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Abstract 11 

 12 

During the formation of open-cell foams the relevant driving force besides gas pressure comes 13 

from surface tension which controls area minimization of the topology. Accordingly, the 14 

Surface Evolver software expressly developed to shape liquid surface by minimizing their 15 

energy given various constraints such as bubble volumes allows computing very realistic 16 

models of equilibrium foam microstructures. However, when considering non-equilibrium 17 

foam (dense foam) or the formation of closed-cell foams where films between adjacent cells 18 

are thick, a more complete model would have to consider the expansion process as a whole 19 

and include the viscous flow of the suspending fluid, which eventually solidifies to form the 20 

solid phase of the foam. This situation has not been investigated computationally because the 21 

problem size is too large and despite several attempts there remain significant challenges to 22 

integrate the foaming process knowledge into mathematical formulas. In a continuing effort to 23 

establish structure-properties relationships, an ad-hoc model is detailed to generate numerical 24 

closed-cell foam microstructures that resemble the real ones for a medium to a high porosity 25 

range. Inspired from a physical description of the manufacturing process making use of 26 

chemical blowing agent, a dynamic approach taking into account the influence of the 27 

temperature on the physical material characteristics is proposed. It allows the nucleation of 28 

cells, their growth through gas expansion, and the interactions between growing cells to be 29 

taken into account simultaneously. The large variety of generated microstructures with 30 

porosities spanning the few to 95 percents range is compared to real polymeric closed-cell 31 

foams whose microstructures were determined by X-ray microtomography at high spatial 32 

resolution. These structures are then used as templates to generate realistic finite element 33 

models and study the mechanical properties. 34 
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I.  INTRODUCTION 1 

Polymeric solid foams combine attractive mechanical, thermal, chemical and diffusive 2 

transport properties which are interesting for light-weight structural problems. However, in 3 

order to diversify their applications in engineering systems and to make them even more 4 

efficient in the fields of health, transportation, construction, soundproofing and energy 5 

absorbing materials, it is important to fully understand the influence of the cellular 6 

microstructure on the effective macroscopic properties of the polymeric foam material. The 7 

task is not easy as the properties encountered at a macroscopic scale result from the combined 8 

interaction between the microstructure foam morphology and the physicochemical 9 

characteristics of the material constituting the cell walls. The latter is a complex mixture of 10 

different chemicals in proportions and distributions specific to the polymer foaming process 11 

and related to their ultimate tiny spatial scale. It is therefore often not possible to obtain or to 12 

mimic such materials of ill-defined nature when sufficiently large volumes and masses are 13 

required for experimental determinations of their bulk properties (such as their mechanical 14 

behavior: compression, traction, etc.). In addition to this limitation, the complexity of 15 

microstructures and foam morphology makes any genuine and systematic investigation of the 16 

effective macroscopic properties of real polymeric foams experimentally challenging. One 17 

way of overcoming this difficulty is to turn to numerical simulations. Thus, it is possible to 18 

develop an understanding of the correspondence between the characteristics of the 19 

microstructure and the effective macroscopic foam response. 20 

However, it is generally recognized that generating polymer foam microstructures is a 21 

computational challenge since realistic foam microstructures are complex. Several structural 22 

models have been created by replacing the real foam microstructures with those having 23 

simpler geometries. The models can be classified into two categories: those with regular and 24 

irregular structures. Regular structure models are often obtained by paving simple elementary 25 

cells in 2D (square, circle, triangle…) or in 3D (cube, sphere, tetrahedron...). W. Thomson 26 

(Lord Kelvin) proposed in 1887 a tetradecahedron as the best elementary model for packing 27 

equal-sized objects together to fill space with a minimal surface area [1]. This structure, 28 

relevant in liquid foams (Plateau’s laws) has been widely adopted for modeling polymeric 29 

foam structures. Kraynik and Warren have for example used it to perform a micromechanical 30 

analysis of the linear elastic behavior of low density open cell foams [2]. A major drawback 31 

of the models based on regular structures is that only the relative density of the foam (i.e. 32 

porosity) is taken into account. As a consequence, these models are not capable of describing 33 

the variation in the distributions of cell sizes, or shape, or positions of the cells for structures 34 
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having the same porosity, and hence not capable of describing the full macroscopic 1 

mechanical behavior of the foam satisfactorily. This is why other models based on more 2 

realistic geometrical descriptions have been proposed, such as those based on irregular 3 

structures. Voronoi tessellation of the space is often used for random cell structure generation. 4 

The process for generating these tessellations resembles the process of liquid foam formation 5 

where bubbles grow at a uniform rate. Whenever the bubbles touch each other, growth stops 6 

at the contact point but continues elsewhere. Due to this similarity between the mathematical 7 

procedure of the Voronoi tessellation and the physics of foam production, the tessellations can 8 

be created such that the cell geometry complies with Matzke’s experimental work [3] on the 9 

liquid bubbles shapes. Roberts and Garboczi [4] created 3D Voronoi models of open and 10 

closed cell foams. Valuyskikh [5] was able to extract irregular stochastic models by deflecting 11 

cell centers with a regular structure of tetradecahedrons. We note however that by generating 12 

a random structure from an initial regular structure without any constraint on the cell 13 

morphology, the structure obtained will lack important characteristics of the real foam 14 

geometry. To overcome this problem, the tessellation is usually relaxed by minimizing the 15 

total surface energy area while preserving the cell-volume distributions using the Surface 16 

Evolver software. This relaxation process creates several topological transitions within the 17 

local cell neighborhood that leads to soap froth that fully respects Plateau’s laws. In 18 

particular, compared with the Voronoi tessellation, slightly curved faces and edges and 19 

significantly fewer short edges have been observed [6]. In this regard, the Surface Evolver 20 

software originally developed by K. Brakke [7] to study a liquid surface shaped by surface 21 

tension and subject to various constraints, has allowed to make a significant leap forwards in 22 

the modeling of equilibrium foam microstructures. This approach is particularly interesting 23 

when large porosities are considered; however by nature it becomes inappropriate for non-24 

equilibrium foam microstructures, where a coupling between surface tension and viscous 25 

stresses has to be considered. For such non-equilibrium foam microstructures, the 26 

mathematical algorithm for surface area minimization can no longer give a relevant 27 

description of the morphology. In addition, certain physical “ingredients” should be involved. 28 

