B ensures that the 77 and (pﬂ')P%'o basic setups coincide.

The existence of B — C will be crucial in the proof of Theorem (caution: B"
may not be an R-algebra). In its standard version, Hochster’s modification process to con-
struct a Cohen-Macaulay R-algebra C, as applied for instance in [2]], starts with an almost
Cohen-Macaulay B as an auxiliary object, without relating B and C explicitly (the almost
Cohen-Macaulay condition is there to ensure that the process does not degenerate). Di-
etz’s work remedies this shortfall by providing a map B — C'in char. p, while Shimomoto
“transposes’ it into mixed characteristic by tiltin

For convenience, we restate the fragment of Dietz’s theory that we need as follows:

3.1.2. Proposition. Let S be a complete Noetherian local k-algebra with residue field k.

(1) Any (wb)v%o-almost Cohen-Macaulay S-algebra D maps to a mg-adically sep-
arated, Cohen-Macaulay S-algebra which is a perfect domain (resp. Kbo-
perfectoid, if p° is a parameter of S).

(2) Let (D,,) be a directed system of (ﬂ'fl)z’%"-almost Cohen-Macaulay S-algebras
(for some 77?1 € D, \ 0). Then colim D, maps to a Cohen-Macaulay S-algebra

which is a perfect domain (resp. K’°-perfectoid, if p° is a parameter of S).
3 actually in [20], the m z-adic completion is not performed, and one only gets a Cohen-Macaulay algebra
C' with respect to (p, z2, . .., x4). The terminological variability in the literature (big CM, balanced big CM...)
may be a source of misunderstanding/overinterpretation.
Safter the release of the first version of this paper, I learned that Gabber has an alternative way of passing from
almost perfectoid, almost Cohen-Macaulay algebras to perfectoid Cohen-Macaulay algebras, using an ultraprod-
uct technique.
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Proof. (1) In the terminology of [[7], the fact that D is (Wb)z%’"-almost Cohen-Macaulay
translates into: 7” is a “durable colon-killer” over S. Thus D is a “seed” by [7, 4.8], and
any seed maps to a Cohen-Macaulay algebra which is perfect and mg-adically separated
by [7, 3.7] and is also a domain by [[7} 7.8]. Hence after p’-adic completion, D maps to a
I@b"—perfectoid Cohen-Macaulay S-algebra if p” is a parameter of S.

For (2), one observes that a directed colimit of seeds is a seed [7} 3.2]. g

Proof. (of Theorem [3.1.1).
1 .
(1) a) We may replace B by any B-algebra which is 77 -almost X°-perfectoid and
almost Cohen-Macaulay R-algebra with respect to . For instance,

i) we may replace B by the 77 -almost isomorphic algebra e B, so that 7 is not
a zero divisor in B and B = e B (since BY is 77 _almost isomorphic to B);

i) we may then replace B by B[ ](z 7 )°; in this situation, B contains a system of p"-
power roots x[’% of each x;. In order to see that B* := B[%] @p%" ) is indeed 77 -almost
Cohen-Macaulay with respect to z, it suffices to see that B'/p is 77 _almost faithfully flat

1 —
over B/p. We note that B’ is p»* -almost isomorphic to colim B;, where B; is the integral

closure of Blz»"] in Blz»", 1%] We also note that B; is 7= -almost isomorphic to the

colimit (union) on j of the integral closure B;; of B[(ﬂ':)%g)ﬁ] in B[(ﬂ'f’%ﬁ)ﬁ, %] Since
B - Bisa Wp%w—almost isomorphism, ﬂﬁg is a d-uple in B!, and B;j is 7rr%'°—almost
isomorphic to the integral closure ij of Bt [(wp%g)z%] in Bh[(ﬂ'ﬁg)ﬁ, ]l)]

Applying [2, 2.5.2] to the perfectoid algebra BY, we see that for any j, (@ni ij) /D

is pr%’o -almost faithfully flat over B? /p. Passing to the colimit on j, we conclude that B"/p
is 7 -almost faithfully flat over B /.

b) These reductions being done (namely: ), ii), and ) again), let us first assume that R
is normal. Let R := R[}%]et"’ be the integral closure of R in the maximal etale extension
of R[%] in some fixed algebraic closure Kt of the field of fractions of R. Let us write
R = colim R,, as a directed colimit of finite normal extensions of R such that Ra[%] is
etale over R[%]. The p-adic completion R := colim Ry of Ris I@O-perfectoid, cf. e.g. [19,
10.1].

