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UNIFORM BIRKHOFF

MAI GEHRKE AND MICHAEL PINSKER

Abstract. We show that pseudovarieties of finitely generated algebras, i.e., classes C of
finitely generated algebras closed under finite products, homomorphic images, and subalge-
bras, can be described via a uniform structure UC on the free algebra for C: the members of C
then are precisely those finitely generated algebras A for which the natural mapping from the
free algebra onto the term clone of A is well-defined and uniformly continuous with respect
to the uniformity UC and the uniformity of pointwise convergence on the term clone of A,
respectively. Our result unifies earlier theorems describing pseudovarieties of finite algebras
and the pseudovariety generated by a single oligomorphic algebra, respectively.

1. Introduction

The goal of the present paper is the unification of two topological generalizations of
Birkhoff’s HSP theorem involving finite, rather than arbitrary, products of algebras. Let
τ be a functional signature. The generalizations concern the following two formulations of
Birkhoff’s theorem from [Bir35]; each of the two variants can easily be derived from the other
one.

Birkhoff’s theorem, globally and locally. The first, “global” formulation states that
a class C of τ -algebras is a variety, i.e., closed under arbitrary products, subalgebras, and
homomorphic images, if and only if it is the set of all models of some set of τ -identities. In
that case there exists a countably generated free object in C, called the free algebra for C,
whose elements can be represented as the abstract τ -terms over a countable set of generators
factored by the τ -identities defining C. The members of C then are precisely those τ -algebras
for which every finitely generated subalgebra is a factor of the free algebra up to isomorphism,
or put differently again, those τ -algebras B for which the natural assignment from the term
clone F C of the free algebra for C onto the term clone Clo(B) of B, which sends every term
function in F C to the corresponding term function in Clo(B), is a well-defined mapping. In
that case, this mapping is in fact a clone homomorphism, i.e., it preserves composition and
the projection mappings, cf. [BPP].

The second, “local” formulation of Birkhoff’s theorem concerns the variety generated by a
single τ -algebra A, i.e., the class of all algebras that can be obtained from A using arbitrary
products (in that case, in fact powers), subalgebras, and homomorphic images. It states that
a τ -algebra B is a member of that variety if and only if it satisfies all equations that hold in
A, or in other words, if the natural clone homomorphism from the term clone Clo(A) of A
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2 MAI GEHRKE AND MICHAEL PINSKER

onto the term clone Clo(B) of B which sends every τ -term tA over A to the corresponding
τ -term tB over B is well-defined.

Topology I: pseudovarieties of finite algebras. In a series of three articles in the 1980s,
the problem of finding a variant of the global formulation for pseudovarieties of finite τ -
algebras, i.e., classes of finite algebras closed under finite products, subalgebras, and homo-
morphic images, was addressed: first in [ES76] for monoids, then for arbitrary countable
signatures in [Rei82], and finally in full generality in [Ban83]. It is known that pseudova-
rieties of finite τ -algebras can, in general, not be defined by equations of τ -terms; a simple
example is the pseudovariety of finite nilpotent semigroups [Rei82]. It turns out, however,
that such classes C can be defined by a certain uniform structure on the term clone F C of the
free algebra for C: the members of C then are precisely those finite τ -algebras B for which
the natural homomorphism from F C onto the clone Clo(B) of B is a well-defined uniformly
continuous mapping.

Topology II: the pseudovariety generated by an oligomorphic algebra. Concerning
the local formulation of Birkhoff’s theorem, a characterization of the pseudovariety generated
by an oligomorphic τ -algebra A, i.e., a countable algebra whose unary term operations con-
tain an oligomorphic permutation group (see [Cam90]), has been obtained recently; this was
motivated by applications to Constraint Satisfaction Problems and connections with model
theory [BP15]. Namely, a τ -algebra B is contained in that pseudovariety if and only if the
natural clone homomorphism from Clo(A) onto Clo(B) is well-defined and Cauchy-continuous
with respect to pointwise convergence on functions, and hence a Cauchy-continuous clone ho-
momorphism. Again, it was known that purely algebraic notions are not sufficient for such a
characterization, unless both A and B are finite (and hence, with hindsight, carry the discrete
topology on their term clones, so that the topological structure does not matter). In the latter
case, it already follows from the proof of Birkhoff’s theorem [Bir35] that B is contained in the
pseudovariety generated by A if and only if it is contained in the variety generated by A, i.e.,
if the natural clone homomorphism from Clo(A) onto Clo(B) is well-defined. The theorem
from [BP15] can thus be seen as a generalization from finite to oligomorphic algebras. In
this context it is important to remark that all members of the pseudovariety generated by an
oligomorphic algebra are again oligomorphic (whereas the members of the variety generated
by such an algebra do not share this property in general).

