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High-sensitivity magnetometry with a single atom in a superposition of two circular Rydberg states

Superpositions of states with macroscopicallydifferent properties, named 'cats' after Schrödinger's Gedanken experiment, are extraordinarily sensitive probes of their environment. They can be used to investigate the decoherence mechanism and the quantum-to-classical transition [START_REF] Greiner | Hänsch and Immanuel Bloch Collapse and revival of the matter wave field of a BoseEinstein condensate[END_REF][START_REF] Raimond | Exploring the quantum Oxford Graduate Texts[END_REF][START_REF] Samuel Deléglise | Reconstruction of non-classical cavity field states with snapshots of their decoherence[END_REF][START_REF] Wang | A schrödinger cat living in two boxes[END_REF][START_REF] Johnson | Monroe Ultrafast creation of large Schrödinger cat states of an atom[END_REF] and to realize quantum-enabled sensors [START_REF] Facon | A sensitive electrometer based on a rydberg atom in a schrödinger-cat state[END_REF] with promising applications. We report here the creation of a "circular cat", namely an atom in a superposition of two circular Rydberg states with huge opposite magnetic momenta. It is is an exquisite probe of the magnetic field, able to perform a single-shot detection of a 13 nT field in only 20 µs. This single-atom cat is as sensitive as a set of 1800 ordinary atoms, demonstrating the usefulness of Rydberg state engineering for quantum-enabled technologies.

The precise measurement of magnetic fields has a large number of applications, from the monitoring of the brain activity to archaeology, from submarine detection to local mapping of fields in a nano-device [START_REF] Ripka | Review of fluxgate sensors[END_REF][START_REF] Hämäläinen | Magnetoencephalographytheory, instrumentation, and applications to noninvasive studies of the working human brain[END_REF][START_REF] Sander | Magnetoencephalography with a chip-scale atomic magnetometer[END_REF][START_REF] Sage | Optical magnetic imaging of living cells[END_REF][START_REF] Jensen | Non-invasive detection of animal nerve impulses with an atomic magnetometer operating near quantum limited sensitivity[END_REF]. The highest sensitivities are reached with SQUIDs [START_REF] Sj Swithenby | Squids and their applications in the measurement of weak magnetic fields[END_REF] using macroscopic pickup coils or large atomic ensembles [START_REF] Ik Kominis | A subfemtotesla multichannel atomic magnetometer[END_REF][START_REF] Wasilewski | Quantum noise limited and entanglement-assisted magnetometry[END_REF], at the expense of detection volumes in the cm 3 range. A much higher spatial resolution, but a lesser sensitivity, is obtained with solid-state nano-devices [START_REF] Bal | Ultrasensitive magnetic field detection using a single artificial atom[END_REF] or with atoms [START_REF] Wildermuth | Bose-einstein condensates: Microscopic magnetic-field imaging[END_REF][START_REF] Vengalattore | High-resolution magnetometry with a spinor bose-einstein condensate[END_REF][START_REF] Ockeloen | Quantum metrology with a scanning probe atom interferometer[END_REF][START_REF] Müssel | Scalable spin squeezing for quantum-enhanced magnetometry with bose-einstein condensates[END_REF], ions [START_REF] Ruster | Entanglement-based dc magnetometry with separated ions[END_REF] or NV-center sensors [START_REF] Taylor | High-sensitivity diamond magnetometer with nanoscale resolution[END_REF], ultimately at the single-particle level as shown in pioneering experiments [START_REF] Balasubramanian | Nanoscale imaging magnetometry with diamond spins under ambient conditions[END_REF][START_REF] Jr Maze | Nanoscale magnetic sensing with an individual electronic spin in diamond[END_REF][START_REF] Maiwald | Stylus ion trap for enhanced access and sensing[END_REF][START_REF] Baumgart | Ultrasensitive magnetometer using a single atom[END_REF].

All the atom-like sensors so far are fundamentally limited by the magnetic moments of their ground states.

They range from about one Bohr magneton (µ B = 14 GHz/T) [START_REF] Maiwald | Stylus ion trap for enhanced access and sensing[END_REF] to at most 10 µ B for highly magnetic atoms such as Dysprosium [START_REF] Chalopin | Quantum-enhanced sensing using non-classical spin states of a highly magnetic atom[END_REF]. Rydberg levels, with a high principal quantum number n, do not suffer from such a fundamental limitation. The circular states |nC ± , have an extremal magnetic moment, ±(n -1)µ B that can, in principle, be made arbitrarily large.