Let B be the integral closure of B in R @ B [%] We next show that its completion é
is a 77 -almost perfectoid f%-algebra, and é /pis 77 -almost Jaithfully flat over B /p.

Indeed, é is the completed colimit of the integral closures B(,) of B = 777 B in
R, ®p B[]. Since R, ®g B[L] is finite etale over B[] = B[], the perfectoid Ab-
hyankar lemma [1} 0.3.1, 5.3.1applies to (B" [%], R, ®p B[1]) and shows that (B(4))* is
perfectoid, B, is 77 -almost perfectoid, and B(,)/p is 77 -almost faithfully flat over
B/p.

Tsee also a very short account of its proof in [3]. In the notation of [T]), BY [%} isA, Ro ®Rr B[%] is B’ and

B(Q) is B~o.
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Since z is a 77 -almost regular sequence in B, we deduce that the image of

(z2,...,24) is also a 77 -almost regular sequence in B/p Tilting B we get a per-

b

fectoid K- algebra Bb and a ' 7= almost regular sequence x” = (p’, x2, ce T d) where

2= (..,xl,x) (note that the 77 —almostlsomorphrsm Bb/p — B/p sends z” to ).
By Proposition 2| (1), one can map Bb to a ICb"—perfect(md) Cohen-Macaulay

El[p°, a5, ... ,xZ]l-algebra. Untilting, we get a K-perfectoid Cohen-Macaulay algebra
with respect to z. Completing (p, 2, . .., z4)-adically, we get a K°-perfectoid Cohen-

Macaulay R-algebra C' (Proposition , as well as morphisms B — B = C.

¢) We next drop the assumption that R is normal. Let R be the normalization of
R (which is again a complete Noetherian local domain), and ¢ € R \ {0} be such that

Rn[%] = R[i]. We may (by the same argument as above) assume that g is a non-zero
divisor in B and that B contains gp%”. Let B" be the integral closure of B in (Rn QR
B)[ﬂigl We then construct C' and morphisms B! — B™ — (' as above, on replacing

(R, B,7) by (R, B*, mg). This finishes the proof of item (1).

3.1.3. Remark. Since (R" @ B)[ﬂig] = (R" ®pg B)[£][1], B" is integrally closed in
Bn[%], hence spectral, so that B™ — B™ is injective (cf. )

(2) Let us write R™ as a directed colimit of finite normal R-subalgebras R, which are
complete local domains with residue field k = k™ (“local” because R is Henselian and Ry

is a domain). Setting Rs := RB[%]“" as above, we also have R* = colim Rs. Recall
S . . L=
that once a compatible sistem of roots p#? is chosen in RT, the p-adic completion R¥ is

perfectoid over Ko ||
Let gB = (98,1,98,2,---) be a finite sequence of elements of Rg \ {0} such that

Ralog oy -] is etale over R[_j qﬁ -]. We consider the directed system formed by pairs
B= (6,gﬁ) (where the order (ﬂ,gﬂ) (,8’ 913') if 3 < and 95 is part of the sequence

9y)- We define By := (Tgg,:)~ P B(gﬁ )[11)] which is (7rg ) -almost perfectoid.
When f3 varies, they form a directed system of R-algebras. By the same argument as in
(1) ii) above (involving [2} 2.5.2]), Bg/p is (7rg )r%"’-almost faithfully flat over B/p.

