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DISSIPATIVE BOUNDARY CONDITIONS AND ENTROPIC SOLUTIONS IN
DYNAMICAL PERFECT PLASTICITY

JEAN-FRANCOIS BABADJIAN AND VITO CRISMALE

ABsTrRACT. We prove the well-posedness of a dynamical perfect plasticity model under general
assumptions on the stress constraint set and on the reference configuration. The problem is
studied by combining both calculus of variations and hyperbolic methods. The hyperbolic point
of view enables one to derive a class of dissipative boundary conditions, somehow intermediate
between homogeneous Dirichlet and Neumann ones. By using variational methods, we show the
existence and uniqueness of solutions. Then we establish the equivalence between the original
variational solutions and generalized entropic—dissipative ones, derived from a weak hyperbolic
formulation for initial-boundary value Friedrichs’ systems with convex constraints.

CONTENTS
1. Introduction 1
2. Notation and preliminaries 6
3. Description of the model 8
4. Variational solutions 20
5. Entropic-dissipative solutions 33
Acknowledgements 39
References 39

1. INTRODUCTION

In this paper we study the problem of small-strain dynamical perfect plasticity, under gen-
eral constitutive assumptions, exploiting both the theory of constrained initial-boundary value
Friedrichs’ systems and techniques from the calculus of variations. Perfect plasticity is a classical
theory in continuum mechanics (see e.g. [26, 32]), developed to predict the appearance of perma-
nent deformations in solids as the result of critical internal stresses. Let 2 C R™ be a bounded
open set representing the reference configuration of an elasto—plastic body, u : Q x (0,7) — R™ be
a kinematically admissible displacement field, and o :  x (0,7') — M, be a statically admissible
Cauchy stress tensor. In a dynamical framework, given an external body load f: 2 x (0,7) — R™,
u and o satisfy the equation of motion

i—divo=f inQx(0,7T), (1.1a)

where i, the second partial derivative of u with respect to time, is the acceleration. In small strain
perfect plasticity, the linearized strain tensor Eu := (Du + Du”)/2 decomposes as

Eu=e+p, (1.1b)
whereeand p: Qx(0,7) — Mg, ., are the elastic and the plastic strains, corresponding to reversible
and irreversible deformations, respectively. The Hooke’s law

o:=Ae = Atre)l, +2pue (1.1c)

gives the expression of the Cauchy stress as a linear mapping of the elastic strain, for some fourth
order symmetric and isotropic elasticity tensor A, whose expression involves the Lamé coefficients
A, p satisfying the ellipticity conditions pu > 0 and 2u + nA > 0. In perfect plasticity, the Cauchy
stress tensor is constrained to stay in a fixed closed and convex set K C M, containing the origin
as an interior point
oceK. (1.1d)
1
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When o lies inside the interior of K, the material behaves elastically and no additional inelastic
strains are created (p = 0). On the contrary, when o reaches the boundary of K a plastic flow may
develop in such a way that a non—trivial permanent plastic strain p may remain after unloading.
The evolution of p is described by the Prandtl-Reuss law p € Nk(o), where Nk (o) is the normal
cone to K at o, or equivalently by the Hill’s principle of maximum plastic work

o:p=H(p), (1.1e)
with H(q) = sup, ¢k 7: ¢ the support function of K.

The problem of dynamical perfect plasticity consists thus in finding a displacement u:  x
(0,7) — R", an elastic strain e: Q x (0,7) — M, a plastic strain p: Q x (0,7) — M, and
a Cauchy stress 0: Q x (0,7) — MY, such that (1.1a)-(1.1e) hold in © x (0,T), starting from
initial conditions

(u(0),4(0), (0),p(0)) = (uo, vo, €0, o), (1.1f)
and with suitable boundary conditions on 92 x (0,7). In the quasistatic setting, i.e., when the
equation of motion (1.1a) is replaced by the equilibrium equation —dive = f in Q x (0,7, the
problem has been studied in [40] and later revisited in [15] in the framework of rate independent
processes. A similar static problem, also known as Hencky plasticity, has been investigated in
[42, 5]. In the dynamical case, existence and uniqueness of solutions to this problem has been
proven in the case of Dirichlet boundary conditions on w in [6] when K is cylindrical and bounded
in the direction M, of deviatoric matrices (typically the Von Mises or Tresca models), and in [10]
for a general K. The proof in [6, 10] relies on the approximation through visco—plastic regularized
models. Another approach introduced in [17] is based on the minimization of time-space convex
functionals (called WIDE for weighted—inertia—dissipation—energy) involving a small parameter in
an exponentially time decreasing weight, and by passing to the parameter limit. We remark that in
this last reference, the authors also consider the case of mixed Dirichlet and homogeneous—Neumann
boundary conditions but with a cylindrical elasticity set as in [6], bounded in the direction of M.

The present contribution focuses on an approach to dynamic perfect plasticity based on entropic
formulations of hyperbolic conservation laws. A simplified anti—plane model has been studied in
[8]. We extend here the result of [8] to the general vectorial case of (1.1), by removing the antiplane
shear displacement assumption, by considering a general convex set K, and by working in general
Lipschitz reference configurations 2. In the sequel, we describe the abstract approach, and point
out the mathematical issues arising in the general elasto—plastic setting.

The starting point is to express (1.1a), (1.1b), (1.1c) and (1.1f) as a non-stationary Friedrichs’
system

(U +> AdU+P=F,

— (1.2a)

U) =0,
where each component of U: Q x (0,T) — R?, with d = n + w is a suitable explicit linear
combination of the n components of @ and of the % components of the n x n symmetric matrix

o (and similarly for Up). The vector P: Q x (0,T) — R is a residual term (usually not present
in Friedrichs systems) coming from the plastic strain rate p, the source term F: Q x (0,T) — R?

comes from the body loads f, and the d x d symmetric matrices Aq,..., A, are only depending
explicitly on the Lamé coefficients. The plasticity conditions (1.1d), (1.1e) then correspond to
UecC, P-(U-¢ >0 forevery¢eC, (1.2b)

for a suitable closed and convex set C C R? containing Oga as an interior point. Therefore, (1.1)
can be formally recast into (1.2), that we interpret as a Friedrichs’ system with a convex constraint.

In the classical case of elastodynamics, we have P = 0 and this formulation of the generalized
wave equation describing the equation of motion in the framework of Friedrichs’ systems has
been introduced and studied in [27]. Besides elastodynamics, many problems can be formulated
in terms of Friedrichs’ systems, for instance advection-reaction equations, advection—diffusion—
reaction equations, the wave equation, the linearized Euler equations, the Maxwell equations in
the so-called elliptic regime, and several other equations in mathematical physics (see e.g. [12, 2]).

When the problem is set in the whole space R™, a notion of entropic solutions of Friedrichs’
systems with convex constraints has been introduced in [20] and characterized in [9] as the unique
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limit of regularized solutions by means of a constraint penalization and a vanishing diffusion. This
theory turns out to be well defined in Lebesgue type spaces. However, problems in continuum
mechanics are often formulated in bounded domains. For that reason, it is important to extend
the previous approach to initial-boundary value problems. The difficulty is that the boundary
conditions must be compatible with the evolution, especially in the hyperbolic framework where
the initial conditions are propagated at finite speed through the characteristics and, possibly, up
to the boundary. The starting point of our analysis (which was also the point of view of [35, 8]) are
so-called dissipative boundary conditions introduced in [24]. This notion of boundary conditions
was then used in [35] to formulate an L2-theory for initial-boundary value Friedrichs’ system with
an intrinsic formulation of boundary conditions, in the spirit of the L°°-theory of boundary value
scalar conservation laws [33, 36| (see also the abstract approach to Friedrichs’ systems in Hilbert
spaces of [22, 21], and [1] on the relations between different types of boundary conditions). The
advantage of this so-called entropic—dissipative formulation is that it does not involve any notion
of trace of the solution on the boundary, which is meaningful when one is looking for solutions in
Lebesgue type spaces.

This paper completes the analysis of a notion of entropic—dissipative solution for initial-boundary
value Friedrichs’ systems with a convex constraint, obtained by a combination of [35] and [20], in
the case of dynamic perfect plasticity. Such solutions are functions U € L?(Q x (0,T); C) such
that for all constant vectors £ € C and all test functions ¢ € C2°(R™ x (—o0,T)) with ¢ > 0,

T , n_ T
/0 /Q|U—§| 8t<pdxdt+;/0 /QAi(Ufﬁ)-(U—g)aigpdxdt

T T
—¢)? d F-(U=8pdxd Met ¢todH™1d ) )
+/Q|U0 £Po(0) x+2/0/9 W £>soxt+/0 [ Mgt crpantazo. (1)

In the expression above, for x € 9, we denote by v(x) the unit outer normal to 9 at x,
Ay (z) := Y0 vi(x)A; and M (x) € MY, satisfies
M (x) is nonnegative,
Ker A, (z) C Ker M(x), (1.3b)
R* = Ker (A, (z) — M(z)) + Ker (A, (z) + M(2)) ,

and T is the projection of & onto Ker (A, (x) + M(z)) NImA,. The formulation (1.3a) is a
combination of the unconstrained initial-boundary value problem introduced in [35, Definition 1],
and the constrained Cauchy problem in the full space introduced in [20, Definition 2|. It has two
main features: first, the fact the test vectors £ belong to the convex set C entirely contains the
information of the flow rule; and second, the fact that the boundary condition is expressed through
a boundary term not involving the trace of the solution which allows for a Lebesgue spaces type
theory. The formulation (1.3a) is referred to as an entropic formulation since it involves functions
U — |U — £|? which are analogous to the Kruzkov entropies in [30] for scalar conservations laws,
and to as a dissipative formulation by analogy of the loss of kinetic energy for Euler equations in
[31] since, in the case F' = 0, the boundary condition implies the time decrease of ||U()| 12 (q)-
In [24] the admissible boundary conditions in a “strong sense” are given by

(Ay — MU =0 on dQ x (0,T), (1.4)

for a matrix M satisfying (1.3b). In the case where A, is invertible, as in plasticity, the difference
between [24] and [35] on admissible matrices M is that in the latter case, M has to be symmetric
since only its symmetric part is involved in the formulation (1.3a).

In the present case, the characterization of all admissible M in the sense of (1.3b) requires a
delicate abstract algebraic treatment. This is detailed in Paragraph 3.2.3 in dimension n = 3, but
it may be extended to any dimension. It turns out that, for a given A, , the matrix M is determined
by a n X n positive definite matrix S, in terms of which we reformulate (1.4) as

Su+ov=0 ondx(0,T). (1.5)

Thanks to this characterization of the admissible boundary conditions, we can formulate (1.3a)
directly for the pair (&, 0) (instead of U), to specialize the notion of entropic—dissipative solution
to the present dynamic elasto—plasticity model (1.2) (see Definition 5.1). The boundary condition
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(1.5) now formally complements the problem (1.1). Unfortunately, the convex constraint (1.1d)
might be incompatible with (1.5) because Su may not belong to Kv on some part of Q2. Motivated
by this observation, we consider an elasto—visco—plastic approximation, where in correspondence
to a viscosity parameter £ > 0, we add a damping term by replacing the stress o by o. 4+ eE,.
in (1.1a) and (1.5), following a Kelvin-Voigt rheology, and the convex constraint (1.1d), (1.1e) is
penalized through a Perzyna visco—plastic approximation

Oz — PK(UE)
- .

psz

In the spirit of [35] and [8], we study the asymptotics of these approximating solutions (whose
existence and uniqueness is standard, see e.g. Proposition 4.6) as ¢ — 0. Our main results are
twofold:

(1) In Theorem 4.5, we prove the existence and uniqueness of a variational solution to (1.1)
supplemented with the relaxed boundary conditions

P_x,(S4)+ov=0 ondQx(0,T),

which is defined in Definition 4.2;
(2) In Theorems 5.2 and 5.3, we establish the equivalence between variational and entropic—
dissipative solutions.

Although the outcomes of our analysis are similar to those in the simplified setting of [8], we
develop here completely different tools due to the lack of counterparts for the regularity results
employed in [8], specific to the anti-plane case, and of the setting therein. In particular, this
allowed us both to simplify the argument and to avoid further regularity assumptions on 2 and
K, as we briefly discuss below.

One of the main features of plasticity models is the linear growth of the plastic dissipation (the
support function H of the elasticity set K), which leads to strain concentration and to a possibly
singular measure plastic strain p. From a functional analytic point of view, kinematically admissible
displacements fields turn out to belong to the space BD of functions of bounded deformation
introduced in [38] for the study of perfect plasticity models (see also [41]). This pathological
functional setting prevents to easily give a sense to the flow rule (1.1e) since the stress o (which is
usually square integrable as in classical elasticity) is not in duality with the plastic strain p which is
a singular measure. It is although possible to define a generalized stress—strain duality [o : p] as in
[29, 23, 10] in ©, but the lack of control of the boundary terms prevents to extend this definition to
Q. A remedy to this obstacle in variational approaches to evolution problems is to express the flow
rule as an energy—dissipation balance. It thus leads to study the limit of the energy—dissipation
balance for approximated evolutions. In the present model, the relaxation of boundary conditions
follows from the interplay between the stress constraint (1.1d), (1.1e) and the unrelaxed boundary
conditions (1.5) for the viscous approximations.

Concerning the lower energy—dissipation inequality, the difficulty is related to the lack of lower
semicontinuity of the term

t t
/ / H(pg)dxds—k/ St - e dH " ds
0 JQ 0 JoQ

with respect to the weak convergence in the energy space. Using the approximate boundary
condition, it can be rewritten as

t t t
/ /H(ps)dxderl/ SﬂsmsdH”’lds—kl/ S (o) (o.v)dH" tds+o(1). (1.6)
0 Ja 2 Jo Joo 2 Jo Joo

Here, the approximate displacement wu,(t) = u(t) weakly* in BD() with a trace which is bounded
in L2(0Q; R™). Unfortunately, the trace operator in BD(2) is not continuous with respect to the
weak* convergence in that space (see [7]) so that u.(t) — w(t) weakly in L?(92;R"™) for some w(t)
which differs from the trace of u(t). Passing to the lower limit in (1.6), owing to standard lower
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semicontinuity results for convex functionals of measures, yields a lower bound of the form

t t
/ H(?)dxds+/ H((w—u) ©v)dH " tds
0 Jo o Joa

I I
+ f/ Saip - dH™ "V ds + 7/ S~ (ov) - (ov)dH" ! ds,

2 Jo Joa 2 Jo Joo

where the first integral should be interpreted as a convex functional of a measure. This lower

bound suggests to define the following infimal convolution boundary function

¥(z,2) = inf {1S(x)z’ 2+ H((Z —2)0 V(x))} , (1.7)

z'eRn | 2

which leads to the lower bound

t t t
/ /H(p) dmds+/ Y(z, ) dH"—lder}/ S (ov) - (ov)dH" ' ds
0 JQ 0 JoQ 2 0 JoQ

t t
ghminf{/ /H(pg)dxds+/ Sag-ugd?{,"_lds}. (1.8)
=0 o Ja o Joa

In particular, this lower semicontinuity result improves the analogue result [8, Proposition 5.1] in
the scalar case, where the C! regularity of the boundary was needed to use the optimal constant
in the trace inequality in BV (see [4]). The lower bound (1.8) is used to infer the lower inequality
in the limit energy—dissipation balance (4.5).