We report here the realization of a highly sensitive single-atom magnetometer based on Rydberg levels with n ≈ 50. It relies on a quantum interference process involving a superposition of two circular states with opposite magnetic momenta, |nC + and |nC -, prepared by quantum-state engineering in the Stark manifold of a Rubidium atom. In classical terms, this state corresponds to an electron orbiting in two opposite directions at once on a 0.3 µm diameter circular trajectory. By symme- try, these two states experience exactly the same Stark effect. This sensitive probe of magnetic fields is thus totally impervious to electrical perturbations, leading to a long coherence time for the superposition.

The n = 52 Rubidium Stark manifold is presented in Fig. 1 for an electric field F (F = F 0 = 2.30 V/cm) defining the quantization axis. The levels are sorted by values of the magnetic quantum number m, with |m| < n (the electron spin is insensitive to the electromagnetic fields used to manipulate the atomic state and thus plays no role here). For |m| > 2, the electron orbits far from the ionic core and the structure is that of Hydrogen. The two circular states, with maximum |m|s, are at both extremities of the lozenge structure. At the first order in electric field, all states have equal spacings. The Stark transitions between two adjacent states in the m and m ± 1 ladders have a frequency ω s (n) = 3ea 0 nF/2 (a 0 : Bohr radius), with ω s (52) = 2π × 230 MHz for F = F 0 . They can be selectively addressed by σ ± circularly-polarized radiofrequency (rf) fields [START_REF] Signoles | Coherent transfer between low-angular-momentum and circular rydberg states[END_REF]. For |m| ≤ 2, the levels depart notably from the hydrogenic structure, with nonvanishing quantum defects due to the finite core size.

The circular state |52C + can be prepared from the laser-accessible lower state in the m = +2 ladder (|52; +2 ) by a σ + -polarized rf pulse at ω s . The transfer has a large efficiency and can be performed on a subµs time-scale [START_REF] Signoles | Coherent transfer between low-angular-momentum and circular rydberg states[END_REF]. Similarly, |52C -can be prepared from the lower m = -2 state (|52; -2 ) by a σ -rf pulse. However, the two 'circularization' processes cannot be performed simultaneously nor sequentially: preparing |52C -transfers |52C + to low-m levels. We thus perform the 'positive' and 'negative' circularizations in different manifolds, the linear variation of ω s with n making their independent manipulation possible.

The experiment takes place in a conducting structure sustaining the directing electric field F and the σ ±polarized rf fields driving the Stark transitions. It is described in details in the Methods section. The sequence is schematized in Fig. 2(a). At t = 0, we excite with lasers about one atom in |52; +2 out of a thermal atomic beam. Between t = 3.5 µs and t = 5.6 µs, a succession of rf and mw pulses create a quantum superposition of |52C + and |50C -. At t = 5.9 µs, a final mw pulse transfer |50C - to |52C -to prepare the desired circular state superposition (CSS), ideally (|52C

+ + |52C -)/ √ 2.
The actual implementation of the sequence must take into account some limitations of the set-up. The σ ± polarization purity is optimized at a fixed rf frequency. We use two fixed-frequency independent rf sources for σ + and σ -, respectively resonant with ω s (52) and ω s (50) for F = F 0 . We change F when needed to set the other rf transitions in the sequence in resonance with these sources.

The microwave field has a complex, frequency dependent mode structure sustained by the experimental setup. The atom moves through it at a 252±7 m/s velocity. This constraints the timing of the pulses, which can only be applied when the atom is close to an anti-node.

Moreover, the modes have an uncontrolled polarization (see Methods). The mw pulse for the |50C -→ |52C - transfer [Fig. 2(a)] can also address the |52C + → |50C + transition (the residual magnetic field being below 10 µT, the Zeemann effect is negligible). In order to avoid this spurious effect, we apply during the mw pulse a nonresonant σ + rf dressing, which shifts the |52C + → |50C + transition out of resonance.

Finally, during the preparation sequence, the atom is cast in superpositions of states with very different electric dipoles. It is thus sensitive to the unavoidable electric field noise [START_REF] Facon | A sensitive electrometer based on a rydberg atom in a schrödinger-cat state[END_REF]. We minimize this adverse effect by making the preparation as short as possible and using composite echo pulses (see Methods). The precise sequence timing is described in Fig. 2(b).