The unification. Given these two topological theorems, the question whether they could be
united to obtain a characterization of pseudovarieties of oligomorphic algebras arises naturally
to the curious mind. In other words, is there a global variant of the local theorem from [BP15]
characterizing the pseudovariety generated by a single oligomorphic algebra? Put yet differ-
ently, is there a variant of the global theorem from [ES76, Rei82, Ban83] for oligomorphic,
rather than finite algebras? Figure 1 illustrates this situation. We remark that the topologies
of the local and the global theorem are unrelated: in the global characterization of pseudova-
rieties of finite algebras, the topology on the functions of the algebras of the pseudovarieties
is actually discrete, but a topology which reflects the pseudovariety as a whole is imposed
only on the clone of the free algebra; on the other hand, in the local characterization of the
pseudovariety generated by a single oligomorphic algebra, a non-trivial topology is considered
on the functions of every single algebra.

We show that it is indeed possible to characterize pseudovarieties of oligomorphic, and even
more generally, of finitely generated algebras topologically and algebraically via a synthesis
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Varieties Pseudovarieties of finite Pseudovarietes of oligomorphic
local [Bir35] [Bir35] [BP15]
global [Bir35] [ES76, Rei82, Ban83] ?

Figure 1. The situation

of the results from [ES76, Rei82, Ban83] and the one from [BP15]. By a pseudovariety
of finitely generated algebras we mean a class of finitely generated algebras containing all
finitely generated algebras that can be obtained by closing the class under finite products,
homomorphic images, and subalgebras.

Theorem 1.1. Let C be a pseudovariety of finitely generated τ -algebras. Then there exists
a uniformity UC on the clone F C of the free algebra for C such that the members of C are
precisely those finitely generated τ -algebras A for which the natural clone homomorphism
from F C onto Clo(A) is well-defined and uniformly continuous with respect to UC and the
uniformity of pointwise convergence on Clo(A).

Let us remark that if C is taken to consist of finite algebras, then the results of [ES76,
Rei82, Ban83] follow; if on the other hand one takes C to be generated by a single oligo-
morphic algebra, then the result from [BP15] is a consequence. Actually, concerning the
latter, we obtain a more general theorem than the one in [BP15], namely a description of
the pseudovariety generated by a finitely generated algebra, rather than an oligomorphic one
(oligomorphic algebras are finitely generated); this variant has already proven useful in the
context of h1 clone homomorphisms and constraint satisfaction problems [BOP15]. Birkhoff’s
theorem, in both the global and the local variant presented here, follows from the proof of
Theorem 1.1 by disregarding the continuity condition, for finitely generated algebras. We
refer to the discussion at the end of the present article, in Section 5, for more details.

2. Notation

We fix a functional signature τ . We denote τ -algebras by A,B, . . . and write A,B, . . . for
their domains. We let T and T be, respectively, the τ -algebra and the set of all abstract τ -
terms over a countable set of variables. Similarly, for k ≥ 1, we let Tk and Tk be, respectively,
the algebra and the set of all abstract τ -terms over the first k variables x1, . . . , xk. When A
is a τ -algebra and t ∈ Tk, then we write tA for the k-ary term operation induced on A by
interpreting t as a term function of A. Moreover, we set Clo(A) := {tA | t ∈ Tk, k ≥ 1} to be
the set of all term operations of A. This set is a function clone, i.e., it is a family of functions
on a fixed set closed under composition and containing the projections, and so we will also
refer to it as the term clone of A. In particular, we denote the term clone of T by T and
refer to it as the absolutely free term clone for the signature τ .

