N
N

N

HAL

open science

Understanding the potential bias of variance
components estimators when using genomic models

Beatriz C. D. Cuyabano, A. Christian Sgrensen, Peter Sgrensen

» To cite this version:

Beatriz C. D. Cuyabano, A. Christian Sgrensen, Peter Sgrensen. Understanding the potential bias of
variance components estimators when using genomic models. Genetics Selection Evolution, 2018, 50

(1), pp.41. 10.1186/s12711-018-0411-0 . hal-02405254

HAL Id: hal-02405254
https://hal.science/hal-02405254
Submitted on 11 Dec 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-02405254
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Cuyabano et al. Genet Sel Evol (2018) 50:41
https://doi.org/10.1186/512711-018-0411-0

Genetics
Selection
Evolution

RESEARCH ARTICLE

Understanding the potential bias

Open Access

@ CrossMark

of variance components estimators when using

genomic models

Beatriz C. D. Cuyabano ®, A. Christian Serensen and Peter Sgrensen

Abstract

Background: Genomic models that link phenotypes to dense genotype information are increasingly being used

for infering variance parameters in genetics studies. The variance parameters of these models can be inferred using
restricted maximum likelihood, which produces consistent, asymptotically normal estimates of variance components
under the true model. These properties are not guaranteed to hold when the covariance structure of the data speci-
fied by the genomic model differs substantially from the covariance structure specified by the true model, and in

this case, the likelihood of the model is said to be misspecified. If the covariance structure specified by the genomic
model provides a poor description of that specified by the true model, the likelihood misspecification may lead to
incorrect inferences.

Results: This work provides a theoretical analysis of the genomic models based on splitting the misspecified likeli-
hood equations into components, which isolate those that contribute to incorrect inferences, providing an informa-

components estimates is expected to occur.

ward, when it exists.

tive measure, defined as «, to compare the covariance structure of the data specified by the genomic and the true
models. This comparison of the covariance structures allows us to determine whether or not bias in the variance

Conclusions: The theory presented can be used to provide an explanation for the success of a number of recently
reported approaches that are suggested to remove sources of bias of heritability estimates. Furthermore, however
complex is the quantification of this bias, we can determine that, in genomic models that consider a single genomic
component to estimate heritability (@assuming SNP effects are all i.i.d.), the bias of the estimator tends to be down-

Background

Genomic models that incorporate dense genotype infor-
mation are increasingly being used and studied to infer
variance parameters [1-4]. We define a genomic model
as any linear mixed model (LMM) that links a phenotype
to multiple genotypes without knowledge of those that
are associated with the phenotype. We refer to a gen-
eral set of genotypes as single nucleotide polymorphisms
(SNPs) and to the set of genotypes associated with the
phenotype as quantitative trait loci (QTL). The variance
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parameters of the LMM can be inferred using restricted
maximum likelihood (REML) [5], which produces con-
sistent, asymptotically normal estimators of variance
components, even if normality does not hold and the
number of QTL increases dramatically, tending to infin-
ity [6]. These asymptotic properties of the REML estima-
tors are not guaranteed to hold when the likelihood of the
genomic model used for inference differs substantially
from the likelihood of the true model that conceptually
generated the data. In such a situation, the likelihood is
said to be misspecified. In a Gaussian setup, given the
fixed effects, this will be the case when the covariance
structures of the data specified by the genomic and the
true models differ.
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The correct covariance structure (referred to in our
work as Gq) requires knowledge of the QTL. Since these
are typically unknown, in practice, the genomic model
makes use of the available SNP genotypes instead in
order to compute a covariance structure (referred to in
our work as G), leading to misspecification of the likeli-
hood. The patterns of realized relationships at different
sets of loci vary across the genome [7]. Because of this, G
may provide a poor description of Gq, and the likelihood
misspecification may lead to biased estimators of vari-
ance parameters.

REML was first implemented with a genomic model in
[1], where the focus of inference was the proportion of
the variance of a quantitative trait explained by the LMM,
including all genotyped SNPs simultaneously. In more
recent years, concerns have been raised about the quality
of the inferred variance parameters when genomic mod-
els are used without directly addressing the problem of
likelihood misspecification. Speed et al. [4] argued that
uneven linkage disequilibrium (LD) between SNPs can
lead to upward or downward bias of variance param-
eters estimators. The consequences of using G instead of
Gq on the likelihood were also investigated by [8]. These
authors used the singular value decomposition of G and
expressed the likelihood function of the genomic model
as a function of these decomposition, concluding that the
likelihood-based estimators are unreliable because they
are sensitive to small perturbations on the eigen-values.
This work generated back-and-forth discussions [9, 10].

The problem of misspecification of the likelihood of the
genomic model was first raised by [11] and was studied
using simulation by [12]. However, in [12] the authors
addressed the problem by redefining the variance param-
eters according to the genomic models. In our work,
we compare the variance parameters estimators to the
parameters defined by the true model, as previously stud-
ied by [13]. The assumptions posed by [13] on the true
model, however, differ substantially from those posed by
our study, which can lead to different conclusions. Jiang
et al. [13] assumed that the number of QTL associated
with a phenotype are large enough to be considered infi-
nite, an assumption which we consider rather unrealistic,
and therefore our study assumes that the number of QTL
is finite, although possibly very large.

This work provides a theoretical analysis based on split-
ting the likelihood equations into components, isolating
those that contribute to incorrect inferences. We describe
a true model that associates a phenotype with QTL, and
we use its likelihood as a basis for comparison with the
likelihood of the genomic models. This theory was used
to understand the potential bias of REML estimators of
variance components under different scenarios, each
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with different assumptions on the true model, that are of
interest in quantitative genetics studies.

Methods

True and genomic models

We start this section by describing a general model that
links phenotypes of a complex trait to genotype data:

y:lnpc—l—Wb—i-é‘, (1)

where u is the overall mean, Wisan x sstandardized SNP
genotypes matrix (with Wy = (Z; — 26))/,/26;(1 — 0)),
E(Wij) = 0, and Var(Wjy) = 1; Zjj € {0,1,2} is the count
of the minor allele at the j-th SNP with minor allele fre-
quency (MAF) 8, of the i-th individual, foralli=1,...,n
andj=1,...,s), b~ N(0, Isog) is an s x 1 vector of ran-
dom SNP effects and & ~ N(In%2 ) is an n x 1 vector
of the model’s residuals. In the true model, W = Wq is
an x q (q <s) matrix containing only the QTL, and all
the elements and parameters that describe the model are
sub-indexed with Q. In the genomic model, W contains
s = m + q SNPs, with m = 0,.. ., s the number of mark-
ers (non causative mutations). When m = 0, we are in
fact in the case of the true model, and when m = s the
genomic model contains no QTL in the SNP data.

Variance components and REML estimation

The covariance structure specified by the true and
genomic modelsare Gq = q’l\’(/Q\Wé2 andG = s~ 'WW/,
respectively, which also define the relationships between
individuals at the genotype level [14]. Let a% = sab2 (total
variance due to the genotypes), and y = /02, and
define the matrix V(y) =V = yG + I,;, we then have that
Var(y | W) = Var(Wb) + Var(e) = o]fWW’ +02, =
O%G + O'EZIn = 052V.

In genetics studies, the interest lies in estimat-
ing the narrow-sense heritability, i. e the pro-
portion of phenotypic variance explained by the
genotypes. Under the true model, the heritability is
defined as h? = O'%Q/(O%Q + O’SZQ) =Yo/Wq +D.
Analogously, under the genomic model we have
héen =y/(y +1). When we fit the true model
(QTL  only), limyse¥y=7V¥, and consequently
limp— 00 h2 = limy 0o )7Q/()9Q +1) =h? for any num-
ber of QTL [5], even if normality does not hold, as
demonstrated by [6] using large-sample theory. We
also used large-sample theory to evaluate the likeli-
hood of the genomic model, which is misspecified to
the likelihood of the model that conceptually gener-
ated the phenotypes. Intuitively, if when we fit the
genomic _ 2m0del, we obtain lim, .oy = Yo then
limp—s o0 hgen =limy 00 y/(y +1) = hZ. This, means
that if limy_oo E(7) = ¥, then limp_ o E(hy,,) = h%

gen
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Therefore, because REML will yield the estimator 7, we
focus our analysis on E(7).