As for the upper energy—dissipation inequality, the formal argument leading to the missing
energy inequality is very simple and essentially rests on both convexity inequalities:

H(p)) =z o(t) : p(t) in Q,  p(x, i(t)) + %S_l(a(tﬁ/) (o(t)y) = =(o(t)v) - u(t) on 69

together with an integration by part formula. In our case, the first inequality can be proven to
be satisfied in the sense of measures, while the validity of the second one depends on whether
o(t)v € Kv on 9. This property is known to be true in the case where K is cylindrical and
bounded in the direction of deviatoric matrices (see [23, Theorem 3.5]). The generalization to any
arbitrary convex set K depends on the possibility to approximate the space of admissible stresses
{0 € L2(Q;M;’ym): dive € L*(;R"), ov € Lg((‘?ﬂ;R")}

by smooth functions. The main difficulty is related to the fact that the normal trace ov of
o € LA(;MZ,,) with dive € L*(Q;R") is canonically defined as an element of H~2 (0 R™),
so that any approximation will have a normal trace strongly converging in that space instead of
L?(0€;R™) as required. The desired approximation ensuring all properties is known from [14] when
o is vector-valued (instead of matrix-valued), where it is proven the density of smooth functions
in the space {z € L*(Q;R"): divz € L?(Q), z - v € L*(99)}, which naturally arises in the study
of Maxwell’s equations. The proof relies on an abstract regularity result [28] for nonhomogeneous
Neumann problem which falls outside the scope of standard elliptic regularity. Unfortunately, up
to our knowledge, there is no analogue of that result for the symmetric matrix-valued case. Even
assuming the validity of both convexity formulas, we then need to be able to apply a generalized
integration by parts formula, which is the crucial tool in [8] (see [3]). In our case, again, the validity
of such an integration by parts formula would again equire to prove a density result as above. We
overcome the lack of integration by parts formula by proving an integral version of the formula (1.7)
to obtain [, ¥(x,u(t)) dH™ " by global minimization over a set of smooth functions w. Then we
extend the measure p(t), defined only on €2, up to the boundary by a boundary term of the form
(w—u(t)) © vH* 1L 9O where w is an arbitrary smooth function. We are now in a situation very
similar to plasticity models with a Dirichlet boundary condition given by w. We can in particular
use the results in [10], more precisely the generalized convexity inequality H (p(t)) > [o(t) : p(t)]
in the sense of measures in €2, and the generalized integration by parts formula for fixed w proven
therein. The desired upper inequality is then obtained by minimizing with respect to w.

A last issue to overcome is the uniqueness of variational solutions. Again the formal argument
rests on taking the difference of the equations of motion associated to two different solutions,
multiply by the difference of the velocities and integrate by parts. It usually leads to a comparison
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principle between solutions, known as Kato inequality in the context of hyperbolic equations.
Once again, we are stucked by the nonvalidity of the generalized integration by parts formula. We
use here a variational argument based on the strict convexity of the total energy, which, to our
knowledge, was never used in such an evolutionary context.

Finally, we show that both notions of entropic—dissipative solutions and variational solutions
are actually identical. The implication that variational solutions are entropic—dissipative ones is
quite easy and relies on the visco—plastic approximation. For fixed ¢, the formal operations leading
to (1.3a) can be fully justified and then we pass to the limit as ¢ — 0. The converse implication is
more involved and is inspired from [8] except for the derivation of the relaxed boundary condition.
In [8], a further C? regularity property of Q is used to infer that any vector field z € L>(£;R™)
with div z € L?(2) has a normal trace z - v € L>(99) which can be recovered as the weak* limit
in L*° of z - v(x) as the point z € Q tends to the boundary (see [13, Theorem 2.2|). This results
strongly uses the fact that z belongs to L>(2;R™), which is not the case anymore in our (matrix-
valued) situation since o(t) € K and K is not bounded. In order to recover the relaxed boundary
conditions, we use the entropic inequality (1.3a) to ensure that the normal trace o(¢)r in actually
a bounded measure on 99 (instead of just a distribution in H _%(GQ;R”)), which allows us to
localize the inequality on 9. Then, since the term o(¢)r is multiplied by an arbitrary vector, and
all other terms in this inequality are absolutely continuous with respect to H"»~'L052, we infer that
the singular part of the measure o(t)v vanishes, and we obtain so that ov € L?(9Q; R"™). Finally
the relaxed boundary condition is obtained as a consequence of the energy—dissipation balance and
the uniqueness result proved for variational solutions. This new approach allows us to weaken the
C? regularity hypothesis done in [8] into a Lipschitz regularity.

The paper is organized as follows. In Section 2, we introduce the main notation and recall
basic facts used throughout this work. Section 3 is devoted to describe the model of small strain
dynamic perfect plasticity and its reformulations as a constrained Friedrichs’ system. We introduce
the notion of entropic solution and derive all admissible dissipative conditions. In Section 4, we
prove the existence and uniqueness of variational solutions to the dynamic perfectly plastic model
endowed with the dissipative boundary condition. Finally, in Section 5 we prove that both notions
of variational and entropic—dissipative solutions are equivalent, and, as a byproduct, the well
posedness of the entropic—dissipative formuation.

2. NOTATION AND PRELIMINARIES

2.1. Linear algebra. If a and b € R", we write a-b:= ;" | a;b; for the Euclidean scalar product,
and we denote the corresponding norm by |a| := /a - a.

For any m,n € N, we denote by M™*" the space of m x n matrices, and by M, ,, M}, ng’g,
and M, .. the spaces of nxn matrices which are symmetric, symmetric deviatoric, symmetric

positive definite, and skew symmetric, respectively. Given a matrix A € M™*" we denote by
Ker A its kernel, by Im A its range, and by rk A its rank. If m = n, then det A stands for the
determinant of A € M"™ and tr A denotes its trace. The space M" is endowed with the Frobenius
scalar product A : B := tr (AT B) and with the corresponding Frobenius norm |A| := v/A : A. The
identity and zero matrices in M" are denoted by I,, and 0,,. Finally, if a € R™ and b € R™, we
denote their tensor product by a ® b := ab? € M™*". If m = n, the symmetric tensor product
between a and b € R™ is defined by a @b =(a @b+ b®a)/2 € M~

sym*

2.2. Convex analysis. We recall several definitions and basic facts from convex analysis (see [37]).
Let (V, {-,-)) be an Euclidean space ¢ : V' — [0, +00] be a proper function (i.e. not identically +00).
The convex conjugate of 1 is defined as

»*(q) == sgg{(q, z)y — w(z)} forall g €V,

which is a convex and lower semicontinuous function. In particular, if C C V is a convex set, we
define the indicator function Io of C as I¢ := 0 in C and +oco otherwise. The convex conjugate
(Ic)* of I is called the support function of C.

If ¢1,¢2 : V — [0, +00] are proper convex functions, then the infimal convolution of ¢; and ¢
is defined as

(¢1 0 ¢2)(2) := Zi/rg/{@(z -2+ ¢2(2)},
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which turns out to be a convex function. It can be shown that
¢1 O ¢2 = (97 + 03)" .

2.3. Measures. The Lebesgue measure in R™ is denoted by £", and the (n — 1)-dimensional
Hausdorff measure by H"~!. If X C R" is a Borel set and Y is an Euclidean space, we denote
by My(X;Y) the space of Y-valued bounded Radon measures in X endowed with the norm
Il := |u|(X), where |u| is the variation of the measure p. If Y = R we simply write M;(X)
instead of My(X;R), and we denote by M; (X) the cone of all nonnegative bounded Radon
measures.

If the relative topology of X is locally compact, by Riesz representation theorem, M;(X;Y)
can be identified with the dual space of Cy(X;Y"), the space of continuous functions ¢ : X — Y
such that {|¢| > e} is compact for every e > 0. The weak* topology of M(X;Y") is defined using
this duality.

Let p € Mp(X;Y) and f : Y — [0,+00] be a convex, positively one-homogeneous function.
Using the theory of convex functions of measures developed in [25, 18, 19], we introduce the
nonnegative Radon measure f(u) € M; (X), defined for every Borel set A C X by

f(u)(A) := sup {Z f(u(Ai))}

where the supremum is taken over all m € N and all finite Borel partitions {A;,..., 4;,} of A. In

addition, it can be established that
du
()= 1 (g )
du

where Al stands for the Radon-Nikodym derivative of p with respect to |pul.

2.4. Functional spaces. We use standard notation for Lebesgue spaces (LP) and Sobolev spaces
(W$P and H® = W*2).
The space of functions of bounded deformation is defined by

BD(Q) = {u € L' (4 R") : Eu € My (M )},

sym
where Eu := (Du + Du')/2 stands for the distributional symmetric gradient of u. We recall (see

[41, 7]) that, if © has Lipschitz boundary, every function u € BD(2) admits a trace, still denoted
u, in L'(0€; R™) such that the integration by parts formula holds: for all p € C1(Q; M2, ),

sym
/ u-(cpu)d?—["_lz/diwp-udx—i—/<p: dEu .
aQ Q Q

Note that the trace operator is continuous with respect to the strong convergence of BD(2) but
not with respect to the weak* convergence in BD(2).
Let us define
H(div,Q) = {0 € L*(;ML,,,,): dive € L*(Q;R™)} .
If © has Lipschitz boundary, for any o € H(div, ) we can define the normal trace ov as an element
of H=2 (0% R") (cf. e.g. [41, Theorem 1.2, Chapter 1]) by setting

(ov, ¥)aq ::/Qw~div0dx+/ﬂaz Ey dz. (2.1)

for every o € H'(Q;R"™).
Following [29, 23, 10|, we define a generalized notion of stress/strain duality as follows.

Definition 2.1. Let o € H(div,Q) and p € M,(;MZ,,) be such that Eu = e + p in Q and

p=(w—u)OvH" ! on 9Q for some u € BD(Q)NL*(;R™), e € L* (ML) and w € H'(;R™).
We define the first order distribution [o: p] € D'(R™) by

([o: pl, @) ::f/ngaz(67Ew)dxf/ﬂ(u7w)~divacpdxf/ga: (u—w) ® V) dz

for all ¢ € C(R™).
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In the sequel we will be interested in stresses o € H(div, () taking values in a given closed and
convex subset K of M, containing 0 in its interior. We define the set of all plastically admissible
stresses by

K(Q):={o € H(div,Q): o(x) € K for a.e. z € Q}

which defines a closed and convex subset of the space H(div, ).

If Q has a Lipschitz boundary, o € K(2) and H(p) is a finite measure, where H is the support
function of K, then, using an approximation result for o by smooth functions (see [15, Lemma
2.3]) as well as the integration by parts formula in BD(2) (see [7, Theorem 3.2]), we can show
as in [10, Section 2| that [o: p] may be extended to a bounded Radon measure in Q, i.e. [o: p] €
Mb(ﬁa M?ym)a with

H(p) >[o:p] in Mf(Q). (2.2)

Note also that if ¢ € C(£2), thanks to the integration by parts formula in H!(Q;R") the
expression of duality reduces to

<[a:p},g0>:—/ggoa:edx—/ﬂu'divocpdx—/gaz (uOVp)dx. (2.3)

3. DESCRIPTION OF THE MODEL

3.1. Small strain dynamic perfect plasticity. Let us consider a bounded open set 2 C R™ (in
dimension n = 2 or 3) which stands for the reference configuration of an elasto-plastic body. We
will work in the framework of small strain elasto-plasticity where the natural kinematic variable
is the displacement field u : © x (0,7) — R™ (or the velocity field v := %). In small strain elasto-
plasticity, the linearized strain tensor Eu := (Du + Du’)/2 decomposes additively in the following
form:

Eu=e+ p,
where e : Q x (0,7) — Mg, is the elastic strain and p :  x (0,T) — M, the plastic strain. The
elastic strain is related to the Cauchy stress tensor o :  x (0,7)) — ML, by means of Hooke’s law

o := Ae, where A is the symmetric fourth order elasticity tensor. In the sequel we will assume
that A is isotropic, which means that

Ae = Atre)l,, + 2ue,

where g > 0 and 2+ nA > 0. In a dynamical framework and in the presence of an external body
load f:Q x (0,T) — R™, the equation of motion writes

it—dive=f inQx(0,7T).

n

Perfect plasticity is characterized by the existence of a fixed closed and convex subset K of M,

with non empty interior, in which the Cauchy stress tensor is constrained to stay:
ceK.

If o lies inside the interior of K, the material behaves elastically, so that unloading will bring back
the body into its initial configuration (p = 0). On the other hand, if o reaches the boundary of
K (called the yield surface), a plastic flow may develop, so that, after unloading, a non-trivial
permanent plastic strain p will remain. Its evolution is described by means of the flow rule and is
expressed with the Prandtl-Reuss law

}5 S NK(O'),

where Nk (o) = 0l (o) is the normal cone to K at 0. Note that the flow rule can be equivalently
written as

o:p=H(p),
where H(q) = sup,ck 7: ¢ is the support function of K, which expresses Hill’s principle of maxi-
mum plastic work.

In summary, the problem of dynamical perfect plasticity consists in finding a displacement field
u: 2x(0,7) - R™, a Cauchy stress o: Q x (0,7) — MZ . an elastic strain e:  x (0,7") — MZ

sym? Sym
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and a plastic strain p: Q x (0,7") — Mg, such that in Q x (0,T) the following hold:
i —dive = f;
Eu=e+p;
c=AecK;
o p=H(p).
To formulate the Cauchy problem, we add initial conditions of the form
(u(0),7(0),e(0),p(0)) = (uo, vo, €0, Po) - (3.2)

Eventually, in order to close the initial-boundary value problem, we have also to add suitable
boundary conditions, whose derivation will be the object of the following subsections.

(3.1)

3.2. Entropic formulation of the model. The object of this subsection is to show that, formally,
the system of dynamic elasto—plasticity can be reformulated in a framework similar to initial—
boundary value conservations laws, provided the boundary conditions are compatible with the
hyperbolic structure of the problem. We will first recast (3.1) as a constrained Friedrichs’ system
as in [20]. Then, defining a suitable notion of so-called dissipative boundary conditions introduced
in [35] and taking its origin in the seminal paper [24], we will in turn reformulate the problem as
infinitely many nonlinear inequalities involving entropies as for conservations laws. The advantage
of this new formulation is that, as in [36], it involves a boundary term containing the information of
the boundary condition without appealing to any notion of trace of the solution on the boundary.
In particular, it allows one to define a weaker notion of solutions in a (Lebesgue) functional space
which is larger than the energy space provided by variational methods.