We first check the final state populations with a fieldionization detector into which the atom finally reaches after a 225 µs time of flight. The ionization signals are presented in Fig. 3(a). From the heights of the peaks, we infer that we detect on the average 0.63(3) atoms in |52C + and 0.47(2) atoms in |52C -for each repetition of the sequence. We normalize these signals to the average number of atoms (1.75 ± 0.02) laser-excited in |52; +2 The initial laser-excited level, |52; +2 (in red), is the lowest in the m = +2 ladder. We first prepare (dashed line, labelled 1) an equal-weight coherent superposition of |52; +2 with an m = 0 state (|52; 0 , in yellow). We then fully transfer |52; 0 into the corresponding state in the 50 manifold, |50; 0 (in green), with a two-photon microwave (mw) pulse (2) and into |50; -2 (lower state with m = -2 in the 50 manifold, in blue) with a two-photon σ + rf pulse [START_REF] Samuel Deléglise | Reconstruction of non-classical cavity field states with snapshots of their decoherence[END_REF]. We apply a σ + -rf pulse (4) transferring |52; +2 into |52C + and then a σ --rf pulse (5) to transfer |50; -2 into |50C -. A final mw pulse (6) transfers |50C -into |52C -. (b) Timing of the preparation sequence. Upper frame: voltage that controls the amplitude of the σ + (blue) and σ -(orange) rf pulses. Lower frame: Transistor-transistor logic (TTL) signal that controls the microwave pulses. The pulses are labelled according to (a). Pulse (1) is implemented as an echo π/2 -π sequence to reduce sensitivity to electric field noise. Pulses (4) and ( 5) are double pulses separated by a small time interval to improve their efficiency [START_REF] Patsch | Fast and accurate circularization of a rydberg atom[END_REF]. Note the σ + rf dressing during the mw pulse [START_REF] Facon | A sensitive electrometer based on a rydberg atom in a schrödinger-cat state[END_REF].

(measured using a simple high-efficiency adiabatic transfer towards |52C + ). We thus get nearly equal weights (36 ± 1 % and 27 ± 1 %) of the two circular states |52C + and |52C -. The remaining population (≈ 37%) is lost in intermediate states.

The CSS coherence is then assessed by closing the magnetometer quantum interference. The mw mode structure imposes the timing of the return sequence. After a short delay (2µs), we transfer |52C -into |50C -. We complete the return to |52; 0 at t = 14.1 µs. The complex Ramsey interferometer sequence is closed by a final two-photon rf pulse applied at t = 14.8 µs, mixing again |52; 0 and |52; +2 . The atom is ideally found in one of these two levels. 6) performing the |50C -→ |52C - transfer. The difference between these two curves (red-shaded area) corresponds to the contribution of the |52C -level. Ideally, the corresponding peak of the blue curve measures the |52C + population. However, this direct signal is slightly contaminated by a background of spurious high-m levels. In order to estimate this contamination, we record (black line) the ionization signal after transferring |52C + into |49C + . The difference between the blue and black curves (blue shaded zone) gives the background-free contribution of the |52C + population. Note that it is a lower estimate due to the finite efficiency of the probe pulse. The small peaks for low fields correspond to spurious populations of low-m levels. (b) Test of the CSS coherence. The black (red) points show the final probability for detecting the atom in the |52; +2 (|52; 0 ) state after closing the interferometer. The errors bars reflect the statistical variance. The lines are sine fits. The difference of the amplitudes of the fringes is due to the limited detection efficiency of |52; 0 (see Methods). As above, the level populations are normalized to the initial |52; +2 one. We scan the phase ϕ of the interference by tuning the frequency of the mw inducing the |52; 0 ↔ |50; 0 transition. The fringes offset from the ideal 1/2 value shows that about 45% of the population is lost in spurious levels at the end of the complete sequence However, the visibility of the fringes is large (51.2±0.3 %), revealing the coherence of this complex in- terference process and the preparation of a genuine CSS.

We now test the magnetic field sensitivity of the CSS by applying a small static (< 100 nT) magnetic field B, collinear to F (see the Methods for the field calibration -note that this small field does not change the tuning of the preparation and detection sequences). In order to make the experiment simpler, with a more flexible timing, we now operate on a CSS (|52C

+ + |50C -)/ √ 2.
It is nearly as sensitive to B as the circular cat and only marginally more sensitive to the electric field (the differential Stark effect on the levels in this CSS is 535 kHz/(V/cm) 2 only). The mode structure for the remaining mw pulses (on the |50; 0 ↔ |52; 0 transition) allows us to use two interrogation time τ = τ 1 = 7.2 µs and τ = τ 2 = 19.9 µs (see Methods).

Fig. 4(a) presents the Ramsey fringes for two fields B differing by 16 nT and for the two τ values. As expected, the visibility of the fringes [63.7(2)% for τ 1 and 67.2(3)% for τ 2 ] is better than in Fig. 3(b) (we avoid the imperfections of the |50C -↔ |52C -transfers). More interestingly, the visibility is about the same for the two τ values, showing that the decoherence time of the CSS is much longer than 20 µs, a promising result. The phase shift due to the field increment is conspicuous in Fig. 4(a).