Define P(y) =P = V-1 — V=11, (1,v-11,) "1,V
The REML log-likelihood of the genomic model is [15]:

z(y,af |W) x —log (aﬁ“ A% |)

—log (0_2 | I;IV_lln I) - as_zy’Py, (2)

&

and by equating its gradient to zero at the point of maxi-
mum, 7 is the root of the REML equation [16]:

yPGPy y'P%y _ 3)
tr(PG)  tr(P)
Using the eigen-decomposition G = UAU’, the REML

Eq. (3) can be written as a function of y (see “Appendix
1"):

n—1n-1 n—1
(y'Up> (Ai—ij) . %
= A +n )
&) ;;(Hyaiﬂ 1+yi) jzzluyzj
(4)
such that p is the root of g(y). Now, since

(Y'U)?* — 121,002 + (bW, Ui)? for
n sufficiently large (see “Appendix 27), with
(bb\’(’é)Ui)2 DY (U{UQk)ziQk, we can write the
non-observable REML function at the root as the follow-
ing (see “Appendix 3”):

ii I (UUq) gk ( 4= ) =0. (5
1+ )’)}4)2 1+ 7;/11

i=1 j=1

We refer to Eq. (5) as non-observable because it is written
as a function of Uq and Aq, which cannot be observed
directly when only phenotype and genomic data are
available, and we have no knowledge about the QTL.
The use of such function is purely theoretical as an aid to
obtaining deeper understanding of REML mechanisms.
In practical implementations, we find the root of Eq. (4)
to obtain y.

Genomic models for scenarios of interest in quantitative
genetics
We evaluated genomic models for SNP data consist-
ing of QTL and markers that can be either uncorre-
lated or correlated, considering two configurations: (i)
QTL plus markers and (ii) markers only. The covariance
structure specified by these configurations, as well as
their eigen-decomposition are denoted respectively by
Gom = UQMAQMUQQM and Gy = UMAMUEW

Before we proceed to define our scenarios of interest
and evaluate «; for each of them, we provide a brief

Page 3 of 21

discussion about our assumptions for the true model. In
the study by Jiang et al. [13], the authors assumed that
both the number of QTL (q) and the number of markers
(m) increase simultaneously with increasing SNP data
density (q, m — 00). Define A as the matrix of expected
relationships ~ between  individuals, such that
E(Gq) =E(G) =A [17]. Then
limgm 00 G =limg 00 Gq = A, and using the eigen-
decompositions A = UpAAU), Gq =UqAqQU, and
G=UAU, we «can state that limgmooeU=
limg— 00 Uq = Upandlimgm 500 A = limg 00 AQ = Aa.
Therefore, limgm—ocog(y) =limgo0g,(v) =8, (¥) =
S ;1;11(Y/UAi)2()vAi — 2 /A + v ia) (A + ¥ 2a)]
+ny’ Z,n;ll 2aj/(1 +y7aj), meaning that the REML
functions of the true and genomic models become equal
with  increasing SNP data  density. Because
limp s o0 ]E();Q) =Ya (6], if lirnq,m—>oc> gly) = hmq—)oo
8o (v), it is straightforward that lim, o0 E(7) = ¥4,

We consider that the assumption that both q and m
increase simultaneously with increasing SNP data den-
sity is too strong. Unless we consider the true model to
be the infinitesimal model (in which a phenotype is gen-
erated by a countable infinite number of QTL, each with
very small effect), it is most likely that the number of
QTL will be finite (it may still be large, but finite). Thus
we assumed a fixed and finite number of QTL for the
true model, and therefore Gq # A. Our main objective
was to evaluate how much of the variability in the pheno-
types can be captured by G, potentially leading to y being
biased to y,,

We used simulations to support the theoretical analysis
of the REML estimators of h? = Yo/ (Vg + 1) when using
genomic models. A preliminary study indicated that
2000 individuals were enough to ensure the asymptotic
properties of REML under the true model. The simula-
tions were performed for eight scenarios that differed
in population structure (completely unrelated or related
individuals) and genetic architecture, in the linkage dis-
equilibrium between QTL and markers, and the MAF of
the QTL. We assumed independence between MAF and
effect sizes when simulating QTL effects, and phenotypes
were simulated using scaled genotypes, with a heritabil-
ity parameter h? = 0.05,0.15,...,0.95. 20,000 SNPs were
simulated and for each scenario we estimated the herit-
ability for 500 replicates that assigned 100 SNPs as QTL,
and for 500 replicates that assigned 3000 SNPs as QTL.
The algorithms used for the simulations can be found
in appendices G to J. For each scenario, the heritability
was estimated using the true model (QTL only), and two
genomic models, one containing the QTL plus the mark-
ers, and one containing the markers only.
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Results

Conditions for unbiased or biased REML estimators

The key to evaluating the bias of p to the true parameter
Yq is the term > ko (UUqu)?Aqx for everyi=1,...,n,
in Eq. (5). This term corresponds to the diagonal of
U'UqAQUquU. The off-diagonals of this matrix do not
feature in the likelihood of the genomic models, as can
be seen in Eq. (5), and thus, are not relevant to the bias of
7. Nonetheless, we performed a brief analysis of the off-
diagonal elements in our simulations, and verified that
their values are centered at zero and within the inter-
val (— 0.15,0.15), regardless of the scenario. To simplify
notation, we define:

n
> (UUquiqu =k ¥ i=1...n ©)
k=1

Here, we set out the conditions for asymptotically unbi-
ased or biased y, and in the following subsections we give
details on how we arrived at these conditions:

(1) k=4, Vi=1,...,n = limLE®)= Ya
(unbiased)
2)ki=c¢, Vi=1,...,n = limpecE(y)=0

(v, cannot be estimated)
(3) «i < A, formosti=1,...,n = limy 00 E(P) < ¥,
(biased: downwards)
(4)k; > A, formosti=1,...,n = limp_ o0 E(p) > Yo
(biased: upwards)

Note that h? and héen are monotone increasing to y, and y
respectively, meaning that if we have 0 < y_ < yq < ¥4,
such thath? =y_/(y_ + 1)and h* =y, /(y, + 1), then
h? <h? < hi. Thus, the direction of the bias of flgen for
h? is the same as that of the bias of § for Yo

Unbiased estimators

We know that lim,— . E(7,) = v, [6]. This holds for
any number q of QTL, regardless of their MAF and cor-
relation between them. Moreover, in the non-observa-
ble REML equation, kq; = Aqi. This means that for any
set of eigen-values from any G, for n sufficiently large,
limy 00 E(y) = Yq if, and only if, the structure of the
non-observable REML equation is as:

I1n-1

S (11_1,») Y
A+pa2\1+p5) =" @)

n—
i=1 j=

meaning that 7 is unbiased for Ya if, and only if, ki = 4,
foralli=1,...,n.

Page 4 of 21

Biased estimators
There are two cases in which y is biased to y,: (1) ki = ¢
fori=1,...,n—1, such that c is a positive constant;
(2) ki=aj# 4 for i=1,...,n—1, such that a; > 0.
Note that because the G matrix is built with centered
and scaled genotypes, its eigen-decomposition has n — 1
degrees of freedom, and x, = 4, = 0 always.

In the first case that 7 is biased to Yor where «; = ¢ for
i=1,...,n—1,wehave:

n—1n—1

ZZ C </11_/1))_0
22 At \1+75) ®)

=1 j=1

Only y = 0 guarantees the identity in Eq. (8). Therefore,
when k; =c fori=1,...,n—1, no variance from the
genomic data can be captured by REML.

We now analyze the second case where «; = a; for
i=1,...,n— L Ifthe relationship between a; and 4; is lin-
ear, i.e. aj = bJ;, then Eq. (7) ensures limy,_, oc E(y) = Yor
However, because > i ki => i ;4 =n—1, aj and
cannot be linearly related, and y will be biased to y,,. We
have now:

n—1n—1

ZZ aj </11_/l)):0 (9)
1+ \1+ 7 '

i=1 j=1

To understand the bias in this case, we will go through
some details about a; > 0. Let aj = 4; + b;, with b; > —/J;
and > 1L, bi =0 (because > i ki =Y i, 4). Thus, y
satisfies

n—1n-1

Z Z A ( A — 4 >
S At AP \14 7%
+“§§ by (Ai—ij>zo 10
oo A+ 72 \1+74
From the wunbiased «case, we know that

S Y 4G — /LA 4 DA A+ PI] |pmyy=0 .
This that  if S bii — )/
[(A+7)*A+74)] <0, (10) hold
st z;‘;ﬁ 4iGi — ) /1A + P2)%( + P7)1 > 0. Because the
latter is monotone decreasing on y, only an estimator

A . . -1 -1 )~i ;Vifl'
Y < yq will result in > i) Zjnzl T <Tw’]) > 0.

