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Semi-implicit two-speed Well-Balanced
relaxation scheme for Ripa model

Emmanuel Franck, Laurent Navoret

Abstract In this paper, we propose a semi-implicit well-balanced scheme for the Ripa
model based on a two-speed relaxation. The method both preserves equilibria and
has an implicit step that reduces to the inversion of a constant Laplacian. Numerical
simulations show that the scheme well capture low-Froude flows.

Key words: relaxation method, shallow-water model, semi-implicit scheme

Introduction

To discretize two-scale hyperbolic problems with a good accuracy, several methods
have been proposed and are generally based on semi-implicit schemes to prevent us
from the fast scale stringent stability condition. In [3, 5], such a scheme have been
proposed and it is based on very recent relaxation method and a dynamical splitting.
This method allows to adapt the time discretization to the regime and the implicit step
just reduces to the inversion of a discrete Laplacian with constant coefficient. In this
paper, we adapt this numerical scheme to the Ripa model with topography, which
describes shallow-water flows with horizontal temperature gradients. In the Ripa
model, the fast scale dynamics are perturbative gravity waves around an equilibrium
and the slow scale dynamics is the convection. Here equilibria are balance between
the pressure gradient and the topography source term. In addition to the implicit
treatment of the perturbative waves, the scheme has to preserve the equilbria so to
prevent the generation of spurious waves around them. This is the so-called well-
balanced property.

We consider the one-dimensional Ripa model [8]:
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


∂th + ∂x (hu) = 0,
∂t (hu) + ∂x (hu2 + p(h,Θ)) = −ghΘ∂x z,
∂t (hΘ) + ∂x (hΘu) = 0,

(1)

where h(x, t) is the water height, u(x, t) the velocity, Θ(x, t) the temperature and
z(x) the topography and the pressure law is given by: p(h,Θ) = gΘ 1

2 h2, with g

the gravity constant. This system is hyperbolic and has three characteristic speeds:
Σ = {u − c, u, u + c}, with c =

√
ghΘ. We introduce the Froude number Fr = u/c,

which describes the ratio between the two velocity scales. We are interested into
perturbations of stationary solutions. These solutions are balance between pressure
force and source term: ∂xp = −ghΘ∂x z. Hereafter we consider the following three
families of equilibria, with zero velocity:




u = 0,
Θ = cst,
h + z = cst,




u = 0,
z = cst,
Θh2

2 = cst,




u = 0,
h = cst,
z + h

2 ln(Θ) = cst.
(2)

The first aim is to write a scheme that preserves these steady states. Indeed, if the
scheme does not preserve the steady states, spurious velocity and pressure modes
would appear and would destroy the accuracy of the scheme for small velocity (low
Froude regime). The second aim is to capture the dynamics near an equilibrium with
an acceptable cost. For example, we consider the following perturbation O(Fr) of
the first steady equilibria with Fr � 1. In that case, the perturbation has a small
amplitude but moves with a large propagation speed of order O(1/Fr). Therefore,
implicit schemes are usually required to filter these small fast waves.

Two-speed relaxation system

To simplify the implicit treatment of the dynamics,we propose a relaxationmodel that
linearizes the fast scale associated to the gravity waves. We introduce two additional
unknows Π(x, t) and v(x, t) and consider the following extended hyperbolic system




∂th + ∂x (hv) = 0,
∂t (hu) + ∂x (huv + Π) = −gh∂x z,
∂t (hΘ) + ∂x (hΘv) = 0,
∂tΠ + v ∂xΠ + hmλ

2∂xv =
1
ε

(
p(h,Θ) − Π

)
∂tv + v ∂xv +

1
hm
∂xΠ = −

h
hm

gΘ∂x z + 1
ε

(
v − u

) (3)

with hm > 0 and λ > 0 are constant relaxation parameters and where ε > 0 is the
relaxation parameter. This system is an approximation of (1) in the limit ε tends to
zero. This result can be shown formally.

Proposition 1 As ε → 0, the relaxation system (3) is consistent at first order in ε
with
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


∂th + ∂x (hu) = ε ∂x (β(∂xp + gh∂x z)),
∂t (hu) + ∂x (hu2 + Θ

g
2 h2) = −hgΘ∂x z + ε ∂x (uβ(∂xp + gh∂x z)) + ε∂x (γ∂xu)

∂t (hΘ) + ∂x (hΘu) = ε∂x (Θβ(∂xp + gh∂x z)) ,
(4)

with β =
(

h
hm
− 1

)
, γ =

(
hmλ

2 − hc2
)
.