When C is a class of τ -algebras, then we write FC for the algebra T factored by the congru-
ence relation given by the equations Σ(C) ⊆ T 2 that hold for all A ∈ C. Of course, FC can be
viewed naturally as the countably generated free algebra of the variety generated by C. We
denote the term clone of FC by F C and refer to it as the term clone of C. Note that the term
clone of an algebra A is isomorphic to the term clone of the variety generated by A.

For each k ≥ 1, the k-ary term functions of a term clone carry a natural τ -algebra structure,
and in the case of F C , the k-th component, F Ck , may naturally be seen as the domain of FCk ,
the k-generated free algebra in the variety generated by C. Accordingly, we will speak of
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the congruences of a term clone, and when B is a subfamily of such congruences and k ≥ 1,
then we denote by Bk its k-th component, i.e., those congruences of the family which are
congruences on the k-ary functions of the clone. In particular, by Con(F C) we shall mean
the indexed family (Con(FCk))k≥1 of τ -congruences of FCk for k ≥ 1.

3. Congruences of term clones

Let V be a variety. As we have just remarked, the components of its term clone FV ,
viewed as algebras, are the finitely generated free algebras in V. Their homomorphic images
are precisely the class of finitely generated members of V, the class of which we denote by Vfg .
In this section, we identify subclasses of Vfg which are determined by families of congruences

of FV .
Consider the following assignments between subclasses K of Vfg and subfamilies B of

Con(FV):

K 7→ BK = (BKk )k≥1,

where

BKk = {θ ∈ Con(FVk ) | FVk /θ ∈ I(K)}

and I(K) is the closure of K under isomorphic images, and

B 7→ KB = I(
⋃
k≥1
{FVk /θ | θ ∈ Bk}).

An algebra in Vfg may be obtained in various different ways as a quotient of a finitely
generated free algebra of V, but as soon as we restrict ourselves to subclasses K of Vfg that
are closed under finitely generated subalgebras, we obtain a nice correspondence with families
of congruences of the clone FV .

Definition 3.1. For a subclass K of Vfg , we denote by Sfg(K) the class of all algebras which
are isomorphic images of finitely generated subalgebras of members of K. We say that K is
closed under finitely generated subalgebras provided that Sfg(K) = K.

The following definition gives the corresponding property for families of congruences of
FV .

Definition 3.2. Let k,m ≥ 1 and θ ∈ Con(FVk ). Further, let t = (t1, . . . , tm) ∈ (FVk )m. We

define θ/t to be the congruence on FVm given by

s (θ/t) s′ ⇐⇒ s(t1, . . . , tm) θ s′(t1, . . . , tm).

We say that a subfamily B of Con(FV) is closed under inverse substitution provided, for all
k ≥ 1, for all θ ∈ Bk, for all m ≥ 1, and for all t ∈ (FVk )m, we have θ/t ∈ Bm.

Proposition 3.3. The assignments K 7→ BK and B 7→ KB between subclasses of Vfg

and subfamilies of Con(FV) establish a one-to-one correspondence between the subclasses of
Vfg closed under finitely generated subalgebras and the subfamilies of Con(FV) closed under
inverse substitution.
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Proof. Let K be a subclass of Vfg which is closed under Sfg and let θ ∈ BK. Then there

is an A ∈ K and a surjective homomorphism h : FVk → A with kernel θ. Further, let

t = (t1, . . . , tm) ∈ (FVk )m. Note that θ/t is the kernel of the composition

FVm FVk A

xi ti

h

and that the image of this composition is a finitely generated subalgebra of A. Since K is
closed under finitely generated subalgebras, it follows that θ/t ∈ BK.

Similarly, let B be subfamily of Con(FV) closed under inverse substitution and suppose A
belongs to KB. Then there exists a k ≥ 1 and a surjective homomorphism h : FVk → A with
ker(h) ∈ Bk. Now let e : B ↪→ A be a finitely generated subalgebra of A and let b1, . . . , bm be
a generating set for B. For each bi pick ti ∈ FVk with h(ti) = e(bi). Then

FVm FVk B

xi ti bi

h

is a surjective homomorphism and its kernel is ker(h)/t. Since B is closed under inverse
substitution, it follows that B ∈ KB as required.