Two industrial foam structures of medium porosity are illustrated in Fig.1. For these 29 

foams, it is difficult to fit the cell shape with polyhedral or spherical unit cell geometry. 30 

Therefore, the extent to which the literature review, which mainly arose from liquid induced 31 

foam processes (soap froth), can be applied in the present case is questionable. As density 32 

increases, struts become thicker, joint regions become larger and cell walls are thick and 33 

mostly distorted. Plateau’s laws are no longer present. Viscous stresses are responsible for 34 
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these large variations in the microstructure. However, such foams are used in a large spectrum 1 

of domains, from automotive products to advanced technologies. There is in fact a driving 2 

force to re-examine most of these products at all levels with the intention of making them 3 

lighter in a cost-effective manner while still performing the intended function or surpassing it. 4 

The challenge then becomes the introduction of the porosity in such a manner that the 5 

mechanical behavior is optimized for the considered level of density. In relation to this 6 

question, there is a whole section of current research based on controlling the morphological 7 

foam microstructure in order to achieve a certain level of performance. Computer-based 8 

modeling which respects as much as possible the morphological characteristics of these 9 

industrial foams would be of great help in this respect. We note that microstructural 10 

imperfections inherent to industrial foaming processes are present (Fig. 1) and may lead to 11 

variations in the mechanical responses. 12 

 13 

 14 

Figure 1: SEM observations of industrial elastomeric closed-cell foam microstructures of respectively (a) 58% 15 

and (b) 82% porosity. The cells shapes are neither circular nor polygonal and several imperfections inherent to 16 

the industrial process are present (holes in the cell wall). 17 

 18 

For instance, the stiffness was observed to decrease by up to 40% when “wavy” cell walls 19 

(in opposition to “flat” cell walls) were taken into account in closed cell foams [8]. Other 20 

studies on the influence of cell shape variation (Grenestedt and Tanaka [9]) or of cell wall 21 

thickness variation (Grenestedt and Bassinet [10]) on stiffness response all concluded that it is 22 

necessary to incorporate the geometrical details of foam microstructure into the models to 23 

obtain valuable results. In order to do so, in the present study, an ad-hoc modeling of foam 24 

microstructural formation is described and allows for microstructural imperfections, as in 25 

those observed in real industrially made foam, to be taken into account. Given that bubble 26 

coalescence is not yet fully understood despite years of investigations [11], it is not our 27 

intention to detail all the chemico-physical mechanisms driving the foaming. In this context, 28 

Voronoi tessellations obviously do not involve any physical aspects such as gas diffusion 29 
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which are so essential to foaming. Nevertheless, there is no doubt that they are very useful to 1 

approach a characteristic microstructure of dry foam. The substantial idea is to obtain at the 2 

end a versatile microstructural topology that resembles the real ones at best and that can be 3 

further used as templates for mechanical studies.  4 

To achieve realistic modeling, high resolution X-ray micro-tomography can also be used 5 

[12-16] but it is nevertheless not as straightforward as the microstructure generation-based 6 

modeling methods, since it corresponds to a fixed geometric representation of one foam 7 

microstructure. Here, to get an idea of the mechanical behavior, one must analyze the effects 8 

of all the individual parameters constituting the microstructure and morphology of the foam 9 

(cell size, cell shape, connectivity, spatial cell distribution). The task is not easy as these 10 

parameters may couple each other. Furthermore, one may not have at hand a sufficiently large 11 

variety of real polymeric foams carrying all possible microstructures and morphologies. 12 

Indeed, the foaming process is relatively complex to modulate and sometimes impossible to 13 

attain in order to obtain a variety of structures that would have the same given porosity but 14 

with different morphologies (cell size distribution for example). Consequently, we have 15 

preferred to develop a model that generates closed-cell polymeric foams inspired from a real 16 

manufacturing process. The model simulates the evolution of interacting cells in a polymer 17 

melt encompassing all the steps from the nucleation stage, where tiny closed-cells appear, 18 

expand and mature until the ultimate microstructure is obtained. Despite the fact that Ostwald 19 

ripening and possible coalescence of the cells are not fully taken into account, our model 20 

mainly gives an insight of the way cells interact when the nature and the distribution of the 21 

mixture are varied in order to obtain the ultimate geometry and shape of the cells (wet, 22 

dry…). 23 

The model presented here particularly distinguishes itself from those already published by 24 

describing the radial fluid flow of the mixture during foam expansion. It combines spatial and 25 

temporal nucleation of cells and of gas therein that will form the cell structure. One of the 26 

main focuses of our model relates to the interactions between bubbles that grow and deform 27 

while they approach and encounter neighboring ones to ultimately lead to the complex 28 

microstructure of the foam. Our model, although based on a simplified vision of the foaming 29 

mechanisms, appears advantageous as it is more dynamic in the sense that it combines the 30 

radial flow of the mixture whereas the cells nucleate and grow at the same time, together with 31 

the gaseous release. The results demonstrate how polydisperse polymeric solid foams can be 32 

generated, and how close their ultimate morphology resembles the real ones measured by X-33 
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ray microtomography at high resolution, using synchrotron radiation. These structures provide 1 

the basic geometry for calculating mechanical properties with the finite element method. 2 

 3 

II.  FOAM MODELING 4 

II.1. Numerical implementation for foam microstructure generation  5 

Polymeric foams are produced in a number of different ways. Examples are through slab-6 

stock by pouring, extrusion and different forms of molding. In the work presented in this 7 

article, we have focused on one of the most widespread industrial processes based on 8 

chemical blowing agent (CBA). This process is usually comprised of three steps. First, 9 

thermoplastic polymer material and additives, such as carbon black, plasticizers and sulfur, 10 

are mixed together in the most homogeneous way. The second step consists of heating the 11 

polymer mixture up to the required temperature allowing the CBA to decompose and gas 12 

bubbles to be released. At this stage, cells nucleate. At last, the gas cells are observed to grow 13 

as the temperature is maintained with possible coalescence (ripening process). Then the 14 

temperature release stabilizes the cellular structure and leads to the ultimate morphology of 15 

the foam. The total volume expansion is quite large, a factor of about 10 being often 16 

encountered. This foaming process appears to be a very general common one in industry for 17 

polymer materials whether chemical reticulation is used or not (such as natural rubber, PVC, 18 