Now, if P oM biCh — 4)/[A+ P>+ 7))
> 0, then we have analogously thaty > yq.

means

will only if
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Genomic models for scenarios of interest in quantitative
genetics

QTL uncorrelated to markers

In “Appendix 5”, we show that for genomic models that
include the QTL plus markers, in which markers are
uncorrelated to the QTL,

m
Komi = AQMi + E(AQMi —1- 51),

V i=1,...,n—1, withE(8) = 0. (11)

Assuming that the number of SNPs is always much
larger than the number of individuals (q + m >>> n),
AQM1 > -+ > AQM;n—1 > AQmn = 0. Since
> oii; Zomi = n— 1 and because Aqmi, - .., AQmn follow
the Marcenko-Pastur distribution when n is sufficiently
large [18], we have:

1 ’ Y
— PR < A < e <
QM,n—1

n )2
q+m)/
Note in Eq. (12) that increasing the number m of markers
will concentrate the eigen-values more strongly around 1.
Hence, for m very large, (iQMi — 1) — 0 at a faster rate
than m/q increases, and Komi = Aqmi — (m/q)8;. Since
E(8;) = 0, the ratio m/q determines only the variance of
Komi around Zqumi. Therefore, a genomic model that con-
tains QTL plus markers that are uncorrelated to the QTL
will yield y,, such that limp—, o0 E(Yqy) = Vo

We also show in “Appendix 5” that for genomic models
that include markers only,

QM1 < (1 + (12)

Kyi = 1+6, VY .,n — 1, with E(;) = 0.
(13)

Therefore, «; is a constant, and a genomic model that only

contains markers that are uncorrelated to the QTL in the

SNP data will always obtain pp; = 0, when REML is used.

i=1,..

QTL correlated to markers

In “Appendix 6”, we show that for genomic models that
include the QTL plus markers, in which markers are cor-
related to the QTL,

KQMiZ)LQMi“FCSi; V i=1,...,n—1,

n n
. 14
with E@) = Y (oiqi — o), (14
j=1 1=1
where ai,Ql = Cov(UqmijUqmil, Gqjt) and
aijijl = Cov(UqmijUqmit, Gomj)- It is intuitive

that oy > oy, and therefore E(5) < 0. Thus, a
genomic model that contains all QTL and markers
that are correlated to the QTL will yield y,, such that
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limy s oo ]E(;?QM) = Y only when oy = 0jj|jl, resulting
inE($) =~ 0.

[E(8;) depends greatly on the distributions of the
minor allele frequencies of the QTL and mark-
ers, fmarQrr) and fyviaF(markersy respectively. When
fMAFQTL) = fMAF(markers)y unless the number of QTL
is very small (say q < 10), we find that Gq and Gqm
are very similar. It is intuitively obvious that in this
case ojjlj| ~ 0j,qjl- Hence, E(8;) ~ 0, and consequently
limp— 00 E(Ygy) = ¥o- When fMarQTL) # fMAF(markers)
the larger the number m of markers, the more
different Gq and Gqgm will be. Moreover,
limpy 00 Gom = limpy o0 Gm. This difference between
Gq and Gqm will ensure the inequality oy > ojjqji-
Hence, E(§;) < 0, and consequently IE()?QM) <Yy

We show in “Appendix 4” that Gq = A + Aq, with the
number of QTL q being fixed, Gom = A + Aqm, and
Gy = A + Ayp. The relationship between individuals
increases the speed of convergence of Ay — 0 (when
fMar@QTL) # fMAF(markers) and of Ay — 0, when m
increases. Therefore, Var(SQMij) and Var (5M1j) decreases
when the number of generations increases. Finally, we
find that G and Gq are more similar when the number
of generations increases. Thus, the choice of populations
with increasing relationship between individuals tends
to reduce the bias of heritability estimators (when these
are biased). However, when fyarQrr) 7 fMAF(markers)
stronger relationships are necessary, so the downward-
bias becomes less perceptible. The explanation for this
is related to the range of the MAF. For any G = A + A,
Var(&j) for SNPs with low MAF is lower than Var (Sij) for
SNPs with high MAF, and populations with more closely
related individuals are necessary to compensate for this
difference in Var () across different MAF ranges.

We also show in “Appendix 6” that for genomic models
that include the markers only,

n n
i =1+ > Ulgdaj + > > UniUnin (1 + i),
=1 =1 17

Voi=1,... (15)

,n—1.

Equation (15) is not so straightforward to under-
stand analytically. Assume that we randomly pick just
a few markers. These markers will most likely be in
low LD with the QTL and «,; ~ 0, as shown in the
previous section. When the density of marker data
increases, we obtain Eq. (15). We show in “Appendix
6”7 that limm— o0 ki = limm— 00 Kqyi- This means that
limp— 00 E(Py) < limp—00 E(Pgy), with equality only
whenm — oo.
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Table 1 Relationship between y and the REML estimators obtained from data with QTL plus markers (yqm) and markers
only (yw), assuming q fixed and finite, mvery large,m > gq,andq+m >>>n

Scenario Population MAF QTL/markers limp o0

E(Pam) E(¥m)
1 1 generation™ fuarg, = fwar,. . Complete LE y 0
2 1 generation® VAR 7 TMAF akers Complete LE y 0
3 1 generation* faF o = TMAF e LD y <<< E(yaom)
4 2 generations fMAFQTL = fMAF akers LD y << E(yom)
5 10 generations fMAF Gy = TMAF s LD Y <E@ow)’
6 1 generation* frnf o, 7 VAR aiers LD <<<vy <<< E(7om)
7 2 generations fMAch 7 TMAF pakers LD <<y << E(yom)
8 10 generations funf o, 7 VAR aiers LD <yt < E@ow)!

*Completely unrelated individuals

t limgy hﬁ,, = limgy héM = h2for a large number g of generations (strongly related individuals)

Simulations
Table 1 summarizes what is expected regarding the esti-
mation of the heritability for a set of scenarios that are
relevant in quantitative genetics studies, based on the
theory detailed in the section Conditions for unbiased
REML estimators. The REML estimation of y was per-
formed on data containing QTL plus markers (Pqm) and
markers only (Pm). It is known that v < pqm, since the
markers alone cannot capture more genetic variability
than SNP data that contains both QTL and markers [12].
However, for scenarios in which markers are in LD with
the QTL limpm— 00 PM = limm— oo Yom. When individu-
als are completely unrelated, such convergence is most
probably unrealistic even with sequence data (although
Pm approaches pqom). In populations with strongly related
individuals pp —> Pom for m finite and sufficiently large.
Figure 1 presents the simulation results for scenarios 1
and 2, Fig. 2 presents the simulation results for scenarios 3,
4 and 5, and Fig. 3 presents the simulation results for sce-
narios 6, 7 and 8. All three figures show the results for simu-
lations that assigned 3000 SNPs as QTL. The results for the
simulations that assigned 100 SNPs as QTL differed from
those presented in Figs. 1, 2 and 3 only by a larger variance
around the same means. In all three figures, panel (a) shows
the relationship between /; and «;, for the true model (QTL
only) and for both genomic models evaluated (QTL plus
markers and markers only); the relationship in the simu-
lated data agreed with the theory in the section Genomic

models for scenarios of interest in quantitative genetics, for
QTL uncorrelated and correlated to markers, respectively.
In all three figures, panel (b) presents the confidence ellip-
ses for the simulated heritabilities (h% . =y, /(1 + v,,.))
with a simulation parameter h? = 0.05,0.15,...,0.95,
and the heritabilities estimated using REML
(hZenvt = Ve /(1 + Vegny)» for the true model (QTL
only) and for both genomic models evaluated (QTL plus
markers and markers only); h% _ was very stable around the
simulation parameters, and hgg;; had confidence intervals
that agreed with the results in Table 1. Note that when QTL
were correlated with markers, in scenarios 3 to 8, the vari-
ability of higy; was smaller than that of higy; when QTL
were uncorrelated with markers, in scenarios 1 and 2. In all
three figures, panel (c) presents the confidence ellipses for
the simulated heritabilities (h =y, /(1 +y,,.)), with a
simulation parameter h? = 0.05,0.15, .. .,0.95, and the rel-
ative bias of h3pyy (RB(hapyg) = (hipvg — b0 /h2 ).
Note that when QTL were correlated with markers, in sce-
narios 3 to 8, the variability of RB(h&gy; ) was smaller than
that of RB(h&g,g ) when QTL were uncorrelated with mark-
ers, in scenarios 1 and 2. Note as well, that the variability of
RB(hjgy; ) decreases when h2  increases. For scenarios 6,
7 and 8, in which QTL were correlated with markers and
fMAFQTL) 7 fMAF(makersy We found that increasing the
number of generations (thus, increasing the relationship
between simulated individuals) decreases the bias of estima-
tion and the variability of h&gyg and RB(hZpg )-

(See figure on next page)

linkage equilibrium (LE), for both fyar - = fuar

markers

(h?

sim

Fig. 1 Simulation results for scenarios 1 and 2, consisting of one generation of completely unrelated individuals, with QTL and markers in complete
- Simulations were performed with 3000 QTL generating the phe-
notypes, replicated 500 times. a shows the relationship between 4;and «;, for the true model (QTL only) and for both genomic models evaluated
(QTL plus markers and markers only); b presents the confidence ellipses for the simulated heritabilities (W2, = ¥,../(1 + .,,)), With a simula-

tion parameterh? = 0.05,0.15, .. .,095, and the heritabilities estimated using REML (" = Veew /(1 + Ve ). fOT the true model (QTL only)

and for both genomic models evaluated (QTL plus markers and markers only); € presents the confidence ellipses for the simulated heritabilities
=¥,/ (1 + y,,.)), with a simulation parameterh? = 0.05,0.15,. .., 095, and the relative bias of hagy RB(hZew) = (hiew — Nam)/hZm)

and fary, 7 fvar




Page 7 of 21

Cuyabano et al. Genet Sel Evol (2018) 50:41

®

Q

X = @

[

3 55+
§35 £EE
2e% GEG
£52
£58%°
S Jr !
558 :

