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Abstract

We establish conditions to characterize probability measures by their LP-quantization
error functions in both R? and Hilbert settings. This characterization is two-fold: static
(identity of two distributions) and dynamic (convergence for the LP-Wasserstein dis-
tance). We first propose a criterion on the quantization level N, valid for any norm on
R? and any order p based on a geometrical approach involving the Voronoi diagram.
Then, we prove that in the L?-case on a (separable) Hilbert space, the condition on
the level N can be reduced to N = 2, which is optimal. More quantization based char-
acterization cases in dimension 1 and a discussion of the completeness of a distance
defined by the quantization error function can be found at the end of this paper.

Keywords: Probability distribution characterization, Vector quantization, Voronoi diagram,
Wasserstein convergence

1 Introduction

Vector quantization was originally developed as an optimal discretization method for signal
transmission and compression by the Bell laboratories in the 1950s. Many seminal and historical
contributions on vector quantization and its connections with information theory were gathered
and published later in [[EE82]. In the unsupervised learning area, vector quantization has a close
connection with the automatic classification (clustering) through the k-means algorithm. More
recently, in the 1990s, it became an efficient tool in numerical probability to compute regular and
conditional expectations (see [Pag98], [BP03| and [PP03]) with in view the pricing of derivative
products. Thus, a quantization based numerical schemes have been developed for American option
pricing (see [BPP03]), and for the simulation of Backward Stochastic Differential Equation or
nonlinear filtering (see [PS18]). For a first mathematically rigorous monograph of various aspects
of vector quantization theory, we refer to [GLO0] (and the references therein). For more engineering
applications to signal compression, see e.g. [GG12] among an extensive literature.



In all these applications, either of probabilistic or statistical nature, vector quantization is used
to produce a kind of skeleton of a probability distribution. To be more precise, let (2, A, P) denote
a probability space and let X be a random variable defined on (2, A, P) and valued in (E,| - |g),
where E is R? or a separable Hilbert space H and |- |z denotes respectively the norm on R? or the
norm on H induced by the inner product (-|-)g. Let u denote the probability distribution of X,
denoted by Px = u or Law(X) = p and assume that p has a finite p-th moment, p € [1,400). The
quantization grid (also called codebook in signal compression or cluster center in machine learning
theory) is a finite set of points in E, denoted by I = {z1, ..., 2y} C E. Let us define the distance
between a point £ and a set A in E by d(§, A) = mingeca |{ — a|z. The LP-mean quantization
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error of I', defined by e,(u,I') = [[d(X,T)[|, = [fE minger € — aly u(df)] ;, is used to describe
the accuracy level of representing the probability measure p by I'. Let N > 1. A quantization grid
W) satisfying

ep(uT*™) = inf [EdXDP| = mf | / minlé - aff u(d)]” (1)
card(F)éN card(F)éN E

is called an LP-optimal quantization grid (or optimal grid in short) at level N. We refer to [GLO00][Theorem
4.12] for the existence of such an optimal grid on R? and to [LP02][Proposition 2.1] or [CMS8S| on
(separable) Hilbert spaces. There is usually no closed form for optimal grids, however, in the
quadratic case (p = 2), it can be computed by the stochastic optimization methods such as the
CLVQ algorithm or the randomized Lloyd algorithm (see [Pagl5][Section 3], [Kie82] and [PY16]).

Optimal grids (") “carries” the information of the initial measure. For example, let u €
Ppte(R?) for some e > 0, where P,(E) = {u probability distribution on E s.t. [, [£[f p(d€) <
+o0o}. Let p = h- g be an absolutely continuous distribution (Ag denotes Lebesgue measure). If
for every level N > 1, T(N) is an optimal quantization grid of y at level N, then

ha/(d+p) (6)

1 (R%) _

Aa(dE), as N — +oo, (1.2)

where, for a Polish space S, g denotes the weak convergence of probability measures on S. We

refer to [GLOO][Theorem 7.5] for a proof of this result. This weak convergence emphasizes
that, an absolutely continuous probability measure p is entirely characterized by the sequence of
LP-optimal quantization grids I'>(™) at levels N, N > 1.

We consider now the LP-mean quantization error function as follows.

Definition 1.1 (Quantization error function). Let p€ P,(R%), p € [1,+00). The LP-mean quan-
tization error function of p at level N, denoted by en (i, ), is defined by:

evpln):  ®YY O — Ry D
» 1.3

— — 3 _ 2. |P P

v = (onan) o englue) = [ [ min e~ el g

The definition of e ,(p,-) obviously depends on the associated norm on R? and the variable
of enp(i,+) is a priori an N-tuple in (R%)N. However, for a finite grid I' C R?, if the level
N > card(I'), then for any N-tuple 2¥ = (21,...,2%) € (RY)N such that T' = {2}, ... 2%}, we

have e,(11, ) = en (11, 2). For example, e, (u, {z1,22}) = €2 (1, (w1, 72)) = €3, (1, (x1, 1, 72)),



etc. Note that ey, is a symmetric function on (R%)" and that, owing to the above definition
inf & s I = inf e ,x).
T'CR%,card(T") <N p(,LL ) z€(R)N NaP(H’ )

(1.4)

Therefore, throughout this paper, with a slight abuse of notation, we will also denote the LP
quantization error at level N for a grid I' of size at most N by ey ,(u,I')

The equality directly shows that the optimal grids are characterized by the LP-mean
quantization error functions.

Next, we show that the quantization error function en ,(i, )
entirely characterized by the probability distribution u

Notice that for any p€ P,(R?), the function ey (1,

-) defined in is 1-Lipschitz continuous
for every N > 1 since for any = = (z1,

)?y_(yla"'ayN) (Rd)

excp(a) = explies)l = |[ [ min e =i wia)]” - |

p %
a2 1€~ il u(df)}

p 1
< [/ min | — x| — mln 1€ — ;] ‘ ,u(df)} " (by the Minkowski inequality)
ra | 1<i<N
< P } — )
<[ e s = il” nd)]” = max i~ i

(1.5)

We recall now the definition of the LP-Wasserstein distance

Definition 1.2 (LP-Wasserstein distance). Let (S,d) be a Polish space and S = Bor(S,d) be its
Borel o-field. For p € [1,+00), let P,(S) denote the set of probability measures on (S,S) with
a finite pt"-moment.

The LP-Wasserstein distance W, (u,v) between u, v € Py(S), denoted by
Wy(u,v), is defined by

_ f » 5
W)= (ot [ dGe.ypr(as.dy)

- inf{[IE d(X,Y)pF7 X,V

(1.6)
where in the first line of (.)

) denotes the set of all probability measures on (S?,S%?)
with respective marginals p and v.

(A P) = (8,S) withPx = p, Py :u}

If we consider ey , (1, z) as a function of pe P,(R), then ey, is also 1-Lipschitz in . In fact,
let X,Y be two random variables with probability distributions Px = u and Py = v. For every
N-tuple z = (21,...,2y5) € (R)V, we have

- L |

‘ (by the Minkowski inequality)
Jmax | X =il =V —aif || <X -V,

‘eN’p(,l,hlL') - eN,p(Vv 1')| = ’ l:rlnlnN |X — .’L'Z|

min |Y — x4

=1

<

I

min |X—xl\— mln |Y—mz|
i=1,...,N i=

1,...,N

As this inequality holds for every couple (X, Y") of random variables with marginal distributions



w and v, it follows that for every level N > 1,

lenp(is) = enp(, )l = sup lenp(p, @) = enp(v,z)| < Wp(p, v). (1.8)
ze (RN

Hence, if (pn)n>1 is a sequence in P,(RY) converging for the W)-distance to o € P,(RY), then

n—-+oo

||6N7P(run7 ) - eN,P(MOm ')Hsup < Wp(:unaﬂoo) — 0. (19)

Definition and the inequalities , , , can be directly extended to any
separable Hilbert space H. Inequalities and show that for every N > 1, and p€ [1, +0),
the quantization error function ey ,(y, -) is characterized by the probability distribution p. Hence,
the characterization relations between a probability measure y, its LP-quantization error function
and its optimal grids can be synthesized by the following scheme:

[Probability measure ,u]

7 If u€ Ppyc(RY), < \g
/ bsolutely continuous) and
See ([1.8) and (1.9 g (a
i if we know the optimal grid
/// for every level N, see 1'
Quantization error Optimal grid
function ey p(u, ) W)
argmin

see

The characterization of a probability measure p by its LP-optimal quantization grids suggests
to consider the “reverse” questions of and : When is a probability measure p € Pp(R?)
characterized by its LP-quantization error function ey p(p,-)? And if so, does the convergence in
an appropriate sense of the LP-quantization error functions characterizes the convergence of their
probability distributions for the W,-distance?

These questions can be formalized as follows (the first one in a slightly extended sense):

e Question 1 - Static characterization:

If for pu, v€ Pp(RY), en (1, +) = enp(v,-) + C for some real constant C, then do we have
pw=v (and C =0)?