3.2.1. Dynamic perfect plasticity as a constrained Friedrichs’ system. We first perform formal op-
erations on the system (3.1) to write it in a fashion similar to that of linear, symmetric hyperbolic
systems called Friedrichs’ systems. In this paragraph we actually show that the first three condi-
tions in (3.1) correspond to consider a “constrained Friedrichs’ system” of the form

OU+Y AdU+P=F,

i=1
where each line of the unknown U : Q x (0,7) — R? (d = n + W) is a linear combination of
the n components of the velocity v = % and of the % components of the (symmetric) Cauchy
stress o (see also [27] in the case elastodynamics). For i € {1,...,n}, the matrices A; € M%,,

are constants matrices whose coefficients only depend on the Lamé coefficients A and u, and the
vectors P and F' result from the plastic strain p and the source term f, respectively. For simplicity,
we will perform our computations only in the case n = 3.

Let us define the following (column) vectors representing, respectively, the velocity, the Cauchy
stress and the linearized strain:

V= (01,102, u3)T € R?,
¥ = (011,022, 033,012, 013,023)" € R, (3.3)
Y = (81111, Oatlia, 0313, 011 + Oy, O11s + O3y, Dotiz + 83@2)T € RS .
We also introduce the vectors corresponding to the initial velocity and the initial stress:
Vo = ((v0)1, (v0)2, (v0)3)" €R?, B¢ := ((00)11, (00)22, (00)33, (70)12, (00)13, (00)23)" € RS.

First of all, we have that

3
Y == (B) oV, (3.4)
i=1
where the matrices By, By and Bz € M>*6 are given by
1 0 00 0 O
Bi=—|0 0010 0],
00 0 0 1 0
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0 0
By=—10 1
00
and
0 0
Bs=—|0 0
0 0

Employing such matrices B; we express the equation

0
0
0

0
0
1

o O

o oo o

0 0
0 0],
0 1
10
0 1
0 0
f motion i — dive = f as

3
OV +Y BoY=f,

i=1

and the constitutive law ¢ = Aé = A (diva) Is 4+ 2uEa — A (trp) Is — 2up as
X +CQ=CY,

where

Q = (P11, P22, P33, 2D12, 213, 2P23)” € RO,

and
. é 03 6,+ S
C = <03 ,uls) € Mgy s C:=

Collecting (3.4), (3.5) and (3.6), we obtain
3

A+2u A A

A
A

A+ 2u A e M3+

A A+2p

ﬁoatﬁ+Zﬁzazﬁ+@:F, 666

i=1

where
N v N Is; 03 O3
U = <E> = ng Ao = | 03 071 03
0; O ﬁIg,

X
Ve RB, Y4
X5

which is a closed and convex set containing Oge in its interior by the properties of K.

~ 0; B;

~ _ (Ogs ([ f
= (%) r=(dd):

and C C R? is the set of all vectors U = (V, )T € R? such that

Yy
Yo
X6

i

X5
Y| €K ,
X3

(3.7)

(3.8)

In order to get rid of the matrix Ay in front of the time derivative in (3.7), we set A4; :=

Ag* AiAy* forall i € {1,2,3}, and

U:= AU, P:=A,°

1
Using that F' = A, > F, we can recast (3.7) in the form

3

~1 V
) -8 ()

(U +> AdU+P=F,

i=1
UeC,
U(O) = UO)

~1 ~

(3.9)

where C = AZ C, which is a closed and convex subset of R? containing Ogs in its interior. Note

that from the expression of ;10, we have that

~Zl: 1 I3
Ao | o,
03

03
&+
03

03
03
pFE Iy

(3.10)
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and, for all i € {1,2,3}, denoting by B; = (B!|B/) with B} and B! € M?, then the matrices A;
may be expressed as
03 B/C> /uB!
Ai=| CEB)T 05 0y
VE(B)T 05 03

Remark 3.1. We observe that C may be diagonalized as

C = RDRT,
where R € SO(3) and D are given by
1 11
vioMeop .
R=|-75 7(—3 ? , D = diag(2u, 21, 210 + 3)) .
0 -% &

Thus, for any power v € R, a direct computation gives that

N oy By By
C"=RD'R"=(8, o, B,|,
By By oy
for
2 1 1 1
oy = §(2M)’Y + §(2M +3A)7, By = _g(zﬂ)'y + 5(2N +3A)7.

We now employ the fourth condition in (3.1) to infer an inequality useful in the subsequent
analysis. We show that

P-(U-& >0 forevery£e€C. (3.11)
In fact, writing £ = gégfor some & = (z,7)T € C with
Tt Ta Ts
zeRY 1:=|Ta To Ts| €K,
T Te Ts

we get, using the symmetry of gé, that P-(U—¢) = (Eg%@)(ﬁéﬁ—ﬁég) =Q-(U-€) =Q-(=-T).
Then, by the fourth condition in (3.1), we have that o: p > 7: p, and since 7 € K, we get that
Q- (X—T)=p: (c—7)>0,s0 (3.11) holds true.

3.2.2. Entropic formulation. In the spirit of entropic formulations for conservations laws, we are
going to reformulate (3.1), or (3.9) and (3.11), as infinitely many nonlinear inequalities involving
entropies well adapted to the system. At this stage we need to impose suitable admissible boundary
conditions following an approach introduced in [35, 8] and in the pioneering work [24]. We are
formally interested in dissipative boundary conditions of the form

(A, —M)U =0 ondQx(0,T), (3.12)
where (denoting by v(x) the unit outer normal to 9 at = € 99Q)

3

AU(ZL') = Z Vz(l')AZ € ngm

=1
and, for each z € 9Q, M(x) € M2, satisfies

M(z) is I.1onnegautive7
Ker A, (z) C Ker M(z), (3.13)
R? = Ker (4, (z) — M(z)) + Ker (A, (z) + M(z)) .

Taking the scalar product of the first equation in (3.9) with U yields

3
1 , 1
30U +§Z&-(AZU~U)+P~U:F-U (3.14)

i=1
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while, for every constant vector £ € C, taking the scalar product of (3.9) with £ leads to

3
(U -+ (AU - +P-£=F-¢. (3.15)
i=1
Substracting (3.14) and (3.15), and using (3.11), leads to

U — 5\2+Za —£&)-(U~¢)<2F-(U-9).

i=1

We now multiply the above inequality by a test function ¢ € C°(R? x R) with ¢ > 0, and integrate
by parts to get that

3
— 2 . — . — . —_ 2
| [-¢ awddeZ/RJAl(U - (U~ 9ok dadt + | U Pp(0)da

+2/ / (U — §<pdxdt—/ A (U—&)-(U—§&)p dH?*dt > 0.
R+

According to [35, Lemma 1], we have that

R? = Ker A, & (Ker (A, — M)NImA,) & (Ker (4, + M)NIm A,).

For each ¢ € R?, we denote by ¢* the projection of ¢ onto Ker (4, + M) NImA,. Using the
(strong) boundary condition (3.12), we have that U € Ker (A, — M), or still UT = 0. The
algebraic conditions (3.13) together with [35, Lemma 1] thus yield

AU-8 - U-§=-MU-§" - (U- '+ MU-€)" - (U-€)"

=-ME T+ MU-€ - (U—-€) = -MgH-¢".

Inserting in (3.16), we get that for all constant vectors £ € C and all test functions ¢ € C°(R? x R)
with ¢ > 0, it holds that

/+/ |U—§|28t‘pdxdt+§:/+/Ai(U—ﬁ)'(U—S)aigodxdt

/|Uoff|g0 dm+2// U - fgpdxdt+/ Mer et dH2dt > 0.
R+ +

o0

(3.16)

(3.17)

The previous family of inequalities defines a notion of entropic solutions U € L?(Q2 x RT;C) to
the dynamical elasto—plastic problem in the spirit of constrained Friedrichs’ systems in the whole
space as in [20]. Note that in the presence of a boundary, our formulation is meaningful within
a L? theory of Friedrichs’ systems (as suggested by (3.17)) since the trace of U on the boundary
90 x RT is not involved in this definition (see also [36, 33| for an L>°-theory of initial-boundary
value conservation laws).

3.2.3. Characterization of all admissible boundary matrices. In order to derive the “dissipative”
boundary conditions involved in our model, we need to characterize all admissible boundary ma-
trices M. Since the problem is local, let ¥ € S? be fixed, and consider the matrix A, given

by
3
= Z I/Z‘A
i=1
A direct computation shows that
03 Al Al
Ay =[(4)" 05 03 (3.18)
(A7)" 03 03

where, according to Remark 3.1,

-, na np np vy vz 0
A =B C?=—|wnf wmwa wnl|ecM?, Al =\/uB)=—p|lvi 0 us e M>.
3 3B 13« 0 1 1w

(3.19)
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with
3 141 0 0 3 Vo I3 0
B! = ZB,;VZ» =—(0 v 0], B'= ZB;’W =—|wn 0 s
i=1 0 0 wus i=1 0 v 1o

and

2 1 1 1
a:a%:§\/2u+§\/2u+3/\, ﬁ:ﬂ%:fgx/2u+f\/2u+3)\.

3

Let us start by proving some dimensional properties of A,,.

Lemma 3.2. For all v € S?, we have
tk (Al |AY) =3 (3.20)

and

rtk A, =6, dimKer 4, = 3. (3.21)
Proof. We first note that

det(A) = —11vov3(2u) /3N + 2. (3.22)
Then, (3.22) gives (3.20) if v; # 0 for all ¢ € {1,2,3}. Otherwise, assume that v; = 0 for some
i € {1,2,3}. Note that since v € S?, then v has at least one nonzero component. Since y > 0 and
3\ +2u > 0, then we have o # 3, a? # 2. Thus the nonzero lines of A/, are linearly independent,
while the lines of A! corresponding to the zero lines of A/, are linearly independent as well, which
implies (3.20) also in that case.
Finally, (3.21) is a consequence of the structure of the matrix A, in (3.18) and the Rank
Theorem. ]

According to (3.20), in correspondence to v € S? there exists a matrix C,, € M2 such that the

sym

fourth, fifth and sixth columns of C,, A, are linearly independent. We denote by

0, A, A"
A, :=C,ACT = (A)T 05 0], (3.23)
(AT 05 05
with ﬁ’u, and X’V’ € M3, which operates a suitable change of both lines and columns of A, in such
a way that
rk A, = 3. (3.24)
Notice that we may assume that C, =1y (i.e. A, = 121\,,), if and only if v; # 0 for all ¢ € {1,2,3}.

Remark 3.3. Since CT and C;T are permutation matrices which leave unchanged the first three
components of a vector, we deduce that for any U € R?,

(Cruy, =U, = (C;TU); forallic {1,2,3}.

Let us now pass to the characterization of the admissible boundary matrices, fixing € 0Q2 in
(3.13), so that we are given M € MY, satisfying
M is nonnegative,
Ker A, C Ker M , (3.25)
R? = Ker (A, — M) 4+ Ker (A, + M).
We write
M, My,  Mj
M=| (M) My M|, (3.26)
(M)T (M) My

with My, Mz, M} € M3, ., My, M} and M} € M3. Moreover, let

sym?
M, My, M

M:=C,MCI = | (M)T Ms M |, (3.27)
(Mp)T (dz)" My

with ]/\4\1, ]/\4\37 ]/\/.f\é’ e M3 ]/\/.I'\g7 ]/\/[\é and ]\7; € M3. Notice that ]\/4\1 = M3y, by the properties of C,,.

sym?
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We have the following characterization of all admissible boundary matrices M.

Theorem 3.4. Let v € S? and A, ﬁ,, be the corresponding matrices defined by (3.18) and (3.23).
A matriz M € M2, satisfies (3.25), if and only if (recall (3.27))

oym
M, Ms are positive definite, (3.28a)

(AT M lMgeMskew, Al My (My)" eMskew, (3.28D)

= (A)T M A + (My)T M My, A’A YANT 4+ MM (Ms)", (3.28¢)
Mj = My(A)1 A7, Mgzmﬁ;)-% My = (A)T(A,)"TMs(A,) AL, (3.284)

and
tk (A, + M) =1k (4, — M) =3. (3.28¢)

We now subdivide the proof into several technical lemmas.

Lemma 3.5. We have
Ker A, =Ker (A, + M)NKer (A, — M). (3.29)
In addition,
Ker (A} |A})) C Ker (M| M}) N Ker (M| M5) nKer ((M45)7|MF) . (3.30)

Proof. As for (3.29), Ker A, C Ker M readily gives that Ker A, C Ker (4, + M) NKer (A, — M).
On the other hand, if U € Ker (4, + M) NKer (A, — M), then (A, + M)U = (A, — M)U =0, so
summing up both equalities yields A, U = 0, hence U € Ker A4,,.

Finally, we observe that if U € Ker A,, then

Ui
A/ T
Uy | € Ker (EA/V/;T>
Us

which implies that U; = Us = Uz = 0 according to (3.20) and the Rank Theorem. Thus Ker A, =
{03} x Ker (A]|A]}) and thanks to the decomposition (3.26) of the matrix M, the inclusion (3.30)
follows from the second condition in (3.25). O

Remark 3.6. Notice that (3.28) hold with A/, A” M, My, Ms in place of 21\ A\” J\/I\l, ]\//.72, ]\//.73 if
and only if v; 75 0 for all ¢ € {1,2,3}. Moreover the admissibility conditions (3 25) are invariant

if both A and M replace A, and M. This allows us, in order to ease the reading, to argue for a
fixed v € §? with v; # 0 for all i € {1,2,3}, as we do in the following. The case w with general v is

r/e\adll/}iobtamed by replacing A, AV, My, Ma, M}, Ms, M3, MY by A A” Ml, Mg, MQ, M3,
M, MY
From now on we assume that v; # 0 for all ¢ € {1,2,3}. Since, by (3.24), rk A/, = 3, there holds
Ogrs
Ker A, = Vect { [ (A,)~1(A")U) : (3.31)
—€ 1<j<3
where EU) denotes the j-th column of a matrix E and e; is the j-th vector of the canonical basis
of R3. Using that Ker A, C Ker M, we get that
My = My(A}) M AT, Mg = My(A)) T A7, My = (M)T(A]) AT (3.32)
As a consequence, the matrix M will be entirely determined by the submatrices M7, Ms and Ms.