0e Sz 02 Sk 0L S0 00

2
[
£§.5%
srget
wWOM#
S EsE
s ELOES
c g5 **o0
53 g '
shb.s i
, - - . - ;
0e sz 02 S ot S0 00

3.0

25

20

15

1.0

05

0.0

T

01 generation

QTL uncorrelated to markers
fmaratL) # fmar(markers)

* QTL only
* markers only
--- 0 QTL + markers

0l

S0 00
("M3y)ay

S0 0L

®
@
2 = [
£§ ¢
o
2 Ez.E
m m0m+
[ -
K < E2ER
£E%GED
@ 8 F ¢xo0
SR
. |
553 :
; :
0} 80
Il/ﬂ/ - A XN
DTt = At e

01 generation

QTL uncorrelated to markers

fMAF(markers)
* QTL only

fmaraty)

< markers only
--- 0 QTL + markers

§
5% »8
E ¥ <
2E=0¢
T o C
o o Q +
s8d08¢
§815¢E06
22gFexo
o 3 =
oF £ i
© O '
0l 80 90 70 20 00
WY
24

ol

S0 00
("M3)ay

S0~ 0k

1.0

08

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0




Cuyabano et al. Genet Sel Evol (2018) 50:41 Page 8 of 21

| 01generation ~ 02 generations rd 10 generations o
QTL correlated to markers QTL correlated to markers d QTL correlated to markers
fuar(aTy) = fuar(markers) fuarary) = fwar(markers) fuarary) = far(markers)
* QTLonly © * QTL only w0 4 * QTLonly
- « markers only « markers only - « markers only
w | === © QTL + markers === 0 QTL + markers === 0 QTL + markers
©
=
& o <z 1> %
<
© -
o
o
o o o A
T T T T T T T T T T T T T T
0 2 4 6 8 0 2 4 6 8 0 5 10 15
A A M
a
o o o
~ || 01generation ~ || 02 generations - 10 generations
QTL correlated to markers QTL correlated to markers QTL correlated to markers
fuar(at) = fwar(markers) fuar(atL) = fwar(markers) fuar(atL) = fuar(markers)
© * QTLonly © * QTL only © * QTL only
ol * markers only ol * markers only o | * markers only AN
--- © QTL + markers === © QTL + markers --- © QTL + markers
© © ©
L, o] = <
= = =
~ ~ ~
< k=3 <
= = | =
o =] =]
o o o
S . o
o | ' o o &
=] =] =
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 06 08 1.0
2 2 2
hsim hslm hsum
S 1 01 generation ,o_ b 02 generations ,°_ 1 10 generations
QTL correlated to markers QTL correlated to markers QTL correlated to markers
fuar(aty) = far(markers) fuar(aty) = far (markers) fuar(aty) = fuar(markers)
* QTL only * QTL only * QTL only
IR TN JU T - —— x markersonly [ [l ] e * markers only “e=== % markers only
0 | h --- 0 QTL + markers [ H -=-- 0 QTL + markers o | -=-= © QTL + markers
o o o
n
n o b
—_ n —_ —
o o o
o g g b g e rrrrrr o] E g ot @ -0+
o o MoM T o
o o R o
0 0 | 0
< by S % 3
¥ :
2 | = 2 |
! T T T T T T ! T T T T T T ! T T T T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 08 1.0 0.0 0.2 04 06 0.8 1.0
2 2 2
hsim hslm hsim

[
Fig. 2 Simulation results for scenarios 3,4 and 5, consisting of one generation of completely unrelated individuals and two and 10 generations
of related individuals, with QTL and markers in LD, for fMA; o = fMAF e . Simulations were performed with 3000 QTL generating the pheno-
types, replicated 500 times. a shows the relationship between 4 and Ki, for the true model (QTL only) and for both genomic models evaluated
(QTL plus markers and markers only); b presents the confidence ellipses for the simulated heritabilities (W2, = ¥..,/(1 + .,)), With a simula-
tion parameterh? = 0.05,0.15,. . .,095,and the heritabilities estimated using REML (h3cu. = Yaew /(1 4 Ve ), fOT the true model (QTL only)
and for both genomic models evaluated (QTL plus markers and markers only); € presents the confidence ellipses for the simulated heritabilities
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Fig. 3 Simulation results for scenarios 6, 7 and 8, consisting of one generation of completely unrelated individuals and two and 10 generations of

related individuals, with QTL and markers in LD, for fyar

QrL

# fMAFmarkers‘ Simulations were performed with 3000 QTL generating the phenotypes,

replicated 500 times. Panel (a) shows the relationship between 4;and «;, for the true model (QTL only) and for both genomic models evaluated (QTL
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Discussion

We have performed a theoretical analysis of the likeli-
hood equations of genomic models based on splitting
these equations into components in order to isolate and
identify those that contribute to incorrect inferences. We
have shown that the term in the likelihood equations that
is responsible foAr2 producing potentially biased heritabil-
ity estimators (h,,) is in fact a measure that evaluates
whether G provides a proper description of Gq or not.

The key measure to evaluate whether bias
will arise in the REML heritability estimators is
ki = > b 1(UUqu)?iqr for every i=1,...,n, as we
have shown in the section Conditions for unbiased
REML estimators. Elements «1, . . ., kn correspond to the
diagonal of U'UqAQUqU, and the condition for unbi-
ased hg,,, is that the portion of variance explained by the
i-th component of G (defined by 4;) is equivalent to the
sum of weighted correlations between its correspond-
ing eigen-vector and the eigen-vectors of Gq, i.e. ki = .
This identity is equivalent to saying that Aq and A are
similar matrices in the general linear group of UéU.
Evaluation of this similarity of Aq and A is much more
informative than a direct comparison of the elements of
Gq with those of G, or a comparison of their eigen-values
(see Additional file 1, which presents the distribution of 4;
and «;, Additional files 2, 3 and 4, which present the scat-
terplots of /; versus (y'U;)?, and Additional files 5 and 6,
which present respectively a scenario where Zqmi # 4qQi
and «kqQmi = AqQmi Wwith E(hQM) =h? and a_scenario
where Ami = Aqi and «mi # Ami with E(hy) # h?).
Hence, in the scenarios studied here, we can detect when
a genomic relationship estimated by the SNPs correctly
represents the true genetic relationships by verifying
whether Aq and A are similar matrices in the general lin-
ear group of U, U, by comparing ; with ;. This compari-
son allows us to determine the presence and direction of
the bias, as described in the section Conditions for unbi-
ased REML estimators.

Scenarios in which QTL and markers are in LE have
been explored theoretically in other studies, with particu-
lar emphasis on the effect of the eigen-values of G on the
likelihood of the (misspecified) genomic model [8, 13].
Although Kumar et al. [8] discussed the relevance of the
difference between the eigen-vectors of G and Gq, they
did not relate this difference expressed by the correlation
between the eigen-vectors, implicit in «;, to the portion of
variance explained by each /; and iqk. The performance
of genomic models in estimating heritability was assessed
mainly by describing the sensitivity of the likelihood to
changes in the eigen-values, under the Marcenko—Pas-
tur distribution [18]. Indeed, the likelihood depends
sensitively on all the eigen-values, but evaluating the
likelihood given a change in each eigen-value separately
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is not as informative as evaluating the REML equation
given a change in the distribution of all eigen-values
simultaneously.

Assuming that the number of individuals (n) is suf-
ficiently large, and that the numbers of QTL and mark-
ers (q and m) both increase with increasing density of
SNP data such that limpgqm—ocon/(q+m) =c1 € (0,1)
and limgm 00 q/m=cy € (0,1), Jiang et al. [13]
used the Marcenko—Pastur distribution of the eigen-
values to evaluate the limiting behavior of the term
PGP/tr(PG) — P2/tr(P) in the REML Eq. (3) of the
genomig model, proving that under these assump-
tions, hg, is unbiased and consistent. Although Jiang
et al. [13] stated that h,, still remains unbiased and
consistent when QTL and markers are in LD, we have
raised a particular concern about inferences of h? in
the case when MAF(QTL) # MAF(markers), such as
when QTL are rare mutations, for which the estimate
of heritability are empirically known to be biased [1, 4,
8, 19]. Two remarks about the approach used in [13]
must be made at this stage. First, the limiting behavior
of PGP/tr(PG) — P?/tr(P) relies strongly on the Mar¢
enko-Pastur distribution, which holds only when the
SNPs are in complete LE (and thus individuals are unre-
lated, since family relationships would induce LD). The
second remark is that LD between markers and QTL
and the distribution of their MAFs may alter correla-
tions between phenotypes and genotypes, implied in
y'PGPy and y'Py, and this was not evaluated by Jiang
et al. [13], whereas in our study the correlations between
phenotypes and genotypes are implied in «; (see "Appen-
dix 2 and 3"). Using our approach and the result that
limgm—o00 G = limg, 00 Gq = A [17], we demonstrated
in section Genomic models for scenarios of interest in
quantitative genefics, that the conclusions from Jiang
et al. [13] about h,,,, are mathematically true, even when
QTL and markers are in LD. However, in populations
of unrelated individuals with QTL as rare mutations,
an unrealistically large number (tending to infinity) of
QTL would be necessary to ensure limg . Gq = A,
and when we assume that the number of QTL is finite,
limm— 00 G # Gq.