¢ Question 2 - Characterization of V,-convergence:
If for pin,n > 1, o€ Pp(RY), enp(pin, ) converges pointwise to ey ,(tioo, +), then do we

n—-+oo

have W, (pin,, ttoo) ——— 07

n—-+oo

For any N1, Ny € N* with Ny < Ny, it is clear that en, (1, ) = en, (v, ) (vesp. eng p(tin, ) ——

eNz,P(/ufoov )) implies eNl,p(:ua ) = eNl,P(Va ) (resp. eNl,P(:una ) m eNl,;D(:U'OOv )) HenC67 be-

yond these two above questions, we need to determine an as low as possible level N for which both



answers are positive. For this purpose, we define

Ngp,.| = min{N € N* such that answers to Questions 1 and 2 for ey, are positive}.  (1.10)

The paper is organized as follows. We first recall in Section some properties of the Wasser-
stein distance W,. Then in Section |2|7 we begin to analyze the problem of probability distribution
characterization in a general finite dimensional framework by considering any dimension d, any or-
der p and any norm on R%. We show that a positive answer to Question 1 and 2 follows from the ex-
istence of a bounded open Voronoi cell in a Voronoi diagram of size N, which in turn can be derived
from a minimal covering of the unit sphere by unit closed balls centered on the sphere. As a conse-
quence, we define for N' > Ny, |.| a quantization based distance Qn,p = [lenp(, ) = enp(v, )|l
which we will prove to be topologically equivalent to the Wasserstein distance W,. The results in
this section are established for p > 1, but several results can be extended to the case 0 < p < 1 by

the usual adaptations of the proofs.

In Section we consider the quadratic case (i.e. the order p=2) and extend the characterization
result to probability distributions on a separable Hilbert space H with the norm [-|,; induced by
the inner product (- | -)g. In this section, we will prove by a purely analytical method that
Nyay, = 2 E| and the topological equivalence of Wasserstein distance W, and the distance

Qs (1, v) = leaa (i, ) — e22(v, )|l o0 Pa(H).

Section [4 is devoted to the one-dimensional setting. Quantization based characterization not
yet covered by the discussion in Section [2] and Section [3] are established. Furthermore, we prove
that Q1 is a complete distance on P;(R) and give a counterexample to show that the distances
On,2, N > 2 are not complete on P2(R) in Section

1.1 Preliminaries on Wasserstein distance

Let (S,d) be a general Polish metric space. The relation between weak convergence and con-
vergence for the Wasserstein distance W, (see Doﬁnition is recalled in Theorem We recall
below some useful facts about the LP-Wasserstein distance that will be called upon further on.
The first one is that, for every p € [1,400), W, is a distance on P,(S) (WL if p € (0,1)), see
e.g. [Vil03][Theorem 7.3] for the proof and [BPR15| for a recent reference. Next, the metric space
(PP(S), Wp) is separable and complete, see e.g. [Bol08] for the proof. More generally, we refer to
[Vil09] [Chapter 6] for an in depth presentation of Wasserstein distance and its properties.

Theorem 1.1. (see [Vil03][Theorem 7.12]) Let p,, € Pp(S) for every n € N* U {oco}. Let p €
[1,+00). Then,

. . (@) pin g Hoo
a) Wy (fins oo 0 if and only if .
(o) Wl i) = T8 3w0€ .y dlwo, €07 nad€) > [ dlw. )P (d)
(0) If

dzpe S, lim sup/ d(xo,&)Pun(d€) =0, (1.11)
d(z0,6)P>R

R—+00 n>1

then (pn)n>1 is relatively compact for the Wasserstein distance W,.

1Since the dimension of the Hilbert space that we discuss in this section can be finite or infinite, we write directly
H instead of d in the subscript of Ng ;.-



2 General quantization based characterizations on R?

This section is devoted to establishing a general criterion that positively answers to Questions 1
and 2 in any dimension d, for any order p and any norm on R?. The idea is to design an approximate
identity (¢5)5>0E| based on the quantization error function ey ,(u,-). Our construction of (¢:)e>0
relies on a purely geometrical idea: it is based on a specified Voronoi diagram containing a bounded
open Voronoi cell that we introduce in Section [2.1} The static characterization is established in
Theorem Furthermore, Theorem shows that a pointwise convergence of the quantization
error functions is enough to imply the W,-convergence of a P, (R%)-valued sequence.

2.1 A review of Voronoi diagram, existence of bounded cells

Let ' = {z1,...,zn} be a grid of size N. The Voronoi cell generated by z; € " is defined by

Ve, (I) = {¢€ Rd:\f—xi\zlg}?]\[\f—xﬂ}, (2.1)

and (V,, (F))1<i<N is called the Voronoi diagram of T', which is a finite covering of R¢ (see [GLO0]).

A Borel measure partition (Cy, (1"))1 <;<n 1s called a Voronoi partition of R? induced by T if for
every i€ {1,...,N}, C,(T') C V,,(I'). We also define the open Voronoi cell generated by x; € T'
by

o _ d . o : .
Vo (I) = {EE R € — x| < 15%111\?,#1 1€ — ;] } (2.2)

If the norm | - | on R? is strictly convex, we have V,, (T') = Vo(T) and V2 (T) = V,,(T), where
A and A denote the interior and the closure of A. Examples of strictly convex norms are the
isotropic £,.-norms for 1 < r < 400 defined by ‘(al, ce ad)|r = ( |a1}r + |ad|r )UT
this is not true for any norm on R?, typically not for the £!-norm (see [GLO0][Figure 1.2]) or the

. However,
£°° —norm.

We recall that A C R? is star-shaped with respect to a € A if for every be A and any A € [0, 1],
a+Ab—a)e A.

Proposition 2.1. (see [GLOOJ[Proposition 1.2]) Let T' = {z1,...,zn} be a grid of size N > 1.
For every i€ {1,...,N}, V(') and V2 (T') are star-shaped relative to x;.

Now we discuss a sufficient condition to obtain a Voronoi diagram containing a bounded open
Voronoi cell. The first result in this direction is a rewriting Proposition 1.10 in [GL0O0] for Euclidean
norms (stated here in view of our applications).

Proposition 2.2 (|- | Euclidean norm). Let (b, ...,bay1) be an affine basis of R% and let by €

—
Conv({b1,...,bg+1}) # . Set T' = {0,by — by, ...,bay1 — bo}. Then, the open Voronoi cell V@ (T')
generated by 0 is bounded.

Let us provide now a geometrical criterion for a general norm | - | on R, let By.|(x,r) denote
the closed ball centered at x with radius r and let S|,|(z,r) denote its sphere.

2By approximate identity we mean . € L! (Rd,B(Rd),)\d), e > 0, such that f]Rd pedrg = 1,
SUP. ¢ Jpa |pe] dAg < +o0 and lim. o f{lf\>n} e (E)Ag(€) = 0 for every n > 0.



Proposition 2.3. Let ai,...,a;€ S (0,1) such that S|, (0,1) C Ule By.\(ai, 1) (such a covering
exists since S|.|(0,1) is compact). If we choose I' = {0,a1,...,ax}, then the Voronoi open set
VOO(F) C BH(O, 1) and )\d(VOO(F» > 0.

Proof. As S)./(0,1) C Ule By.(a;,1), for every £ € S)./(0,1), there exists j € {1,...,k} such that
€ —a;| <1=[¢. T ={0,a1,...,ar}, then

VEée S).(0,1), Jje{l,...,k} such that £V, (T). (2.3)

Assume that there exists £€ V(T) \ By,(0,1). Since V(T ) is star-shaped relatively to 0 and

|§| € (0,1), we have |§| € 51.1(0,1) N V(T). ThlS contradicts since V@ (I') NV, (I') # @, j =
,k. Consequently, V{'(I') C B.(0,1). Finally, Vi(T') is an open set containing 0, therefore,
Ad(VO"(F)) >0, =

The idea of the above proposition is to cover the unit sphere centered at the origin by a finite
number of unit balls centered on the unit sphere. This leads us to introduce the following definition.

Definition 2.1. We define the minimal sphere covering number ¢(d, | - |) as follows,
k
c(d,] - |) = min{k : Hay, ..., an} C Sp4(0,1) such that S).(0,1) U |(ai, 1 } < +00.

The index c(d,| - |) is finite since the unit sphere is a compact set in R?. Among all the possible
norms, we will focus on the isotropic £,-norms on R?. We show some examples of the minimal
covering number ¢(d, | - |,-) in the following proposition (whose proof is postponed to Appendix).

Proposition 2.4. (i) ¢(1,]-|) =2, where | - | denotes the absolute value.
(1) ¢(2,]- 1) =2 and ¢(2,] - |,) =3 for every 1 < r < +00.
(7i1) c(d,| - |oo) = 2 for every dimension d.

(iv) Letr > 1 such that 2" > d, then c(d,]| - |,) < 2d.

2.2 A general condition for probability measure characterization

Let T' = {x1,...,2n} be a grid in which there exists at least an x;, € T’ such that the open
Voronoi cell Vgg"i0 (T") is bounded and non-empty. Based on such a grid, one can construct an approx-

imate identity as follows. Let ¢ : R — R, be the function defined by ¢(¢) = 1{1\1}{11 , |€ —al” —
ac Tig

milg|§ —al”. The function ¢ is clearly nonnegative, continuous and {¢ > 0} = Vi, (') so that
e K2
supp(p) = Ve, (T) is compact. Hence, [¢@dXq € (0,+00) since ¢(z;,) = d(x4, I \ {z;,}) > 0 and

we can normalize ¢ by setting ¢1(§) = %. For every ¢ > 0, we define (&) := %901 (g),

then (¢c)eso is clearly an approximate identity (see [Grald][Section 1.2.4]).

The following theorem gives conditions on the LP-quantization error function to characterize a
probability measure.



Theorem 2.1 (Static characterization). Let p € [1,+00), let | - | be a norm on RY and let N >
e(d,|-])+1, or N >d+2if|-]| is Euclidean. Then, the answer to Question 1 is positive i.e.
if there exists a constant C' such that e (u,-) = e (v,") +C, p,v € Pp(RY), then p = v. The
constant C' is a posteriori 0.