Lemma 3.7. Let v € S? be such that v; # 0 for all i € {1,2,3}. The matrices My and Mz are
nonnegative,
rk Ml = I‘kMg = 3, (333)
and
rk (A, + M) =1k (A, — M) =3. (3.34)

Proof. By the first condition in (3.25), since M is non negative, we have that M; and Mj are non
negative. Next we only prove that rk M3 = 3 since the argument for M; is similar. Assume by
contradiction that rk M3 =m < 3.
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Step 1. Let us show that

rk (%z) =m. (3.35)
We first notice that
Ker (%ﬁ) = Ker M3 N Ker M3 C Ker M3 .
On the other hand, if € Ker M3 \ Ker My, then for any ¢ € R
Msx Mox
M| cx |-| cx | = My(Mozx) - Moz + 2¢c|Moz|?
0 0

which tends to —oo as ¢ — —o0, in contradiction with the nonnegativity of M. This implies that
Ker M3 C Ker My, hence

Ker M3 = Ker M, N Ker M3 = Ker (%"‘) , (3.36)
3
and thus, the Rank Theorem gives (3.35).

/
rk (M2 + A") =3. (3.37)

Step 2. Let us prove that

In particular, using (3.36),

M3

hence = € Ker A}, which is impossible since A/, is invertible. This yields
My+ A\
Ker ( M ) = {0},
and thus (3.37) holds according to the Rank Theorem.
Step 3. Let us show that

z € Ker M3 = Ker (M2> ,

tk(A, = M) >6—m. (3.38)
We denote by
. M, My + A, 6
e ((Mz 4T M ) S M

and we observe that rk (4, £ M) > rk Ay. By (3.37), the last three lines of Ay are linearly
independent. Moreover, since rk M3 = m, using again (3.37) we get that at least 3 — m lines of
My + Al are not contained in Im M3. We denote their indices by j1,...,j3-m € {1,2,3}. Since the
lines with indices ji, ..., j3—m of My + A! are not a linear combination of those of M3, a fortiori
the lines with indices ji, ..., j3_m of A+ are not a linear combination of the last three lines of AL .
We deduce that the lines of AL with indices ji,...,j3_m, 4, 5 and 6 are linearly independent, and
thus that tk Ay >34 (3 —m).

Step 4. We now conclude the proof of (3.33). By Lemma 3.5, we have that
dim (Ker (A, + M) NKer (4, — M)) — dimKer A, = 3,
while (3.38) together with the Rank Theorem imply that
dim (Ker (A, + M)) =9 —rk (A, £ M) <3+ m.
Then, we deduce that
dim (Ker (4, + M) + Ker (4, — M)) = dim (Ker (A, + M)) + dim (Ker (4, — M))
—dim (Ker (A, + M) NKer (A, — M))
2(3+m)—3<9,

IA
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since m < 3, which is against the third condition in (3.25). This gives m = 3, and then completes
the proof of (3.33) for M3. The same holds for M;.

Step 5. From the previous step, we infer that

dim(Ker (A, £ M)) <6,

dim(Ker (A, + M)) + dim (Ker (A, — M)) — dim (Ker (A, + M)NKer (A, — M)) =9,

dim (Ker (4, + M) N Ker (4, — M)) = 3.
Thus, we deduce that dim(Ker (4, +M))+dim (Ker (A, —M)) = 12, hence dim (Ker (A,£M)) = 6,
leading to (3.34) owing to the Rank Theorem. O

Lemma 3.8. Let v € S? be such that v; # 0 for all i € {1,2,3}. Then, (A,)T M7 'My € M2,
Al My (My)T € M3, and we have

skew
Mz = (A)" M{YA, + (Ma)" My My,
My = AL MY AT + MyMyH(Ms)T.

Proof. Since rk (A, + M) = 3 and M is invertible, then each column of A, + M is generated by
the first three columns of A, + M. Thus

(M5 ) = (g, Mo yr ) M0 5 ),
and we obtain that
M; = (My+A)"M;'(My+Al)
(A" My YA, 4 (M) " My My = (M) MY A & (A)" My M.

Note that in particular

tk (M + Al) = 3. (3.39)
Similarly, using that M3 is invertible, we have

My = A, Mg (A)" + Mo My (M) £ Mo M (A))T £ A My (Mo)”.

These conditions are equivalent to those in the statement of the lemma. O

We are now in position to complete the proof of Theorem 3.4.

Proof of Theorem 8.4. Let us start by proving the necessary condition. We consider a matrix
M e M2 satisfying (3.25). By Lemma 3.7, the matrices M; and M3z are nonnegative and

Sym
invertible so that (3.28a) holds. Next (3.28b) and (3.28¢) have been proved in Lemma 3.8, while
(3.28d) is a consequence of (3.32). Finally, according to Lemma 3.7, conditions (3.28e) are satisfied.

We now prove the sufficient condition. By (3.28d) and the expression (3.31) of Ker A,,, we have
that the second condition Ker A, C Ker M of (3.25) is satisfied, from which we deduce that

Ker (A, + M) NKer (A4, — M) =Ker A,.
Since by (3.28¢), we have rk (A, £ M) = 3, then dim Ker (A, £ M) = 6, and
dim (Ker (4, + M) + Ker (4, — M)) = dim (Ker (4, + M)) + dim (Ker (A, — M))
—dim (Ker (4, + M) NKer (A, — M)) =9,
so that the last condition Ker (A, + M) + Ker (A, — M) = R? in (3.25) holds. It lasts to show

that M is non-negative. We write any v € R? as v = (vy,v9,v3), with vy, v2, and v € R®. With
this notation, and using (3.28d), we have that
Mv-v = Mjvy -vi + M3vs - v9 + (Mg(A:,)ilszg) . ((A;)ilA,V/’Ug)
+ 2M2’l)2 - U1 + 2(M2(AL>_1AZ'U3) U1 + 2(M3(AL)_1AZ’U3) s V2.
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According to (3.28¢), we thus deduce that
Mv-v = Muwy v+ (M ALwg) - (AL wy) + (M Myvy) - (Mavs)

+(M 1t AYvs) - (AJvs) + (M My(A;) " AYwg) - (Ma(A;) ™1 Awg)
+2(M; P AYvg) - (Ajvz) + 2(M Mo (A7)~  Afg) - (Mavs)
+2Movy - vy + 2(My(AL) T Alvs) - vy

= (M7 Y(Myvr + Mavs)) - (Myvy + Mavs)
+(M; A (09 + (A7) AYws)) - (A (va + (4) 7 A wg))
+2(M; M (A;) " Aus) - (Myvy + Mavy)
H(M Mo(A) ™ A wg) - (Ma(A}) ™ AYwg)

= (M7 '(Myvr 4+ Mavs + Mo (Al) P Allvg)) - (Myvg + Mave + Ma(AL) " Allvs)
(M A (v + (A7) T AYw3)) - (A (v2 + (A}) 71 AJv3)) > 0,

where we have used that M ! is nonnegative in the last inequality. Therefore M € Mgy, is non

negative, and then it satisfies all conditions in (3.25). O

3.2.4. Derivation of all dissipative boundary conditions. We are now in the position to write ex-
plicitly all admissible dissipative boundary conditions. Let us introduce the following notation.

Definition 3.9. Given a matrix o € M? (non necessarily symmetric), we associate to o the vector
— T 6
Opr = (011,022,033,012,013,023)" € R".

Remark 3.10. Let 0 € M? and o, € RS be the associated vector given by Definition 3.9. We further

_ / 1" \T /I T 3 "o T
decompose oy, as oy = (0p,, 0p,)" Where o, = (011,022,033)" € R and o}, = (012,013,023)" €

R3. An immediate computation shows that

Blol. + B0, = —0OsymV (3.40)

vYpr vYpr
where ogym € ngm is defined by
011 012 013

Osym = | 012 022 023
013 023 033

Note that ogymy differs from the symmetric part of o defined by (o + 07)/2. In addition, if o is
already symmetric, then ogym = 0.

Proposition 3.11. Let v € S? and A, € MY, be the matriz given by (3.18). Then M € M2

sym Sym

is a boundary matriz satisfying properties (3.25) if and only if there exist matrices Sy € M;’;j;l,

Sy € M3, such that both Sy + Sy are invertible and the following property holds: for any (v, o) €

skew
v
( > € RY,
Opr

R3 x M2, defining
(A, £ MU =0 <+ (S+S)vFov=0. (3.41)

sym?’

then

Proof. According to (3.10), it holds that

v
~_1
U=|C20, |,
-1
/’L 2 Upr
where 0/ = (011, 022,033)T € R® and 0" = (012,013, 093)7 € R? so that o, = (Opes O'gr)T

Step 1. We claim that (recall (3.27))
(A, + MU =0 <= A M;YA, +M) vFov=0. (3.42)
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We prove (3.42) first in the case where v; # 0 for all ¢ € {1,2,3} (where A}, A}, M, My, Ms;
coincide with A),, A, My, My, M3). Using (3.18) and (3.26), we have
M, A £ M, AY+ M,
A, M= (A, £ M) M, M
(Ay £ My)T £(Mg)T £MY
By Theorem 3.4, we have rk (A, £ M) = 3 and rk (M3) = 3. Therefore Im (A, £ M) is generated
by the lines 4, 5 and 6 of A, = M. Thus, (4, = M)U = 0 if and only if
(AL + My)Tv £ MyC~ 20l + =2 Mot =0,
or still, using condition (3.28d) of Theorem 3.4,
(Al + Mz)Tv £+ MyC 30!, £ p™ 5 My(AL) P Alo”, = 0.
Since M3 is invertible, using (3.19) this last equation is again equivalent to
ALM; (Al £+ My)"v & Blol, + Blol, =0,
and then, by (3.40), to
ALM; AL+ My) v Fov=0.
Let us now address the case where v has at least a null component. Recalling C,, introduced in
(3.23), we get that

(A, £MU =0 — C, (A, +M)CTC;TU=0
= A, +MU=0 (3.43)
where U = C;TU. Since rk (A, + Z/\l\) =3 and

rk (MQE AL) _3,
M3
then the condition (3.43) is equivalent to
(A + 3o)"| = My| £ M5)U = 0,
or still, multiplying on the left by E;]/W\S_l and using (3.28d), to
(AL My (AL + M) |+ A+ AT =0. (3.44)

According to Remark 3.3, we have that [/J\'Z = U, for all i € {1, 2,3}, while using that El,ﬁ =C,AU
gives

AT | +A | O | =4, |Us | + 47 | Us
[76 [79 U6 U9

Hence, (3.44) is equivalent to
(2;1\7371(2; I TANEY R AZ)U ~0
and arguing as above, we get that
(.Z;,M;l (A, +M0)"| + A + A;;)U = A MY A, £ M) o Fov,

so that (3.42) is proven.

Step 2. Given M satisfying (3.25), let us define Sy := A/ M5 (AT and 9y := A\Lz/\igl(ﬂgi
According to (3.28b), the matrix Ss is skew symmetric. Moreover, since A!, is invertible and M3
is positive definite, we deduce that S; is positive definite. Finally, using (3.39), we have that

S1£ 852 = X;M\?jl(ﬁ’u + M\Q)T € M3 is invertible.
Conversely, given S; € M2+ and S; € M3,__, then we define

sym skew?
Ms = (A)T(S))PA, | My = Ms(A)" TS,
M, == A M; AT 4+ MyM; ' (Ms)",
My = My(A))T A, My = Ms(A))TVAY, My = (A)T(A,)~" My(A,) 71 AL,
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and let M and M € M2, be defined by (3.26) and (3.27). From Theorem 3.4, it follows that A
satisfies (3.25). With this correspondence between M and (S7,.52), (3.42) guarantees that (3.41)

holds true, and this concludes the proof. O

3.2.5. Final formulation of the models. We complement the dynamical system of perfect plasticity
(3.1)—(3.2) with dissipative boundary conditions of the form

St+ov=0 ondQx(0,T), (3.45)
for some S € M? an invertible matrix whose symmetric part Sy := (S + S7)/2 € ng—rtl is positive
definite. Indeed, setting Sp := —(S — S7)/2 € M2__, then S; — S2 = S5, S1 + S2 = ST and (3.41)

with the minus sign provides the correspondence between boundary conditions of different type.
Therefore, the full dynamical system of perfect plasticity reads as

i—dive = f in Qx (0,7)
Eu=ec¢+p in Qx (0,7T)
c=AecK in Qx (0,7)

. . . (3.46)
o:p=H(p) in Qx(0,7)
St+ov=0 on 90 x (0,T)
(u(0),4(0),e(0),p(0)) = (uo, vo, €0, po) in .

The final part of this section is devoted to recast the entropic formulation from (3.17), according
to the correspondence between U and (1, o) given in (3.3). We thus fix ¢ € R? of the form

for some (z,7) € R? x M.

The following remark gathers some further properties of the matrices A; and A, .

Remark 3.12. We observe three facts, following from direct computations. First, for all X € R3?,

we have that
U—¢P=li—22+A Y o—7):(c—7),

3
ZXiAi(U -8 - U-8==-2((c-7)X) (i—2z). (3.47)

Second, since
Alwovy= (,ulg +p+Nre u))w for every w € R?
and uls + (u+ A) (v ® v) is invertible when p > 0 and 3X + 2 > 0, then there exists a linear map
®: R? — R? such that
—1 .
O(n) := (ulg +(p+Nre 1/)) n satisfies A(®(n) ©®v)r =7 for any n € R3.

~1

Third, for any vector § € R of the form 0 = AZ (61]62)7 with 6; € R3, 65 € RS, we have by (3.40)
and (3.8),

~1

3
A8 = Ayt (3 An) 01167 = A~ (Be)eymrl (A(B) © V))pr)T,
i=1
and we obtain that
~1 T
ImA, = {Ag (w1|(A(w2 ® I/))pr> D W, Wo € R3}.

We now have at our disposal all the elements to determine the projections &, (resp. &%) of ¢
onto Ker A, (resp. Ker (4, £ M)NIm A,). Let us assume that S is a symmetric matrix, which is
the case where the variational approach can be developed, see Remark 4.1 below. Then, in view
of Remark 3.10 and of Proposition 3.11, we obtain that

1+ Os B
fo= §AO <(T —A(®(1v) ® V))pr) ' &= §A

Ol

((A(@(jjfslzgg y))pr>
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This finally gives, with (3.47), that
1
Met . ¢+ = :&:QS_l(TI/:I:Sz) (v £ 82). (3.48)

Therefore, setting v := @ and using (3.47)—(3.48), (3.17) is equivalent to the following family of
inequalities: for all constant vectors (z,7) € R® x K and all test functions ¢ € C°(R? x R) with
¢ > 0 it holds that

v —z|? No—71): (0 —71)) Boda dt — c—1):((v—=2 x
4 [ (oo = 2P+ A7 (o0 = 1) (00 = ) (0) do
Q
1 . ,

4. VARIATIONAL SOLUTIONS

4.1. The elastoplastic model. In this section, we study the model (3.46), corresponding to
(3.1)—(3.2) complemented with the dissipative boundary conditions (3.45). Our analysis rests on
a variational approach, starting from a visco—elasto—plastic model, for which well-posedness is
easily established. Then we study the limit of these viscous solutions as the viscosity parameter
becomes vanishingly small. We derive a unique evolution satisfying (3.1) (in a suitable sense),
and a relaxed version of the boundary conditions (3.45). Indeed the stress contraint o € K and
the boundary condition ov 4+ Su = 0 are incompatible since formally ov belongs to Kv while
@ is free. Thus the boundary condition will have to accommodate the constraint by projecting
Su onto —Kv. From a mathematical point of view, this is related to the lack of continuity of
the trace operator in BD()) with respect to weak™ convergence in that space (see [41, 7]), as
well as the lack of lower semicontinuity of the energy which has to be relaxed, i.e., replaced by
its lower semicontinuous envelope. The relaxation procedure will make appear a new boundary
energy related to the previous projection property.