With the knowledge that the method proposed by Yang
et al. [1] may yield a biased hg,,, under some scenarios,
several approaches have been proposed for solving the
problem of biased estimates, exploring different genetic
architectures of the trait and population structure. The
theory presented in our study can be adapted to provide
an explanation for the success of those approaches, and
we offer an overview on how that can be done for five
approaches.

First, addressing the different MAF of the SNPs, Speed
et al. [4] suggests a weighting of the SNPs by their MAF,
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which would give the same weighting to terms involving
y in the non-observable REML functions, owing to the
change in the definition of the heritability. A G-matrix
obtained using the SNPs suitably weighted according
to the scenario will improve tl}g relationship between
«i and 4;, reducing the bias of hy,. The definition of a
suitable weight must be explored further, and the the-
ory provided in this study provides a tool that can be
used for such investigations. The genomic model in (1)
can be generalized to assume different weights to the
SNPs by simply changing the assumption for the distri-
bution of b to b ~ N(0, Dabz), such that D is a diagonal
matrix of weights. The G-matrix must then be defined as
G = WDW/'/tr(D) to ensure that properties indicated in
“Appendix 1” and theoretical evaluations in the Results
section hold.

Second, and with the same objective of distinguishing
SNPs by their MAF, Yang et al. [19] suggested a method
that is analogous to that proposed in [1] by fitting the
model with several genomic variance components, each
of them relative to groups of SNPs with MAF values
within the same range. In this approach, assuming the
components to be independent, we can obtain a non-
observable REML equation for each genomic variance
component to be estimated, and the analysis then follows
exactly as we have presented here. This approach also
generalizes the genomic model in Eq. (1) by assuming
b ~ N(O, Dog), as described in the previous paragraph,
with the difference that the values on the diagonal of
D are to be estimated. Indeed the method is capable of
removing the bias of hy,,. However, as observed by [19],
the increase in the numbAef of variance components may
increase the variance of h,,,, especially when independ-
ence between the components cannot be ensured, and,
depending on the scenario evaluated, the estimates may
be less reliable than those obtained by fitting a single
genomic variance component.

Edwards et al. [20] suggested a third approach, which
fits genomic models by including a variance component
for SNPs grouped based on genomic features (i.e. genes
and their gene ontology) to the model, which requires
the use of prior information about the genomic data. The
results of their study showed that a relevant amount of
variance was attributed to the significant feature, and h,,
in this approach can be evaluated with a non-observable
REML equation for each component (SNPs grouped
based on genomic features and SNPs not grouped based
op genomic features), just as we suggest for evaluating
h,, obtained with the approach proposed by [19]. It is
important to note that the genomic feature model works
better than a single component when the feature com-
ponent is enriched for the QTL; otherwise, this model
can also lead to problems in the estimation of h%. The
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advantage of grouping SNPs based on genomic features
instead of MAF is that there are Afgwer variance com-
ponents, reducing the variance of hy,,,. The use of prior
genomic information to fit genomic models with mutiple
genomic variance components was previously suggested
by Speed and Balding [21], who included a dynamic pro-
cedure to define a suitable partition of SNPs.

A fourth approach considers the situation where prior
genomic feature information is absent and Bayesian mix-
ture models, such as BayesB [22] or BayesR [23], are rea-
sonable solutions for assigning different distributions to
groups of SNP effects [20]. Again, non-observable REML
equations for each component can be used to evaluate
h,e, based on the assumptions posed by the Bayesian
mixture models, and the assumptions can be tuned using
the information from our suggested theoretical analysis.

A fifth approach includes related individuals to s‘g,idy
populations, which can greatly reduce the bias of hg,
when it exists. This is because rare QTL induce genetic
relationships between individuals. In populations of nomi-
nally unrelated individuals the common markers will
disguise those induced genetic relationships at the QTL
(limm—oco Gom = A =1 # Gq), drastically reducing
the correlations between eigen-vectors (1/n)U;Uqy and
resulting in ki < 4i. Conversely, in populations of related
individuals, assuming no selection, the induced genetic
relationships at the QTL will better reflect the kinship
matrix (GqQ ~ A), improving the correlation between
eigen-vectors (1/n)U{Uqx and resulting in less biased hggy,.

A last point to be raised in_this discussion, concerns
the direction of the bias of h,.,. We show in the sec-
tion Genomic models for scenarios of interest in quan-
titative genetics, with our theoretical analysis, that
when we consider a single genomic component in the
model to estimate heritability (assuming SNP effects are
all i.i.d.), when it exists, the bias of the estimator will
tend to be downward. An exception is observed when
fMAFQTL #* fMAFmarker and the number of QTL is smaller
than the number of individuals. If genomic models are
fitted including the QTL and markers, such that the
total number of SNPs in the genomic data is smaller
than the number of individuals, the heritability estima-
tor will present an upwards bias. This fact is related to
rank(Gqm) < n—1, as eigen-values that are zero are
overestimated by «;i. Increasing the number of markers
will make rank(Gqm) approach n — 1, forcing only the
last eigen-value to zero and the overestimation will no
longer be present (see Additional file 7).

When multiple genomic components are consid-
ered in the model, overestimation of heritability may be
observed even when the total number of SNPs is larger
than the number of individuals. When different vari-
ance parameters are estimated for each component, the
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multiple components approach is explicit, and overes-
timation of heritability will relate to components with a
rank lower than n — 1. When a single variance parameter
is estimated for SNPs associated with pre-determined
weights, the multiple component approach is implicit,
and overestimation of heritability as observed in [24] may
relate to «; overestimating the largest 4i. Associating pre-
determined weights to the SNPs in the genomic model
may inflate correlations U;Uqy for eigen-vectors Uj that
are associated with the highest eigen-values, resulting
in ki > A;, while correlations U;Uqy for eigen-vectors Uj
that are associated with the lowest eigen-values will be
deflated, resulting in ki < 4; (see Additional file 8).

Conclusions

In a Gaussian setup, the likelihood of a genomic model is
misspecified with respect to that of the true model that
conceptually generated the data. When used for inferring
variance parameters the misspecified likelihood may yield
biased estimators of those parameters, and inferences
must be interpreted with caution. Misspecification of the
likelihood is due to the difference between the covari-
ance structures of the data specified by the misspeci-
fied and true models (G and Ggq), and our study shows
that the bias of REML estimators of variance param-
eters is linked to the relationship between the eigen-val-
ues and eigen-vectors of both models, occurring when
ki = > p_1(UUqK)*/qk # 4i. Moreover, comparison of
ki with the eigen-value /; not only identifies the potential
bias of variance components estimators, but is also a very
informative method for comparing G with Gq. The eigen-
vectors reflect how each individual contributes to the pro-
portion of variance explained by the components of G and
Gq (defined by 4; and Aqy), and if the contributions are
similar, then «; &~ 4;, meaning that the covariance struc-
tures of the data specified by the genomic and the true
models are equivalent. In mathematical terms, x; = 4; is
the same as stating that Aq and A are similar matrices in
the general linear group of U5U. We have evaluated the
similarity of Aq and A in a set of scenarios of interest to
quantitative genetics studies, identifying those for which
inferences must be interpreted with caution. Because of
the many factors related to the genetic architecture that
influence the similarity of Aq and A (LD between QTL
and markers, presence and number of QTL in the SNP
data, MAF, relationship between individuals) and the lack
of information about the QTL, quantifying the bias (when
it exists) of the estimators of variance parameters, is not
trivial. Although the quantification of this bias is com-
plex, we can determine that in genomic models that con-
sider a single genomic component to estimate heritability
(assuming SNP effects are all i.i.d.), the bias of the estima-
tor will tend to be downward, when it exists.
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Additional files

Additional file 1. Distribution of Z;and «; for the eight scenarios, when
considering 3000 QTL and 2000 individuals. Distributions are presented
for G assuming the true model (QTL only) and assuming both genomic
models evaluated (QTL plus markers and markers only).