Proof. Following Proposition and we choose a grid I' = {0, a1, ...,an_1} such that V@(T)
is bounded and A\g(Vy(I)) > 0. We define ¢ : R? — Ry, by ¢(§) = minger\qoy | —al’ —

minger € — al’ = (minger\ (o3 [§ — al” — [¢§]") | and (pe)es0 by @:(€) = cjsd%’(f)’ where C,, =

[ ¢ dXq. For any z€ R?,

B 1 ()
peniw)= [ oo -oiae) = [ ST e
1 N T N b
- Ced /]Rd <aenl[“1ir{lo} e Y Tuer @ >M(d£)

1
: p . p
= min |r —ea — d¢) — min |z — ea — dg)|.
oz | L, i o — e =" ) = [ minla a7 (e
If we define two N-tuples & and Zg as & = (x — eaq,x — €a1,T — €ag,..., ¢ — eay—1) and
Zo = (x,x —ear,x — €ag, ..., —ecan—_1), then

i o~ ea— §I° u(dg) = e}y, (u, &) and | minjr —ea §I7 (dg) = e}y, (1, o).

Hence, e * (1(2) = g5 (e, (1, ) — €, (11, o).

The assumption iy (1, ) = ey ,(v,-) + C implies that e (1, 2) — i (1, Z0) = ey (v, T) —

e (¥, To), so that, for every z € R? and every € > 0, . * u(x) = . * v(z).

One can finally conclude that p = v by letting £ — 0 since (@e)e>0 is an approximate identity
(see [Rud91][Theorem 6.32]). Hence C' = 0. O

The following theorem shows that the pointwise convergence of the LP-mean quantization error
function is a necessary and sufficient condition for W),-convergence of probability distributions in

Pp(RY).

Theorem 2.2 (W,-convergence characterization). Let p € [1,+00) and let | - | be any norm on
Re. Let i, € Pp(R?) for ne N*U{oo}. The following properties are equivalent:

(i) Wy (tims fioo) ——=225 0,

n—-+oo

(ii) VN > 1, enp(fin,) ——— enp(foo, *) uniformly on R,

n—-+oo

(t45) AN > c(d,|-])+1 or N > d+2 if || is Euclidean such that, en p(tin, ) — > en p(toos )
pointwise on R?.

Proof of Theorem[2.2 (i) = (¢i) is obvious from (1.9)).

(#3) = (417) is obvious.



(#3¢) = (¢) First of all, it follows from the convergence ey ,(fn,; ) MmAEN en,p(ftoo, -) that

hpliin,0) S22 (s 0) e [ J7 ) 225 [ el () < o, (24)

where 0 = (0,...,0). In particular, the sequence (fRd 1P ,un(d£)> N is bounded. Hence, the
n>1

sequence of probability measures (,)n>1 is tight.
Let jico be a weak limiting probability distribution of (py,)n>1 i.e. there exists a subsequence

d
a(n) of n such that py () &) loo S T — +00.

Let = (1,...,2x) be any N-tuple in (R?)". We define a continuous function f, : R? — R by
f2(&) == mini<;<n |€ — z;]"—[£|”. Hence, owing to the elementary inequality v? —u? < pv?~!(v—u)
for any 0 < u < v < +o00, we derive

£a©)] < _max p(le]+ lail)" ™ ol < (L4 JEP ), (25)

where Cy ;, is a constant depending on x and p.

P
Owing to 1} and l) the sequence ( i ff_ldun)n>1 is bounded, hence f, is uniformly
integrable with respect to (tn)n>1 since p’%l > 1, so that f, is uniformly integrable with respect to

any subsequence (fio(n))n>1. It follows that [pq fo(€)ttam)(dE) = [pa fo(€)Feo(dE), as n — +oo,
where

/Rd f”ﬂ(g):u‘oc(n) (df) = / ( min |£ - xi|p - ‘€|P )/La(n) (dg) = e?\/,p(ua(n)a ‘T) - 6€V,p(p’a(n), 0)7

Rd i€{1,...,N}

and /R O (dE) = By (e, ) — Wy (i, 0)

On the other hand, e (ka(n): ) — €}, (Ha(n), 0) converges to e (oo, ) — €}, (Hoo, 0) oWing
to the pointwise convergence in (iii) at 0 = (0,...,0) and z = (z1,...,2N).

Therefore, eﬁ’vf(ﬁoo, z) — el p(fioo, 0) = €y (fhoo, T) — e’l’vf(um, 0), which implies that for every
z € RYN, e (fioo; ¥) =€}, (Hoo, ) = C, where C = e} (Jioo, 0) =€} (110, 0) is a real constant.
It follows from Theorem that fieo = fieo, Which implies that pi, is the only limiting distribution

d
of (fn)n>1 for the weak convergence and consequently fiy, (LL . We have already proved that

S 1€17 1 (d€) "2 [ €17 100 (dE) from (2.4), which finally shows that W (fin, fiee) "% 0
owing to Theorem O

A careful reading of the proof shows that the following “a la Paul Lévy” characterization result
holds for limiting functions of LP-quantization error functions.

Corollary 2.1. Letp € [1 +00). Let (un)n>1 be a Pp(R?)-valued sequence. If

enp(tn, ) notoo, [ pointwise for some N such that static characterization holds true

d
(Question 1), then there exists fioo € Pp(R?) such that pu, £ Hoo @S M — 400 and

7 = eyl )+l [ 168 () = [ 67 ()



Now we will take advantage of what precedes to introduce a quantization based distance on Pp(Rd).
Let Cy((RY)N,R) denote the space of bounded R-valued continuous functions defined on (R%)N
equipped with the sup norm ||-[|;,,. Let p € [1,400). If p€ Pp(RY), en p(pt, ) — enp(do, ) €

d N _ . . L . . . . .
Cb((R ) ,R) (note that ey (50, (z1,... ,acN)) = 1:r1mnN |z;]) since inequality l} implies that

1/p
lenp(ks ) — enp(80, )l gup < Walks do) = [fRd|§|pu(d§)} < +00. Then, we define a function
On,p on P,(R?) by

(1, v) — Qnp(v) = [ (en (1) — enp(d0,7)) = (enp(¥:) — enp(00,)) [l
= llenp(s ) = enp (v gy - (2.6)

For any pu,v € P,(R?), inequality (1.8) implies Qn (1, v) < Wy (1, v) < 400 so that Qn ,(p,v) €
[0, 4+00). Combining Theorems and implies the following result.

Corollary 2.2. Let p € [1,400).
(@) Nap,.| <cd,|-])+1 for any norm and Ny, .| < d+2 if || is Euclidean.

(b) If N >c(d,|-|)+1 or N >d+2if|-]| is Buclidean, then Qnp defined by (2.6) is a distance
on Pp(R?) and Qn , is topologically equivalent to the Wasserstein distance W,.

Comments on optimality. If we consider only the quadratic case p = 2 and a norm | - | induced
by an inner product, the result in Corollary (a) is in fact not optimal. In the next section, we
will prove that in such a setting, Ny |.| = 2 and this result can also be extended to any separable
(possibly infinite-dimensional) Hilbert space.

3 Quadratic quantization based characterization on a sepa-
rable Hilbert space: Ngy =2

Let H denote a separable Hilbert space with the inner product (- | -)z. Let | - |z denote the
norm on H induced by (- | -)g. When there is no ambiguity, we drop the index y and write
(-]+) and | - |. The separable Hilbert space is a very common setup for applications, for example
in functional data analysis: one can set H = Lg([O,T], dt) and X = (X¢)¢cjo,7) a bi-measurable

process such that fOT EX? dt < +o00. For more information about functional data analysis with an
L2-setup, we refer to [HEL5] among others.

We first prove in the quadratic case (p = 2), that both static (see further Proposition and
Whs-convergence (see further Theorem characterizations can be obtained at level N = 2 by
an analytical method. Then we will show that Ny o := Ny o)., = 2 and for any u,v € Pa(H),
Q22(p,v) = llez (i, -) — e22(v, 7|, is a well-defined distance on P(H) which is topologically
equivalent to Whs.

Proofs of quadratic quantization based characterizations rely on the following lemma.

Lemma 3.1. (a) Let p,ve Py(H). If for every ue H, |u| =1, po (£ — (£ | u))fl =vo (& (£
u))_l, then = v.
(b) Let i, € Po(H) for every n € N*U {oo}. If [, €] pn(d€) Do, [y 1€ 110 (d€) and for

every ue H, Jul =1, pp o (6= (€ |0) " 2 o (€= (€] ) ", then Wa(jin, p1oc) — 0.

10



Proof. As (H,|-|) is separable, let (hg)r>1 be a countable orthonormal basis of (H, |- ).

(a) Let X,Y be random variables with respective distributions u and v and 1et A€ H. We define

for every m > 1, X(m) = " (X | hk)hk, Y =S (V| hy)hi and A = 577 (N By ) b
For m > 1, let u(™) = &T (convention 2 o = = 0), then we have
+o00 m
X)) =S (A ) (X (i) = (A i) (X | hie) = (A (X | ul™).
k=1 k=1

Similarly, (A| V(™) = |A(™)| (Y |u{™)). Let i be such that > = —1. It follows that

E otAIX™) g i A (X |utm) :/ e N™MIE o (& (u™ | 5))*1(615)
H
= / NNE o (6 (™ | €))7 (dE) = BT
H

Since we can arbitrarily choose A, we have for every m > 1, Law(X(™) = Law(Y (™). Let
F : H — R be a bounded continuous function. Then, for every m > 1, EF(X(™) = E F(Y (™)
which implies E F(X) = E F(Y) by letting m — +o0. Hence, u = v.