Remark 4.1. Note that our variational approach is based on the minimization of an energy func-
tional at the discrete time level, see Subsection 4.2. This so-called incremental problem involves
various energies (the kinetic and elastic energies, and the plastic dissipation) which are convex,
except a boundary energy of the form

U Su - udH !
o0

which is related to our choice of boundary conditions. Since the variational structure is lost while
passing to the limit as the time-step tends to zero, it is necessary the minimality to be equivalent
to the Euler-Lagrange equation (in order not to lose information). As usual, this property depends
on the convexity of the energy functional and it rests on the symmetry of the matrix S. For that
reason, we will assume the matrix S to be symmetric (although the algebraic conditions derived
in Proposition 3.11 allow one to include matrices S with a nontrivial skew symmetric part), in
hypothesis (Hy) below. Our variational method does not permit to consider the more general
situation of non symmetric matrices S.

Let us now describe precisely the various hypotheses needed.

(H1) Reference configuration. Let 2 C R™ is a bounded Lipschitz open set which stands for
the reference configuration of a linearly elastic and perfectly plastic body.

(H2) Elasticity properties. We suppose that the material is isotropic, which means that the
Hooke’s tensor involved in the constitutive law is expressed by

Ae = A(tre)I, +2ue for all e € M.

sym?
where X and p are the Lamé coefficients satisfying 4 > 0 and 2u + nA > 0 (ensuring the ellipticity
of the tensor A). It generates a quadratic form given by

1 A
Qe) := iAe te=Z(tre)? +ule|* for all e € M

9 sym"*
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If e € L%(;R™), we define the elastic energy by
Q) = / Qle) da.
Q

(H3) Plastic properties. We suppose that the stress is constrained to stay inside a fixed closed
and convex set K C M, containing O in its interior. In particular, there exists » > 0 such that

Sym
{reMy,, : |7l <r} CK. (4.1)

sym

The support function H : M2 =~ — [0, +o0] of K is defined by

sym

H(q) :=supo:q forall g e Ml

sym"*
ceK
Note that according to (4.1), we get that
H(q) > r|q| for all ¢ € M. (4.2)

If p € Myp(Q2; M,,,,), we denote the convex function of measure H(p) by
dp
H(p):=H () pl,
) =1 (g ) o
and we define the plastic dissipation by

H(p) :=/QH($;|> dlpl.

(H,) Dissipative boundary condition. We suppose that the dissipative boundary condition is
expressed by means of a boundary matrix
S e LOO(OQ;MQ};;D (4.3)

satisfying the following condition: there exists ¢ > 0 such that for H"'-a.e. € 9Q and all z € R"
S(x)z- 2> clz)?. (4.4)

(Hs) External forces. We assume that the body is subjected to external body loads
f e HY(0,T; L*(€4R™)).
(Hg) Initial conditions. Let ug € H'(Q;R"), vo € H?*(G;R"), e € L*(5ML,,), po €
L2(;MZ,,) and 0 := Aeg € K(Q2) be such that
Eug=e9+py a.e inQ,
Svg+oogr =0 H" t-ae. on ON.
Definition 4.2. Assume that (Hy)—(Hy4) are satisfied. A triple (u,e,p) is a variational solution

to the dynamic elasto-plastic model associated to the initial data (ug,vo,e0,po) € L2(£;R") x
L2(Q;R") x L*(;ME,,,,) x L*(Q;MZ,,,) and the source term f € L>(0,T; L*(€; R™)) if
u € W2°°(0,T; L*(Q;R™)) n C*1([0,T]; BD()),
e € Wh>(0, T L2 (5 M2,,,))
p € COH([0, T); My (4 M) »
o:=Aec L>(0,T; H(div,Q)), ove L>(0,T;L*(0Q;R™)),
and it satisfies the following properties:
1. The initial conditions:
U(O) = Uo, U(O) = Yo, 6(0) = €0, p(O) = Po;
2. The additive decomposition: for all ¢t € [0,T],
Eu(t) = e(t) +p(t) in My(QMg,,);
3. The equation of motion:

i —dive = f in L?(0,T; L*(Q;R™));
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4. The relaxed dissipative boundary conditions:
P k,(S%) +ov=0 in L*0,T;L*(0Q;R");
5. The stress constraint: for every t € [0,T],
o(t) e K a.e. in Q;
6. The flow rule: for every t € [0,T],
H(p(t)) = [o(t): pA)]  in Mp(Q).
7. The energy balance: for every t € [0,T],

t
/\u (t)* dz + Q(e( /7—[ )ds+/ Y(x, 1) dH" " ds
[219]

(4.5)
/ / (ov) - (ov)dH" 1ds = = /|v0|2dz+Qeo / /f wdads,
a0
where ¥: 902 x R® — R" is defined, for H" !-a.e. x € 9Q and all z € R", by
1
U(z,2) = inﬂg {QS(m)z' 2+ H((Z =20 V(ac))} . (4.6)
Z/e "

Remark 4.3. In the relaxed dissipative boundary conditions at point 4. above, P_x, () stands for
the orthogonal projection in R™ onto the closed and convex set —Kv(x) in R™ with respect to the
scalar product (u,v)s-1(z) = S™'(z)u - v. It precisely states that ov € Kv a.e. on 9Q x (0,T)
and that Su has to be projected onto —Kwv to let the boundary conditions accommodate the stress
constraint.

Remark 4.4. If the convex set K is of the form

t
K:{Temgym:m =7 I, ¢ K}, (4.7)
n

where K is a compact and convex set in M}, containing 0 in its interior (as e.g. for Von Mises or
Tresca models), then the plastic strain turns out to be a deviatoric measure, i.e.,

p € CUH([0,T]; My (€2 M)
and the normal component of the dissipative boundary condition reads as
(S7tov) - v+a-v=0 in L*(0,T;L*(0Q;R™)).

In other words, since the stress constraint only acts on the deviatoric part of the Cauchy stress,
then only shearing stresses are responsible of plastification. It follows that only the tangential
component of the boundary condition (the one involving the boundary shearing stress) needs to be
relaxed, and the normal component of the boundary condition (involving the boundary hydrostatic
pressure) is not affected by the stress constraint.

The present section is devoted to the proof of the following existence and uniqueness result.

Theorem 4.5. Under the assumptions (H1)—(Hg), there exists a unique variational solution to the
elasto—plastic problem associated to the initial data (ug,vo, €, po) and the source term f according

to Definition 4.2.

The result is obtained starting from a elasto—visco—plastic approximation, introduced in Sub-
section 4.2. Subsection 4.3 collects some preliminary tools, in view of the existence and uniqueness
proof, performed in Subsection 4.4.

4.2. The visco-elastoplastic model. The visco-elastoplastic regularization consists in adding a
visco—elastic diffusion term of Kelvin—Voigt type in the constitutive law, and a visco—plastic term
of Perzyna type in the plastic flow rule penalizing the stress constraint. This type of models has
been considered

e in [39, 10, 16| for variational models as in (3.1) but with different boundary conditions;

e in [9, 20| for constrained Friedrichs’ systems in the whole space;
e in [8] for a simplified antiplane elastoplastic model with dissipative boundary conditions.
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One deduces the following existence and uniqueness result arguing exactly as done for the antiplane
simplified case of [8, 10].

Proposition 4.6. Assume that (Hy1)—-(Hg) are satisfied. For each ¢ > 0, we define g. := eEvgv €
L2(0Q;R™). Then, there exists a unique triple (uc,e.,p.) with
€ W2=(0,T; L*(;R™) n H2(0,T; H (Q;R™)),
€ Whoo(0,T; L* (4 ML)
pe € H'(0,T; L* (ML) ,

which satisfies the following properties:

1. The initial conditions:

ue(0) = ug, 1c(0) =vo, ec(0)=eo, pe(0)= po;
2. The additive decomposition:

Eus. =ec +p. ae inQx(0,T);
3. The constitutive law:
0. =Ae. a.e. inQx(0,T);

4. The equation of motion:

il —div (0. +eBu.) = f  in L*(0,T; L*(;R™));
5. The dissipative boundary conditions:

St + (0. + eBuc)v = g in L*(0,T; L?(0S%;R™)) ;
6. The visco—plastic flow rule:

—P
Pe = Oe ~ TK\%) EK(Ue) a.e. in Qx(0,T);

7. The energy balance: for every t € [0,T],

7/|u5 )2 dz + Qe (t) //HpE )da ds
0
t i
+/ Sﬂe-ued%[”_lds—i—s/ /|Eug|2dxds+5/ /|p€\2dmds
0 Jo2

1
:2 \v0|2dx—|—Qeo //f ugdxds—k// ge - dH M ds. (4.8)
[o19)

Moreover, the following umform estimate holds

||U6HL<>°(0 T:L2(; R”))+||€€||L°°(O T;L2(QM7, )

sym

T
+ 5||Eﬂ6‘|%2(O,T;L2(Q;M" ))+/ \/Sue . ’ELe dHnildt < C, (49)
s 0 JoQ
for some constant C' > 0 independent of € and S.

We do not give a proof of this result which closely follows the arguments in [34, Subsection 3.4.1],
to which we refer for details with just some formal modifications to pass from the antiplane case
setting to the present general one (see also [10] in the vectorial case but with different boundary
conditions). We just point out the general method. The starting point consists in defining suitable
time discrete approximating solutions. For any N € N, large enough, we consider a discretisation
{t:} = {i%} X, of the time interval [0, T, and approximate the values of (u, e, p) at the nodes of
the discretisation as follows. Setting § := % the time step, we start by the initial values (ug, eg, po),
(u1,e1,p1) := (uo,€0,p0) + 3(vo, 0, Eug) and define by induction, for i > 2 ,

(ug, ei,p;) € X :={(v,n,q) € H* (G R"™) x L*>(;M? ) x L2(Q;M”_): Ev=1n+qin Q}

sym sym
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as the unique minimizer over X of

1
(v,m,q) — Q(U)+/ H(q_pi—l)dx“"ﬁ/(U_zui—1+ui—2)2 dz
Q Q

1
+% / (|[Ev — Euim1 P+ — pica?) do+= [ S(v—uj—1) - (v—uj—1)dH"*
Q

20 Joq
—/f(ti_l)-vdx—/ ge -vdH" L.
Q a0

We use the discrete solutions {(u;,e;, p;)}Y o to construct N-dependent quadratic interpolations
(un(t),en(t),pn(t)), which can be shown to satisfy suitable a priori estimates and then con-
verge in a weak sense as N — +oo towards the weak notion of evolution. Then it is possible to
prove uniqueness, and a posteriori regularity estimates that guarantees the properties stated in
Proposition 4.6.

We notice that the matrix S has to be symmetric in order to guarantee the minimality of the
incremental minimization problems above to be equivalent to the corresponding Euler-Lagrange
equation, which is in turn a key tool, e.g. in the derivation of the a priori estimates.

4.3. Some technical results. In the sequel, v(z) denotes the outward unit normal to 9 at
x € 09, which is defined H™ !-almost everywhere in 9 by the Lipschitz regularity of 9. Let us
define the functions f and h : 9Q x R” — R by setting, for " '-a.e. z € OQ and all z € R”,

1
flx,z) = iS(x)z -z
and

hz,z):= H(—zO0Ov(x)) = 3161112 —o:(zOv(x)) = :gﬁ —(ov(z)) - 2 = (I_ku(2)) " (2).

We next remark that ¢ : 9Q x R™ — R, introduced in (4.6), is the inf-convolution (with respect
to the second variable) of the functions f(x,e) and h(z,e) for H" l-a.e. z € 9Q.

Remark 4.7. By standard properties of the inf-convolution and of the convex conjugate (see e.g.
[37, Theorem 16.4]), we have

*

b(@,0) = f(z,0) Dh(z,0) = (f(z.0) + 1" (2,0)) .

As a consequence, for H" '-a.e. € 9Q and all z € R",

Y(x,z) = sup {z~q;SI(m)q~q}
()

qge—Kv(zx

= 3S@zz—g it ST @)~ S@)2) - (g S(a)2)

1 1
= §S($)Z TR §||P—Ku(a:) (S(ZE)Z) - S(x)'z”?';*l(x) )

where P_x, (,) stands for the orthogonal projection in R™ onto the closed and convex set —Kuv(x)
in R"™ with respect to the Euclidean scalar product (u,v)s-1(z) := S~ (z)u - v. It follows that, for
H " lae. x € 09, the function ¢(z,-) is of class C>! in R™ because

Dath(, 2) = S(2)2 — (S(2)2 — Poseuia) (S()2)) = Pouio) (S(2)2), (4.10)
and the projection is Lipschitz continuous.

In the following lemma, we prove an explicit expression for the element realizing the minimum
value in the infimal convolution defining the function .

Lemma 4.8. For H" '-a.e. x € 9Q and all z € R", there exists a unique z = %(x,z) € R™ such
that

Wi, 2) = %S(m)(z “E) (2= 2) + h(z,2).
In addition, we have z — z = S7(z) D, 1(x, 2).
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Proof. Since the function 2’ — 1S(z)(z —2')- (2 — 2’) 4+ h(z, 2’) is continuous, coercive and strictly
convex, it admits a unique minimum point zZ € R™ which thus satisfies

Y(x,z) = %S(x)(z —Z)-(2—2)+h(z,2).
Let t > 0 and ¢ € R™. Since ¢(z,z — t§) < $S(x)(z — t§ — 2) - (z — t{ — Z) + h(z, Z) then
b, z) =Pz, 2z —1€) S)(z—-2)-(2-2) = S@)(z -t —2) - (2 -t~ 2)
4 - 2t
= S()(z-2) &~ 35@E &

Passing to the limit as ¢ — 0 and using that (x, e) is differentiable, we get that D.v(z,2) - £ >
S(x)(z — 2) - €, and since ¢ is arbitrary, D,y (z,z) = S(z)(z — Z), which completes the proof. [

From the previous lemma, we deduce the following measurable selection result when the argu-
ment of v is not anymore a constant but a function defined on 9.