Fig. 4(b) shows the fringes phase shift Φ as a function of B for the two τ values. The inset shows the slopes of these Φ(B) lines [0.179(3) and 0.066(1) rd/nT] as the function of the interrogation time. From the difference of these slopes, we deduce an effective CSS magnetic moment of 101(3) µ B , in fair agreement with the expected value (100 µ B ). This brings another evidence that we indeed reach the target CSS.

We assess the sensitivity with the classical Fisher information, F, deduced from the measurement of the final populations at mid-fringe (ϕ = Φ + π/2; highest sensitivity, see Methods). We infer, for τ = τ 2 , a Cramér-Rao limit for the single-atom sensitivity of 13.2(2) nT. This corresponds to the sensitivity that we would obtain with an ideal measurement on N ≈ 1800 independent atoms using a transition with one µ B magnetic moment difference [START_REF] Maiwald | Stylus ion trap for enhanced access and sensing[END_REF]. This number N would reach 10 000 in an ideal experiment with a unity fringes contrast. It scales moreover as the square of the principal quantum number.

Our scheme could be considerably improved. Modulating the envelope of the rf pulses should allow reaching higher preparation and read-out efficiencies [START_REF] Patsch | Fast and accurate circularization of a rydberg atom[END_REF]. Using slow, and eventually trapped Rydberg atoms [START_REF] Nguyen | Towards quantum simulation with circular rydberg atoms[END_REF], will overcome the limitation due to the transit through the mw mode structure. The magnetic field sensitivity would then be limited by the intrinsic spontaneous emission lifetime of the CSS (30 ms). It would reach 700 fT/ √ Hz, beating the best single-particle (single-ion) magnetometers so far, with 4 pT/ √ Hz sensitivity [START_REF] Ruster | Entanglement-based dc magnetometry with separated ions[END_REF][START_REF] Baumgart | Ultrasensitive magnetometer using a single atom[END_REF]. Spontaneous emission inhibition [START_REF] Hanneke | Cavity control of a single-electron quantum cyclotron: Measuring the electron magnetic moment[END_REF] could even lead to much longer interrogation times, in the second range [START_REF] Nguyen | Towards quantum simulation with circular rydberg atoms[END_REF], leading to unprecedented sensitivities. Finally the method is not limited to n ≈ 50 and could be transposed to manifolds with higher ns. There is thus a bright future for local probes of the magnetic fields based on circular state quantum superpositions.

METHODS

Experimental apparatus

The setup is made up of two parallel, horizontal disk electrodes, which create the vertical electric field F aligned along the Oz axis. The gap between them is surrounded by four other electrodes forming a ring, used to generate the σ ± polarized rf fields (see supplementary information, Fig. S1).

The Rydberg atoms are excited stepwise by three laser beams at 780 nm, 776 nm and 1258 nm resonant with the 5S 1/2 → 5P 3/2 , 5P 3/2 → 5D 5/2 and 5D 5/2 → 52F transitions respectively. In the horizontal plane, they cross at a 45 • angle the horizontal atomic beam at the center of the electrode structure. The Doppler effect provides an atomic velocity selection at v = 252 ± 7 m/s. The 780 and 776 nm cw laser beams are collinear, perpendicular to the 1258 nm one. The latter is pulsed. The beginning of this 1 µs-long pulse sets the time origin, t = 0, of the experimental sequence.

The quantization axis during the laser excitation is parallel to the σ + -polarized 780 and 776 nm laser beams (the 1258 nm beam is π-polarized with respect to this axis). It is defined by dc potentials applied across the ring electrodes. Between t = 2 µs and t = 3 µs, this horizontal field is adiabatically switched off, while we switch on an electric field aligned with Oz, which becomes the quantization axis for the rest of the experiment. The choice of laser polarizations and the quantization axis adiabatic evolution result in the selective preparation of |52; +2 .

We control the polarization of the rf generated at the center of the structure by adjusting the phase and amplitude (using frequency mixers driven by a control voltage) of the synthesizers connected to the four ring electrodes. This optimization is performed at a fixed frequency. We use two sets of rf synthesizers. The first generates a σ + rf field at ω + /2π = 230 MHz. The second generates a σ -rf field at ω -/2π = 221.64 MHz. The chosen frequencies optimize the efficiency of the rf transfer from |52; +2 to |52C + and from |50; -2 to |50C -respectively for F = F 0 .