(b) For every n > 1, let X,, be random variables with distribution u,, and let X, be a random vari-
able with distribution jioc. We define for every n > 1 and for every m > 1, X(m) Zyil(X |hi)hi

and X\ = Yot 1 (Xoolhi)hi. Following the lines of item (a), we get for every m > 1, xim )

m . . .
Xéo ) asn — 400, since the convergence of characteristic function implies weak convergence.

Now, let F': H — R be a Lipschitz continuous function with Lipschitz coefficient [F|i, =

SUP, yen W(iz%gl(y)‘ For every (temporarily) fixed m > 1,

lim [E F(X,,) — EF(X)|
<lm|EF(X,) - EF(X{" |+hm|EFX<m>) EF(X{M)| + [EF(X{Y) —EF(Xo)|

<lim [E F(X,) EF(X{™)|+0+|EF(X{V) —~EF(Xs)| (since X{™ L xm)y
Then, for every n > 1,
EF(X,) —EF(X{™)| <E|F(X,) — F(X{™)] < [FlLipE| X — X5 | < [Fluip|| Xn — XI™|,-
Similarly, we also have |E F(xMy - EF(Xoo)| < [FLip|| Xoo — Xé@”)||2.

It follows from Fatou’s Lemma for the weak convergence and the convergence assumption made
on E|X,,|? that

lim sup HX" — XT(L"‘)HE = limsupE‘Xn — X,gm)’2 = lim sup [E’Xn’2 — E|X7(1m)|2}
n n n
= E[Xoo|” — liminf E|X[™* < E|Xoo|* —E[XI* = | X — X2 (3.1)
Hence, for every m > 1,

li7rln‘IEF(Xn) - EF(XOO)| < limsup [F]LiPHX” - X?(“Lm)Hz + [F]LiPHXOO go ||2

11



< 2{F)uip|| Xoo — XLV,

Then, HX - X(m)H2 — 0 as m — 400 by the Lebesgue dominated convergence theorem since

| X - xim ’<|X |€ L2(P) so that E F(X,,) - EF(Xy) as n — +oo. Thus, X, %Xooand

we can conclude that W, (jin, fiss) — 0 by applying Theorem [1.1] O

Proposition 3.1 (Static characterization). Let u, ve Py(H). If €3 5(p,-) = €3 5(v,-)+C for some
real constant C, then u =v and C = 0.

Proof. Let a,be H, then €3 ,(p, (a,b)) = [, 1€ — al’> A€ — b p(de).

Ases 2(/17 (a,b)) = €3 5(v, (a,b))+C for every (a,b) € H?, in particular, ifa = b, [}, | — a\z w(dé) =
S 1€ — al® v(d€) + C. Hence, using that (z —y); = 2 — 2 Ay, we have

Va,be H, /H(\f—al2—I«E—bl2)+u(d€)=/H(|§—a\2—\f—b\z)w(df)- (3.2)

Note that |¢ — a|> — |¢ — b® = Q(b —a ‘ € — aT“’) Hence, if we take @ = Au and b = Nu with
AN eR, N > A for some common u€ H with |u| = 1, we obtain

2 2 , A+ N
(I =al? = =), =200 =3 (i€ 1) - 255

As a consequence of (3.2)), we derive that
A+ N A+ N
verN > [ ((€ln-25%) wae = [ (€10 -2 vae)
H 2 T H 2 4

In turn, this implies, by letting A" — A,

Vue H,|u| = 1, YAE R, /H ((5 | u) — )\)+,u(d§) - /H ((5 | u) — )\)+u(d§). (3.3)

The function A — ((¢ | u) — )\)+ is right differentiable with 1(¢j,)>x as a right derivative and p-
integrable. Hence, by the Lebesgue differentiation theorem, we can right differentiate the equality
(3.3) which yields for every u€ H,|u| =1 and for every Ae R, p((& | u) > X) = v((£ | u) > X).

Hence, for every ue H, |u| =1, o (£ — (£ | u))_1 =vo (¢ (&]u ) since they have the
same survival function. We conclude by Lemma [3.1] (a) that 4 = v and C = O

The following theorem shows the equivalence of Wh-convergence of (pn,)n>1 in Po(H) and the

pointwise convergence of quadratic quantization error function (6272 (tm, -))n>1.

Theorem 3.1 (Ws-convergence characterization). Let u, € P2(H) for every n€ N* U {oco}. The
following properties are equivalent:

n—-+oo

(1) Wa(pns poc) —— 0,
(i1) e2,2(fin, ") o, €2,2(loo, ) uniformly,

(141) ez,2(tin, ) noteo, €2,2(loo, ) POINtwise.
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Before proving Theorem we recall the convergence of left and right derivatives of a con-
verging sequence of convex functions. Let d_ f (respectively 04 f) denote the left derivative (resp.
right derivative) of a convex function f.

Lemma 3.2. (See e.g. [Lac82][Theorems 2.5]) Let f, : R — R,n e N* be a sequence of convex
functions converging pointwise to a function f : R — R. Let G := {x € R|0_f(x) # 04 f(x)}.
Then for every point x€ R\ G,

lim O fn(x) = lim O_ fu(z) = f'(2).

Proof of Theorem[3.1 (i) = (i) is obvious from (L.9).
(i) = (u91) is obvious.
(iti) = (i) For every (a,b)€ H?,

Bl (@.0)) = [ 16 = aPAIE =P () 25 €3 (00) = [ 16 = aP A€ = e ().

n——+oo

In particular, Ya€ H, [, € —a|® 1, (d€) =52 [, 1€ — af® p10o (d€). Hence, using that (z—y); =
T —x ANy, we get

Va,be H, /H(\é“—alz—lé‘—bl ) , b (d€) *—*°°>/ 1€ — af* = |€ = b)) , 100 (dE).-

Following the lines of the proof of Proposition we get

VAER, VueH,|u|:1,/H((§\u)—/\)+un(d§)M/H((ﬂu)—)\)Jruoo(df). (3.4)

For pe€ Po(H) and ue S| (0,1), we define the real-valued convex function ¢, by ¢, : A+
S u)— )\)+u(d£). It follows from that (¢u,, )n>0 converges pointwise to ¢, . Moreover,
Gu,> G are right-differentiable and their right derivatives are given by 9, ¢, (A) = pn (€ | u) >
A) and 84y (A) = pioo ((€ | ) > A) respectively. Note that the functions 1—04¢,,, and 1—04 ¢,
are the cumulative distribution functions of the probability distributions i, o (£ — (¢ | u))_1 and
hoo © (§ — (€] u))fl and that the set of discontinuity points of 1 — 0;¢,. and O0+¢, _, is
G =\ ({5 (€ 1w = A}) >0},

We know from Lemma that for every A € R\ G, 01¢,, () LRAEN 0+ ¢y, (A) and that
0_¢,.. is continuous on R\ G. Hence

Vue Hylul =1, o (€ (€] u) " =25 pao (€ (€] w) " (3.5)

Moreover, €32 (fin, (0,0)) converges to ez 2 (4o, (0,0)), which also reads [, €1 i (d€) — I €17 1o (dE).
Consequently, it follows from Lemma [3.1}(b) that Wa(fin, poo) — 0 as n — +00. O

Remark 3.1. Proposition [3.1] and Theorem [3.1] directly imply that Np 5., < 2. In fact, for every
a€ H,

o) = [ te=alntae) = [ 1elnae) -2( [ ewae)]a), +laly.
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Thus, if pu, v € Po(H) are such that

| iy utde) = [ el viae) ana [ eude) = [ evias) (3.6)

then we have eq 2(p,-) = e12(v,-). But condition (3.6) is clearly not sufficient to have p = v.
Consequently, Ng 2 ||, = 2.

Like what we did in Section we define a function Q¥, on (P, (H))2 by (,v) — Qs (u,v) =
le2,2(1, ) — €2,2(v, )|, - Then inequality 1] implies that Q& (u,v) € [0,+00). Moreover,
Proposition [3.1] and Theorem [3.1] lead the following corollary.

Corollary 3.1. The distances Qé{z and W are topologically equivalent on Pa(H).

We conclude this section by an “a la Paul Lévy” characterization of a limit of quantization
errors functions.

Theorem 3.2 (A la Paul Lévy characterization). Let (H, |- |x) be a separable Hilbert space. Let
(tn)n>1 be a Po(H)-valued sequence and let f: H — R be such that

62,2(/171’ ) noee, [ pointwise.

Then there exists oo € P2(H) such that py, () loo (where (Hy,) stands for the weak topology on

H) and
? = [y )2 + lim 2l (d€) — % oo (dE).
f e2,2( ) 1 / €] (dg) / § (dg)

Proof. The sequence es o (un,(O,O))2 = [y |€Ppn(d€), n > 1, is bounded, hence the sequence

(ttn)n>1 is tight for the weak topology (H,,) on H, which generates the same Borel o-field as the

H.y . .
strong one. Consequently there exists a subnet ji, ) (Ly) loo € P2(H) since the mapping & — €2

is weakly lower semi-continuous and non-negative (see [Top74][Lemma 2.3 and Theorem 3.1] and
[Kel75][Chapter 2] for the definition of subnet). Now note that, for a fixed z = (z1,72) € H?,
the mapping & — min (|¢ — 212, € — @]2) — €] = min (21 |2 — 2(211€), [aa[* — 2(w]¢)) is weakly
continuous and (fy,)n>1-uniformly integrable since it is sublinear. Hence

€5 o (Hp(n), ) — /H min (|z1]* = 2(21(€), [z2|* — 2(22]€)) oo (d€) + £2((0,0)) as n — 400
= 3y (joer ) + F2((0,0)) — /H 6P oo ).