We further define BB to be the integral closure of B ®r Rs in (Bg ®r RB)[pHg/-; -],
They form a directed system of Rﬁ-algebras. Since Bg contains a system of p-th

power roots (Hgﬁﬂ-)r%"’ of the non-zero divisor Ilgs,; € Bg, the perfectoid Abhyankar
lemma shows (as above) that Bg is (ﬂ'g )P%"-almost perfectoid, and that (Bﬁ) /p is
(7rg ) -almost faithfully flat over Bg/p, hence over B/p, so that Bg is (7rg )

almost Cohen- Macaulay with respect to x. We may then imitate the argument in (1):
the Rb -algebras Bﬁ form a directed system of (7 B) -almost Cohen- Macaulay E[[z*]]-
algebras, hence their p’-adically completed colimit colimg Bg = (colimé Bg)b maps to

a K?°-perfect(oid) Cohen-Macaulay k[[p”, 25, . .., 2”]]-algebra by Propositio; (2).
Untilting and completing (p, 22, . . ., 24)-adically, we get the perfectoid Cohen-Macaulay
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R-algebra C' (which is an algebra over RY = ca?nf%ﬁ), and we also get a morphism
B — colim B, — C. O

3.2. In [2l §4], the existence of a Cohen-Macaulay R-algebra is shown by first construct-
inga 77 -almost perfectoid 77 -almost Cohen-Macaulay R-algebra B (where 7 € pR,
R[1] is etale over W (k)[[x2, ..., z4]][1], and B is m-torsionfree), and then applying the
technique of algebra modifications to B. Using Theorem [3.1.1] instead of the latter (after
reducing to the case of an algebraically closed residue field, c¢f. [d.1.1|below), one gets the

following more precise result:

3.2.1. Theorem. [ZOﬂ For any complete Noetherian local domain R of mixed characteris-
tic with perfect residue field k, there exists a I@O-perfectoid mpg-adically complete Cohen-
Macaulay R-algebra C. Moreover, one can assume that C is an RT-algebra (in such a
way that the K°-structures coming from R™ and K° coincide ). (I

4. PROOF OF THEOREM [[.2.1]

4.1. Reduction of Theorem [1.2.1]to the case of a surjection, and a stronger statement
in that case.

4.1.1. First, we can reduce to the case when &’ is algebraically closed. Indeed, it suffices
to replace R’ by an extension R defined as follows:

i) if R’ is of mixed characteristic, let A be a coefficient ring and (2} = p, x5, ..., z},)
be a system of parameters; then R’ is a finite extension of A[[z5,...,z/,]] by Cohen’s
theorem, and it follows that R’ W (K't) = R/ N[t ) W)@, . g ]] s
a complete Noetherian local R’-algebra of dimension d’; we take for R” the quotient of
R'© W (K'*) by some minimal prime with dim R” = d’;

it) if R’ is of characteristic p, we make a similar construction replacing A[[z5, ..., z},]]
by k[[x}, 25, ..., 2]l

According to [4] 1.1], one has a “Cohen factorization” R — R° — R’ = R’/p where
R — R is flat. Since every system of parameters for R extends to a system of parameters
for R’ by flatness, any Cohen-Macaulay R -algebra is also a Cohen-Macaulay R-algebra.
It thus suffices to treat the case of R* — R’; in other terms, we may assume from the begin-
ning that R — R’ is surjective - and in particular R and R’ have the same (algebraically
closed) residue field k = k'.

These reductions are compatible with the prescription of f+ in Theorem since
we may replace at once R by its normalization, R’ by the compositum of R’ and the
image of the normalization of R in R'*, and apply Proposition m (3) to the sequence
R— R — R.

4.1.2. This discussion shows that Theorem follows from the following one (in
which we also include the case of char. p for convenience):

4.1.1. Theorem. Let R be a complete Noetherian local domain with algebraically closed
residue field k of char. p > 0, and let C be an R™-algebra which is an mg-adically com-
plete Cohen-Macaulay R-algebra. If R is of mixed characteristic, we assume moreover
that C' is I@O-perfectoid (in such a way that the K°-structures coming from R™ and Ko
coincide - such a C' exists by Theorem|3.2.1)).

85ee footnote 5.
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Let f : R — R’ := R/p be the quotient map by a prime ideal, and let f+ : Rt — R'T
be a lift of f.