The microwave fields are fed through a waveguide placed outside the electrodes. This waveguide couples to the microwave eigenmodes of the structure. The amplitude (and the polarization) of the microwave field pulses experienced by the atoms depends thus on their position at the time t of the pulse. For the π-polarized component of the microwave at the frequency of the |52; 0 ↔ |50; 0 two-photon transition we observe only two anti-nodes between 6 ≤ t ≤ 32 µs, centered around t = 14.2 µs and t = 26.6 µs (see supplementary information, Fig S2). This limits the possible interrogation times for the magnetometer to two narrow intervals around the τ 1 and τ 2 values given in the main text.

Calibration of the magnetic field

The magnetic field increment δB is applied using two coils surrounding the experimental set-up. The increment δB is calibrated against the current I in the coils by recording Ramsey fringes on the |52C + ↔ |50C + twophoton transition. We apply two π/2 pulses at t = 7.2 µs and t = 27.2 µs and record the probability to detect the atom in |52C + as a function of the relative phase of the pulses, using large I values to get a sensible fringes phase shift in spite of the low magnetic dipole difference (2µ B ) of the levels. We obtain ∂B/∂I = 21.2 ± 0.2 nT/mA.

Description of the m ≥ 2 Rydberg levels in terms of an effective angular momentum

The energy structure of the Rydberg levels of rubidium is given by the Stark map depicted in Fig. 1 (and supplementary information Fig. S3). Since the field preserves a cylindrical symmetry around Oz, m remains a good quantum number and the levels can be sorted as a function of m. The transitions between adjacent m states are coupled to a well-defined polarization of the electromagnetic field. A rf field with σ + polarization, for instance, couples only to transitions along an up-right diagonal.

If the atom is initially in the |52, +2 state, a σ + rf field at frequency ω + rf /2π couples it only to the levels of the lower diagonal on the right of the energy structure (see supplementary information, Fig. S3). The dynamics inside this set of levels is (to first order in F ) that of an angular momentum J + 52 with J + 52 = 51/2. Each state |52, m of this lower diagonal corresponds to the state |m J + 52 = -51/2+m of the angular momentum (the levels m J + 52 = -51/2 and m J + 52 = -49/2 are missing due to the quantum defect perturbation) [START_REF] Chalopin | Quantum-enhanced sensing using non-classical spin states of a highly magnetic atom[END_REF]. The evolution is given by the Hamiltonian

H J + 52 = ∆J + 52,z + Ω + 52 J + 52,x
where ∆ = ω S (52) -ω + rf and Ω + 52 = 3nea 0 F + rf /2 is proportional to the amplitude F + rf of the σ + rf field. Similarly, an atom initially in |52C + is coupled by a σ -rf field to the upper right diagonal of the energy structure. The dynamics is that of an effective angular momentum J - 52 , with J - 52 = 51/2. The m levels of the upper diagonal correspond to the states |m J -

52

= 51/2m of J - 52 . The circular state is the level with m J - 52 = -51/2.

Experimental sequence

The preparation of the circular cat state from |52; +2 involves a series of rf and mw pulses.

We start with a static electric field of 1.39 V/cm, chosen so that the 221.64 MHz σ --polarized rf field is resonant with the two-photon |52; +2 ↔ |52; 0 transition. We prepare the superposition 1/ √ 2(|52; +2 + |52; 0 ) in two steps : first we apply at t = 1.88 µs a 38 ns π/2 pulse that prepares a superposition of the two states. It is followed at t = 2.28 µs by a 90 ns π pulse that swaps |52; +2 and |52; 0 . This echo pulse limits the sensitivity of the cat state preparation process to the electric field noise (see below). For these two pulses, the rf detuning with respect to the transition toward the intermediate state |52; +1 (≈ 43 MHz) is not much larger than the Rabi frequency (∼ 25 MHz). As a result, |52; +1 is transiently populated during the rf pulse. However its population periodically returns to zero in the non-resonant Rabi oscillation process. We precisely tune the pulse durations so that no appreciable population is finally left in |52; +1 (see supplementary information, Fig. S4).

We then ramp up the electric field to 1.48 V/cm, and apply at t = 4.3 µs a 0.35 µs microwave π pulse at 49.368 GHz that transfers |52; 0 into |50; 0 with a 82.5 ± 0.6% efficiency.

We increase further the electric field to 1.50 V/cm, bringing the |50; 0 ↔ |50; -2 two-photon transition on resonance with the 230 MHz σ + -polarized rf field for a π pulse. The choice of the rf pulse duration takes into account two effects. First, as above, the detuning ∆ -1 to the intermediate state |50; -1 is not much larger than the rf-induced Rabi frequency. The population of |50; -1 oscillates with a period T -1 . Second, the Stark frequency ω s in the n = 52 manifold at this electric field is 150 MHz. The σ + -polarized rf field is thus detuned by only ∆ 52 = 80 MHz from the transition between the hydrogenic ladder states |52; m ≥ 2 . The rf thus induces an oscillation of the |52; +2 population with a period T 52 . To ensure that |50; -1 is not populated and, simultaneously, that |52; +2 is not affected, we choose a duration for the rf pulse (66 ns) close to an integer number of T -1 and T 52 (see supplementary information, Fig. S5).