PE). 19 

The mixture composed of the polymer material and the other components is in a solid 20 

state before the heating stage. Then, as the heating goes up to the melting temperature the 21 

mixture can be considered as a highly viscoelastic solid. Since the released gas is at a higher 22 

pressure than the atmospheric one, the created pressure gradient constitutes the main source of 23 

driving forces that cause the cells growth. In many polymer foaming processes the gas amount 24 

in each closed-cell is constant: this observation will credit the assumption taken in our model 25 

(see § II.1.1). The foam expansion creates temperature diffusion and convection phenomena 26 

in the melt. The temperature significantly influences the characteristics of the foaming process 27 

and the physical properties of the polymer melt such as the cells nucleation, the viscoelasticity 28 

and the conductivity. The elasticity of the polymer melt becomes particularly important with 29 

steep contraction or expansion in the flow direction [17]. The elastic modulus, ��, is here 30 

considered to decrease exponentially with temperature, T:  31 

�� = ��exp�	
�� − �
�   (1) 32 
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with �� the elastic modulus at the initial temperature ��. This phenomenological law is 1 

generally used in the vitreous regime of polymers, even if more complex models reflecting 2 

glass transition effects can be proposed [17, 18]. To describe the usual observation that fluids 3 

are less able to flow when the temperature decreases, the increasing viscosity of the polymer 4 

melt, ��, is described as having an Arrhenius behavior [19, 20]: 5 

�� = ��exp ���� 
�
� − �

��
�  (2) 6 

where �� is the viscosity at the initial temperature ��, and R the ideal gas constant. The 7 

activation energy �� characterizes the thermal plasticity of the material. 8 

II.1.1 Single cell growth model 9 

To start with, we first describe the expansion of an isolated bubble in an infinite medium 10 

by investigating the forces operating at the gas-melt interface. Then, we investigate the 11 

evolution of a multi-cellular system where the nucleation and the growth of different cells can 12 

occur simultaneously. 13 

For an individual gas cell, the main interacting forces at the interface are the forces 14 

generated by the internal pressure in the cell, the reaction forces in the polymer melt and the 15 

surface tension forces. In the following these three contributions are defined: 16 

• Internal pressure 17 

Within the framework of the studied manufacturing process, as described beforehand, we 18 

may simplify by considering that there is no gas diffusion and that the quantity of gas inside 19 

the cell is constant (closed-cell foam). The gas (CO2 or N2) is modeled as an ideal gas. The 20 

Boyle-Mariotte law [21] is used as the temperature of the gas is also considered quasi constant 21 

(isentropic expansion). Note that this assumption is justified because there are very little 22 

thermal exchanges between the gas and the melt. The internal pressure creates a force directed 23 

in the normal direction ���� of the cell interface, located at a distance R at time t, towards the 24 

exterior (the mixture) and is inversely proportional to the volume: 25 

��� 
!, #
 = $%&'%&'
(
   (3) 26 

where �)* designates the initial pressure of the compressed melt and +)* is the initial volume 27 

at cell nucleation. 28 

• External pressure in the polymer melt 29 

As soon as the pressure gradient created at the interface is set the system is no longer at 30 

the equilibrium and the matter moves progressively together with the bubble, which grows 31 
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concomitantly. The Kelvin Voigt rheological model has been adopted to describe the 1 

viscoelastic behavior of the mixture material, where material elements move in the melt 2 

treated as a continuum [22-24]. Despite its simplistic approach it is of interest as one may 3 

infer the main effects of the rheology on the morphology and structure of the ultimate 4 

polymeric foam. The properties of the melt are characterized by a dynamic viscosity �� and a 5 

bulk elastic modulus ,�, both of them depending on temperature T. As the mixture is 6 

considered as incompressible (i.e. ρ =const), the movement of an elementary particle, spotted 7 

by its displacement vector, ���, and velocity, -� (the material derivative of ���) is described by the 8 

Navier-Stokes equation: 9 

. /01��
0( + 3-�. 5��6-�7 = . /8²:���

8(²7 = 5��. σ<   (4) 10 

where => designates the stress tensor. Note that normally the Navier-Stokes equation is written 11 

with a pressure gradient (that is needed to maintain incompressibility) separated off from the 12 

viscous (or viscoelastic) stress. In equation (4) the pressure term is nevertheless implicit in the 13 

stress tensor where pressure and surface tension contribute (see eq. 10 below). Here the 14 

adopted equation presentation allows the three components to be separately decoupled in the 15 

movement equation in order to emphasize the role of the stress fields inducing the cell 16 

expansion. 17 

The stress tensor is related to the strain tensor, ?,̿ and its rate, ?A:̿ 18 

=> = ,�?̿ + ��?A ̿  (5) 19 

coupled with the particle displacement: 20 

?̿ = �
B 
5����� + 35�����6�
  (6) 21 

In the following the projection on the radial direction is considered. Since spherical waves are 22 

expected, and one uses the variable change =C����
D, #
 = D. =�
D, #
 with r redefined as the radial 23 

distance from the interface. Using the approximations detailed in Appendix, the stress field 24 