The proof is based on a classical Chapman-Enskog expansion detailed for the Euler
system case in [5]. Note that an equilibrium given by ∂xp = −ghΘ∂x z and u = 0
is still a steady state of the first order approximation (4) of the relaxation system.
It is not the case for all the relaxation models like the Jin-Xin relaxation used in
[3]. This property is necessary, but not sufficient, to obtain a well-balanced scheme
since we will discretize the relaxation system (3) and not the original one. In [5], the
entropy stability of (4) is analysed. This computation adapted to our model gives the
following stability conditions: β ≥ 0, γ ≥ 0.

Semi-implicit scheme

The structure of the relaxation system (3) enables us to devise a semi-implicit
scheme with a simple implicit part. This scheme is based on a splitting method
between the different time-scale dynamics contained in (3). We split system (3) into
the convection part (C), the gravity waves part (W) and the relaxation part (R):

(C)




∂th + ∂x (hv) = 0,
∂t (hu) + ∂x (huv + F 2Π) = −F 2 ghΘ∂x z,
∂t (hΘ) + ∂x (hΘv) = 0,
∂tΠ + v∂xΠ + hmλ

2∂xv = 0
∂tv + v∂xv +

F 2

hm
∂xΠ = −F

2 h
hm

gΘ∂x z

(W )




∂th = 0,
∂t (hu) + (1 − F 2) (∂xΠ + hg∂x z) = 0,
∂thΘ = 0
∂tΠ + (1 − F 2)hmλ

2∂xv = 0
∂tv + (1 − F 2)

(
1
hm
∂xΠ +

h
hm

g∂x z
)
= 0

(R)
{
∂tΠ =

1
ε

(p(h,Θ) − Π) , ∂tv =
1
ε

(u − v) ,

whereF = max
(
Fmin,min

(
u√
hΘg

, 1
))

is an estimation of the global Froude number.

Introduced in [4], this dynamic splitting allows to adapt itself to the dynamics.
In practice, the relaxation step (R) is treated as a projection: Π = p(h,Θ) and

v = u. The key point is the discretization of the waves part (W) with an implicit
solver. First, we note that ∂th = 0 so that the topography source term can be treated
explicitly. The construction of the implicit scheme is based on the following remark:
the equations on v and Π form a linear independent system. We can thus discretize
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all the equations of (W) with an implicit Euler scheme and then we get an implicit
elliptic problem on Πn+1 by plugging the expression of vn+1 in the Π equation. This
elliptic problem is linear and has constant coefficient. After solving this problem,
we obtain Πn+1 and then vn+1 and (hu)n+1 can be computed with an explicit cost.
For the spatial discretization, we use a classical finite volume scheme for the elliptic
part and the central flux for the first derivative. The final algorithm writes:

• Step 1: solve

*
,
Π

n+1
j − (1 − F 2)2

∆t2λ2
Πn+1

j+1 − 2Πn+1
j + Πn+1

j−1

∆x2
+
-
=

Π
n
j − ∆t(1 − F 2)λ2

vn
j+1 − vn

j−1

2∆x
(1 − F 2)2

∆t2λ2 1
∆x

(
Sn

j+ 1
2
− Sn

j− 1
2

)
,

with
Sn

j+ 1
2
= hn

j+ 1
2
Θ

n

j+ 1
2

z j+1 − z j
∆x

, (5)

where the quantities h j+ 1
2
and Θj+ 1

2
will be define below.

• Step 2: compute

vn+1
j = vnj − (1 − F 2)

∆t
hm

Πn+1
j+1 − Π

n+1
j−1

2∆x
− (1 − F 2)

∆t
hm

g

2

(
Sn

j+ 1
2
− Sn

j− 1
2

)
,

(hu)n+1
j = (hu)nj − ∆t(1 − F 2)

Πn+1
j+1 − Π

n+1
j−1

2∆x
−
g∆t
2

(1 − F 2)
(
Sn

j+ 1
2
− Sn

j− 1
2

)
.

Well-balanced fluxes

The convective part (C) is discretized with a first order explicit finite volume scheme.
The numerical flux for the transport terms is constructed so that it preserves the steady
states and this will provide the value of h j+ 1

2
and Θj+ 1

2
. Following [1, 6], the idea

consists in splitting the flux and then using a specific numerical fluxes for each part.
Here, we propose to decompose the flux term in three parts:

*.......
,

∂x (hv),
∂x (huv + F 2Π)

∂x (hΘv)
v∂xΠ + hmλ

2∂xv

v∂xv +
F 2

hm
∂xΠ

+///////
-

= ∂x

*......
,

hv
huv + F 2Π

hΘv
0
0

+//////
-

+

*......
,

0
0
0

v∂xΠ
v∂xv

+//////
-

+ ∂x

*......
,

0
0
0

hmλcv
1
hm
F 2Π

+//////
-

= ∂xFc + F∗nc + ∂xF`a

For the non-conservative part F∗nc , we use a non-conservative upwind scheme. For
the linear acoustic part F`a, we propose a modified acoustic flux that takes into
account spatial variation due to the source term using the Jin-Levermore method [7].
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The linear acoustic part writes:

∂tΠ + hmλ
2∂xv = 0, ∂tv + F

2 1
hm

∂xΠ = 0,

and can be diagonalized as follows:




∂t
(
hmλ
F

v − Π
)
− F λ∂x

(
hmλ
F

v − Π
)
= 0,

∂t
(
hmλ
F

v + Π
)
+ F λ∂x

(
hmλ
F

v + Π
)
= 0.