We then increase the electric field further to F = F 0 to perform the transfers into the circular states. We first apply the σ + -polarized rf field transferring |52; +2 into |52C + . Instead of a single fixed amplitude rf pulse, we program a 5 ns pulse followed 3 ns later by a 95 ns one. This rf drive pulse modulation (inspired by [START_REF] Patsch | Fast and accurate circularization of a rydberg atom[END_REF]) slightly increases the transfer efficiency towards the circular state by reducing the population off-resonantly transferred into the m = 1 state below |52; +2 (see supplementary information, Fig. S6).

The state |50; -2 is unaffected by these σ + -polarized rf pulses, as all σ + transitions from |50; -2 are fardetuned from 230 MHz. About 30 ns after the end of the σ + pulses, we apply two 221.64 MHz σ -rf pulses (4 ns and 112 ns separated by 4 ns) to transfer |50; -2 into |50C -. This σ -rf field affects the part of the wavefunction in |52C + , since it couples this state to the levels of the upper right diagonal of the Stark manifold. This dynamics is described by the angular momentum J - 52 , rotating under the action of the non-resonant σ -rf field. The population thus periodically comes back into |52C + . We choose the power and duration of the σ -polarized rf field double-pulse to optimize the |50; -2 to |50C -transfer while inducing exactly a 2π rotation of J - 52 . At this point, the atom is ideally in the superposition 1/ √ 2(|52C + + |50C -). To prepare the circular cat, we finally transfer |50C -into |52C -. However, the transitions |50C + ↔ |52C + and |50C -↔ |52C -are at the same frequency. In order to transfer |50C -into |52C - without transferring |52C + into |50C + , we apply a σ +polarized rf field that light-shifts in opposite directions circular states with opposite angular momenta.

To that end, at t = 5.7 µs, we increase the amplitude of the electric field by 0.05 V/cm. This field increment shifts the Stark frequencies ω 52 and ω 50 by ∼ 5 MHz. In the meantime, we apply a small σ + -polarized rf field, with a Rabi frequency Ω + 52 /2π ≈ 0.4 MHz. This rf field is switched on slowly enough (in 300 ns) so that the atom adiabatically evolves into a superposition of the rf-dressed eigenstates |52C + * and |50C - * , which are both light-shifted to higher energies. On the contrary, the rf-dressed states |52C - * and |50C + * are shifted to lower energies. As a result, the two photon |50C - * ↔ |52C - * transition is red-shifted by ∼ 1 MHz, while the |50C + * ↔ |52C + * transition is blue shifted by approximatively the same amount. This allows us to transfer |50C - * into |52C - * by a 0.9 µs pulse at t = 5.9 µs without affecting |52C + * . We then ramp down the rf field in 300 ns to adiabatically transfer the superposition 1/ √ 2(|52C + * +|52C - * ) into 1/ √ 2(|52C + + |52C -) (see supplementary information, Fig. S7).

We test the coherence of the superposition by reversing the full process. The structure of the microwave mode at the 50C ↔ 52C frequency is such that the amplitude of the σ -component starts to decrease after t = 8 µs. Consequently, 200 ns after switching off the σ + rf dressing, we switch it back on in 300 ns, and apply at t = 7.7 µs a 0.9 µs π-pulse that selectively transfers |52C - * back into |50C - * .

For the |50; 0 ↔ |52; 0 transition, we can use two antinodes along the trajectory of the atoms. We can apply the return |50; 0 ↔ |52; 0 π pulse either at t 1 = 13.8 µs or at t 2 = 26.5 µs. In order to reduce the decoherence induced by the electric field noise, we leave as long as possible the atom in 1/ √ 2(|52C + + |50C -), which is nearly insensitive to the electric field. We start the remaining time-reversed sequence 1 µs before t i (the durations and delays of each microwave or rf pulse have been reoptimized independently from the direct sequence). Finally, we close the interference process by a final π/2 pulse on the |52; 0 ↔ |52; 0 transition.

Assessment of the prepared state

The atom are detected by state-selective field ionization in a detector outside the electrode structure. Among all levels of interest, the detector resolves Rydberg levels with similar ms and different principal quantum numbers n. However, levels with the same n, which only differ by a few units in m have very similar ionization thresholds and cannot be resolved. To assess the population of a single target Stark level, we used two different methods.