=�
D, #
 in the mixture obeys the differential equation: 25 

0²EF
0�² − �

GH
0HEF
0(H + IJKJ

 0LEF
0(0�H = 0  (7) 26 

where t is the time variable and c represents the speed of propagation of the perturbation in 27 

the fluid mixture. Its expression, N = OKJP� , shows its dependence with the elastic bulk 28 

modulus of the mixture KT and its mass volume (density) ρo. Equation (7) appears almost 29 

equivalent to the equation describing the sound propagation in a viscous and incompressible 30 

medium [25]. The first two terms describe the space-time d’Alembert propagation of a wave 31 
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[26] whereas the third term describes the damping and attenuation effects due to the 1 

viscoelastic character of the mixture. One solution of the stress field, =�
D, #
, with the origin 2 

r=0 taken at the interface is given by: 3 

=�
D, #
 = ��QR( + 
�)* − �QR(
 �&ST�U�&ST VW� X⁄ VW( Z⁄ �  . ����  (8) 4 

where [ = \IJ]P�KJ represents a spatial screening length and ^ = IJKJ a time decay, both related to 5 

the characteristics of the mixture, and D*:G is the cell radius at nucleation (fixed value 6 

considered independent of time).  As expected the solutions are spherical waves propagating 7 

away from the bubble with a magnitude decreasing as the inverse of distance (the time 8 

oscillations contribution has been omitted and eq. (8) represents the envelop of the wave). The 9 

screening length is characteristics of the mixture and describes the absorption of the 10 

overpressure wave. With typical values of ρo = 2000 kg/m3 for a polymer melt with an elastic 11 

bulk modulus K0 =109 Pa and viscosity η0 between 102Pa.s and 103 Pa.s at the processing 12 

temperature of the order of 200 °C, the damping spatial characteristic length δ is of the order 13 

of 500 µm; it will increase by a factor 3 at the end of expansion since both rigidity and 14 

viscosity would have increased (ηT between 104 and 105 Pa.s and KT of the order of 1012 Pa). 15 

Concerning the temporal damping, τ, it is of the order of 1 µs, underlying that the rate limiting 16 

step is due to bubble expansion after the gas is already in the bubble, rather than mass 17 

transport of gas into the bubble, in agreement with real polymer foaming process where no 18 

gas diffusion occurs over the expansion process lasting no more than fraction of a second. 19 

• Surface tension forces 20 

The surface tension γ generates the elastic tendency of a fluid surface to acquire the least 21 

surface area possible. The force at a given point M on the cell interface acts along the normal 22 

_`������ of the interface (oriented outwards) and its magnitude is given by the Young-Laplace 23 

equation [27]: 24 

∆�������
b
 = ±d / �
�e + �

�H7 _`������   (9) 25 

where R1 and R2 are the principal radii of curvature at M (considered as algebraic values). The 26 

surface tension forces are directed inwards or outwards depending on the sign of the mean 27 

curvature. 28 

The resulting stress =�Qf`
b, #
 acting on an elemental particle interface centered at point M, 29 

is the sum of these three terms calculated at point M:  30 

=�Qf`
b, #
 = ���g
!`, #
_��` + =�QR(
!`, #
 ± Bh
�i _��`  (10) 31 
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where =�QR(
!`, #
 is the external stress per unit area applied by the material mixture at point 1 

M. The displacement of the interface of the cell can thus be deduced. 2 

II.1.2. Multi cellular growth model 3 

• Stress field in the melt 4 

In the single cell model, the polymer melt undergoes a stress field generated alongside with 5 

the cell growth. The latter is isotropic and hence the resulting stress field is radial pointing 6 

toward the outer of the cell (the total hoop stress is zero as the resultant of the lateral forces 7 

cancels). In the multicellular model we assume that each cell creates a stress field identical to 8 

the one inferred by the single cell model. However because the cells will encounter 9 

neighboring ones as they grow they will get deformed and their interface will not remain 10 

spherical. Isobaric lines are no longer concentric circles but depend on the morphology of the 11 

expanding structure. The distance from a point M in the melt to the cell interface i is noted 12 

diM. At the interface i, the elementary quantity diM is zero and in the melt diM > 0. Finally, the 13 

total stress field in the melt is the sum of the resulting stress fields caused by the N gas cells 14 

taken separately: 15 

=�(j(
b, #
 = ∑ =�QR(W)
lm` , #
n   (11) 16 

Note that the additivity of the stress fields from each individual bubble taken in isolation is an 17 

approximation valid at first order only, since the individual stress field decays exponentially 18 

with the distance from the cell interface (see eq. 8). 19 

• Temporal distribution 20 

The multicellular growth model must incorporate the cell nucleation distribution over time 21 

knowing that their growth and nucleation may happen simultaneously. Following other works 22 

[28] a configurable normal distribution is adopted to give different nucleation rates: 23 

oG
#
 = o� − op QqrseH
�WQqrseH + ne

�WQqrseH VWt
(W(e
H    (12) 24 

The number of cells oG
#
 nucleated at time t depends on the number of cells  o� that were 25 

initially nucleated before the foam expansion, but also on the maximum number of additional 26 

cells o� nucleated from 0 to time #� , and on the standard deviation of the distribution, 27 

represented through the constant b. It is considered that no more cells are nucleated after t1, so 28 

eq. 12 is valid for 0 < t < t1. We will see further that several types of distribution can thus be 29 

obtained: no additional nucleation (distribution 1; b=infinite; see Fig. 3 left); additional 30 
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nucleation with no delay (distribution 3; b=0.013 in (time iteration unit)-2; Fig. 3 right) or with 1 

delay (distribution 2; b=0.047 (a.u)-2; Fig. 3 middle)   2 

 3 

• Spatial distribution 4 

In our model we assume that all the cells nucleate with an initial fixed radius and identical 5 

internal pressure. We have developed a homogeneous nucleation model that incorporates the 6 

concept of influence volume approach (IVA) around the cells [29]. Each cell has an influence 7 

on a zone surrounding it. The IVA is a band around each cell surface. In most cell growth 8 

models this zone is intended to provide an accurate measure of the amount of gas entering 9 

into the cells. It changes over time depending on the gas concentration in the vicinity of the 10 

cells. However, for the studied foam manufacturing process, there is no in-flux gas diffusion 11 

directed from the polymer melt toward the cells. Off gassing is generated within nucleating 12 

and blowing agents and for each cell the whole compressed gas inside is solely generated at 13 

its nucleation stage. There is also no gas diffusion outward the cell since we consider the 14 

process of closed-cell foam only. In the influence zone of each cell we consider that no cell 15 

nucleation may occur; in other words no additional cell may merge or coalesce with the 16 

largest cell already in place. This description has a physical meaning as stress field around a 17 

bubble is intense and prevents cell nucleation; moreover it is known that small bubbles may 18 

be sucked by larger ones (Ostwald ripening). The extent of this zone is determined from the 19 

characteristic properties of the polymer melt and the process conditions. It has therefore an 20 

identical and constant spatial extent value for all the cells regardless of their size. Figure 2 is a 21 