To define the intermediate value of Π and v in the fluxes at node x j+ 1
2
, we thus

consider the upwinded quantities:




(
hmλv
F
− Π

)
j+ 1

2
=

hmλ
F

v(x+
j+ 1

2
) − Π(x+

j+ 1
2
),(

hmλv
F
+ Π

)
j+ 1

2
=

hmλ
F

v(x−
j+ 1

2
) + Π(x−

j+ 1
2
).

(6)

Following [7] and as already done for the Euler gravity system in [2], we precise
these formula by considering the possible spatial variation of Π at equilibria:

Π(x j ) ≈ Π(x−
j+ 1

2
) −
∆x
2
∂xΠ(x j+ 1

2
) ≈ Π(x−

j+ 1
2
) +
∆x
2

h(x j+ 1
2
)Θ(x j+ 1

2
)g∂x z(x j+ 1

2
).

We define similarly Π(x+
j+ 1

2
). Then plugging these values in (6) and considering

v(x+
j+ 1

2
) = v(x j+1) and v(x−

j+ 1
2
) = v(x j ), we obtain at the discrete level:




(
hmλv
F
− Π

)
j+ 1

2
=

hmλ
F

vj+1 − Πj+1 +
∆x
2 h j+ 1

2
Θj+ 1

2
g
z j+1−z j
∆x ,(

hmλv
F
+ Π

)
j+ 1

2
=

hmλ
F

vj + Πj −
∆x
2 h j+ 1

2
Θj+ 1

2
g
z j+1−z j
∆x .

(7)

Then we obtain the following intermediate values for the modified acoustic fluxes:




v∗
j+ 1

2
= 1

2

(
vj+1 + vj

)
− F

2hmλc

(
Πj+1 − Πj + gh j+ 1

2
Θj+ 1

2
(z j+1 − z j )

)
,

Π∗
j+ 1

2
= 1

2

(
Πj+1 + Πj

)
−

hmλc
2F

(
vj+1 − vj

)
.

Finally, for the convection part, we use an upwind scheme at the velocity v∗
j+ 1

2
for

the quantities h, hu, hΘ and we use Π∗
j+ 1

2
for the pressure term.

To ensure the well-balanced property, we consider the following discretization
for the source terms [2]:

Sj = −g
1
2

(
Sj+ 1

2
+ Sj− 1

2

)
. (8)

where Sj+ 1
2
are defined in (5).
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Proposition 2 Considering that u j = 0, vj = 0 and Πj =
1
2gΘjh2

j , the schemes for
the convective part (C) and for the wave part (W) are well-balanced for the three
type of steady states:{

Θj = cst,
h j + z j = cst,

{
z j = cst,
Θj (h j )2/2 = cst,

{
h j = cst,
z j + h j ln(Θj ) = cst, (9)

if we choose in the scheme

h j+ 1
2
=

1
2

(h j + h j+1), Θj+ 1
2
=



Θ j+1−Θ j

ln(Θ j+1)−ln(Θ j ) , if Θj+1 , Θj,

Θj, if Θj+1 = Θj .

Indeed, with this choice, then v∗
j+ 1

2
= 0 for all the steady-states. Consequently, all the

transport terms at velocity v∗
j+ 1

2
in (C) vanish. It remains to prove that the balance

between the pressure term (Π∗
j+ 1

2
−Π∗

j− 1
2
)/∆x = (Πn

j+1 −Π
n
j−1)/(2∆x) and the soure

term. This follows from the choice (8). We do not detail the computation here. For
the implicit scheme for (W ), the preservation of these steady states results from this
balance between discret gradient pressure and the source term and also from the
centered discretization.

Numerical results

First, we consider a classical test case for well-balanced schemes. The initial data
is taken as a steady state and we compare the classical Rusonov scheme with the
semi-implicit two-speed well-balanced scheme (SI two-speed WB) on a large time
interval [0,Tf ]. The CFL condition of our scheme is given by

∆t ≤
∆x

maxx |u(t, x) + F (t)
√

h(t, x)Θ(t, x)g |
.