Then there exists a R'"-algebra C' which is an mgs -adically complete Cohen-Macaulay
R'-algebra, I@O-pelfectoid if R is of mixed characteristic (resp. perfect if R’ is of charac-
teristic p), and which fits into the commutative diagram

4.1) R R

L,
RT — R'T
[

C —C.

The fact that C' is given “in advance” is crucial, as it permits us to compose such dia-
grams for a chain of quotients R — R/p; — -+ — R/py, and conversely to decompose
R — R’ into successive quotients by primes of height 1 (taking into account Proposition
2.LI).

We thus may and shall assume that p is of height 1. Replacing R by its normalization
(and p by a prime over it), we may and shall assume in addition that R is normal.

4.2. Proof of Theoremd.1.1}; the case when R is of characteristic p. This is a straight-
forward consequence of Dietz’s results. We write R as a directed colimit of finite normal
sub-RR-algebras Rg, and note that R is also a complete local domain with residue field
k. Then R}y = f(Rp) is a complete local domain, and f is the colimit of the induced
maps Rg—» R

According to [[7, 8.9], C ®g, Rg is a seed, and sois C @+ Rt = colim (C ®R, R’B)
by [7, 3.2]. By [, 3.7], C @ g+ R'* thus maps to a perfect Cohen-Macaulay R’-algebra,
and this provides the desired morphism C' — C’, which is compatible with fT. O

4.3. Proof of Theorem |4.1.1: the case when R’ is of mixed characteristic. In this case,
R, is a discrete valuation ring of equal characteristic 0. We proceed in five steps.

4.3.1. Choosing an appropriate system of parameters of R.

We take 1 = p. We choose x5 € p such that o generates pI?, and does not lie in any
minimal prime ideal q of R above p.

Such an element exists. Indeed, since R/p is of mixed characteristic, p is not contained
in any (height one prime) q. By prime avoidance there exists y € p such that y does not
belong to any q. If y generates pR,,, we take xo = y. Otherwise, let x € p generate pRy;
by the affine version of prime avoidan(xﬂ there exists zo € x + y R which does not belong
to any q.

The pair (p, z2) is then part of a system of parameters z = (1, 22, . . ., z4) of R, which

1
we fix. We also fix a compatible sequence of root x5 C RT (e € N5g), and still denote

9due to E. Davis, c¢f. [17, th. 124] (I am indebted to P. Roberts for this reference). We recall the proof for
convenience. Let us assume on the contrary that z + yR C UTq; (with n minimal), and select m such that
z € q;,4 <m < nbutz ¢ Uy, ,q;. Forevery j > m,let z; € q; be such that z; ¢ qp, £ # j. If
Ry C UT"q;, then (x,y)R C p; for some ¢ < m by prime avoidance: a contradiction. Therefore there exists
¥’ € Ry notin UT"q;, and then x2 = = + y'TI7, | 1 25 & UTq;.

Actually, since C'is reduced, it is not essential for the sequel to assume that 2 generates pRy.

10, perfectoid contexts, it is usual to extract p-power roots, not all roots. Our choice to extract all roots of
x9 is related to our use of Abhyankar’s lemma inbelow.
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by the same symbols their images in C. We denote by (x5 ) the ideal Ux2 C and by

(332 )~ its closure.

_ 1
432. C := C/(w5°)~ is perfectoid, and z' := (p,x3,...,xq) becomes a regular se-
quence in C.
1
For any positive integer e, R[zxs| is a finite extension of the regular ring
1 1
W (k)[[x5,xs,...,xq]]. On the other hand, C' is a Cohen-Macaulay R[z; ]-algebra,
1
hence faithfully flat over W (k)[[xs,zs,...,24]], hence also over their colimit
1 i
W(k)[[x5®,23,...,24]]. Thus C/(z5°) is faithfully flat on A" := W(k)[[xs, ..., zd]],
and so is its (separated) completion C' [2] 1.1.1]. Therefore C is a Cohen-Macaulay A’-
algebra (hence p-torsionfree).

In turn, C' being I@O-perfectoid Frobenius induces isomorphisms

1
4.2) (23°C) pF = 23" (C/p?) S @5 (C/p) = (23 C) p.
Passing to the colimit on e (ordered by divisibility), we conclude that C is Iﬁo—perfectoid.