2D illustration of the cells spatial distribution depending on IVA. 22 

 23 

 24 

Figure 2: Illustration of the two concepts on which the model for interacting cells is based. Every cell (contour 25 

drawn in red) creates an influence zone in the melt (grey) surrounding it. As a result the nucleation of new 26 
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additional cells (in blue) may occur only away from this restricted zone. As time elapses, the already nucleated 1 

cells grow and expand in the melt and the potential nucleation zone (in black) shrinks. 2 

The potential zone of nucleation at a given time t is the virtual volume in which new cells 3 

nucleation can occur. The number of cells is given by the nucleation time distribution whereas 4 

the locations of their centers are determined according to a random selection algorithm which 5 

allows both homogeneous and heterogeneous nucleation to be modeled. These terms refer to 6 

simultaneous nucleation of cells or not, leading to monodisperse or polydisperse structure 7 

respectively (see next section). 8 

 9 

II.2.  Resulting foam morphology 10 

The stress fields calculated are based on a 3-D point of view (see Appendix). But the same 11 

principle can be applied in 2D; therefore the simulation algorithm was implemented in 2D and 12 

3D. We chose the Eulerian approach. Since the nonlinear partial differential equations and 13 

boundary conditions are already solved, the stress field in the mixture (equation 8) and the 14 

displacement of the cells interface (equation 10) are simply calculated via a numerical grid. 15 

The latter is a discrete representation of the geometrical domain on which the numerical 16 

simulation is carried out. We have taken a square grid (cubic grid in 3D), defined by its pitch 17 

size (LxL) and by the number of elements N2. The position of each node of a grid element is 18 

given by its coordinates (i,j). The vectorial stress field is calculated at each node. 19 

The evolution of the gas-mixture interfaces is monitored by means of a mesh composed of 20 

interconnected points that describe those interfaces. Every point models a material particle of 21 

the mixture at the interface. An adaptive resolution sets the spacing between points following 22 

the contour of the cells in order to maintain the same precision in their output all along the 23 

cells growth. This is a re-meshing. Thus, if necessary, the algorithm may remove or 24 

conversely add some points in a given cell depending on its evolution throughout its growth. 25 

In 3D we use 642 points per cell constituting a triangular mesh. 26 

Some microstructure characteristics such as the mean cell volume, the mean equivalent cell 27 

diameter and porosity are calculated. In the simulation the cells can move continuously. An 28 

equilibrium state is assumed to be reached when the change in foam porosity no longer 29 

evolves (with variation smaller than 0.01%). The simulation is then stopped leading to the 30 

ultimate microstructure. The morphometry of the obtained foam at equilibrium can be 31 

characterized by two inferred parameters, the porosity, P, and the dispersion coefficient of the 32 
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cell size, u1jv, defined as the dimensionless ratio between the standard deviation and the mean 1 

area wx  (simulation in 2D) or volume (simulation in 3D) of the cells: u1jv = X��y.  2 

Following we present and discuss some simulation results in 2D and 3D. 3 

 4 

 5 

II.2.1. Generation of 2D microstructures 6 

Different microstructures morphology can be generated by varying the spatio-temporal 7 

distribution of the cells, the process parameters and the polymer melt characteristic properties. 8 

Indeed, because KT and ηT affect the distance scale δ and the time scale τ differently, the 9 

distribution of cell size will depend on the ratio of τ to the distribution of nucleation times, 10 

and the ultimate morphology will depend to whether it is the variation of KT or ηT which 11 

dominates. Figures 3 to 5 provide several examples of 2D microstructures containing each 12 

100 cells and characterized by four parameters: two input parameters which are the screening 13 

distance δ and the surface tension d� and two measured parameters inferred from the final 14 

microstructure: the porosity P and the dispersion coefficient u1jv. Excepted for the temporal 15 

nucleation and the two input parameters aforementioned all microstructures have been 16 

obtained with the same characteristic properties. In the microstructure morphologies of Fig. 3 17 

the screening distance δ has been kept to the same value 90 µm but the time dependence of 18 

the cell nucleation has been varied. Thus, when a simultaneous cells nucleation (type 1 19 

distribution) is chosen the obtained microstructure is close to monodisperse, i.e constituted of 20 

nearly identical cells in size and the coefficient Cvol is very small. When the cells nucleation is 21 

operated with delay (type 2 distribution), a polydisperse microstructure is obtained with large 22 

values of Cvol. Thus the microstructure is constituted of two distinct scales of cell sizes and 23 

the coefficient Cvol is larger than 1. A temporal nucleation of microstructure following a 24 

Gaussian distribution leads to a polydisperse microstructure with Cvol = 0.44. Note that the 25 

measured porosity P is almost the same for these 3 microstructures (P = 85 ± 1 %), despite 26 

very different microstructure morphologies and cell size distribution. The small variation for 27 

the reached value of porosity is linked to the incremental time step used in the computing 28 

calculation. This already indicates that the foam porosity cannot be alone a relevant parameter 29 

to describe the cellular microstructure (see also Discussion). 30 

 31 
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 1 

 2 

Figure 3: 2D microstructures generated for different time distribution profiles for the cells nucleation. In these 3 

simulations all other parameters were kept constant (screening length δ = 90 µm; surface tension γ0 = 15 mN/m). 4 

Note the overall porosity is used as convergence criteria, here P = 85 ± 1 %. Quasi-monodispersity is observed 5 

only when the cells nucleate simultaneously (type 1 distribution; left) and Cvol = 0.14. Otherwise Cvol = 1.63 > 1 6 

when cells nucleate with delay (type 2 distribution; middle) with two marked populations of cell sizes; and Cvol = 7 

0.44 when the nucleation follows a Gaussian temporal law (right). Note the different expansion scales for the 8 

growing cells. 9 

 10 

To get insights into the influence of the screening length, we have generated microstructures 11 

where all cells nucleate at the same time, namely at the starting time of the simulation (type 1 12 

distribution). Therefore all the cells reach nearly the same size and the Cvol has a low value 13 