Probe pulses. We apply a π microwave "probe" pulse that selectively transfers the population of the target level into a different manifold. We measure how many atoms are detected in the initial manifold with and without the transfer probe pulse. Assuming a perfect π pulse, the missing atoms correspond to the population of the target state. In practice, the microwave pulse is not perfect, and this measurement provides a lower bound on the target state population. We use this method to measure the number of atoms in |52C + or |52C -.

Adiabatic transfer The coherence of the circular cat state is probed by measuring the population of |52; 2 and |52; 0 after the final π/2 pulse. Since these two states have nearly the same ionization threshold, shortly after the π/2 pulse, we adiabatically transfer with a nearly 100% efficiency |52; 2 into |52C + with a rf pulse [START_REF] Chalopin | Quantum-enhanced sensing using non-classical spin states of a highly magnetic atom[END_REF]. This pulse does not affect |52; 0 , due to the anharmonicity of the level structure for low-m states. The atoms detected at the low-m ionization threshold correspond to the |52; 0 population, and those detected at the |52C + threshold correspond to |52; 2 .

The measured detection efficiency ratio between |52; 2 and |52; 0 is 1.77 ± 0.05. Its departure from unity is mainly due to the spontaneous decay of |52; 0 during the 225 µs time-of-flight between the center of the electrodes and the detector.

Optimizing the CSS insensitivity to electric field

The circular cat superposition is totally insensitive to the electric field noise, as |52C -and |52C + experience by symmetry the same Stark effect. However, during the preparation sequence, the atom is transiently cast in superpositions of states with very different electric dipoles. The electric field noise thus induces a random differential phase between the two arms of the Ramsey interferometer. We use two different strategies to limit this adverse effect.

Echo π pulse. The level |52; 2 has a larger electric dipole than |52; 0 , |50; 0 or |50; -2 . As a result, the two arms of the quantum interferometer corresponding to |52; 2 and |52; 0 immediately after the π/2 pulse accumulate a field-sensitive relative phase. In order to limit the contrast reduction due to the electric field noise, we apply after 362 ns a π pulse exchanging the two arms of the interferometer. The relative phase shift due to the electric field noise accumulated before the π pulse compensates that acquired after the π pulse. Similarly, we apply a π pulse before the final π/2 pulse of the sequence in order to limit the decoherence induced by the electric field noise at the end of the reverse sequence.

Order of the circularization pulses. We also limit the effect of decoherence by transferring |52; 2 into |52C + before transferring |50; -2 into |50C -. Since |52C + has nearly no permanent electric dipole, the relative phase accumulated when the atom is in a superposition 1/ √ 2(|52C + + |50; -2 ) cancels the phase accumulated when the atom was in 1/ √ 2(|52, 2 + |50; -2 ) (see supplementary information for additional information).

Phase measurements and Fisher information

The single-atom sensitivity σ 1 B of the magnetic field measurement is given by the Cramér-Rao bound

σ 1 B = 1/ F B
where F B is the Fisher information

F B = i (∂P i /∂B) 2 P i
The index i enumerate the outcomes of the measurement. We can rewrite F B = (∂Φ/∂B) 2 F Φ , with

F Φ = i (∂P i /∂Φ) 2 P i .
Ideally, the atom exits the interferometer in either |52; 0 or |52; +2 , and we would observe, as a function of the Ramsey phase, sine fringes with a perfect contrast. The Fisher information F Φ would then be equal to 1, leading to a sensitivity

σ 1,ideal B = ∂Φ ∂B -1 = 100µ B τ .
Experimentally, part of the atomic population is lost in intermediate levels, |52; 0 has a limited detection efficiency and the fringes visibility is lower than one. We must thus to consider three different outcomes i : (a) the atom is detected in |52; 2 , (b) the atom is detected in |52; 0 , and (c) the atom is not detected at all (either it is lost in an intermediate level, or it was in |52; 0 but decayed by spontaneous emission). The probabilities P a (Φ), P b (Φ) and P c (Φ) are given by The optimum sensitivity is obtained for ϕ = Φ + π/2. From the fits to the experimental data for an interrogation time τ = τ 2 , we find C 2 = 0.343, C 0 = 0.198, P2 = 0.256 and P0 = 0.179, so that (F Φ ) 1/2 = 0.42. Combining this value with the phase sensitivity (∂Φ/∂B) = 0.179(3) rd/nT (Fig. 4), we get a single atom sensitivity σ 1 B = 13.2 ± 0.2 nT.

FIG. 1 .