For two such limiting distributions fio, and pl, it follows from what precedes that €3, (oo, ") =
€351y, ) + Coo for some real constant Co. Hence pio = pily, by Proposition which in turn

Hy
implies that p, (=>) Phoo- O

4 Further quantization based characterizations on R

Let | - | denote the absolute value on R. Results from Section 2 (Theorem and Propo-
sition (z)) imply that Ni, := Ny, | < 3 for any p > 1. Moreover, Proposition and
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Theorem imply that Ny = 2. Other quantization based characterizations are developed in
Section Then we discuss the completeness of the distance Q; ; (deﬁned in 1) on P;(R)
and of Qs 2 on Pa(R) with opposite answers in Section

4.1 Quantization based characterization on R

Proposition 4.1 (p =1). (a) Let p,ve Pi(R). Ifer1(p,-) =e11(v,-)+C for some real constant
C, then p =v and C = 0.

(0) If pn € P1(R), ne N* U {oo}, the following properties are equivalent:
(Z) Wl(ﬂmﬂOO) m 0,

(it) e1,1(fn, ") o, e1,1(Hoo, ) uniformly,

(1) e1,1(fn, ") oo, e1,1(loo, *) pointwise.

(¢) The distance Q11 and Wy are topologically equivalent on P1(R) and N1 1 = 1.
Proof. (a) The function ey (p,-) reads = — [, | — 2| pu(d€), hence it is convex and its right

derivative is given by 2 — —142u(]—o0,z]). Soif ey 1(p, ) = e1,1(v,-)+C, we have pu(]—o0,z]) =
v(] — oo, z]) for all z€ R, which implies 4 = v (and C' = 0).

(b) Tt is obvious that () = (ii) and (i) = (¢ii). Now we prove (iii) = (7).

For every n > 1, e1,1(jin, ) can also be written as a — [, [ — af 1, (d€), which is convex with
right derivative at a given by —1 + 2u, (} — 00, a]). Consequently, if €3 1 (pn, -) converges pointwise
to €1,1(koo,-) on R, then p, (] — o0, a]) converges pointwise t0 i (] — 00,a]) for all a € R such

that fieo( {a}) = 0 by Lemma This implies p, (;R; loo- The convergence of the first moment

n——+oo

follows from ej 1(fin,0) notoo, 1,1 (oo, 0). Hence, we conclude that Wi (pin, ftec) ——— 0 by
Theorem [T.11

(c) The claim (c) is a direct result from (a) and (b). O

Proposition 4.2 (Even integer p > 2). Let p be an even integer, p > 2.
(a) Let p,v€ Py(R) such that €5 ,(u,-) = €5 ,(v,-) + C for some real constant C. Then p = v.
(b) If pin € Pp(R), ne N* U {oo}, the following properties are equivalent:

n—-+oo

(1) Wp(tin, poo) —— 0,
(13) e2,p(ttn, ) fodeo, e2.p (oo, *) uniformly,

(741) ez,p(fin, ) e, €2.p(lloo, ) pointwise.

(¢) The distances Qs ,, and W, are topologically equivalent on Pp(R) and Ny, = 2.

The proof of Proposition [£.2]is based on the following lemma.
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Lemma 4.1. Let p be an even number, p > 2. Let 1€ Pp(R) be absolutely continuous with density
fie u(dE) = f(&)dE. If f is continuous, then for any a,be€ R with a < b,

2,p 2.p 2 ,.D
9 2

€, 0%e, 6671)
i) = o (S ) + 252 ) - 252 ) )

Proof of Lemma[{.1. Assume that a < b, then ej ,(u, (a,b)) = fi 1€ —al” f( d§+fa+b |€ —b|P f(&)dE.
Hence, the function 627p (u, (a, b)) is continuously differentiable in a, since, for any even number
G = pla— &P £(€) and

s Ip(a’ — &P F )| <p2P (O [la+ 1P Ve — 1P+ [P e LY(N)
'€(a—1,a

p > 2, we have

since [, [€[7 f(€)dé < +oo. Likewise, b, (11, (a,b)) is continuously differentiable in b with partial

derivatives

8@’2’ s a,b aTer 1 a6129 ) avb e 1
vp(ga())zp/m (a— g f(ﬁ)dﬁand’p(gb())—p/ (b &L f(e)ie.

Aoz IE) — (p —1)(a — £)P2f(£) and

sup  |(p—1)(a' —EP2F(E)| < (p— 12" 2f(E)[la+ 1PV |a— 1P+ |€[P* ] € LY(dE)

a’€(a—1,a+1)

Moreover, we have

since [, [€ f(£)dE < 4o00. By a similar reasoning, one derives that ef , (1, (a,b)) is continuously
twice differentiable with second order partial derivatives

02eb age )
da 2 (M7 (a,b)) :p[/_ (p— 1)(a_§)p_2f(f)d§— 2%(1)—@)?—1]0(%[))}
8262 - -2 —14.@
oz (1 (a:0)) = p[/ﬂj (p =10 =P f(&)dE - 2%([, —a)y f(%b)]’
0?%el 2P

€5 1 +b
p—1
2 (1, (0.5)) = G2 (1, (0.5)) = —po (b= 0y~ £ (“7)-
Hence, for every (a,b) € R? such that a < b,

0%eb 0%eh 326510 9
as (1 (a:D)) + %2 = (1 (a,0)) = 252 (1 (@, 0)) = p(p = 1)eb "5 (1, (a,0))-

Proof of Proposition[.4 (a) Step 1: p and v are absolutely continuous with continuous density
functions. Note that ezp(u, ) =€ p( -) + C implies either y = v by Proposmon if p=2,
or, if p > 2 61’2’;2_2(/;, ) =eh p2 5(v,-) (after differentiation) by Lemma We can conclude by
induction.

Step 2 (General case). Let X,Y be two random variables with the respective distributions p and
v, such that
Y(a,b)e R?, e (X, (a,b)) = €5 (Y, (a,b)) + C. (4.2)

Let Z be a random variable with probability distribution Pz = A/(0,1), independent of X and Y.
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For every € > 0,

e (X +eZ,(a,b)) = / min |¢ + 22 — af? u(d€)Py(dz) = / e (X, (a,b) — e2)Py(dz). (4.3)

z€{a,b}

We derive from (4.2]) and ( . ) that
V(a,b)e R?, b (X +¢Z,(a,b)) =¢b (Y +eZ,(a,b)) + C. (4.4)

Moreover, the random variables X +¢Z and Y +¢Z have distributions N (0, £2) * u and N (0, &2) *
respectively, both with continuous densities. It follows from Step I that Law(X +¢Z) = Law(Y +
eZ) for every £ > 0 so that Law(X)=Law(Y") by letting ¢ — 0.

(b) Tt is obvious that (i) = (i) and (i7) = (i%). Now we prove (iit) = (7). It follows from

Lemma that ez p(tn, -) oo, €2.p(loo, ) implies ez p_o(fin, ) oo, €2.p—2(loo, ) and, by
induction, yields ez (g, -) nodeo, €2,2(lloo, ), so that Theorem H and Theorem [1.1] imply that

o, converges weakly to poo. The convergence of the p-th moment follows from es ,,(fin, 0) notoo

€2.p(1ioo; 0). Hence Wy (jin, fios) =222 0 by Theorem

(¢) The claim (a) and (b) directly imply that if p is an even integer, p > 2, the distances Qs ;, and
W, are topologically equivalent on Pp(R) and Ny, < 2. Now we prove that Ny, = 2. Note that
for every z € R, €] (u,x) = [5|€ — " p(d) = [(&* — 26w + 2)% pu(d€), which is polynomial
in x and whose coefﬁ01ents are the k-th moments of u, k € {1,...,p}. Thus, as soon as two
different distributions ;1 and v have the same first p moments, e (u,-) = e} ,(v,-). This implies
N17p > 1. O

4.2 About completeness of (Pi(R), Q1) and (P2(R), Qns)

We know from [Bol08] that for p > 1, (Pp(R),,) is a complete space and we have proved
that Qj 1 (respectively Q2 2) is topologically equivalent to Wy (resp. Wa) on P1(R) (resp. P2(R)).
Now we discuss whether Q; ; and Q5 » are complete distances.

Proposition 4.3. The metric space (771 (R), Ql,l) 18 complete.

Proof. The inequality 1) directly implies that a Cauchy sequence in (791 (R), Wl) is also a Cauchy
sequence in (’P1 (R), Ql,l). Now let (pr)n>1 be a Cauchy sequence in (Pl(R), Ql,l)- It follows from
the definition of Q11 that (eq,1(pn, ") — €1,1(do, ~))n>1 is a Cauchy sequence in (Cy(R,R), H’”sup)'
As (C(R,R), ||-||Sup) is complete, there exists a function g€ Cp(R, R) such that

n—-+oo

H (e11(ttns+) —€1,1(60,7)) — g||Sup 0. (4.5)

Note that for any a € R, e11(d,a) = |a|]. The sequence eq 1(itn,0) — e1.1(d0,0) = €11 (ttn,0) is

1 = (Jzl€l un(df))n21 is bounded, which
implies that (t,,)n>1 is tight. It follows from Prohorov’s theorem that there exists a subsequence

also a Cauchy sequence in R. Therefore, (61’1(/1%, 0))

(Mp(n))n>1 weakly converging to fio,. Moreover, by Fatou’s lemma in distribution, fie € P1(R)
since [, [€] oo (d€) < liminf,, [; [€] pp(n) (d€) < +o00.