Additional file 2. Scatterplot of 4; versus (y/U‘)2 for one replicate on all
the eight scenarios, when considering 3000 QTL and 2000 individuals.
Distributions are presented for G assuming the true model (QTL only).

Additional file 3. Scatterplot of 4 versus (y/U;)? for one replicate on

all the eight scenarios, when considering 3000 QTL and 2000 individu-
als. Distributions are presented for G assuming the genomic model with
markers only.

Additional file 4. Scatterplot of /; versus (y/U‘)2 for one replicate on all
the eight scenarios, when considering 3000 QTL and 2000 individuals.
Distributions are presented for G assuming the genomic model with QTL
plus markers.

Additional file 5. Comparison of G to Gq for 2000 completely unre-
lated individuals by: (1) direct comparison of values, (2) comparison
of eigen-values (4j), and (3) comparison of /; to k;, and comparison of

~2
hpew toh? simulated with parameter 0.25,0.5,0.75, for 100 replicates of
each simulation parameter. Gg consisted of 100 QTL and G consisted of
these 100 QTL plus 1900 markers in complete LE with the QTL, such that

funr, 7 fuar

Additional file 6. Comparison of G to Gq for 2000 completely unrelated
individuals by: (1) direct comparison of values, (2) comparisorl?feigen—
values (%), and (3) comparison of 2;to k¢j, and comparison of gy, toh?
simulated with parameter 0.25,0.5,0.75, for 100 replicates of each simula-
tion parameter. Gq consisted of 3000 QTL and G consisted of 3000 markers
in complete LE with the QTL, such thathApm # fvar

markers’

markers’
Additional file 7. 95\% confidence intervals, based on 100 replicates, for
~2

the absolute bias of hagy, to h% Genomic data consisted of QTL plus mark-
ers for 2000 completely unrelated individuals. The number of markers in
the SNP data varied from 0 to 19,900, and 100 QTL were used to simulate
the phenotypes with h? parameter 0.6. QTL and markers were in LD, such
that fuar - # fuar
Additional file 8. Relationship between 4;and K, and absolute bias

"2
of hgy to h?. Genomic data consisted of QTL plus markers for 2000
completely unrelated individuals. 100 QTL were used to simulate the
phenotypes with h? parameter 0.05,0.15,....,0.95. QTL and markers were in

LD, such that fpar " # fmar . Markers were weighted according to
their LD with the QL.

markers”

markers
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Appendix 1: REML equation to REML function

Given any SNP genotypes matrix W with s SNPs, we
define G = s 'WW’ = UAU’ where U and A are the
eigen-decomposition matrices of G, the variance matrix
V = yG + I, such that n is the number of 1nd1v1duals in the
population, and P=V~! —Vv~l1, (1,v~11,)" 1/ \
Using the eigen-decomposition of G, it is stralghtforward
that V-1 = U(y A + I,)"'U". Thus,

_ o A+ UL LUGA + 1)
=U|(yA+1y) TUGA L L IULL U, (16)
and since (yA +I,)'U1,1,U(yA +1,)"! has ele-

ments 2UlU,/ [(1 +yA)A + y g] and the scalar
LUWA + 1) ULy =n? 3L, Ui /(L + y ),
}Ua
1

(17)

UiU;
A+yaA+vh) |,

) (Z o\
P=U{ (yA+1Iy) L - i
1:11+V)~i

We use the following properties of the eigen-decompo-
sition, when n is sufficiently large, to go through the next

steps:

EDI. 11> >/ 124 =0

ED2. s<n= 4 =0,Vi>s;

ED3. :1:1 Ai=n—1

EDA4. U=[U; ---Uyl: U{=[Ui1~'~Uin], v
i=1,...,m

ED5. 4 >0=—1,U; = j“=1 U = nU; = 0;

Hx n n 2 n 12 -2 n n 2 _i
it (21:1 Uii) =n= 3L, Ui=n"33, (21:1 Uii) =n

Thus, we have now that

n -1
P=U{ (A+1)7! - (Z U?Hu;m) [SAV

U =UIU, (18)
whereI' = (YA + 1) ! — n[Uil—Jk] Ekzl. Therefore,
[ PGP P2 ] JUTATU Ur?v
o®G)  w® |’ Y| wTA) oD
__ yUTATUy y'UIr*UYy
tr(TA) tr(T) (19)
where,
— di 7 ;Ln
(1) TAT = dlag(wil)z, o (yzn+1>2)’
, 2
Ui
— yUTATUy = 3", (ﬁ) )i
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(2) =(A+1In)" 2 - n[UIUkLk 1 =

S\ 2
Y/UFZU/Y =2 (y‘ﬁiﬁl) — ny*

o o_ 1
() te(TA) =3 L, 77t = 25 7AFD
@ (@) =3, Ml+1 -1=Y4 V7-11+1‘

Now, being y the solution of
y UL ATU’y/tr(TA) — y'UI'?U’y/tr(T') = 0, then,

-1 -1
S S
= y/lj +1 — yii+1 !

-1
n—1 n—1 2
1 y/Ui > =2
- - —n =0,
Zy,l,~+1 [;(;mﬁ-l Y

=1

multiplying the identity by
S5/ + D) [ /s + 1)

n1 nl
( > V/“J+1

n—1 n—1 2
4 Y'Ui -2
— Z o Z(/l'—l—l —ny*| =0,
=1 V4 o \V4

y'Ui

(21)
rewriting with Zinz_ll (Y'U)?/(y2; + 1) in evidence,
= yii+1 = YA +1 pu v +1
n—1 )
=2 g
=0, 22
+ny ; h (22)
and symplifying further,
S () S ers
= yli+1 P V2 yAJ + 1=
(23)
Finally, y is the root of what we now refer to as REML
function,
n—1n-—1 n—1 A
(y'Up? ( Ai — 4 ) 5 4
= — | +n .
8 ;; A+ ya2\1+r4 y ; 1+y

(24)
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Appendix 2: Correlations between phenotypes

and eigen-vectors

As defined by the true model, the phenotypes are
Y = 1,u + Wqbq + €q. Since eq is assumed (and sim-
ulated) to be independent from all the other elements,
eqUi = nCov(eq, Uj) — 0 for n sufficiently large. Thus,

Y'Ui = 1,Uin + bW Ui + eqUi — 1,Uin + ba W Ui,
(25)

and the squared term,

- — 2
(y/Ui)Z — (nMUi)z + 2n//,UibbW/QUQi + (b/QW/QUi) .
(26)

Assuming the true model, U; =Ug = UQi =0,
¥V Jqi>0 and bbW’QUi =0, V Aqi=0. There-
fore, 2nuUQib’QW’QUQi =0, V i=1,...,n. Assum-
ing the genomic model, we will assume that the
number of SNPs is greater than the number of individu-
als, ie. s > n, meaning that A; >---> 1,1 > 1, =0,
U; == U,_1 =0, and bbW/QUn = 0. Therefore,
ZnMUQibbW6UQi =0,Vi=1,...,n. Finally,

(y/Ui)Z — (anUi)Z + (b/QWbUi)z. (27)

Appendix 3: Non-observable REML function
When we use the result from (27) into the REML func-
tion (24), we obtain the following:

n—1n-1 -~ 2 4
_ nuUj A — 4 )
800 =22 <1+m> (1 v

i=1 j=1

2
n-1n-1 (b W, U; g
5 sl (£54)

)2 .
o Wryi? 1+

n—1 5
) 4
T 29

in which we rewrite the elements of the first term as
nuU; 2 i — 4
(1 +yii> <1 +y)~j>
- 2 _ 2
_ H2M2 |:< Ui ) Aj _ ( Ui ) },j ] ]
14+yii ) 14v) 14+yii ) 14+v)

(29)
vV A4>0= (U)24=0, V

since U; =0,
., n. Thus,

Now,
i=1,..
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_ 2 — 2
n,uUi < /11 - )Nj ) _ —r12/,L2 Ui )Nj
1+ y4 14y 1+ y4 1+7/ij‘

(30)
Because U; # 0 only when 4; = 0 and Z?:l L_Ii2 =n"}

e N} . _
1+ vk 1+ vy — 1+ vk

i=1 j=1

(31)
When n is sufficiently large, y— u, and
ny? SO A/ (L4 v ) —np? S A/ (L4 v i) — 0
Therefore:

2
n—1n-1 (bbW/QUl) X — /lj
— . 32
8 ;g 1+ yh)? (1+yij> (82)
We now move to understand some properties of

’QWézUi, keeping in mind that in the assumptions (and
simulations) we make in our study the QTL are inde-
pendent from each other, and the QTL effects are inde-
pendent from all the other elements. Another important
assumption used here is that WélUi, ... ,WéqUi are iid,
which allows us to define

1) E(bgzw’QUi) —0,
(2) Var (b/QWéUi> = o2 QVar (W@Ui)
2
- 1E<{b/QW’QUi} )
2
Thus, we have (b’QW/QUi) as an estimator,