The parameter F (t) depends on an important parameter Fmin. If u = 0, there is still
a small part of the gravity wave dynamics which is explicit and generates a CFL
condition: ∆t ≤ ∆x/(Fmin

√
hΘg). Hence, decreasing this parameter Fmin increases

the time step. We remark also that when Fmin = 1, the scheme is explicit. The initial
data are given by u0(x) = v0(x) = 0, Π0(x) = 1

2Θ0(x)h0(x)2 with the following
topography z(x), initial water height h0(x) and temperature Θ0(x):

(ST1) z(x) = 0.1 + Gx0,σ (x), h0(x) = 8.0 − z(x), Θ0(x) = 1,
(ST2) z(x) = 1, h0(x) = 1.0 + 0.2Gx0,σ (x), Θ0(x) = 1

gh0 (x)2 ,

(ST3) z(x) = x(1 − x), h0(x) = 1, Θ0(x) = 2e−x(1−x) .
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with G(x, σ) = 1√
2πσ

exp(− (x−x0)2

σ ) and σ = 0.06. We consider g = 1, Nc = 200
cells and Tf = 20. The results are given in the table below.

The results show that the SI two-speedWB is exactly well-balanced in the explicit
version (Fmin = 1). In the semi-implicit case, it is more complicated. At the theoreti-
cal level the scheme is well-balanced, but the implicit part generates very small errors
close to machine precision and these errors are slowly propagated. The scheme does
not preserve the steady states exactly. However, we remark that with Fmin = 0.005,
the errors are very small (between 1.0E−11 and 1.0E−13) with a time step 200 larger
than the one of the explicit schemes. In the following, we will show that the scheme
well capture the flow around steady states and that these pertubative errors does not
deteriorate the results contrary to classical non well-balanced schemes.

∆t/Error Tests Explicit SI two-speed WB SI two-speed WB SI two-speed WB
Rusanov (Fmin = 1) (Fmin = 0.1) (Fmin = 0.005)

ST1

Error h 1.5E−2 1.5E−17 1.5E−13 3.6E−13

Error u 5.9E−3 1.5E−15 4.8E−11 6.7E−13

Error Θ 0.0 0.0 0.0 0.0
∆t 8.1E−4 7.1E−4 7.1E−3 1.42E−1

ST2

Error h 9.3E−2 0.0 6.4E−11 8.4E−12

Error u 7.3E−9 0.0 8.7E−13 1.3E−13

Error Θ 0.13 1.8E−17 8.2E−11 6.0E−12

∆t 2.5E−3 2.3E−3 2.3E−2 4.7E−1

ST3

Error h 0.59 0.0 7.1E−9 1.38E−12

Error u 0.65 1.6E−15 1.0E−9 4.4E−14

Error Θ 0.19 0.0 9.4E−9 1.4E−12

∆t 2.4E−3 1.8E−3 1.8E−2 0.49

Thenwe introduce a perturbation in the (ST3) test-case, h0(x) = 1+0.001G0.8,σ (x),
on the domain is [0, 3]. In Figure (1), we compare the explicit Rusanov scheme with
the SI two-speedWB scheme.We observe that the non-WB explicit Rusanov scheme
is not able to capture the physical perturbation: the scheme creates a numerical per-
turbation larger that the physical one (in red), for 1200 cells, or with the same size
(in blue) with 12000 cells. The SI two-speed WB scheme does not create numerical
perturbations and capture correctly the physical perturbation with a coarser grid. The
results are better with 600 cells and the SI two-speed WB scheme that with 12000
cells with the non-WB Rusanov scheme. Additionally, the results obtained with the
SI two-speed WB scheme are given with a 10 times larger time step than the explicit
one. We cannot increase too much the time step here since the implicit part of the
schemes would create numerical diffusion on the gravity wave part.
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Fig. 1 Left: explicit Rusanov scheme; In green the initial data. In red the solution on a semi-coarse
grid (1200 cells), in blue the solution on a fine grid (12000 cells). Right: SI two-speedWB; in green
the initial data. In red the solution on a coarse grid (600 cells), in blue the solution on a semi-coarse
grid (4800 cells).

Conclusion

In this paper, we propose a semi-implicit relaxation scheme for the Ripa model, that
is well-adapted to treat the low-Froude regime. Indeed, we are able to take very large
time step compared to the gravity waves time scale and the accuracy of the scheme
is independent of the Froude number. The two-speed relaxation allows to have an
implicit step with a constant linear Laplacian. Additionally the scheme is able to
preserve non-trivial steady states with a very good accuracy, with small errors for
very large time steps. However the scheme is not able to treat wet/dry transitions.
The 2D extension have been performed for the Euler system in [5]. In the future, we
propose to extend the method to flows around equilibria MHD system.
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