17



Now, we prove that g = e1 1 (i, -) —e1,1(do, -). First, let us define a function f, (&) = |{ — a|—[£].
For every a€ R, f, is bounded and continuous. Hence, the weak convergence of (f,(n))n>1 implies

that / Fa©) oy (dE) 72F2 / FalE)Tine (d9).

Besides, f]R fa( Hep(n) df fR [|€ - a| |£‘ ]/J/gp(n) (df) = 6171(;’-1/@(71)7 (1) - el,l(lulgp(n)a 0)7 which
converges to (g(a) +e1,1(do, a)) — (9(0) + €1,1(d0,0)) as n — +o0 by (4.5). Hence, for every a€ R,

(9(a) + e1,1(d0,a)) — (9(0) + €1.1(0,0) /fa Elico(d€) = €1,1(fico, @) — €1,1(fico, 0),
T

ie. e11(fico, ) —€1,1(d0,a) — g(a) = e1,1(Jioo, 0) — g(0). Setting C = €3 1(fico,0) — g(0), we derive
that for every a € R,

e1,1(fiec; @) — €1,1(d0,a) — g(a) = C. (4.6)

Now we prove that C' = 0. Generally, for any v € P;(R), one has

lim (e1,1(v,a) —e11(6,a)) = aEIJPoo (er1(v,a) —la]) = hm (e1,1(v,a) —a)

a——+o0

= Jim ([ le=alvtde) —a) = 1m_( /{ (e {w}(a —&)u(de) —a)

— 1 ( /{ i =2 /{ NG /{ 5<a}<—£>v<d§)).

Asve Pi(R) ie. [p[¢|v(dE) < +oo, we derive that limg_ 4o f£<a( = [x(=&)r(d¢) and
limg 400 f{£>a} Ev(d€) = 0. This implies

0< lim av(df) < lim Ev(dg) = 0.

a=+ee Jig>a) a=+ee Jig>a)

After a similar calculation with lim,_,_ (6171(1/, a) —e1.1(do, a)), we get

a—+o00 a——

lim [e11(v,a) —e11(do,a)] = /R(—f)’/(df) and limoo le11(v,a) — e1,1(6o,a) /fV (d§).

4.7)

Combining (4.6) and (4.7) with v = fie, shows that

lin_g(a) = ~C ~ [ Gi(d) and lim_gla) = ~C+ [ ().
a—+oo R a——0o0 R
On the other hand, for every n > 1, (4.7) applied to v = p, () implies

aggloo e1,1(fp(n), @) — €1,1(do, a) /f/w (n)(d§).

Up to a new extraction of fi,(n), still denoted by fi,(,), Wwe may assume that fR Epp(n) (dE) — CeR
as n — +oo since (61’1(Mn,0))n>1 (Ja €] pn(dE) )n>1 is bounded.
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Now the uniform convergence (4.5)) implies that

lim lim [61,1(%@), a) —e1,1(do, a) — g(a)] =0
so that C = C + S €l (dé) = —C + [; Efice(d€), which in turn implies C' = 0, ie. g =
€1,1(Jloo, ) — €1,1(00, ). Then it follows from (4.5) that

n—-+00

[ (e1,1(ns ) = €1,1(80, ) = (1,1 (Fioos ) = €1,1(805)) || = llen1(ns ) = €11 (Foos )l gup 0

Hence, Wi (fin, fiso) — 0 by applying Proposition that is, (tn)n>1 is a Cauchy sequence in
(P1(R), W1). The completeness of (P1(R), W) implies immediately that (P;(R), Q1,1) is complete.
O

Theorem 4.1. For any N > 2, the metric space (PQ(R)7 QN,Q) is not complete.
We will build a sequence on Pz(R) which is Cauchy for Qn o but not for Ws. First, we have
the following result.

Lemma 4.2. Let (fin)n>1 be a P2(R?)-valued sequence which converges weakly to pioo and, for
ne N* U {oo}, let X,, denote a p,-distributed random variable . Assume that lim, E|X,|* ezists
and is finite. Then

n—-+oo

€22 (ﬂn, (a, a)) — \/6%’2 (,uo07 (a, a)) + Cy| —=0, (4.8)

sup
acR4

where Cy = mE | X,,|> — E | X |* € [0, +00).

Proof of Lemma[/-3 An elementary computation shows that
Ealiuns(0.0) = [ €= a9 = [ 16P ntae) =2( [ em(a)]a) +1aP”.
2 . (RY)
As (fRd €] ,un(dg)) L bounded and ji, == Jioo, we have [p, Epin(dE) = [pa Eptoc(dE). Tt
follows that B
622(un, a,a)) / |£| o (dE) —2 / Epn (d€) ‘a)+|a|
2205, [ e () + Co = 2( [ () |0) + ol = (1o (0,0)) + Cor

Therefore, for every compact set K in R%, we have

—+o0

sup €22 (ttn, (a,0)) — /€35 (1100, (a,)) + Co
ac

, (4.9)

owing to Arzeld-Ascoli theorem, since all functions ey, are 1-Lipschitz continuous (see (1.5)). On
the other hand, we have

[e2.2(pn: (@.0)) = \/€3 511, (a.0)) + G|
€8 5 (stn: (2,0)) = (€3 5 (te: (a@)) + Co )|
€22 (ttn, (a,a)) + \/6372(/100, (a,a)) + Co
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E(1X0l — 2(a] Xa) + laf*) = E(|Xaol” — 2(a] Xoc) + [af* ) = G
[ X5 = ally + [[Xoe — all
2)(a | EXoo — EX,)| + [E|Xal” — E|Xaof* - Co|
1% — all, + [ Xoo — all
2 ol [EXoo ~ EX,| + |E|Xol* — E|Xoo|* = Co|

< (4.10)
| 1Xnlly = lal | + | [ Xoolly — la |
Let A :=2sup,enufoc) E | X,,|?, then
5P, [ezzins (0,0)) = /e s {poes (0,0)) + o
a|>
2|a| [EXo — EX,| + |E|X, > — E|Xo|” — Co
< sup
la|>A la] = [ Xnll; + la] = [ Xsoll,
2a] [EXoo — EX,| + |E X, — E|Xo|> = Co
< sup
la|>A 2|al — A
)E X, —E|[Xoo|? — C’o‘ e
< sup 2|EX —EX, |+ 0 (4.11)
la|>A A
Hence, (4.9) and (4.11) imply that
sup |e2, (tin, (a,a)) — /€35 (oo, (. a)) + Co‘ L2EE 0. O
a€R?
Let Z : Q — R be N(0, 1)-distributed. We define for every n€ N,
n n2
X, =e3?7T, (4.12)

For n > 1, let p, denote the probability distribution of X,. It is obvious that X, converges
n2
a.s. to Xoo = 0, so that ueo = do. Moreover, for every p > 0, EX? = e”s =2 Hence,

’!L2

EX, =e 5 — 0=EX, as n — +00 so that Wi (fin, fiec) — 0 whereas E X2 = 1 for every
née N.

Hence EX?2 does not converge to E X2 = 0, which entails that u,, does not converge to jio, for
the Wasserstein distance Wy and thus p,, is not a Wh-Cauchy sequence. We first prove (giy)n>1 is
a Cauchy sequence in (PQ(R), Qz,z)- The proof relies on the following three lemmas.

2

22
2

Lemma 4.3. Let Z : Q — R be N(0,1)-distributed. Then, Vz >0, P(Z > z) < ¢

n
3
3

22

Proof. P(Z > 2) = f;oo \/%efédx < f;oo f%efﬁdx = j; O

Lemma 4.4. Define (X,,) as in , then supjeo K E(X, — K)4 — 0 as n — +00.

Proof. We have

oo —+oo
KIE(anK)Jr:K/ ]P’((anK)JrZu)du:K/ P(X, > u+ K)du
0 0
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1n 2,42 _nZ_ 2 ,2_
2 1 e 2ztaw™ 4 8§ T Rrv v
By Lemma ]P’(Z > 5+ H“) < A= = ﬁe o It follows that,
oo 67%? ,%2"27“‘ du Ke_% o° 2 2 du
KEX,-K); <K e / e nt —
n In K \/27T

<
mK 2+ 2u Vor T 2+ 2K
d

5 220 (by setti 2 )
= e — setting w = —u
g‘i‘%an %an 2 2w Y & n

Ke % n nKe % e #nr(nk)?

by Lemma |4.3
51 ZmK) VarZK Y

2 2 2
n % Ke—”—Q(an) n 5 ean(l—"—zan)

p— % .
20var (It LZmK)nK  2v2r  (1+5mK)nK

(4.13)

. . . . . 2 . . 2
Since the function u +— u(l — %u) attains its maximum at u = - with maximum value *%-, we

will discuss the value of K E(X,, — K) in the following three cases:

n2 2 2

() K>e¥, (@) ers SK<e¥, (i) 0 K <ers
with the same fixed p € (0, 3) in both (ii) and (ii7).

n2
Case (i): K > e7, thenIn K > ”72. It follows that

In K(1—-% In K) n2

n n2 e n n n2 e's 1

KEX, —K). < e '8 < e 8 = —0
( s Ty LImK)InK ~ 227 (144 x2)2  52rx

2 2

Case (ii): et < K <e'1 with a fixed p € (0, %), then p”- <In K < 5. Tt follows that
ne~% mK(1-FmK) ne=% s 2

KE(X, - K), <

< = — 0.
T 2v2r I+ AWmK)InK ~— 2v21 (14+ 4 x p2)p%  n(1+ p)pv2r

71'2 . . . . .
Case (iii): 0 < K < ¢#'T with the same p € (0, 3) as in the situation (i), then

n2

KE(X, — K); <ei"EX, =i . ¢~ F = eile—z)n® 12H0,

Therefore, supgvo KE(X, — K)+ 22ERL ). O

By Lemma SUD,cRrd

is reasonable to guess that ey 2(fin,-)

n—-+oo

—— 0. Consequently, it

€22 (,um (a, a)) - \/63,2 (Uom (a, a)) +Co

I-llsup

6%\/,2(.“007') + 1 so that (pn)nen is a Cauchy

n—-+oo
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sequence in (P2(R?), Qn2). Let gn : RY — Ry be defined by

(at,...,an) — gN((al,...,aN)) = \/efv,g(,uoo,(al,...,a]v)) +1=, /1£i§nN|ai|2 + 1.