Finally, given any subclass K of Vfg which is closed under isomorphic copies, we have

KBK = K, and for any subfamily B of Con(FV) and any l ≥ 1 we have Bl ⊆ BK
B

l . Now

suppose B is closed under inverse substitution and let θ ∈ BKB
l . Then there is k ≥ 1 and

ψ ∈ Bk so that FVl /θ
∼= FVk /ψ. Let α : FVk /ψ → FVl /θ witness the isomorphism of these two

algebras. Then there are t1 . . . , tk ∈ FVk so that α([ti]ψ) = [xi]θ for each i ∈ {1, . . . , k}, and

then the quotient map from FVl to FVl /θ is equal to the composition

FVl FVk FVk /ψ FVl /θ

xi ti .

α

We note that the kernel of this map is ψ/t and is thus a member of Bl as required. �

Note that finite products of finitely generated algebras are not necessarily finitely generated.
For example, the algebra obtained by equipping N with the unary successor function is clearly
finitely generated, but in the square of that algebra every element of the form (0, n) needs
to be in the generating set if it is to be in a subalgebra, since 0 is not the successor of any
natural number.

For this reason we require an altered version of the operator Pfin which closes classes of
algebras under finite products as we only want to pick out the finitely generated members.

Definition 3.4. For a subclass K of Vfg we denote by SPfg
fin(K) all isomorphic copies of

finitely generated subalgebras of finite products of members of K. We say that K is closed

under finitely generated subalgebras of finite products provided that SPfg
fin(K) = K.

We denote by H the operator on classes of algebras which yields the closure under homo-
morphic images. Note that Vfg is closed under the operator H.
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Finally, a class C of finitely generated τ -algebras will be called a pseudovariety of finitely

generated algebras provided it is closed under H and SPfg
fin . That is, C contains precisely the

finitely generated members of the pseudovariety generated by C.

We can now restrict the one-to-one correspondence of Proposition 3.3 to classes closed
under finitely generated subalgebras of finite products.

Proposition 3.5. The assignments K 7→ BK and B 7→ KB establish a one-to-one cor-
respondence between the subclasses of Vfg closed under finitely generated subalgebras of finite
products and the subfamilies of Con(F) closed under inverse substitution and finite intersec-
tion.

Proof. Let K be a class closed under finitely generated subalgebras and let B be the corre-
sponding subfamily of Con(F), which is then closed under inverse substitution. We show that
K is closed under finitely generated subalgebras of finite products if and only if B is closed
under intersection.

SupposeK is closed under finitely generated subalgebras of finite products and let θ1, . . . , θn ∈
Bk. Then

⋂n
j=1 θj is the kernel of the product of the maps hi : F

V
k → FVk /θi and this product

map

×nj=1hj : FVk → ×nj=1F
V
k /θj

has as image a finitely generated subalgebra of a product of algebras each of which belongs
to K. Thus the range of ×nj=1hj is an element of K and consequently ker(×nj=1hj) =

⋂n
j=1 θj

is in Bk.
Conversely, suppose B is closed under finite intersections and suppose A embeds via e as

a finitely generated subalgebra of a product A1 × · · · × An where each Aj belongs to K. Let
a1, . . . , ak be a set of generators for A. For each j ∈ {1, . . . , n}, let hj be the composition

FVk A A1 × · · · × An Aj

xi bi .

e πj

Then the image =(hj) of hj is a finitely generated subalgebra of Aj and thus the kernel, θj , of
this composition belongs to Bk. Thus, by our assumption,

⋂n
j=1 θj ∈ Bk, and thus the image

of the product map

FVk → ×nj=1F
V
k /θj

∼= ×nj=1=(hj)

belongs to K. Finally note that the image of xi under this map is (π1(e(ai)), . . . , πn(e(ai))) =
e(ai) for each i ∈ {1, . . . , k} and thus the image of this map is A and thus it follows that A
belongs to K as required. �

Note that that closure of a class under homomorphic images corresponds to taking the
upset of the corresponding subfamily of Con(FV). We have the following corollary.