(Fig.4). These microstructures differ by the wall thickness separating consecutive cells. The 14 

porosity P decreases as δ increases. 15 
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 1 

Figure 4: Influence of an increasing screening length, δ, on the 2D microstructures generated when all cells 2 

nucleate simultaneously (type 1 distribution of Fig. 3), all other parameters being kept constant. The obtained 3 

porosity, P, decreases and the polydispersity in cell sizes, Cvol, slightly increases but still remains small. Left: δ = 4 

56 µm, P = 90%, Cvol = 0.08; middle: δ = 76 µm, P = 85%, Cvol = 0.12; right: δ = 133 µm, P = 72%, Cvol = 0.16. 5 

Note that an event of two encountering cells leads to their coalescence as illustrated by the arrow. 6 

 7 

The influence of the surface tension has also been investigated. All microstructures in Figs. 3 8 

and 4 have the same surface tension coefficient d� while the microstructures in Fig. 5 were 9 

calculated with a surface tension 1.6γ0 and with 2γ0 (with a screening distance δ kept fixed). 10 

As expected, when the surface tension increases the cells become more spherical and are 11 

smaller. Indeed, by minimizing the cell surface energy the surface tension forces generate 12 

constraints facing cells growth. These constraints depend on the curvature of the cells contour, 13 

which results in a rounding of the cells shape. The apparently strong influence of the surface 14 

tension might be associated with the non-Newtonian behavior associated likely to the fact that 15 

the Kelvin-Voigt model describes a viscoelastic solid. 16 

 17 

Figure 5: Influence of an increasing surface tension, γ, on the 2D microstructures generated when all cells 18 

nucleate simultaneously (type 1 distribution of Fig. 2), all other parameters being kept constant (screening length 19 

δ = 70 µm). The obtained porosity, P, decreases and the polydispersity in cell sizes, Cvol, increases. Left: γ = γ0, P 20 

= 86%, Cvol = 0.10; middle :γ = 1.6 γ0, P = 85%, Cvol = 0.16; right: γ = 2.0 γ0, P = 47%, Cvol = 0.29.  21 
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II.2.2. Generation of 3D microstructures 1 

The algorithm in 3D is an extension of the 2D one. Generating an accurate 3D structure 2 

depends on the initial sampling points defining the surface of the cells and the surface 3 

meshing adopted. Each cell at nucleation is represented by a polyhedron with a set of 4 

equidistant vertices. A regular mesh of these vertices with equilateral triangular elements is 5 

adopted to form the spherical polyhedron delimiting the contour of each cell. The obtained 6 

microstructures after each numerical simulation are vector images (Fig. 6a). The 7 

corresponding models are then extracted. In 3D the microstructure simulation gives a 2D 8 

triangular meshing of the cells surface (Fig. 6a). The cells are solid materials redefined then 9 

by their surface contour (Fig. 6b). Finally the bulk material is extracted from the volume 10 

outside the cells (Fig. 6c). Some samples are extracted by cutting cylindrical or cubical shapes 11 

to get the final microstructure models. This procedure has allowed us to generate a large 12 

variety of microstructures with different morphologies in terms of porosity and polydispersity. 13 

These morphologies are geometrically similar to the real observed microstructures [16] as we 14 

will discuss in the discussion section (§ IV). 15 

 16 

 17 

 18 

 19 
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Figure 6: Reconstruction of a 3D microstructure. After having obtained the cellular structure by numerical 1 

simulation (a), the contour surfaces of the cells are created (b) from which the microstructure is extracted (c); see 2 

main text. Different porosities and polydispersities can thus be generated: (d) P = 59%, Cvol = 0.35; (e) P = 73%, 3 

Cvol = 0.33; (f) P = 75%, Cvol = 1.37. 4 

 5 

II.3 Sources of errors and limitations of the model  6 

It is important to investigate the errors and the limitations of the physical model in order to 7 

validate the consistency and to compare the generated microstructures to the real ones 8 

encountered in polymeric foams. Numerical simulation of the microstructure evolution during 9 

the foam manufacturing process is only an approximate solution. In addition to errors that 10 

could be introduced in the development of the physical model algorithm, in its programming 11 

or in the implementation of boundary conditions, the final numerical solution includes several 12 

types of systematic errors [30]:  13 

• Modeling errors due to a discrepancy between the genuine foam manufacturing 14 

process and the exact solution of the physical model even if the latter is derived 15 

without any approximation. This aspect is detailed in the Discussion section. 16 

• Approximation errors/discretization errors due to a finite spatial and temporal 17 

resolution. 18 

The smallest element dimension in the simulation grid, zx)*, must be chosen so that any wall 19 

thickness contains enough elements. Since the spatial screening [ is a dimensional 20 

characteristic of the microstructure walls, an upper bound of zx)* is given by: zx)* < �
| [ 21 

where [ = \IJ]P�KJ. 22 

The effect of the grid mesh size on the resulting value of the spatial screening length δ was 23 

controlled running a simulation of two growing bubbles (Table 1). As the grid pitch size is 24 

approaching the upper bound limit, the spatial resolution becomes too low to get accurate 25 

values (stability of the result is not maintained). 26 

Grid size (Px) δ (Px) 

34x34x34 3.0445 

50x50x50 3.1837 

100x100x100 3.1816 

Table 1. Accuracy of the δ value for different grid sizes (1003, 503, 343) 27 

The approximated solution of the stress field in the melt has a specific domain of validity (see 28 