Proposition 4.4. For every N > 2,

o len2(ns (a1, ., an)) — g ((ar,... an))| 2250 0.
(al,..47aN)eRN

Therefore, (fin)nen is a Cauchy sequence in (P2(R), Oy 2) by the definition of On 2.

Proof. We proceed by induction.

> N = 2. Since the functions g, and eg 2(uy, ) are symmetric, it is only necessary to show that
n—-+oo

SUD(q,5)cR?, [a|<|b| le2,2(pn, (a,0)) — ga(a,b)| —— 0. Note that when |a| < [b], g2(a,b) =

Vl0al> +1 = ga(a,a). We discuss now the value of le2,2 (ttn; (a,b)) — g2(a,b)| in the following
four cases,

. g (ii,a) a <0<bwith |a] < 1|

0<a<b, <0<b, 2
)0<a< (i) a<0< {(n,ﬁ) a <0< bwith L[| < |a| < [b],
(7i) b < 0 < a, with |a| < b], (iv) b<a<0.

Cases (iii) and (iv): b <0 and 22 <0.  The random variables X,, are positive so that
|z — a] < |z —b|. Hence ez 2 (pin, (a,b)) = e2,2(pin, (a,a)). With a slight abuse of notation, we will
write in what follows (a, b) € (iii) for (a,b)€ {(a,b)€ R? | b < 0 < a,and |a| < |b]}. We will adopt
the same notation for other cases too. Then for the case (i4) and (iv), it is obvious by applying
Lemma [£2] that

n—+o0

sup  Jeg2(pns (a,0)) — g2(a,b)| = sup  |eaa(pin, (a,0)) = g2(a,a)] ——= 0.
(a,b)€(iii)U(iv) (a,b)€ (iit)U(iv)

Case (i): 0 < a <b. We have
sup ez (pin, (a,b)) — g2(a, b)|
(a,b)e(7)

< ( bl)lp( ) €22 (i, (a,0)) — €22 (pin; (a,0)) | + |e2,2 (pin, (a, a)) — g2(a, a)|
a,b)e

< (asbl)lg /|£*a| /\‘ffb| pn (d§) — \// |§*a| pn (dE) Jr|622(,un7(a a))fgz(a a)|
< s [ [l = (6= af? Al =) in(de) + exalin (0.0) ~ (a0

(a,b)e(s

since‘\/Ef\f‘gx/ﬁfaforﬁ>a>0)

< S \// |§—a| —[&— | ) fin (d€) + |e2,2 (pin, (@, @) — g2(a, a)|
b+a
< (asbt)lg \// 5 )+,un(d§)+{€2,2(/in7(aaa)) _92(aaa)|
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< sup 2\// —5) (d€) + |e2,2 (ptn, (a,a)) — g2(a,a)|
(a,b)e(7)
< 2\/Sup KEX,-K);+ sup |€2 Q(Mm (a, a)) — g2(a, a)} 2t 0.
K>0

Case (ii,a): a <0 < b, with |a] < £ |b|. We have
sup |62,2 (,u'na (a7 b)) — 92 (CL, b)‘
(a,b)€(it,or)

< sup ‘62,2 (Mm (a,b)) — €22 (,um (aaa))| + \62,2 (Mm (flaa)) - 92((17@)‘
(a,b)€(it,x)

< sup \// b - b+a> Mn(df) + |62,2(,un7 (a’a)) _.92(a7a)’

(a,b)€(it,x)

< sup \// 3- b(f - 1)+Mn(d€) + |e2,2(kn (a,a)) — ga(a, a)|

(a,b)€(ii,c)

< 2V3. \/sup KE(X, K)++Sup}eg 2 (i, (a,a)) — 92((1,@)| nzEe .
K>0

Case (ii,3): a <0 <b, with % |b| <|a| < |b|. One has
sup ‘6272 (/J/na (a’a b)) - g?(a7 b)|
(a,b)€(i1,8)

< sup ‘622(111“ a, b>—€22(um a, @)|+’622(Mm(a a))—gg(a a)‘
(a,b)€(4,8)

‘652(/’%7(‘1’ ) % (/J’na ))’
S : + mny ) - 9
(@pyeliig €22 (i, (@) + e2.2 (i, (a,a)) le2,2 (ttn; (a,a)) — g2(a, a)|
b - CL) Hn df
< sup f ( 2 )+ =+ sup |62,2 (,U,n, (CL, a)) - gQ(aa a)|
(a.b)€(ii,B) [ Xn —all acR
2(b—a)E (X, — &)
< sup +sup |ea,2 (1tn, (a,a)) — g2(a, a).
(a,b)€(ii,8) [ Xn — ally acR

As || X, —all, = (EX? —2¢EX,, + al? 1/2> 1+ a2, we have
| I, = (EX, . la[”)""" > /1 +|d]
=1 >

sup |ez,2(pns (a,)) = g2(a, b)|
(a,b)€(i1,B)

2(b+ [a|)E[X, — 25¢] ,

< sup +sup |e , ,u,n,(ava) —g (CLQ)
(a,b)€(ii,8) 1 ‘CL|2 ek | 2 2( ) 9 |
< sup 4EX,, + sup |ez,2 (ptn, (a,a)) — g2(a, a)|
(a,b)e(ii,B) +/1 % s 2.2 (Un, (@, o(a,a)l.

n——+oo

SEX, + sug |6272 (,un, (a, a)) — gg(a,a)’ —= 0.
ac

IN

> From N to N+1. Assume now that sup |en2(pn, (a1,...,an)) —gn(as,..

.,an)| goes 0 as
(G2 an)ERN
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n — +o00. Then, for the level N 4 1, we assume without loss of generality that |a1| < |ag| < -+ <
|an41] since gny1 and en,2(fn, -) are symmetric. Under this assumption,

gN+1(a1, .. .7aN+1) = gg(al,al) =/ |a1|2 + 1. (4414)
We discuss now the value of sup ‘eN+172 (un, (a1,... ,GN+1)) —gn+1(a,. .. 7aN+1)| in the

(a1,..,an+1)ERN L
following cases:

(1) 3i€e {2,..., N + 1} such that a; < 0, (1) 0<a; <az <--- <anyr,
(#i7) a1 <0< a2 < - - <an+1 (i1, @) a1 <0 < ap < - < anga, with faa| < % jan-+1]
- T 0T - "\ (0, 8) a1 <0< az < -+ < anyr, with £ Jania| < |ai| < |an]

Case (i): i€ {2,...,N+1} such that a; < 0. For every n > 1, X,, is a.s. positive. Hence,
| Xp, — a1] < | X, — a;| a.s. since we assume that |a1] < |ag| < -+ < |an41|. Therefore,

en+t1,2(pn, (a1, ... ang1)) = en2(pin, (a1, Gim1, Gig1, - an11)).

It follows from (4.14]) that

sup |€N+1,2(Mm (a1, .. -,aN+1)) —gn+i(ag,.. -7CLN+1)|
(a1,..,an 1) ERNFL

(@15005@i—1,8i41,---,aN+1) ERN

which converges to 0 as n — +o00 owing to the assumption on the level N.
Case (i1): 0 <a; <az <---<anq1.

sup lens1,2(pns (a1, an41)) = gna(an, - an1)]
0<ai;<az<--<an+1

< sup ‘CN+1,2(,U/n7 (a, .- -,aN+1)) —€EN.2 (,um (a,.. -,aN))’
0<ai1<ax<--<an41

+ sup |eN72(un,(a1,...,aN)) ng(al,...,aNﬂ. (4.15)
0<ai<az<--<an+1

The second term on the right hand side of (4.15]) converges to 0 as n — +o00 owing to the assumption
on the level N.