Lemma 4.9. For a given u € L*(0Q;R™), there exists a unique function w € L*(0Q;R™) such
that, for H" l-a.e. € 09,

Y(z,u(z)) = %S(I)UJ(I) ‘w(@) + H((w(z) - u(@)) ©v(z)).

Proof. For H" tae. x € 99, let w(z) := S~ (x)D.(z,u(r)). Since (z,2z) — D,(x,z) is
a Carathéodory function, we deduce that the function w : 9Q — R™ is H" '-measurable. In
addition, according to Lemma 4.8, we have

U, ulw) = S S@hle) -wle) + H((w(r) — u(@)) © v()).
Finally, since H is nonnegative and vanishes in 0, we have that for " '-a.e. z € 99,
@)l < SS@hu(r) - w(r) < b, ul) <
using (4.4), which shows that w € L?(99Q;R") since u € L?(99

1
;R™) and by (4.3). O

We now prove that the integral functional associated to the density ¥ can be globally expressed
as an infimum.

Lemma 4.10. For a given u € L*(0Q;R™), it holds that

Yz, u)dH" ™ = inf {/89 (;Sz-z—&—H((z—u)@V)) dH"—l}.

90 ze€C® (R™;R™)

Proof. According to Lemma 4.9, we have

1
A" '=  inf =Sz z+H((z— du" e
aﬂw(%u) " zeLzl(%Q;R"){/m (252 o ((Z u)@y)) " }

By density of C'(9;R") in L?(9;R"™) and Tietze’s extension Theorem, for any 2z € L?(9Q;R")
and 7 > 0 there exists a function Z € C.(R";R") such that ||z — Z|p290rr) < 1/2. Then
approximating by convolution, there exists £ € Cg°(R";R") such that |2 — 2| 2(90;rn) < 7. The

conclusion then follows from the continuity of the functional

z € L*(0S;R™) <;SZ'Z+H((ZU)®I/)> dH™?
o0

with respect to the strong L?(9€2; R™)-convergence. O

In the following result we establish a convexity inequality which would be easily obtained if
we had at our disposal a generalized Green formula, and if we a priori knew that ov € Kv when
o € K(). This result will be essential to obtain the upper energy—dissipation inequality in Section
4.4.3.
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Proposition 4.11. Let (u,e,p) € (BD(Q)NL*(Q; R™))x L (ML, ) x My (M2, ) be such that
H(p) < +oo, and let o € K(Q) with ov € L*(0Q;R™). Then for all p € CH(R™) with ¢ > 0, we
have

n—1 1 -1 V) - v n—1
[eanw+ [ ev@uwan=+3 [ 057w (van

o0

2—/npazedx—/4pu-divadx—/0:(u®V<p)dJ:.
Q Q Q

Proof. Let z € C°(R";R"), and let us define an extension g € M;(£; ML) of p by setting
¢ =pL Q4+ (z —u) O vH" 1L OQ.

Then from (2.2) and the definition of the stress—strain duality, for all ¢ € C*(R™) with ¢ > 0, we
have that

/QstH(p)Jr/m@(;Sz-z+H((z—u)@y)> Ax—1

1 1
:/godH(q)+f/ ©Sz - zdH" > <[cr:q],<p>+f/ ©Sz - zdH" !
o 2 Joa 2 Joa

1
= 7/ po: (e—E2) dxf/(ufz)divagodx—/ o: ((u—2)®Vy) derf/ ©Sz-zdH™ L.
Q 0 0 2 Joa
Integrating by parts the terms involving z yields

/QSDdH(P)Jr/BQQD(;Sz~z+H((Zu)@y)) A1

1
2—/<pozedx—/g0u-divadx—/az(u@ch)dx—!—/ cp<(ou)-z+3z-z> dH™ !
o Q 0 o9 2
2—/@o:edx—/<pu-divadx—/az (u@V(p)dx—l/ ©S Y (ov) - (ov)dH" !,
Q Q Q 2 Joq

where we used that (ov) 24 15z-2 > =357 (ov)- (ov) H" '-a.e. on Q. Passing to the infimum
in z € C(R™;R") in the left hand side of the previous inequality, and using Lemma 4.10 leads to
the desired inequality. O

Our last tool is the following lower bound for the dissipation energy along sequences converging
in a natural topology associated to the energy space. This lower bound estimate will be the main
tool employed in the lower energy—dissipation inequality in Section 4.4.3.

Proposition 4.12. Let (uy, ey, pr)ren be a sequence in BD(Q)x L (4 MZ ) x My (Q; ML, ) such
that Bug = e + pg in Mp(Q;M2 ), and

sym

up — u weakly* in BD(Q) ,

e — e weakly in L*($; Mg,1,) 5
pr=p weakly® in My(Q5MZ),

U — W weakly in L?(0S%R™),
for some (u,e,p) € BD(Q)xL*(Q; M2 )X My(Q;M2 ) and w € L2(9Q;R™). Then

sym sym
Pe =P+ (w—u) OVHTILOQ  weakly* in My(Q; ML) (4.11)
and
1
H(p) + Yz, u) dH" < liminf {H(pk) + - Suy, - uy, d?—l"_l} ) (4.12)
o0 k— o0 2 o0

Proof. We first establish (4.11). By Green’s formula in BD(Q2) (see [7, Theorem 3.2]), we have
that for any ¢ € C*(R™; M~ ),

sym

/go:d(Euk—Eu):—/divgp-(uk—u)dx—i—/ o (up —u) @ vdH"
Q Q o0
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so that, using the convergences in the hypotheses,

lim [ ¢: d(Euy — Eu) = / o (w—u)©vdH" . (4.13)
k—o0 Q o0

By a density argument, the same convergence holds also for every ¢ € C(£; ngm). Since e, — ¢

in L2(Q; M2 ), then using that py = Eug — e;, and p = Eu — e, and by (4.13), we get that

sym

lim | ¢:d(pr —p) = / o (w—u)®vdH" " for every ¢ € C(Q; Mg ) 5
which gives (4.11).
We now prove (4.12). By (4.11) and Reshetnyak’s lower semicontinuity Theorem we obtain that

1
lim inf {H(pk) + = / Suy - ug dHnl}

k—

1
> H(p) +/ H(w-u)ov)dH" '+ < [ Sw-wdH" ' >Hp)+ [ ¢(@,u)dH",
o0 2 [e19) o0

by definition of . |

Remark 4.13. In the case of a cylindrical convex set K of the form (4.7), since the plastic strain is
deviatoric then the condition

pr —p  weakly® in M, (Q; M)
implies that tr ((w —u) ©®v) = (w—u)-v =0 H" '-a.e. on 0.

4.4. Proof of Theorem 4.5. In this subsection we prove Theorem 4.5. Using the energy balance
as well as the estimate (4.9), we deduce weak convergence properties of the various fields. This
enables one to pass to the limit in the linear relations (the initial condition, the additive decom-
position, the constitutive law and the equation of motion) as well as in the convex relation (the
stress constraint). Then we improve these weak convergences into strong ones (in particular for the
trace of the displacement) thanks to which we can pass to the lower limit in the localized energy
balance. This gives a first energy inequality which turns out to be an equality. Specializing this
energy balance to test functions compactly supported in {2 we obtain the measure theoretic flow
rule. Finally we derive the relaxed dissipative boundary condition thanks to a convexity argument
by proving that the limit of the traces of (u).>o is the solution of the minimization problem in
the infimal convolution defining ) (x, u(t, x)). Eventually we prove the uniqueness of the solution.

4.4.1. Weak compactness. For any € > 0, let (u., e, p:) be the solution of the elasto—visco—plastic
approximation given by Proposition 4.6. Thanks to estimates (4.9) in Proposition 4.6, there exist
functions u € W2°°(0,T; L2(;R™)), e € WHo°(0,T; L2(Q;MZ,)), 0 € WHe(0,T; L?(Q; M2 )

sym sym
and w € H?(0,T; L2(0Q; R™)) such that, up to a subsequence,
ue > u  weakly* in W(0,T; L*(; R™)),
e = e weakly* in W1>°(0, T; L2(:; M2, ),
0 =0 weakly* in W0, T; L*(Q; M2 ),

Ue — W weakly in H2(0,T; L*(99;R™)) ,y
and, by Ascoli-Arzela Theorem, for every ¢ € [0, T],
ue(t) = u(t), ue(t) — u(t) weakly in L?(Q;R™),
ec(t) = e(t), o.(t) —o(t) weakly in L*(Q; MZ,,,) , (4.15)
ue(t) = w(t), uc(t) = w(t) weakly in L?(9Q;R"™).
By the energy balance (4.8) between two arbitrary times 0 < t; < to < T we get that

[ ) ds < 5 (et ren) = licE)lcgimny) + (Qlec(t) - Ofec(t2))

! t2 t2
+/ /f-uedxder/ / ge - ue dH" tds.
t1 Q t1 o0
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According to the bounds (4.9), the right hand side above can be controled by C(t2 — t1), for
some constant C' > 0 independent of € and t1, t2. On the other hand, by Jensen’s inequality and
(4.2), we get that

Ipe(t2) = pe (1)l L2, < Clt2 — t1),

so, by Ascoli-Arzela Theorem, there is p € C’O’l([O,T];Mb(Q;M;‘ym)) such that, up to a further
subsequence (independent of t), for every ¢ € [0, T]

pe(t) = p(t) weakly* in My(Q; M ). (4.16)

sym

By the additive decomposition Eu.(t) = e.(t) + p:(t), and the convergences in (4.15) and (4.16),
we have that v € C%1([0,T]; BD(f)), and for every t € [0,T]

ue(t) = u(t) weakly* in BD(Q).

According to the previously established weak convergences, we can pass to the limit in the initial
conditions
U(O) = Uo, U(O) = o, 6(0) = €0, p(O) = Po,

the additive decomposition,

Eu(t) = e(t) + p(t) in My(Q;Mg,,),
the constitutive law

oc=Ae ae. inQx(0,7),

and the equation of motion

i —dive = f in L*(0,T; L*(;R™)),
where we used that eEd. — 0 strongly in L2(0,T; L?(Q; MZ ) in the last relation. Note that o +

sym
eEi. — o weakly in L?(0,T; L*(; MZ,,,)) and div (o, +5Ey115) =1+ f = i+ f = divo weakly in
L2(0,T; L*(Q;R™)) so that o, +eEi. — o weakly in L2(0,T; H(div,2)). Thus (0. +eEi.)v — ov
weakly in L2(0,T; H~2(8€; R"™)), and since ((oc+ sEuE)V)E>O is bounded in L2(0, T; L*(9€; R™))
by the energy balance, we have that (0. + eEi.)v — ov weakly in L2(0,T; L*(9;R")). In
particular, passing to the limit in the boundary condition, we obtain that

ov+Sw=0 in L*(0,T; L*(0Q;R™)) (4.17)
which will be made more precise later.

It is also possible to pass to the limit in the stress constraint by setting &. := Pk(o.),
where Pk is the orthogonal projection in M, onto the closed and convex set K with respect
to the canonical scalar product. Since Pk is 1-Lipschitz and 0 € K, we infer that (6c)-s0 is
bounded in L?(0, T’ LQ(Q;M;Lym)), like (0c)e>o. Therefore, up to a subsequence, 6. — & weakly

in L2(0,T; L2(; M2 ), for some ¢ € L?(0,T; L?(Q; M2 ) with ¢ € K a.e. in Q x (0,7). By

Sym sym
the energy balance (4.8) together with the visco—plastic flow rule, we have that . — . = ep. — 0
strongly in L2(0,7T; L?(Q;MZ,)). As a consequence o = & a.e. in Q x (0,7') which shows the

sym
validy of the stress constraint

ceK ae inQx(0,7).

4.4.2. Strong compactness. We next improve the weak convergences into strong convergences. In-
deed, substracting the equations of motion, we have

iie — il — div (0. — o +eBu.) =0 in L*(0,T; L*(Q;R™)) .
Taking 1.1jp, € L?(0,T; HY(Q;R™)) as test function, we get that

t t t
/ /(ﬁg—u)-usdxds—k/ /(Ue—a):Eugdxds—i—s/ /|Eu5|2dxds
0 JQ 0 JQ 0 JQ

t
:// ((0c + Bt v — ov) - e dH" " ds
0 o0

t t
= —/ S(te — ) - e dH’Hder/ / ge - ue dH" 1 ds,
0 JoQ 0 JoQ
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where we used that St. + (0. + eEd.)v = 0 and S + ov = 0 in L?(0,T; L2(9;R™)). According
to the additive decomposition, we have that

t t t
/ /(UE—U):EiLEdanSZ/ /(05—0):é5dmds—|—/ /(05—0):p8dxds.
0o Ja 0o Jo 0 JQ

Since o € K a.e. in © x (0,7T), the visco-plastic flow rule implies that

¢
/ /(0570) tPpedxzds > 0.
0 JQ
Thus

t t t
/ /(ijg—u)-(ue—u)dxds—i—/ /(05—0):(é5—é)dxds+s/ / |Et.|? dz ds
0 Jo 0 Jo 0o Jo
t t
+/ / S(usfw)-(urw)dﬂnfldsgf/ /(Us—ﬂ)-udxds
0 Joq 0 Ja
t t t
—/ /(05—0):édxds—/ S’(ug—w)-wd’}-["_lds—l—/ / ge - ue dH" 1 ds.
0 Jo 0 Joo 0 Joo

The weak convergences (4.14) imply that the right hand side of the previous inequality tends to
zero as € — 0. Thus, since

t
[ [ =) =) deds = Gie(t) = o) e

/Ot/Q(Ua —0): (6. —é)dzds = Qle(t) — e(t)),

and, by (4.4),

t t
/ S(tie —b) - (e —w)dH" ds > c/ / e — ]| dH™ ' ds
0 Joo 0 Joo
we get the following strong convergences, for all ¢ € [0, T7,

U (t) — u(t)  strongly in L?(Q;R"),
oc(t) = o(t) strongly in L*(;MZ,,),
Ug — W strongly in L2(0,T; L?(09Q;R™)).
In addition, the estimates (4.9) and Lebesgue’s dominated convergence theorem yield
G — 4 strongly in L2(0,T; L?(2;R™)),
o. — o strongly in L2(0,T; L2(; M2 ),

sym

According to the boundary condition at € fixed, we deduce that the sequence ((0’5 +5Eus)y)
is strongly converging in L%(0,7; L?(9Q;R™)), and thus,

e>0

(0. + eBu.)v — ov  strongly in L?(0,T; L*(09Q; R™)).