 1 FIG. 1. Stark manifold of the Rubidium atom. All the energy levels in the n = 52 Stark manifold are represented versus the magnetic quantum number m in an electric field F0 = 2.30 V/cm. The two circular states with opposite ms (red lines) are at the extremities of the lozenge structure. The regularity of the hydrogenic Stark pattern is broken for |m| ≤ 2, revealing the influence of the quantum defects.

FIG. 2 .

 2 FIG. 2. Preparation sequence. (a) Relevant energy levels in the n = 52 and n = 50 manifolds, sorted by m values.The initial laser-excited level, |52; +2 (in red), is the lowest in the m = +2 ladder. We first prepare (dashed line, labelled 1) an equal-weight coherent superposition of |52; +2 with an m = 0 state (|52; 0 , in yellow). We then fully transfer |52; 0 into the corresponding state in the 50 manifold, |50; 0 (in green), with a two-photon microwave (mw) pulse (2) and into |50; -2 (lower state with m = -2 in the 50 manifold, in blue) with a two-photon σ + rf pulse (3). We apply a σ + -rf pulse (4) transferring |52; +2 into |52C + and then a σ --rf pulse (5) to transfer |50; -2 into |50C -. A final mw pulse (6) transfers |50C -into |52C -. (b) Timing of the preparation sequence. Upper frame: voltage that controls the amplitude of the σ + (blue) and σ -(orange) rf pulses. Lower frame: Transistor-transistor logic (TTL) signal that controls the microwave pulses. The pulses are labelled according to (a). Pulse (1) is implemented as an echo π/2 -π sequence to reduce sensitivity to electric field noise. Pulses (4) and (5) are double pulses separated by a small time interval to improve their efficiency[START_REF] Patsch | Fast and accurate circularization of a rydberg atom[END_REF]. Note the σ + rf dressing during the mw pulse[START_REF] Facon | A sensitive electrometer based on a rydberg atom in a schrödinger-cat state[END_REF].

FIG. 3 .

 3 FIG. 3. Characterization of the CSS. (a) Field ionization signals. Number of detected electrons per repetition of the experiment as a function of the applied ionization field. The red line corresponds to the final CSS. The blue line is obtained just before the mw pulse (6) performing the |50C -→ |52C - transfer. The difference between these two curves (red-shaded area) corresponds to the contribution of the |52C -level. Ideally, the corresponding peak of the blue curve measures the |52C + population. However, this direct signal is slightly contaminated by a background of spurious high-m levels. In order to estimate this contamination, we record (black line) the ionization signal after transferring |52C + into |49C + . The difference between the blue and black curves (blue shaded zone) gives the background-free contribution of the |52C + population. Note that it is a lower estimate due to the finite efficiency of the probe pulse. The small peaks for low fields correspond to spurious populations of low-m levels. (b) Test of the CSS coherence. The black (red) points show the final probability for detecting the atom in the |52; +2 (|52; 0 ) state after closing the interferometer. The errors bars reflect the statistical variance. The lines are sine fits. The difference of the amplitudes of the fringes is due to the limited detection efficiency of |52; 0 (see Methods).

Fig. 3 (

 3 Fig. 3(b) presents the observed interference pattern.As above, the level populations are normalized to the initial |52; +2 one. We scan the phase ϕ of the interference by tuning the frequency of the mw inducing the |52; 0 ↔ |50; 0 transition. The fringes offset from the ideal 1/2 value shows that about 45% of the population is lost in spurious levels at the end of the complete sequence However, the visibility of the fringes is large (51.2±0.3 %), revealing the coherence of this complex in-

FIG. 4 .

 4 FIG.[START_REF] Wang | A schrödinger cat living in two boxes[END_REF]. Sensitivity to the magnetic field. (a) Upper frame : Probability for finding the atom in |52; +2 as a function of the interferometer phase ϕ, for an interrogation time of 7.2 µs, for two applied magnetic fields 0 nT (red points) and 16 nT (blue points). Lower frame: same signals for a 19.9 µs interrogation time and two fields (-16 nT, red, and 0 nT, blue) differing by the same increment as in the upper frame. The errors bars reflect the statistical variance. The lines are sine fits. (b) Phase shift Φ of the interference fringes as a function of the applied magnetic field for a 7.2 µs interrogation time (black dots) and a 19.9 µs one (red dots). The inset gives the slope of these lines as a function of the interrogation time τ . The errors bars reflect the statistical variance of the fit parameters . The slope of the linear fit (blue line) provides the magnetic moment difference of the CSS [(101 ± 3)µB]. Note that the intercept of the fit [0.0018(28) rd/nT] is zero within the error bars. This reflects that the magnetic-field-dependent phase shift accumulated during the preparation and detection sequences of the CSS is negligible.

  -ϕ) P c (Φ) = 1 -P a (Φ) -P b (Φ)
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