Appendix). Here ones consider that the particles move with small displacements and at low 29 

velocities: thus, the discretization time ∆t must be smaller than Lmin/c, where N is the 30 
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propagation speed of the perturbation in the fluid mixture. It constitutes the criteria we chose 1 

for the maximum time step. This inequality sets an upper bound for the time increment of the 2 

simulation (Δ# < IJKJ = ^, where ^ is the time decay), beyond which the approximations used 3 

for equation (7) are no longer valid. 4 

 5 

III. MECHANICAL PROPERTIES 6 

III.1. Finite element modeling 7 

To check for the performance of the “ad-hoc” modeling under study, a microstructural model 8 

was developed from the basis of structural analysis by x-ray tomography of real elastomeric 9 

foam of 62% porosity. Then a comparison of the compressive mechanical behavior between 10 

the model microstructure and the real foam was performed. This approach is often observed in 11 

the literature review dedicated to foam modeling. As an example we can quote the work done 12 

by Jang et al. for open-cell foams [31]. In our particular case, considering the bubbles size as 13 

indicative of their lifetime, a nucleation rate with time was chosen as input parameter for the 14 

simulation to be run. This goes with the determination of the time distribution profiles for the 15 

cells nucleation. Then the seed points were chosen to appear randomly and the overall 16 

porosity stated the termination criteria for the simulation. The physicochemical characteristics 17 

of the materials were provided by our industrial partner and physically reasonable values for 18 

the mechanical properties were used (K0=1012 Pa, η0=103 Pa.s, γ0=15mN/m). For this material 19 

input, one of the difficulties in determining precise values is due to chemical blowing agents 20 

that are exothermic when they decompose at high temperature. This may induce chemical 21 

reactions during the process. The process generates a cellular microstructure that is closely 22 

representative of actual polymeric foam microstructures as demonstrated in the discussion 23 

section here after, for a same kind of foam although with a little lower porosity. The finite 24 

element program MSC Marc was employed to perform numerical compressive tests within 25 

the framework of the large displacement theory. The results were compared to experimental 26 

measurements carried out on five polymeric foam samples. These experimental tests were 27 

performed at ambient temperature under constant displacement rate using an INSTRON 28 

E3000 testing machine equipped with a 1kN load cell. The constitutive model chosen for the 29 

base material was determined using a Mooney Rivlin fit of the engineering 30 

tensile/compressive stress-strain curve of the bulk material (not foamed). One can report to 31 

the Supplementary data document for details. A model containing a large number of cells 32 

(587 cells) was chosen as representative volume element (RVE). The size of this RVE was 33 
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carefully established in our previous work [12]. It is also in good agreement with several 1 

previous studies [32]. A standard model contained around 1.5.106 elements and each 2 

simulation took about 74h of CPU time on a workstation with 128 Gb of RAM. The 3 

compressive response was also compared to predictions obtained with periodic unit cells of 4 

spherical voids arranged in FCC or BCC structures and for the Kelvin’s structure, while 5 

keeping the same level of porosity (62%). Figure 7 shows the different microstructural 6 

morphologies used for the mechanical study. Note that ad-hoc modeling presents 7 

microstructural morphologies that are the closest to the ones observed in real polymeric foams 8 

for the same level of porosity (Fig. 1a). 9 

 10 

Figure 7: Sketch of the numerical models, from left to right: a) Body-centred cubic (BCC), b) Face-centred cubic 11 

(FCC), c) Kelvin’s tetrakaidecahedron structure d) “ad-hoc” model. 12 

III.2. Compressive behavior 13 

Figure 8 shows the compressive stress-strain curve obtained for the numerical models in 14 

comparison to the measurements led on the industrial foam for a porosity of about 62%. 15 

 16 

Figure 8: Large strain compressive behavior of foams – comparisons between numerical models and experiments 17 

 18 
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The values reported for the porosity are the ones calculated directly from the meshing element 1 

volume. Thus, small differences can be observed within 1% of the theoretical targeted value 2 

even if the mesh size was fine enough to represent accurately the geometry. The prediction by 3 

means of the ad-hoc modeling is the closest to the one observed experimentally. In opposite, 4 

models based on ordered spherical voids overestimate the properties and seem inappropriate 5 

to represent real foam behavior, while the one based on Kelvin’s cell tends to return to the 6 

true response. The reason for these observations can be inferred from consideration of the 7 

structure of the interstitial material that may present strain localization in case of polygonal 8 

structure (ad-hoc and Kelvin) and thus diminishes the mechanical resistance of the foam. 9 

The relative Young’s modulus (�~j�x �gjv)�⁄ ) for the considered crystalline arrangements of 10 

voids are in good agreement with model predictions of Christensen et al. [33] and of Heitkam 11 

et al. [34] with relative Young’s modulus of 0.19. However, these predictive models and the 12 

scaling laws by Gibson and Ashby [35] fail to describe the experimental stress-strain 13 

behavior. As demonstrated by Heitkam et al. [34] Young’s modulus for porous materials 14 

strongly depends on the porosity but it is much less affected by the way how the porosity is 15 

distributed. However, they also remarkably demonstrated that values of the Young’s modulus 16 

are depending on the orientation of the applied load on the structure. To put it in another way, 17 

the dominant structural feature of the void materials is all about the necks confined between 18 

three or four voids. When they become narrowed because of high porosity or because of local 19 

topology distortion, a rigidity loss is observed. This explains the large difference observed 20 

when realistic foam microstructure simulation is considered since then very thin cell walls are 21 

randomly distributed inside the material leading to easiest distortional deformations as 22 

shearing or bending. Consequently, to accurately predict mechanical behavior, the distribution 23 

of material along the strut has to be taken into account and a FE simulation with close to exact 24 

geometry of the cells is needed. Scaling laws derived from beam theory proposed in the 25 

literature stay consistent with high void fraction when very thin interstitial material is 26 

assumed to be ideally and uniformly distributed into either struts or in cell walls of uniform 27 

thickness. We checked for the reproducibility of the results given by the “ad-hoc” modeling, 28 

by running another model with the same parameters (leading to a same Cvol and porosity). 29 