Remark 4.14. In the case of a cylindrical convex set K of the form (4.7), since the plastic strain is
deviatoric then the convergence (4.16) has to be replaced by

pe(t) = p(t) weakly* in M, (€; M)

for all ¢t € [0,T]. Thus, Remark 4.13 ensures that u(t) - v = w(t) - v on 99, hence w(t) - v = u(t) - v
on 9N for a.e. t € (0,T). Taking the normal component of the boundary condition (4.17) yields

w-v+ (Srov)-v=0 in L*(0,T; L*(9S;R™)).
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4.4.3. Energy balance. We first localize the energy balance (4.8) for fixed €. To this end, we consider
a test function ¢ € C°(R™) and we multiply the equation of motion by @t.. After integration by
parts in space and time, we obtain for all ¢ € [0, T7,

1 t t
5 [Pt [ oQEemdet [ [ oredeass [ [ osiaan s
2 Ja Q 0o Ja o Joq
t t t
—|—£/ /¢|Eu5|2dxds+5/ /<p|p5|2da:ds—|—/ /05 (Ve ®© ) dzds
0 Jao 0o Jo 0o Jo
1 t t
:7/ go|vo|2d:c+/ @Q(eg)der/ /<pf~u€d:cds+/ / ©g- - i dH" " ds.  (4.18)
2 Ja Q 0 Ja 0 Joq
If further ¢ > 0, we write the energy balance (4.18) as
1 . 2 K . ¢ . . n—1
— | oli(t)]"dz+ | pQ(e:(t))dx + ©H(p.)dzds + @ SUe - e dH" " ds
2 Ja Q 0o Jo o Joo
t
+/ / oe : (Vo © i) deds
0o Ja
1 t t
§7/<p|v0|2dw+/ch(eo)dx+/ /(pf-uadxds—i—/ / ©0ge - e dH" 1 ds.
2 Ja Q 0o Jo o Joo

According to the strong convergences of the velocity and the stress, we have

3 | elicOP st [ pQlec)de =5 [ eliP dot [ oQlett) s,

//05: (Vo © 1) dxds%// (Vo ©4)dxds
t t t
//gof'usdxder// gogs~ﬂ€d7-["*1ds%//cpfwldxds.
0 Jo 0 Joo 0 Jo

Using the boundary condition and the strong convergences of the boundary velocity and the
normal stress, we get

t 1 t
/ / © St . dH"  ds = 7/ / © St -t dH" 1 ds
0 JoQ 2 0 JoQ

t
+ % / / 90571((0'5 + EEQE)V — ge) . ((O-E + gEﬂE)V _ gE) d’]—["*l ds
0 JoqQ

¢ ¢
—>1// @Sw-wd}["—lds—i—l// 0 S Hov) - (ov)dH™ ' ds.
2Jo Joo 2Jo Joo
<t

Let 0 = tg < t; < -+ < ty = t be a partition of [0,¢]. Since, for all 0 < ¢ < N, we
have pe(t;) — p(t:)) L Q + (w(t;) — u(t;)) @ vH* "1 L 092 weakly* in M (Q; M, ,,), using Jensen’s
inequality and Reshetnyak’s lower semicontinuity Theorem, we get that

and

liminf/ /cpH De da:ds>2hm1nf/ ©H (pe(t;) — pe(ti—1))dz

e—0
> Z {/ P dH (p(t) — plti 1))
+ /aQ eH (((w(t;) = u(t;)) — (w(ti1) — ulti—1)) ©v) dHn_l} .

Passing to the supremum with respect to all partitions and using [15, Theorem 7.1], we get that

lign_}(r)lf/ot/ﬂgoH(ps)dxds > /Ot/Qcde(p(s)) ds—i—/ot /an oH ((w(s)—1u(s)) Ov) dH" ' ds.
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Gathering all previous convergences and using the definition of 1, we deduce that

s [etiorars [ eaema [ [ panteas
+/0t/QJ:(Vgp@it)dxds—l—/ot/BQQM/J(x,u)dH"1ds+;/0t/69<p51(01/)-(m/)d7-l"1ds
<3 [eliPars [ oQemart [ [ pamis)as
// (Voo a)dxds + //é)ﬂgpS (ov) - (ov)dH™ 1 ds
// W — 1) ©v)dH"  ds + = //mgoSw wdH "t ds

1
§§/Q<P|vo|2dx+/ﬂgoQ(eo)dx+/o /Qspf.udxds' (4.19)

We now prove the opposite inequality. According to Proposition 4.11 and using the equation of
motion, we have that

. . n—1 1 —1 n—1
[ earm + [ eviamyan+3 [ 057 et - olman

> — /Q po(t) : e(t)dz — /Q pu(t) - u(t) dx + /Q eu(t) - f(t)dx — /Q a(t): (u(t) © V) dz.

Integrating in time between 0 and t and integrating by parts, leads to the remaining energy
inequality

s [etiopars [ oaema [ [ panteas
// (Vo ©u) dxds+/ -/Banwxud’Hnlds-i— //69905 ov) - (ov)dH" 1 ds
22/ olvo? dm—i—/an(eo dx+// of -adzds. (4.20)

Gathering both energy inequalities (4.19) and (4.20) leads to the energy balance: for all ¢t € [0, T]
and all p € C°(R™),

s [etiorars [ oaemar [ [ panteas
// (Voo u)deds + //(mgawxu dH™ Lds + //89905 ov) - (ov)dH" 1 ds

2/ap|vo| d:E—I—/LpQ(eo dx—i—/ /(pf udrds. (4.21)

4.4.4. Flow rule and relaxed boundary condition. Derivating with respect to time the energy bal-
ance (4.21), we get for a.e. t € [0,T] and all ¢ € CZ(R"),

/andH(p(t)) + /89 oYz, a(t))dH" ™ = — /Q wo(t): é(t)dx — /Q pu(t) - dive(t) dz
— / o(t): (u(t) © Ve)da — %/ ©SHa(t)) - (o(t)v)dH™ L.
Q

oQ
Taking in particular a test function ¢ € C°(€)) with compact support in £,

/ pdH(p(t)) = —/ po(t):e(t)dr — | @u(t) - divo(t)dr — / o(t): (W(t) © Vo) de
Q Q

" Q
= (lo@®) :p(®)], ),
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hence we get the measure theoretic flow rule
H(p(t) =[ot) : )] in My(Q).
Taking ¢ € C2°(R") with ¢ = 1 in Q, we get from the energy balance (4.21) that

t
/|u ()2 dz + Q(e( /’H )ds+/ Y(z, ) dH" " ds
0 Joq
—i—f/ S~ ov) - (ov)dH" 1 ds = /\v0|2dx+Qeo //f wdads,
2 Jo Joa

and also from (4.19) that

¢ ¢ 1t
/ Y(x,a)dH" " ds = / H((w—u)ov)dH " ds+ = / Saip - i dH™ ! ds.
0 Joo a0 2Jo Joo
As a consequence for a.e. (z,t) € 9Q x (0,T), we have

Y(x,u(z,t)) = H((u’}(:mt) —u(z,t)) Ov(z )) + S( Yuw(z,t) - w(x,t)
which implies, in view of Lemma 4.8 and (4.10), that
i, 1) = 7M@) Datb(, i@, 1)) = S™H@)P _1cu(e) (S(@)ia, 1)).
Inserting this expression into (4.17) leads to the desired boundary condition
ov+P_ g, (Su) =0 in L*(0,T; L*(09;R™)).

4.4.5. Uniqueness. Let (u1,e1,01,p1) and (uz, ea, 02, p2) be two variational solutions of the elasto—
plastic model, according to Definition 4.2, associated to the same initial data (ug, v, €q,po), the
same source term f and the same boundary matrix S. Let us define

Uy + U2 er + e P1+ P2 01+ 02
= , e:= , = , 0= .
2 2 2 2
Then, by linearity and convexity, we have
u(0) =ug, (0) =wvg, e(0)=-eg, p(0)=npo, (4.22)

for all ¢ € [0, T7,
BEu(t) = e(t) +p(t) in Mp(Mg,,),
c=AecK ae inQx(0,T),
and
ii—dive = f in L*(0,T; L*(Q;R™)).
For i =1, 2 and all ¢ € [0, T], we define

Ei(ui, e4,p) i= /|ul ()]? dz + Qe;(t) /sz ds—/ f-a;deds

+/ la, i) dH" " ds + 7/ S Howw) - (o) dH" " ds,
0 JoQ 2 Jo Jaa

and similarly for & (u, e, p). By convexity of H and v, we have for all ¢ € [0, 7]

i M‘ e R

2
According to Proposition 4.11 together with the equation of motion, we have that for a.e.
€(0,7),

1
< =& (ur,e1,p1) + gt(uz7€2,p2 /|U0|2d$+9(60) (4.23)

N =

H(p(t) + w(w»ﬂ(t))dﬂn’”r; S™H o () - (o(t)y) dH"
o oN

> — / dx—/ﬂu '(t)dm—i—/ﬂf(t) u(t) dx
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We next integrate by parts with respect to time and use the initial conditions (4.22) to obtain that
1 2
E(u,e,p) > 3 vol” da + Q(eo). (4.24)
Q

Gathering (4.23) and (4.24) implies that u; = us and e; = eg, hence p; = po as well.
Remark 4.15. Let us observe that our proof of uniqueness does not explicitely use the dissipative
boundary condition, but rather its weak formulation through the energy balance. As a consequence,

we proved the uniqueness of solutions among all triples (u,e,p) satisfying all requirements in
Definition 4.2 except the relaxed boundary condition.

5. ENTROPIC-DISSIPATIVE SOLUTIONS

Following the discussion of Subsection 3.2, we introduce the following generalized notion of
solutions to the dynamic elasto—plasticity model.

Definition 5.1. Assume that hypotheses (H;)—(Hy) are satisfied. A pair
(v,0) € Wh*2(0,T; L*(Q; R™ x K))
defines an entropic—dissipative solution to the dynamic elasto—plasticity model associated to the
initial data (vg,00) € L?(€2;R™ x K) and the source term f € L%(0,T; L2(;R™)) if
T T
/ /(|v—z|2+A_1(U—7'):(a—r))@tgodxdt—Z/ /(U—T):((v—z)QVgp)dxdt
0 Ja 0o Ja
—|—/ ©(0) (Juo — 2> + A" (o9 — 7) : (00 — 7)) da
Q

T T
—|—2/ /f-(v—z)cpdxdt—i—l/ ST rv+8z2) - (v + S2)pdH" " dt > 0,
0 Ja 2Jo Jon

for all constant vectors (z,7) € R™ x K and all test functions ¢ € C2°(R™ x [0,T")) with ¢ > 0.
We intend to show that both notions of variational and entropic—dissipative solutions actu-
ally coincide. Using the elasto—visco—plastic approximation, we start by proving that variational

solutions are entropic—dissipative ones.

Theorem 5.2. Assuming (H1)—(Hg), let (u,e,p) be the unique variational solution (obtained in
Theorem 4.5) to the dynamic elasto—plastic model associated to the initial data (ug,vg, e, po) and
the source term f according to Definition 4.2. Then (v = 4,0 = Ae) is an entropic—dissipative
solution associated to the initial data (vg,o0 = Aeg) and the source term f according to Defini-
tion 5.1.

Proof. We multiply the equation of motion . — div (0. + €Ei. — 7) = f by (4. — z) where
p € CX(R™ x [0,T)) with ¢ > 0, and integrate by parts in space and time. Then

T T
/ / of (e — z)dadt +/ / (0. + Bt — 7)v - (e — 2)pdH" 1 dt
0o Ja o Joa
T
= / / (plic « (e — 2) + p(0c + €Ete — 7) : Bt + (02 + eEte — 7) = ((Ge — 2) ©@ Vo) dzdt
0o Ja
1 [T T
= 7/ / 00y (|t — 22+ Alee — A717) 1 (ee — A7l7)) dzdt +/ / p(oe —7) : pedadt
2J)o Ja 0o Ja

+5/OT/Q|EuE|2dxdt+/OT/Q(gEuE+(a€—r)) (e — 2) © Vi) dad .
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Since 7 € K, the flow rule implies that (0. — 7) : p. > 0 a.e. in Q x (0,T). Hence, integrating by
parts the first integral in the right—hand-side yields

/ /gpf e —2) dxdt—i—/ / (0c + B, — T)v - (e — 2)pdH™ " dt
a0

= _5/ / Ovp (|u5 - Z|2 + Aee — A_lT) :(ec — A_lT)) dzdt
0 Q

— %/g;(p(()) (oo — 2>+ A(eg — A7 7)1 (eg — A7'7)) dadt

+/0 /Q<6Eug (on— 1) < (e — ) © Vi) drdt.

Passing to the limit as ¢ — 0 and using the previously established convergence leads to

T T
2/ /Lpf-(u—z)dxdt—i—Z/ / (o —T)v- (ST'Dyp(e,u) — 2) dH" ' dt
o Ja o Joo
T
+/ /3tg0(|1l—z\2+A71(0—7):(Jf'r)) dz dt
0o Jo
+/ ¢(0) (Jvo — 2> + A~ (o0 — 7) : (00 — 7)) dzdt
Q
T
—2/ /(U—T):((u—z)QVQO)dxdtZO.
o Ja
Using the parallelogram identity, we have

20 —T1)v- (S_lDZw( o, U) — z) =2(c —7)v- S (Dp(e,u) — Sz)

(0 —7)v  Datp(e,i) - Sz 2 (c—7m)v  D.p(e,i)—Sz|?

=9 -2
= o I o e
- D.(e, 1) — Sz | 1 1
<2 (o —7)v + (e, ) — Sz =—|rv+ S’z||2371 =S (rv+82)- (tv + S2),
2 2 2 2

where we used the boundary condition ov + D,¢(e,4) =0 on 92 x (0,7). We deduce that
T 1 /T
2/ /gof'(u—z)dmdt—f—f/ / ©S N (tv + S2) - (v + Sz)dH " dt
o Jo 2Jo Joa

T
—i—/o /Q(‘)tgo(\u—z| +A N o—7):(0c—7)) dedt

—|—/ ©(0) (Jvg — 2P+ A o9 —7): (09— 7)) dadt
Q

T
—2/ /(0—7):((u—z)®ch)dxdt20,
0o Ja
which completes the proof of the Theorem. O

We now prove the converse implication, namely that any entropic—dissipative solution generates
a variational solution to the dynamic elasto—plastic model.

Theorem 5.3. Assuming (H1)—(Hs), let (v,0) € WH°(0,T; L?(Q;R™ x K)) be an entropic—
dissipative solution to the dynamic elasto—plasticity model associated to the initial data (vo,00) €
H2(;R™) x K(Q) with Svo+oov = 0 on 9Q, and the source term f € H'(0,T; L*>(Q;R™)). Then,
for any initial displacement ug € H(Q;R™), there exists a triple (u,e,p), with v = u, o = Ae,
which is a variational solution to the dynamic elasto—plastic model associated to the initial data
(uo, vo, €9, Po = Eug — eg) and the source term f.