4.3.3. Constructing an almost perfectoid, almost Cohen-Macaulay R’'-algebra B’ (with
respect to z'). Since Ry, is a discrete valuation ring with uniformizer w2, there exists ™ €
R\ p such that

(4.3) mp C z2R.

Since R’ = R/p is p-torsionfree, we may also assume that p divides 7.

L. . = 1
We fix a compatible system of p**-power roots 77" in R and view C and C as Z[r 7 ]-

algebras. Since C is perfectoid, hence reduced, by (#.3)) one has the inclusions
(4.4) Fid pC C /xC C :E2 ).

In particular C/p = C’/(pC—{—xf C)is 77 -almost isomorphic to C/(pC'++/pC). Since
™€ R\p, Proposmon 1) (2) shows that C/(mC + /pC) is not almost zero, and we

conclude that C'is a 77 -almost Cohen-Macaulay R/xo-algebra with respect to z’.
— 1
However, C' may have 7»= -torsion, hence not be a R’-algebra. We introduce

B =717 C ,
a sub-K°-algebra of C' [%] It is 77 -almost perfectoid and 77 -almost Cohen-Macaulay
with respect to 2’ since C — B’ is a 77 -almost isomorphism, cf. By @3), p goes
to mr-torsion in B’ (hence to 0), so that R — B’ factors through R'.
4.3.4. Obtaining C' from Shimomoto’s construction. We may apply Theorem to B’,
which is a 7= -almost I@O-perfectoid, almost Cohen-Macaulay R’-algebra with respect to

a'. This provides a Ko- -perfectoid mg/-adically complete Cohen-Macaulay R’-algebra C”
(and we may assume that C’ is an R'" algebra) together with morphisms of perfectoid

algebras B% — B 0, Moreover, B is an R™™- algebra. Since C is perfectoid, the
composed R-morphism C' — B’ — B™ factors through B"™. The diagram

(4.5)
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commutes, because it commutes after composition with the injective map B — B

(Remark . We conclude that the composed morphism C — C — B™ — (' is
compatible with f.

This proves Theoremexcept for the factorization through f (the kernel of R —
C’ might not even be a prime above p) - which is already enough to prove Theorem|[I.1.1]
in the mixed characteristic case.

4.3.5. Taking care of f+. We now fix a lifting f* : R™ — R'" of f (which exists by
Proposition and denote by p its kernel (which is a prime of RT above p). In order
to take fT into account, we will have to modify C” in the spirit of part (2) of Theorem
By the (usual) Abhyankar lemma, we may write R as the directed colimit of

normal finite sub- R-algebras Ry such that for some positive integer eg, R contains "

and its ramification index is eg at pg := p* N Rp (the latter condition amounts to: Rg C
l

K'[[z5”]]). We note that R is also a complete local domain with residue field &, and that
8 < ﬁ’ implies eg | ear.
+
We set R := Rg/ps. Then R'" = R*/p™ = URj, and R* Ly R is the
colimit of the induced maps g @» Rlﬁ' We can perform the previous steps with
(Rg,pp) instead of (R, p). In step 4.3.1] we can replace z by the system of parameters
1

x5 = (p, 25", x3,...,24). In step4.3.2} the same C works for every 3. In step(4.3.3| we
1

can choose an element 73 € R\ pg divisible by p, such that mgpg C :17;73 Rg. In this way,
the pairs 3 = (3, m3) form a directed set (with the order (5, 75) < (8, mp:) if 3 < 3" and
T3 divides 7T5/).

We define the Rj-algebra Bj := Wﬁ_p%'oé, and the R’B-algebra Bb as in part
~ —b N —~b
(1) of the proof of Theorem [3.1.1} The tilts Bj form a directed system of Ij; -

algebras, which are (WE)’%'O-almost Cohen-Macaulay k[[p’, 23, .. .,2"]]-algebras. Their
(p°-adically completed) colimit with respect to 3 maps to a I@’"-perfect(oid) Cohen-
Macaulay k[[p’, 23, ..., ’]]-algebra by Proposition [3.1.2] (2). Untilting and completing
mps-adically, we get a perfect01d Cohen -Macaulay R’ -algebra C’ (Proposition

which is also an algebra over R'F = colim R’ , and the composed morphism C' — C —

colim BE, — colim Bg — C" is compatible with f* = colim fg, by the same argument

as in[d3.4] ; O

4.4. Proof of Theorem [4.1.1t the case when R is of mixed characteristic and R’ is
of characteristic p. The proof is similar (somewhat simpler), the roles of the first two
parameters being switched. Now R, is a discrete valuation ring of mixed characteristic.