For the first term on the right hand side of (4.15)), we have

sup }€N+1,2(Mm (ag,... 7GN+1)) —€EN,2 un, (ag,... 7GN))|
0<ai1<az<--<ant1

ogalgailél?.gw“\/klginfv% ail” pn (d€) - \// 1gn<nN|§ al* | Al€ = ani1|” pn(d€)

sup \/ min 1€ —aif” = [ min |6 = af* | AJE— an il an(dg)

0<a1<az<-<an41 lsisN lsisN

IN

= sup \/ min [{ — al| o aN+1|2 >+Nn(d§)

0<ai<az<--<an+41 1< <N

IN

sup \//Rus—al?— € —ani1l*) , i (dS)

0<a1<az<---<an41
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= sup \// (ang1—a1) (& — 4 +;N+1)+Mn(d5)

0<ai<az<--<an+1

< sup \//2~aN+1(§ aNH)+ a(d€) < 2. \/supKIEX — K), 222,
R

0<ai<az<--<ani1 2 K>0

Case (iii,a): a3 <0<ap <---<anq1 with |a;] < % lant1]-

sup |6N+1,2 (un, (ar,..., aN+1)) —gn+1(ar, ..., GN+1){
(a1,...,an+1)€(ii,a)

S sup |€N+172(,Un,(al,...,aN+1)) _6N,2(,Un,(a1,---,aN))|
(al,...,aN+1)€(iii,a)

+ sup ‘eNQ(,un,(al,...,aN)) —gN(al,...,aN)\. (4.16)
(a1,...,an+1)€(44i,0x)

Like in Case (ii), the second term on the right hand side of (4.16] converges to 0 as n — —+oc.
For the first term of the right hand side of (4.16]), we have

sup |eN+1,2 (fins (a1, ... san41)) — en2(pm, (a1, .. 7(1N))|
(al,.A.,aN+1)E(iii Oc)

< sup \// (any1 — a1)(f = +;N+1)+Mn(d§)

(a1,...,an+1)€(i4%,0)

< sup \//3'(1N+1(§ N+1)+ n(d€) <2\[ \/supKIEX —K); —0.
R

(a1,esan41)€(iti,a) 4 K>0

Case (i1i,0): a1 <0<ap <---<any1 with %|aN+1\ <lai| < lan+1]-

Since we assume |a1| < |as| < -+ < |an1], then for any i € {2,..., N + 1}, we have 3 |a;| <
la1| < ]a;|. Tt follows that

sup lens12(pns (ar, - an41)) — gvsa(ar,. . anga)]
(a1,...,an+1)€(1i,8)
< sup lenr12(ttn, (a1, . an1)) = e22(pn, (a1, a1))|
(a1,...,an41)€(4i3,8)
+ sup |e2,2(ftn, (a1,a1)) — gn(ar, a1)]. (4.17)
a1ER

The second part of (4.17)), sup |€2 g(un, (al,al)) gn (a1, a1)| converges to 0 as n — 400 owing

to Lemma Then for the ﬁrst part of (4.17), we have

sup ’€N+1»2(Mna (a1, an41)) — ez,2(n, (al,al))|
(a1,..,an+1)€(ii1,8)
— sup €3 (kn: (a1,01)) — X1 9 (kn: (a1, .- an1))
(a1sansr)€(ii,B) €N+1,2 (Hn, (a1, ... an41)) + €22 (pin, (a1, a1))
e el el mminccya -l un ()
(a1, an41)€(iii,8) | X — a1lly
oy JelEm el —mieccnle—al) p@)
" (a1,...,an11) €@, B) | Xn — a1y
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N+1

< sup ! [ Z /]R (1€ = arl* = |¢ = ai)? ) Hn(dE)]

(ar,any)eing) 1 Xn —a1lly - =
Since a1 < 0, | X, — a1, = (EX? — 20:EX,, + la|? )1/2 > /1 + |a1|>. Therefore,

Jo (16 =l — 16— ail® ) pn(d)  fi2(ar — ar)(€ — “5)  pua(d)
1 X _alHQ ||Xn_a1||2
4(11]EXH < 4G1EXn

< <1
/1—|—|a1|2 5

for i€ {2,..., N + 1}. Consequently,

=8EX,,.

sup ‘eN+172 (,un, (a1, ... ,GN+1)) — €29 (,un, (a1, al))| <8NEX, = SNe ™ /8 0.

(a1,...,an+1)€(%42,8)

This completes the proof. O

Proof of Theorem[/.1] Let u, be the probability distribution of X,, defined in . If for some
N > 2, (P2(R), Qn,2) were complete, then there exists a probability measure fi in P»(R) such
that O a(fin, 1) — 0. Then, Wa(un, ) — 0 by applying Proposition which creates a
contradiction. O

Remark 4.1. The extension of this result to a Hilbert or simply multidimensional setting, although
likely, is not straightforward.

Appendix: some examples of c(d, |- |,)

Proof of Proposition[2.4} (i) is obvious.
(i4) ¢(2,]-]1) = 2 is obvious (see Figure[l). Now we prove that ¢(2,-|,) = 3 for every r € (1, +00).

1 1
™ ™

We choose a; = (0,1), az = (1-27")7,—3) and ag = (— (1—-27")7,—3). We will first show

that SHT(O’ 1) C U1§i§3 BHr(aia 1)

Let (z,y) be any point on S|, (0,1), then |x{r + \y|r =1

o If L <y <1, then (1—y)" < y" so that |(gc,y)—a1|: = ’x‘r—l—(l—y)T =1-y"+(1—y)" <1,
that is, (z,y) € B, (a1, 1).

oIf—lgyS%andeO,then

r

T —r\= |7 17“ T\ L1 —r\= |7 1
|@y) —aaf, = o= 0 =27)F g+ 5| = [0 )P =27 + [y +3

T
7

1
< |\ylr—2”“|+|y+§|

the last inequality is due to the fact that the function u +— ur s %—H('jlder. Asr > 1,

the function y ||y|r - 2_7”{ + ’y + %|T is convex over [—1, 3]. Consequently, it attains its
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maximum either at —1 or at % Hence, |(:c, y) — a2|: is upper bounded by 1 since

it y=—1 |[y] =27 +ly+3] =1-27"+27 =1

%]’": 277 27" +1" =1

it y=34, |||~

This implies that (z,y) € By.| (a2, 1).

o If -1 <y< % and z < 0, then (z,y) € BHT(ag, 1) by the symmetry of the unit sphere.

Next, we will show ¢(2, |- |,) > 2 for every 1 < r < 400. Let a; and as denote the two centers of

balls on the sphere S5|.|(0,1). Since the £"-ball is centrally symmetric with respect to (0,0), we fix
a1 = (z,y) such that z € [(%)% 1], y € [0, (%)%] and " +y" = 1.
We first prove that if r > 1, z € [(%)r 1], y € (0, (%)%] st. 2" +y" =1, then (x+y)" > 1. Let

q=r—1, then ¢ > 0 and

(+y) =@+ =(r+y)(r+y)! =z@@z+y)? +ylz+y)?
>axxl+yyl=a" +y" = 1.

e Case 1. We choose as such that as is centrally symmetric to a; with respect to the center
(0,0), i.e. ag = (—z,—y).
We prove z1 = (y,—z) ¢ Ui:1,23|.|r(ai, 1) and 290 = (—y,x) ¢ Ui:17gB|_‘r(ai, 1). In fact, if
y =0, then |a1 — z1|T = ’ag — 21|T =2>1. If y > 0, then

\al—zl}ZZ|a2—z1|:=|a1—22’ ‘az—zz‘ (x+y)" +(z—y)"

>(x+y)">1

e Case 2. The point ag is not centrally symmetric to a;.

Let H,, == {n = (n1,7m2) € R? s.t. x-n2 = y -}, which is the straight line (with respect to
the Euclidean distance) across the origin and a;. Then between z; and zs, there exists at
least one point which is not in the same side of H,, as aq, and this point can not be covered
by Uizl,QBHT(ai, 1).

Figure [2] illustrates that ¢(2,]|-|.) = 3 when r = 3.

~ < s
15 10 0% 00 05 10 15 20 15 10 05 00 08 10 15 20

Figure 1: a1 = (-%,3), a2 = (,-3), Figure 2: ¢(2,|-|3) =3
then SHl(O 1) C U17172 B| |1(ai, 1)

(ééi) Let a1 = (—1,0,...,0) and az = (1,0,...,0). We will show that S|, (0,1) C U;_ » By (a;,1).

Let z = (z',...,2%)€ S| (0,1). There exists iy such that max;<;<q |2| < 27| = 1.
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If ig = 1, and 2! = —1, then |z —ay| _ = |2' + 1| Vmax;_gs, g} |2'] < 1, that is, z €
B\'loo(ahl)'

Ifig = 1, and ! = 1, then ‘x—a2|oo = }x1—1|\/maxi:{27___7d} }aﬂ| < 1,thatis, z€ BHx(ag, 1).

If ip > 2, and z! < 0, then |:1c—al|Oo = |x1 + 1| Vv 1<1, that is, x € BHx(al,l).

If ip > 2, and z! > 0, then |:r — ag|Oo = |x1 - 1| Vv 1<1, that is, x € BHx(ag,l).
Consequently, we conclude that S|, _(0,1) C U,y 5 By (ai, 1) and ¢(d, | - |o) > 1 is obvious.

(iv) Let a; = (0,...,1,...,0) - the i*" coordinate of a; is equal to 1 and the others equal to 0. We
will show that S (0,1) ¢ UL, (B‘.“(ai, 1)U B, (~a;, 1)).

For any = = (z',...,2%) € S),,(0,1), then there exists ig € {1,...,d} such that |z%| > J.
Otherwise 1 = Z |:cz|r < dx 27" <1, which yields a contradiction.
1<i<d
o If zio > %_, then |a: —a|" = (1—a)" + Z;i#io |z = (1 —a®) +1— (fio)r. As zlo < 1
we have (1 —2%)" — (z0)" <0, so that |z — a;,| <1, which implies that z € By.| (a;,, 1).
o If g0 < —%, one can similarly prove that x € BHT(_aim 1).
Consequently, we can conclude that S} (0,1) C U?:l (BHT(ai, 1)U By, (—ai, 1)) O
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