Proof. We divide the proof in several steps, the four first ones closely following the proof of |8,
Proposition 7.2].
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Step 1: Initial conditions for v and o. By a general property of dissipative formulations of initial-
boundary value problems proven in [35, Lemma 3], the initial condition is satisfied in the essential
limit sense, i.e.,

lim hm—/ /|Ux s) —oo(x)|*drds =0, lim hm—/ /|va: ) —vo(z)*deds = 0.
t—a t—a

t—=0a—0 v t—=0a—0 v

Note that in [35], the authors consider unconstrained Friedrichs systems. However, a careful
inspection of the proof of [35, Lemma 3] reveals that this result still holds in the constrained case.
Together with the property that o € W1h°°(0,T; L2(Q;MZ,,)) and v € W1e(0,T; L*(Q; R™)),

Sym
that gives (a(t),v(t)) — (0(0),v(0)) in L*(Q;MZ,,,) x L*(;R") as t — 0, the identities above
imply that (o(0),v(0)) = (00, vo)-

Step 2: Definition of (u,e,p) and preliminary properties. For all ¢t € [0,T], we set

u(t) == ug + /Ot v(s)ds

as a Bochner integral in L?(Q;R"). In view of the Lipschitz regularity of v, we get that u €
W22(0,T; L(€;R™)). By construction u(0) = ug and, by Step 1, 4(0) = vg. Let us define

e:=A"1lo e wh0,T; L*(Q;M2 ), p:=FEu—ecW"0,T;H }(Q;M2_)). (5.1)

sym sym

Integrating by parts with respect to time the entropic—dissipative inequality in Definition 5.1, we
get that for any ¢ € CL(R" x [0,T)) with ¢ > 0 and any (2,7) € R" x K

—2// (W—2)+¢é: (0 —7))pdedt—2 / /U’—T ) ((—2) ©Ve)dadt

—1—2/ f-(d—z)godxdt—kf/ ST rv 4+ 82) - (tv + S2)pdH"1dt > 0.
Q a0

Factorizing in z and 7, and performing a further integration by parts, we get that
T T
—/ /((ij~u+é:0—f-u)ap+o:(V(p@d))dxdt—i—z-/ /(u'go—l—aV(p—fap)dxdt
0o Jo 0o Ja

T 1 /7T
7'5/ /(égaJriL@Vga) dxdt+7/ / S v —S2)- (tv — Sz)pdH™ 1dt > 0. (5.2)
o Ja 4 Jo Joq

With the choice (z,7) = 0 we obtain that

_/O /Q((u.mé; o fri)p+o: (Voou)ded >0
for any ¢ € C}(R" x [0,T)) with ¢ > 0, and localizing in time this gives for a.e. t € (0,7),
(u(t), d) :== —/Q ((u(t) ca(t) Feé(t): o(t) — ft)-aut) o+ o(t) : (Vo @u(t))) de >0 53)

for any ¢ € C}(R") with ¢ > 0. We deduce that for a.e. t € (0,T) the (nonnegative) distribution
w(t) uniquely extends to a nonnegative measure, still denoted by p(t), compactly supported in
Q. Moreover, a density argument and Fubini’s Theorem imply that the function t — (u(t), ¢) is
measurable for any ¢ € C.(R™), so that u: t — pu(t) is weak*-measurable in My(R™). Eventually,

since p(t) has compact support in €2, we can evaluate its mass by taking ¢ = 1, which gives
p(t)(R™) = (u(t),1) = */Q (i) - a(t) +e(t): o(t) — f(t) - u(t)) da.
By the regularity properties on u, o, and f, we obtain ess SUPte(o,T)M(t)(R") < +00, so that

p € L0, T; M (R™)) . (5.4)
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Step 3: Equation of motion. Choosing 7 = 0, z € R™ and p € C}(Qx (0,T)) with ¢ > 0 arbitrarily
n (5.2), we get that
/T/ (g + o Vo — f) dedt =0,
which implies the validity of theoequS;tion of motion
i —dive = f in L?(0,T; L*(Q;R™)),

and, in particular, o € L>°(0,T; H(div;)). Recalling (2.1), we can define the normal trace ov as
a element of L>(0,T; H_%(GQ;]R")) and, for every z € R" and ¢ € C}(R"™ x [0,T))

T T
z/ /(il<p+UV<p—f<p) dxdt:/ (ov, z p)aq dt .
o Ja 0

Inserting the above identity in (5.2) yields
T T
_/ / ((u.u+é: o—f-u)p+o: (Vgo@zl)) dxdt—i—/ (ov, zp)on dt
o Ja 0

T 1 /7T
+T:/ /(égp—!—ﬂ@Vgp) dxdt—i—f/ S v — S2)- (v — Sz)pdH"tdt >0, (5.5)
o Jo 4Jo Joa

for any p € CH(R™ x [0,7T)) with ¢ > 0 and any (z,7) € R" x K.
Step 4: Flow rule. With the choice z = 0 in (5.5), and recalling the expression (5.3) of u(t), we

have that
-7 //e<p+u®V<p)dxdt</ /(pd,u t)dt,
Q
)

for any 7 € K and any ¢ € C}(2 x (0,7)) with ¢ > 0. By (5.1) we can recast the above estimate
into

T T
|00yt < [ [ o dutar torany o e Cl@x0.7)). ¢ 2 0.
0 0

that may be localized in time, since p € L>(0,T; H=1(Q; M~ ), to get, for a.e. t € (0,7),

sym

(T:0(t): ) m—1(0),H1(0) < /Q¢du(t) for any ¢ € CH(Q), ¢ > 0. (5.6)

This last property implies that, for a.e. ¢t € (0,7) and all 7 € K, the distribution u(t) — 7 : p(t)
is nonnegative. Thus, since u(t) is a measure, we infer that the distribution p(¢) uniquely extends
to a measure in . Moreover, since p € W1>°(0,T; H=1(£; M2 ), the function t — (p(t), ¢) is

Sym
measurable for all ¢ € C(Q2), and by density this holds true also for all ¢ € C.(Q2). Therefore
t — p(t) is weak® measurable in M (Q; MZ ). In addition, for any Borel set A C 2, approximating

sym

the characteristic function 14 by C!(£2) functions, we deduce from (5.6) that for a.e. t € (0,7)
7:p(t)(A) < p(t)(A) for every Borel set A C 2 and every 7€ K
Maximizing with respect to all 7 € K yields by definition of H,
H(p(t)(A)) < u(t)(A) for every Borel set A C Q.

By the definition of a convex function of measures (cf. e.g. [25]), this leads to

H(p(t)) < p(t) in My (). (5.7)
Moreover, using (4.2), for a.e. t € (0,7, we get that 0 < r|p(¢)| < u(t) in M; (€2), which, together
with (5.4), implies that

P € Ly (0,75 Mp(Q5 ME,,,,)) - (5.8)

From this last property, we deduce that
p € COL([0, T Myp(4MZ,)),  uwe C%H([0,T); BD(Q)).

sym

Indeed, for all ¢ € C,(£2) the function ¢ — (p(t), ¢) belongs to W (0,T; ML, ) and Lp(t), ¢) =
(), ¢) for a.e. t € (0,T). By (5.8) we infer that

|(p(t2) — p(t1), P)| < S(ISPT) BOIQ) Pl @z, )(t2 —t1) forall 0 <ty <t <T,
te(0,
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and the previous inequality gives p € C%*([0,T]; My(;MZ,,)), while v € C%'([0,T]; BD(£2))
follows from (5.1).

Thus, for a.e. t € (0,T), we have the additive decomposition Eu(t) = é(t) + p(t) with a(t) €
BD(Q) N L*(Q;R™), é(t) € L*(QMZ,,,), p(t) € My(Q; ML), and o(t) € K(€2). Moreover, using
(5.7), we get that H(p(t)) is a finite measure. Thus we satisfy the conditions that guarantee (2.2)
and (2.3), which in turn give [o(¢): p(t)] € My(Q) for a.e. ¢ € (0,T) and

pt)LQ=[ot): pOILQ < H(p(t)) in MJ(Q) forae. te (0,T).
Together with (5.7), the estimate above gives that
p)LQ=[o(): p()]LQ=H(p(t)) in Mp(Q) for a.e. t € (0,T). (5.9)

Step 5: Integrability property of the normal stress. Putting the previous information into (5.5) and
using the integration by parts formula in BD yields

/OT/andH(p(t))dt—F/oT /aﬂgodu(t) dt—|—/0T(m/,th>8Q dt+/0T /aQ(TV) SdpdHdt

T
- / (T:p(t),p(t))dt + 1/ S (rv — 82) - (tv — S2)pdH" ' dt >0,
0 4Jo Joa

for any ¢ € CH(R™ x (0,T)) with ¢ > 0 and any (z,7) € R" x K. Localizing in time, we get that
for a.e. t € (0,7)

¢dH (p(t) + | ¢ du(t) + (o(t)v, z0)aa — (T : p(t), ¢)
Q 09
1

’ /m(”) U AR 1/39 S (v~ §2) - (rv — §2) g dH ! 2 0,

for any ¢ € CH(R") with ¢ > 0 and any (z,7) € R® x K. As a consequence of the previous
inequality, we deduce that, for a.e. t € (0,7T), the normal trace o(t)r is a measure in M;(99; R"™)
so that the previous inequality can be localized on 9€2. We thus get that for a.e. t € (0,7,

p@) LA+ 2z - (o(t)v)
> <—(Tl/) ~u(t) — 3871(7'1/ —8z)- (v — Sz)> HILOQ  in MS(09Q) (5.10)

for any (z,7) € R™ x K. Using the Besicovitch decomposition Theorem we can split o(t)v as
o(t)y = oy H" 1L OO + o for some o, € L1 (9Q; R™) and some singular measure o7 € M,,(9Q; R™)
with respect to H" 1L 9. Similarly, we can decompose p(t)L 9 as pu(t)LIQ = pé + p$ for some
nonnegative measures p¢ and pf which are, respectively, absolutely continuous and singular with
respect to H" 1L 9. According to (5.10), we have that

pA)L o> pf > —z-0f  in M;(09)

so that if A C 9 is a Borel set such that o7 (A) # 0, then the previous inequality leads to a
contradiction by sending z to infinity since p(¢) is a finite measure. Therefore, the singular part
o} of the measure o(t)v vanishes, and o(t)v is absolutely continuous with respect to H" 1L 99.
Identifying the measure o(t)r with its density o; and going back to (5.10) yields

p(t)L O+ z - (o(t)v)yH 1L oQ
> (—(7’1/) ~u(t) — iS‘l(TV —8z) (tv— Sz)) HILOQ  in M(0Q).

A classical measure theoreric argument (see e.g. [11, Proposition 1.6]) implies that one can pass
to the supremum in 7 € K under the integral sign, hence

p(t)L O+ z - (o(t)v)H 1L oQ

> [Sup (—(TU) ~u(t) — is—l(w —S2)- (v — sz)ﬂ HPLLOQ  in M (09Q).  (5.11)

TeK
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Using standard convex analysis arguments, the previous supremum may be expressed, for a.e.

(z,t) € 002 x (0,T), as

sup (—(Tl/(:c)) ~u(x, t) — 3571(1)(71/@) —S(x)z) - (7v(z) — S(x)z))

TeK

= sw (griod) - S @S@:+ o) (S@: o)

ge—Kuv/(z)
- (iS‘l(x)(S(x)z + o) (S(x)z + o) + IKv(ac)) (i(z,t))
_ (igl(x)(s(x)z +o)-(S(z)z + 0)> O (_ku(a)) " (a(z,1)) -
Recalling that (I_k,(,))* = h(z,e), and computing the convex conjugate
(zlls_l(x)(S(x)z + o) (S(x)z + ->> (@) = %S(wm at %S@)(q —2)-(a-2) - %SW -
> %S(x)q q— %S(x)z z

we obtain that

sup (—(Tu(x)) ~u(x,t) — iS‘l(x)(Tz/(a?) —S(x)z) - (rv(z) — S(x)z))

T7eK
> F(z, ) O h(z, o) (i(x, 1)) — %S(x)z 2= (i, ) — %S(w)z 2

Inserting this last inequality into (5.11), we infer that for a.e. ¢t € (0,T)

—z- (o V—} z-z n—l T, U n-l
[ oaur= [ o(-stom) - sz ) awt [ outeam)an

for all ¢ € C(99) with ¢ > 0. Using again [11, Proposition 1.6], we can pass to the supremum in
z € R™ under the integral sign which leads to

ban)> 3 [ 057 otw) - (o) an ™+ [ (e, i) dnr. (5.12)
o0 onN

a0
Employing the coercivity property (4.4) of S and (5.4), we deduce that
ov € L>(0,T; L*(09;R™)).
Step 6: The boundary condition. Using (5.12), (5.3) and the flow rule (5.9) yields, for a.e. ¢t € (0,T),

L[ s ottw) - (et anr + ¢($ at)) dH" ! < u(t)(09) = p(t)(R™) — u(t)(Q)

2 Joa
=— /Q(ﬁ(t) cu(t) +é(t): o(t) — f(t) -u(t)) do — H(p(t)).

Integrating by parts with respect to time we deduce that for all 0 <t < T

t
/\u (t)]? dz + Q(e( /7—[ )ds—i—/ Y(z,u)dH" " ds
o0
/ S~ (ov) - (ov)dH" tds < = /|vo|2dx+Qeo //f udxds.
19)

Using Proposition 4.11 and arguing word for word as in the second part of Subsection 4.4.3, we
obtain the other energy inequality

t
/|u (t)* dz + Q(e( /H )ds+/ (2, a) dH" " ds
0 Joq
t
—|—7/ S_l(UV)-(au)d’H"_ldszl/ |U0\2dx+Q(eo)dx+/ /f~udxds.
2Jo Joo 2 Ja 0o Jo
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To summarize, we have proved that the triple (u, e, p) satisfies
u € W2(0,T; L*(;R™)) N C™((0, 7] BD(Q)) ,
e € Wh>(0,T; L* (ML, ),

sym

p € COH([0, T] Mp(Q M)

sym
o:=Ae € L>(0,T; H(div,Q)), ove L>(0,T; L*(0Q;R™))
and there hold, at the moment, all the conditions in Definition 4.2 except condition 4.

Step 7: Dissipative boundary conditions. From Remark 4.15, it follows that (u,e,p) is the unique
variational solution the dynamic elasto—plastic model associated to the initial data (ug,vo, €o, po)
and the source term f. In particular the dissipative boundary condition

ov+P_ g, (Su) =0 in L*(0,T; L*(0Q;R™))
is satisfied, and this completes the proof of the Theorem. O

By Theorems 4.5, 5.2 and 5.3, it turns out that both notions of variational and entropic—
dissipative solutions coincide. We thus deduce the following well-posedness result for entropic—
dissipative solutions.

Corollary 5.4. Assuming (H1)—(Hg), there exists a unique entropic—dissipative solution (v,o)
associated to the initial data (vo,00) and the source term f according to Definition 5.1.
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