Corollary 3.6. The subclasses of Vfg that are pseudovarieties of finitely generated algebras

are in one-to-one correspondence with the filters of Con(FV) which are closed under inverse
substitution.
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4. Proof of the main theorem

Theorem 1.1 speaks of various uniformities on clones. We start by recalling here what a
uniformity is and by introducing the required uniformities.

A uniform space is a pair (X,U) where X is a set and U is uniformity on X, that is,
U ⊆ P(X ×X) satisfying:

(1) U is a filter contained in the principal filter generated by the diagonal of X, that is,
each element of U contains ∆X = {(x, x) | x ∈ X};

(2) U is closed under taking converses, that is, U ∈ U implies U−1 = {(y, x) | (x, y) ∈
U} ∈ U ;

(3) U satisfies the following generalisation of the triangle inequality:

∀ U ∈ U ∃V ∈ U V ◦ V ⊆ U.
The elements of a uniformity are called entourages. Given uniform spaces (X,U) and (Y,V),
a map f : X → Y is uniformly continuous provided for each entourage V of Y the preimage

{(x, x′) ∈ X ×X | (f(x), f(x′)) ∈ V }
is an entourage of X. When we wish to emphasize the uniformities in question, we also say
that f is (U ,V)-uniformly continuous.

Note that if X is a set and a subcollection B of the principal filter generated by ∆X already
satisfies the above generalised triangle inequality, then the filter of P(X×X) generated by the
closure under converse of B is a uniformity. In this case we say that B is a basis for a uniformity
on X and that the filter generated by its closure under converse is the uniformity generated
by B. Note in particular that any set of equivalence relations on X generates a uniformity on
X simply by taking the upset in P(X×X) of the closure under finite intersections of the set.

Definition 4.1. Let V be the variety of τ -algebras and let FV denote the corresponding
clone of term functions. Further let C be a pseudovariety of finitely generated algebras in V
and let B be the corresponding filter of Con(FV) as provided by Corollary 3.6. We define UC
to be the uniformity on FV given by the basis B. That is, UC consists, for each k ≥ 1, of a
uniformity UCk on FVk given by

UCk = {U ⊆ FVk × FVk | ∃θ ∈ Bk θ ⊆ U}.
Given a finitely generated algebra A, we denote by UA the uniformity on Clo(A) corre-

sponding to the pseudovariety of finitely generated algebras generated by A, where we identify
Clo(A) naturally with the set FV , i.e., the domain of the free algebra FV for the variety V
generated by A.

The following proposition states that the uniformity UA is just the usual uniformity of
pointwise convergence on functions, as considered, in particular, in [BP15].

Proposition 4.2. Given a τ -algebra A, the uniform structure UA on Clo(A) is the uniformity
generated (as a filter), for each k ≥ 1, by the sets of the form

Ua = {(f, g) ∈ Clo(A)2 | f, g are k-ary, f(a) = g(a)}
for a ∈ Ak.

Proof. Denote by V be the variety generated by A.
For a ∈ Ak, we first show that Ua ∈ UA. To see this, note that Ua induces a congruence θ

on FVk via the identification of FVk with the k-ary functions of Clo(A). The factor algebra FVk /θ



8 MAI GEHRKE AND MICHAEL PINSKER

is isomorphic to the subalgebra of A generated by the elements of a, via the natural extension
of the mapping which sends the equivalence class in FVk /θ of the i-th k-ary projection to

the i-th component of a. Hence, FVk /θ is contained in the pseudovariety of finitely generated

algebras generated by A and Ua ∈ UA.
Conversely, let θ be a congruence of FVk such that FVk /θ is contained in the pseudovariety of

finitely generated subalgebras generated by A. So there exists m ≥ 1 and tuples a1, . . . , ak ∈
Am such that FVk /θ is a factor of the algebra C generated by those tuples in Am. Then θ

contains the congruence θ′ of FVk such that FVk /θ
′ is isomorphic to C. In θ′, two (classes of)

terms are identified if and only if they agree in Am on the tuple (a1, . . . , ak), which is ensured
if they agree on the k-tuples of the i-th components of the tuples a1, . . . , ak ∈ Am, for each
1 ≤ i ≤ m. Denote the k-tuples of those i-th components by ai. Then θ contains, via the
identification of FVk with the k-ary functions of Clo(A), the set Ua1 ∩ · · · ∩ Uam , and is thus
contained in said filter. �

We now restate Theorem 1.1 in more detail and provide its proof.