(b’QWbUi)Z - < (b WU 2)

(33)
= Var( ’QWéUi> = 612-QVar (W@UJ
And finally, the non-observable REML function:
n—1n-1 \A/ar(W’ -Ui) v —
~2 Qj Ai 4
H O’ .
(34)
Replacing Var (W/QJ Ui) with  an estimator

Var (W) = U W WU - g 2(1, WUy
= U{UqAQUQUi — (1 W, Up?
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n-1n-1 [U{UQAQUbUi -
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8(y) — 6%,

32
i=1 j=1 A +y4)

C{*Z(lﬁlWéUi)z} <,11 — >

14y

and for n sufficiently large,

q 2 (1,WaU)? <<< UUqAQULUi = >k (UjUq)*4qk

with Zk 1(U UQk) /qk =0 due to properties of the
eigen-decomposition. So we can approximate the non-
observable REML function,

n—1n-1 n / 29
. Y k=1 (U0 Aqi [ 4i — 4
( ) N 0_2 K= 1 L ,
gly TQE; (1“1‘)/;4)2 1_‘_)//”.
(36)

and since our interest in evaluating g(y) = 0, it is equiva-
lent to evaluate &T_ég()?) =0, thus:

—1n-1

n21 > > ka1 (UUQ* Ak ( A — 4 ) —0
s e (1+y4)? 14y

We call this function non-observable because we have
now written it as a function of Ug and Aq, that cannot
be observed directly from phenotypes and genomic data.

(37)

Appendix 4: Summations as deviations from the
A-matrix

Let G =UAU  =A+ A and
Gy = UyAyU; = A+ Ay be two G-matrices based
on any set of SNPs, such that A; and A, are how much
G; and Gy respectively, deviate from A, the matrix
of expected relationships between the individuals,
expressed as correlations. We have then the following:

n

> (U4 Un) ik

k=1

n
=Y U} Z Uk + Z > UnUiy Z Ui Ui Aok
j=1

=1 1#
- Z UluGZJJ + Z Z UllJUlllGZJl
j=1 1#j
- Z Ull] 3jj + 82]] + Z Z Ull]Uhl a)l + 82)1)
j=1 1#j
= Z UL (14 85) + Z Z Ui Uit (a1 + 8951)
j=1 1#
= Z Uh} + Z U11)82J) + Z Z UluUhl aj] + 52]1)
j=1 1#j

(38)

=1+ Z UllJSZJJ + Z Z Uh]Uhl ajl + 82]1)

j=1 1#j

and

n

ZU’MUZkU’ZkUhAZk
k=

= Z Uh)Ulr) Z Uzk,/LZk + Z Z UllJUll‘l Z UZkJ Usia ok

j=1 1

= Z Ull)Uh')G2)J + Z Z Ull)UlrlGZJl

j=1 1

= Z UtijUuy (aj + 825) + Z Z U1ijU1n (a1 + 82j)

j=1 j=1 1#j

n n
= Z Uy3Uny (1 4 895) + Z Z UtiUq (aj) + 82j1)

j=1 =1 1%

= Z UhJUlrJ + Z UlllerJSZJJ + Z Z Ull)Ulrl ajl + 82]1)

j=1 1

= Z U111U1r162)) + Z Z UluUlrl aj + 52)1)

j=1 1

(39)

such that aj €[0,0.5] is the expected relationship
between the j-th and I-th individuals (in a non-inbred
population), ajj = 1 (the expected relationship of and
individual to itself, in a non-inbred population). Because
of the way we defined the G-matrices, and G1,G2 — A
when the number of SNPs is sufficiently large [17], it is
intuitive that ]E((S*jj) = IE((S*jl) =0, with Var(S*jj) and
Var (S*jl) proportionally inverse to the number of SNPs.

Appendix 5: QTL and markers in complete linkage
equilibrium

E.1 QTL + markers

We will use the following identities relating Gom, Gq and
G to understand the properties of the REML estimators
for the scenarios we simulated. Using the eigen-decom-
positions, we have:

q m
Gom=——Gqo+——G
QM p Q p M

q m ! / !
=Uq| ——Aq+ ——UqUmAMUyUq | Ug.
Q(CH-m Q q+m Q MEMEM Q) Q(40)

Now, because Gom = UQMAQMU’QM, using that identity
in Eq. (40) we have:



Cuyabano et al. Genet Sel Evol (2018) 50:41

UQMAQMUbM

q
=U Ag +
Q<q+m Q

m / / /
oy mUQUMAMUMUQ> UQ,

(41)

hence,

m
AqQ+ UoUpmAMUy U
Q +mQMMMQ>

q
A = Uy U
QM QM Q<q+m q

X U/QUQM. (42)
We must now understand what happens to the term
UbUMAMUI/\/[UQ in Eq. (42), in order to understand what
will happen the REML estimator of heritability. Applying
the results from Egs. (38) and (39), and because in these
scenarios we only considered completely unrelated indi-
viduals (implying that aj = 0), we have that the elements
in the diagonal and off-diagonal of UbUMAMUl’v[UQ are
respectively,

n

2
Z <U/QiUMk) j~Mk

k=1
n n
=1+ Ugydwi+ > > UqiUqidwmjl, (43)
=1 =1 1%
and
n
Z Ui UmiUpg Uqr Amik
k=1
n n
= Z UqijUqrjdmjj + Z Z UqijUqudmjl- (44)
j=1 j=1 1#

Because the markers are in complete LE with the QTL,
and remembering that IE(Sij) = IE((SMjl) = 0, we have:

E (i {UbiUMk} Z)LMk)

k=1

n n
=1+ Z E(Uéij‘Sij) + Z Z E(UqiUqudmjl) = 1,

j=1 j=1 1]
(45)
and
n
E (Z Ugi Uk Upy U m)
k=1

n n
= E(UqiUqgdm) + D > E(UqjUqudmy) = 0.
=1 =1 1%

(46)
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Therefore, E(UbUMAMUl’wUQ) =1,, meaning that

we can write UbUMAMUl’v[UQ =1, + 6, such that § is a
matrix of random errors around I,,, with [E(§) = 0. Back
to Eq. (42), we have now:

m
Ag + —— 1, +8) | Uy Ugum,
Q q+m(n )} QUam
(47)

Therefore the elements in the diagonal of Aqm obey the
following identity,

q
Aoy = UnyUo | —3—
= Fam Q{q-&—m

, q - , 2 m

AQMi = q—l—im 2 (UQMiUQk> QK + m(l =+ 8i),
=1 (48)

with 8i = Zjnzl UéijSij + Zjn:1 Zl;&j UqijUqidmjls from

Eq. (43), such that E(6;) = 0, from Eq. (45). Finally, isolat-

2
ing ZE:l (U/QMiUQk) AQk in Eq. (48):
n
2 A m
Z (U/QMiUQk) Qk = AqMi + i (ZQmi — 1= §).
k=1
(49)

E.2 Markers only

The genomic model containing the markers only is sim-
pler than the genomic model containing the QTL and
markers. Applying the result from Eq. (38), and because
in these scenarios we only considered completely unre-
lated individuals (implying that aj = 0), we have:

n

n
3" (UpiUa) e = 1+ Y Ubgida

k=1 j=1
n
+ Z Z UmijUmitdqjt = 1 + i, (50)
j=1 1#
with 8 = Zjnzl Ui/[ijs@i + Zjnzl ZI;&)’ Unmij Umitdqjl-

Because the markers are in complete LE with the QTL,
and remembering that E(Sij) = IE((SQj]) = 0, we have:

n
EG) = E(Uyday )
j=1

n
+ Z Z E(UmijUmiidqjt) = 0.

j=1 1%
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Appendix 6: QTL and markers in linkage
disequilibrium

F.1 QTL + markers

We will use the following identities relating Gqum, Gq and
G to understand the properties of the REML estimators
for the scenarios we simulated. Using the eigen-decom-
positions, we have:

Go+ 2 G
Qq-i-mM

G =
R q+m

m m
— (1= ™ VUoAoU, + — 2 UyAMUl,.
( q+m)QQQ+q+mMMM
(52)

Now, because Gom = UQMAQMU/QM, using that identity
in Eq. (52) we have:

UQMAQMU/QM = ( )UQAQU/Q

1o ——
q+m

m /
+ ——UmAMUy,,

q+m (53)
hence,
Aoum = <1 - m)UQQMUQAQUQQUQM
q+m
+ —— U UnAmUy Ut (54)

q+m

Therefore the elements in the diagonal of Aqm obey the
following identity,

n
m 2
Jami = (1= ——) 3 (UgwiVax) 7
o < q+m)k=1 Qwilak ) Aak

m

q+m

2

k=1

2
Isolating Y ¢, (U/QMiUQk) Jqk in Eq. (55) gives us the
following:
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n