4.4.1. Choosing an appropriate system of parameters of R. By the Cohen-Gabber struc-
ture theorem (based on Epp’s elimination of wild ramification) [16, IV 4.2], there ex-
ists a finite normal extension S of R in R™ which becomes a finite extension of a ring
A = V[[za,...,xq]] (Where V is a complete discrete valuation ring with residue field
k = k™), such that A — S becomes etale after inverting some element of A not contained
in any minimal prime above p. Let 2 be a uniformizer of V. One has V[%} = V[x—ll}, and

L -
if ey denotes the absolute ramification index of V, p~ 0 21 is a unit in W (k) ™.
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We may and shall replace R by S (and p by a prime above it). Then z := (x1,...,zq) is

a system of parameters of R and x; is a uniformizer of the discrete valuation ring of mixed

characteristic R,. One has R[%} = R[i], ANp = z1A4, and the image of (x2,...,zq) in
1

R’ is a system of parameters of R’. We also fix a compatible sequence of roots z{ C R™.

~ 1
442. C = C/zC is a perfect Cohen-Macaulay R/x1-algebra (with respect to x').
1~ 1
Since C is actually perfectoid, Frobenius induces an isomorphism C/p#eoc — C/p=o¢ for
i ~ l . _—— . . . .
any e > 0, hence an isomorphism C/z{* — C/z{ since p e x1 is a unit in C. Passing
to the colimit on e, we conclude that C'is perfect.

1
As in C is faithfully flat over V[x{][[z2,. .., 24]], hence also over their colimit.
Thus C is faithfully flat over A’ := k[[xo, ..., z4]].

4.4.3. Constructing an almost Cohen-Macaulay R'-algebra B’ with respect to z'. Since
Ry, is a discrete valuation ring with uniformizer 1, there exists 7 € IR \ p such that

(4.6) mp C 1 R.

ER . = 1
We fix a compatible system of p'"-power roots 7»" in RT and view C and C as Z[wpé" ]-

algebras. By (@.6), and since C is perfect, hence reduced, one has the inclusions
4.7) 77 \/pC C \/1,C C 2= C.

By the same argument as in (involving Proposition (2)), C is 77 -almost
1
Cohen-Macaulay with respect to z’. It may have 7»= -torsion, and as above, we introduce
1 — 1
B’ := 7~ »= C, which is still 77> -almost Cohen-Macaulay with respect to z’.

4.4.4. Obtaining C' from Dietz’s construction. By Proposition (1), the R’-algebra
B’ maps to a perfect, mp/-adically separated, Cohen-Macaulay R’-algebra D’ without
zero-divisors. Denoting by C’ its mpgs-adic completion, which is still a perfect Cohen-
Macaulay R’-algebra, one gets a composed homomorphism C' — C' — B’ — D' — C’
compatible with f.

In contrast to the situation the kernel of RT — C” is a prime pT lying above p
(since D’ is a domain, and is m g/ -adically separated), so that C' — C" factors through some
lifting f'* : Rt — R'* of f. As R is normal (according to our preliminary reduction,
f , one has f'* := f o o for some o € Gk (Proposition (2)), and one may
precompose accordingly RT — C with o. This proves Theorem up to a Galois
ambiguity on the factorization through f* - which is already enough (together with the

previous steps) to prove Theorem

4.4.5. Taking care of f+. We proceed as in We may write R as the directed colimit
of normal finite sub- R-algebras Rg, and write Rj; := R /pg, its image in R'* via f*. As
1

in we may assume that there is 15 € W (k)™ N Rg such that p  “# 14 is a unit for
some positive integer eg, and x14 is a uniformizer of (Rg),,. We note that R is also a
complete local domain with residue field &, and that 3 < /3’ implies 21 | x15 in W (k)™.