Theorem 4.3 (Uniform Birkhoff). Let C be a pseudovariety of finitely generated τ -algebras,
let V be a variety containing it, and let A be a finitely generated τ -algebra. Then the following
are equivalent

(1) A ∈ C;
(2) The natural clone homomorphism from FV onto Clo(A) is well-defined and (UC ,UA)-

uniformly continuous.

Proof. Suppose A ∈ C. Then in particular A ∈ V, and thus the natural clone homomorphism
ξ : FV → Clo(A) is a well defined function. Because A ∈ C, the uniformity UC on FV

contains, in particular, the uniformity induced by UA on FV via ξ, so that ξ is indeed
(UC ,UA)-uniformly continuous.

For the converse, suppose that the natural clone homomorphism from FV onto Clo(A)
exists and is (UC ,UA)-uniformly continuous, and let {a1, . . . , ak} be a generating set for A.
Setting a := (a1, . . . , ak), by Proposition 4.2 we have that the preimage of Ua under ξ is
an element of UC and hence contains a congruence θ of FVk such that B := FVk /θ ∈ C. It

follows that for k-ary τ -terms f, g, if fB = gB, then fA(a) = gA(a). Hence, the natural
homomorphism h : FVk → A which sends every representative f of a class to fA(a) factors

through the analogous homomorphism from FVk onto B. Hence, there exists a homomorphism
g : B→ A so that

FVk B

A

g

commutes. Also, notice that the homomorphism from FVk to A is surjective since {a1, . . . , ak}
is a generating set for A. It follows that g is surjective and thus A is in C. �

5. Discussion

As a corollary, we obtain the theorem from [ES76, Rei82, Ban83] characterizing pseudova-
rieties of finite algebras globally. To this end, we only have to observe that by Proposition 4.2,
the uniformity UB on Clo(B) is discrete for finite B.
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Corollary 5.1. Let C be a pseudovariety of finite τ -algebras, and let V be a variety containing
C. Then the members of C are precisely those finite τ -algebras B for which the natural mapping
from FV onto Clo(B) is well-defined and uniformly continuous with respect to UC and the
discrete topology, respectively.

A further observation is that, in the case of a pseudovariety of finite τ -algebras, the uni-
formity on FC is a Pervin uniformity (generated by ‘blocks’ of the form (S × S) ∪ (Sc × Sc))
and thus its uniform completion is a Stone space [GGP10] and thus compact. This allows a
reformulation of the above corollary in purely point-set topological terms, see e.g. [Alm95].

Another consequence is the following generalization of the theorem in [BP15] for finitely
generated algebras, rather than oligomorphic ones. In fact, Lemma 10 of that article proves
precisely that in oligomorphic setting, continuity implies uniform continuity. Therefore, the
following can also be observed directly from their proof, a fact the authors of [BP15] were,
however, unaware of at the time.

Corollary 5.2. Let A,B be finitely generated τ -algebras. Then B is contained in the pseu-
dovariety generated by A if and only if the natural mapping from Clo(A) onto Clo(B) is
well-defined and uniformly continuous with respect to pointwise convergence.
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[BOP15] Libor Barto, Jakub Opršal, and Michael Pinsker. The wonderland of reflections. Preprint

arXiv:1510.04521, 2015.
[BP15] Manuel Bodirsky and Michael Pinsker. Topological Birkhoff. Transactions of the American Mathe-

matical Society, 367:2527–2549, 2015.
[BPP] Manuel Bodirsky, Michael Pinsker, and András Pongrácz. Reconstructing the topology of clones.
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