2
> (U/QMiUQk) Aqk = Aqumi

k=1
n N n )
Z (U/QMiUQk> AQk — Z (UbMiUMk> MK | -
k=1 k=1

m

q+m

(56)
2
Applying Eq. (38) to > ¢, (UbMiUQk) Jqk and

2
> k=1 (U/QMiUMk) AMk> We have:

n 2 n
Z (UbMiUQk) ‘Qk =1+ Z Udmijdajj

k=1 =1
n
+) ) UomiiUqui (a1 + 8qp) (57)
=1 1%
and
n 2 n
(UbMiUMk) Mk =1+ Z Udmijomij
k=1 =1
n
+ Z Z UamijUquil (ajl + Sumj)- (58)
=1 1%

Finally, using the identities from Eqs. (57) and (58) in Eq.
(56):

n

2
> (UEzMiUQk) A = Aqumi + 8,
k=1

with & = s 5% 2k UquiiUqua (8qit — Smp).
To understand how & will affect the relationship

(59)

2
between Y }_; (UbMiUQk) 2qk and Aqum, it is funda-

mental to understand E(§;).
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E@) = +m ,21: IXI:E UqmijUqumil [8qji — dmit])
= m Z Z (UamiUqmitdaj) — B (Uants Uguirdus)
=1 1=1
= q+m ZZ [Cov(UqmiUqumi» 8qjj) — Cov(UqntUquin Swjj) |
=1 1=1
“{+m Z Z [Cov(UawijUqui Gaj — 2j) — Cov(UantUquit, G — 2j)]
=1 1=1
o ZZ [Cov(UawijUqui Gaj) — Cov(UamiUqmi Guj) ]
=1 I=1
= tm Z IZ: (Cov UQM”UQMH, GQ,J) (60)
j=1 1
q q
_ 7(:1 T )Zl ; Cov (UQMUUQMH’ {1 + }GQM” — ;Gij)
m q n n
= q—I—im (1 + E) le ; COV(UQMUUQMH, Gij)
q n n
 g+m (1 * E) ; ; Cov(UquiUquit, Gamj)
n n
= [Cov(UamUquit Gait) — Cov(UamiUqwi Gawit) |
j=1 1=1
n n
=22 (o = o)
j=1 1=1
Thus, E(5;) = anl 2{;1 (Oijl,Qlj - Oijl,jl)' It is intuitive ) . 2
that COV(UQMideMi[,G quit) = Cov(UqmijUqui Gajt), density of marker data increases, > 1_; (Up;Uak) Aok

therefore E(8;) < 0.

F.2 Markers only
When we use the genomic model containing the markers
only, from Eq. (38) it is straightforward that:

n

n
> (UpiUq) A = 1+ > Uldaj
k=1 j=1

n
+ Z Z UntijUnmtit (aj1 + 8-
=1 1%

If we randomly pick just a few markers, they will most
likely be in low LD with the QTL (UMlUQk ~ 0 for any
pk=1,...,n)and Y }_, (UMIUQk) Zqk ~ 0. When the

also increases, but Eq. (61) is not so straightforward to
understand analytically. Therefore, we use the identity
Gom = q(q+m)'Gq + m(q+m)"'Gy to help us
understand what happens when we use a genomic model
that contains only markers in LD with the QTL in the
SNP data. When the number of markers is sufficiently
large, limpy 00 GMm = hmnHOO Gqm, and consequently

limpm- o0 Zk 1 (UMIUQk) Qi = limm— o0 3y
(UQMiUQk) }~Qk
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This means that when we have a genomic model with
markers only, Gp will be able to explain, at most, the
same amount of variability that Gqum can explain.

Appendix 7: Algorithm used to simulate genotype
data

Given a sample size n, a number of markers m and a
number of QTL q:

(1) Generate 8 (m)x1 = [OQ 0M] a vector of MAT for
all the m markers, such that:

(a) if  QTL/marker 44 3¢ common vari-

antsd GQJNU(O 05, 0. 5)V) =1,...,q
~U(0 05,0.5)Vj=1,.

(b) 1f QTL/marker are rare vari-

ants; 0 U(0.01,0. 09 =1....q
QM]NU(O 01,0.03)vj =1,.
(2) Generate n x (q + m) genotype matrlx Z contain-
ing both QTL and markers:

(a) if the i SNPs are independent:
Zijy - Znj~B(2,6),¥j = 1,...,q + m;

(b) if the SNPs are correlated, use a routine to gen-
erate the correlated binomial data (details in
next algorithm), .S(}l.ICh that:

«(Zij,. .., Znj) | 0~B(2,6));
° (COI’(Zij, Zy) =ppvVi=1,...,n
(3) Obtain the standardized genotype matrix W,

,q+ m,
.onj=1,...

@) 6 =1/20) 30, ZVj=1,...

(b) wy = 2 _vi=1,.

,q+m,
\/26,(1-6)

(4) Use the group of q simulated QTL to create Wq,
(5) Use the group of m simulated markers to create
W

Appendix 8: Algorithm used to simulate correlated
SNP data

In order to simulate correlated binary data, we have
looked into approaches such as the Bahadur’s representa-
tion [25], and the algorithms of [26—28] and [29]. Finally,
we have opted for the use of a method that involves the
multivariate normal distribution, as proposed by [30].

(1) Given the vector 6(gymyx1 of MAFE calculate

pi = o LGV =1,.. .,q +m,
(2) For a matrix [SkJ]k simulate
1) 2)
X X g N )
3)vi=1,...,n,j=1,...,q+m:
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@ zf) =X > 01 P > 0) = 5
(b) zi(f) - H{xff) > 0): P(xi(f) > 0) = 6;

(3)Z; = Zi(jl) + Zi(jz), such that:

() Py = Cor(zlk’ ZU) = (Cor(Zl(ll), Zi(jl)) ’
(Z(l) Z(l))

ik

/o (1—61)0;(1— 9)

vk # j;
®)  E(zP7") =P(X{ > 0.x{" > 0)

ik
=P(X{ <0,X{" <0) +6+6 -1

Details about how to relate input matrix E to the output
correlation matrix X between SNPs are in “Appendix 10"

Appendix 9: Algorithm used to simulate phenotype
data
Setting UbZQ = (1/q)h?and ong =1-h%

(1) Generate bQi'iSN(O, IqobZQ ),
iid

(2) Generate teflvN(O, InaszQ ),

(3) Define a value to u,

(4) Calculatey = 1 + Wqbq + eq.

Appendix 10: Correlation structure between the
SNPs
Our aim was to simulate genotypes according to a par-
ticular correlation structure between the SNPs, defined
by X. It is very important to note that ¥ # E. Thus,
we need to describe here how we defined the elements
in matrix E, so that after the data was simulated, we
obtained the desired X. Without loss of generality, we can
define straight away that the diagonal elements of E are
all 1s.

Keeping in mind that 9]
the joint

d ep. 1
U(aj,bj), Hj = (OX (tj)and
cumulative normal distribution

P(x§k1> <0,X{" <0) = By, ~ o &)
—H 1 -

- f oo 27 \/1 Eﬁ( exp |:
has to be evaluated numerically [31], and defining
% = [Eg (o)1} 2, such that By (o) = pjc_, for all j # k:

(22§ uv+v?)
2(175,%()

} dudv, which
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b, b
pij—k| =Eq (Cor(Zi, Zy)) =/

] k

b b [POXY > 0,X( > 0) — et
/ / \/tk(l_tk)t)(l tj)

123 gkj) + 4 4+t — titx

Cor(Zix, Zij)fy, (t) 1o, (ti)dtidt

/bJ /bk ¢2(_I’Lj7_
Jay Ja Vi@ = tgd — )

Do (— L, — ks Eig)

[
3 Jag

\/tk(l

Do (=), — Uik Ekj)

- tk)tj(l - tj) titk

bk
(b—a))(bk ak>/ / Vi@ =t — )

b

1—u
—u(l —ry arctg<\ / u)
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fo, () o, (tic) dticdty
_ 1]
fo, (t) o, (ti) dticdt
1 -0 -t
T i (), () dtids
dtkdtj
by
arct 1-u
W-w g( ) (62)

R R

3

(bk - ak)

(bk - ak)

Ak

Thus, when we have the value for pj_j and the MAF’s ¢
and 6, along with their uniform distributions boundaries
(aj, bj) and (ay, by), from Eq. (62) we define the function
Ofgkjv

1
(bj — aj) (b — ax)

bk (D — Wi, — M Sk
/ / 2(—Wj, — i §kj) dtdt
Vi@ = o1 —t)

1 1bj
1-u
Jidi—w - arctg( u)
(b — 2)) (b — 2))

L d g

f(&5) = — pjj—x +

- b
p——te)h

>< J—
(bk - ak) (bk - ak)

(63)

Fmally, each element & from the correlatlon matrix

_.é that must be used to simulate an(q +m) XI(IZX)(q +m)
11

~N(u, £), is the root of f(§), which can be obtained by
using numerical methods.
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