We can perform the previous steps with (Rg,pg) instead of (R, p), replacing z by the
system of parameters x5 := (21,2, ...,24). The same C works for every 3. In step
we can choose an element 73 € Rg \ pg such that mgpg C x13Rg. In this way,
the pairs § = (3, 73) form a directed set as in The construction of B’ in is
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L
canonical and leads to a directed family R;; — Ty »™ (. Taking the completed colimit

leads to the desired morphism C' — C’, which is compatible with . ]
This finishes the proof of Theorem[4.1.1] (and also the proof of Theorem [I.2.T]. O

4.5. By iterated application of Cohen factorizations, any finite sequence R fy Ry EEY

e & R,, of local homomorphisms fits into a commutative diagram

(4.8) Ro IRy B IR,

‘Lfilfz' fﬁl

Ry — R}, —--- — R,

where the vertical maps are flat (the last one being idg, ), and the f; are surjective. Com-
bining this with Theorem 4.1.1] one obtains the following generalization of [[.2.T}

4.5.1. Theorem. Any finite sequence Ry Q Ry fi f—$ R,, of local homomorphisms
of complete Noetherian local domains, with Ry of mixed characteristic (0,p), fits into a
commutative diagram

4.9) Ry % Ry L5 In R,
Loobo .
rR¢ D RS Dy

Lo !

Co—C, —--- —C,

where each C; is a I@O-perfectoid Cohen-Macaulay R;-algebra if R; is of mixed charac-
teristic (0, p), or a perfect Cohen-Macaulay R;-algebra if R; is of characteristic p.
Moreover, the ff can be given in advance. O

Here K° is the perfectoid ring obtained from the Witt ring of the algebraic closure of
the residue field of R,, by adjoining p'"*-power roots of p and completing.

ERRATUM TO [1]

When almost algebra departs from its elementary categorical foundation (as a special
case of Gabriel localization) to take its true nature, one may stumble on many subtle diffi-
culties. We are grateful to O. Gabber for pointing out the following erratum to [[1} §1

Every almost projective 2-module 3 is flat [8], 2.4.12]. But it is not clear that it is almost
faithfully flat if it is faithful; it is not even clear that every almost finite etale extension is
almost faithfully flat (as written in [, rem. 1.7.2 (1), 1.8.1. (1)]ﬂ The results [8, 2.4.28
v, resp. iv] only show that the evaluation ideal £y /9 C 2 satisfies Ep /o' = P if P is
faithful, whereas faithful flatness amounts to £y /o = 2L ; the difficulty is that it is not clear
that the idempotent ideal £y /9 is generated by an idempotent almost-element.

However, the problem disappears if ‘B is of constant rank r because g o1 O Enrqp/al =
2 (cf. 8l proof of 4.3.8]), and more generally if B is of finite rank.

“besides, as a referee pointed out, the expression “m agit fidelement sur /3” on the line following (2.10) in
[1]] should be replaced by “I3 est sans m-torsion”.

2¢his is an important issue since the perfectoid Abhyankar lemma asserts that a certain extension is almost
finite etale, whereas it is the almost faithful flatness of this extension which matters in the applications.
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Fortunately, all almost finite etale extensions occurring in [[1] are of finite rank as almost
projective modules, because they occur, in the context of [1, Prop. 1.9.1 (1),(3)], in con-
nection with Galois extensions and subextensions. However, in the given proof that Galois
extensions are of constant rank r =| G |, the argument by faithful flatness descent should
be replaced by the following observation (Gabber): for any extension 2 — ‘B and any
(almost) finite projective 2l-module B such that Py is of rank r, P is of rank 7. Indeed,
AT injects into A"T13p = 0, hence ‘P is of finite rank; furthermore, by [8} 4.3.27],
20 decomposes into a finite product [ [ 2l; where By, has rank ¢, and by tensoring with 2B,
one sees that Py, = 0 for ¢ # r.
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