This model is reported in the Supplementary data document. Remarkably it leads to a 30 

compressive response very close to the one shown here. 31 

 32 

 33 
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IV.  DISCUSSION 1 

Establishing the relationships between properties and structure is a challenge for cellular 2 

materials, since the heterogeneous character of their complex morphology cannot be put 3 

aside. As a consequence a precise description of the microstructure of the polymer foam at all 4 

the spatial scales encompassing the mesoscopic and the micrometric scales is called for. The 5 

variety of morphometries encountered in polymeric foams results from a subtle interplay 6 

between thermal, physico-chemical, and rheological couplings during the foaming 7 

manufacturing process. In our work we have developed a simple physical model that 8 

generates closed-cells polymeric foams following the three steps of the most widespread and 9 

used industrial process based on chemical blowing agents. In particular we have proposed an 10 

original description of the expansion step during which the growing gas cells may interact, 11 

encounter, and eventually coalesce with neighboring ones, whereas simultaneously other and 12 

additional cells may also nucleate. The advantage of our model is its combination of 13 

thermodynamic and dynamic approaches. Here we discuss the validity of the physical based 14 

model and set some limitations. 15 

 One way of getting a flavor about the consistency of the microstructures generated by 16 

numerical simulations is to compare them with the real ones. In a previous work we showed 17 

how the complex microstructures of genuine polymeric foams can be determined 18 

experimentally with accuracy. To achieve this goal we used both electron microscopy and X-19 

ray microtomography at high spatial resolution [12]. In Figure 9 the microstructure of closed-20 

cell polymeric foam with a 56.0% porosity is compared with a simulated one generated with 21 

time distribution close to type 3 for the cell nucleation that lead to a similar value for the 22 

porosity (58.5%). Using the cells sizes as inferred from x-ray tomography data, the bubbles 23 

lifetimes can be estimated; as a consequence a nucleation rate with time can be defined. In the 24 

3D view one must not attach too much importance to the fact that the outer cells appear 25 

different. Indeed as explained in details in [12] a cylindrical subvolume of the computed 26 

microtomography dataset is extracted from the final reconstructed image represented by a 3D 27 

array of voxels. As a result no periodic boundary conditions can be applied as they would be 28 

inadequate. Conversely, in numerical simulations the cells grow very quickly in the absence 29 

of external constraints. Therefore to overcome this discrepancy and minimize edge effects, we 30 

have extracted a Representative Elementary Volume (REV) with 400 cells at the end of the 31 

simulation. The spatial distributions of the cells for the experimentally determined and 32 

numerically simulated microstructures appear very similar as illustrated in the longitudinal 33 

sections. The quantitative statistical analysis on the cell volume shows also a very good 34 
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agreement (Fig. 10a). However, one can note small differences in the longitudinal sections (as 1 

outlined by the arrows in Fig. 9). Thus, the numerical simulation sometimes generates cells 2 

with a shape slightly more convex or rounded (green arrow, Fig. 9). Although the simulated 3 

microstructure is actually driven to the same porosity as the real foam, one can note that the 4 

ultimate porosity of the generated microstructure may depart slightly of the desired goal. The 5 

small discrepancy results from a rate of change of the cells volume during iteration and a 6 

porosity variation when the cylindrical microstructure sample is extracted. Another feature 7 

seen in simulation is the occurrence of a few spots where a large cell has replaced a couple of 8 

smaller ones as compared to the real microstructure (red arrow). Although these events are 9 

rare statistically their occurrence explains the small differences observed in the distribution of 10 

the cells volume. Thus, the microstructure generated by simulation has a 58.5% porosity 11 

slightly larger than that of the real polymeric foam (56.0%): as a consequence the mean cell 12 

volume is slightly larger (8289 µm3 compared to 7668 µm3). Here the mean cell value is 13 

calculated without considering the bubbles that may sit at the outer boundary. In order to 14 

correlate volume and shape for the cell distributions, a useful representation is in terms of 15 

sphericity, defined as the surface area of a sphere, enclosing the same volume V as the 3D 16 

object, divided by the surface area A of the 3D object: sphericity = (36πV2)1/3/A. The 17 

sphericity is in the range 0 to 1 with the upper bound reached only by a genuine sphere. As 18 

shown in Figure 10, the largest a cell, the most spherical. Indeed, the largest cells are often the 19 

oldest ones. During the expansion of the foam all the new nucleated cells appear around these 20 

large cells. The interactions between the cells deform the walls, but the large and old cells 21 

keep their very symmetrical shape and hence are more spherical. In other words, the larger the 22 

bubbles are, the more the strain field around them. This is why large bubbles are more 23 

spherical than the small ones, which deform more easily despite the surface tension. This 24 

observation is not induced by drawback of the numerical calculation or by some measurement 25 

uncertainty. The same effect is also observed when one analyzes the structure of real polymer 26 

foams as seen by X-ray tomography (Fig. 10). Figures 10a and 10b show the very good 27 

agreement between the two microstructures whatever the sphericity is plotted as a function of 28 

the cell volume or its equivalent diameter. But still, there are some slight differences: at equal 29 

sphericity, the cell size of the real microstructure is larger. This is particularly noticeable on 30 

the representation with equivalent diameters. Another way of analyzing the data is to compare 31 

the states at equal volume and equal equivalent diameter. Thus the cells in generated 32 

microstructures appear more spherical. The slight shift in their distribution toward higher 33 

values of sphericity indicates again that the numerical calculation generates cells with a more 34 



 23

rounded shape than that they have in reality, as also revealed by the longitudinal 2D sections 1 

of the microstructures (Fig. 10). These results underline that the cell volume fraction, that is 2 

the foam porosity, cannot be alone a relevant parameter to characterize a cellular 3 

microstructure. The position, shape, and orientation of all cells must be described. In addition, 4 

the topology, which is the position of all polymeric nodes and number of branches connecting 5 

the cells, and the distribution of cell walls thicknesses must also be determined. Provided 6 

these distributions to be assessed, one then will be on the route of relating properties with the 7 

structure of the polymeric closed-cell foams. 8 

 9 

 10 

Figure 9: Comparison between a microstructure generated by numerical simulation (left, P = 58.5%) and a 11 

polymeric closed-cell foam measured by X-ray microtomography at high spatial resolution (right, P = 56.0%). 12 

Height/diameter is of 1.2 mm. Top: 3D reconstruction. Bottom: Two longitudinal sections emphasizing the close 13 

agreement between the respective spatial distributions of the cells in terms of their position, shape, and 14 

orientation, despite a few discrepancies outlined by the arrows. 15 
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 1 

Figure 10: Sphericity and equivalent diameter distributions for the cells of the microstructures generated by 2 

numerical simulation (black) and compared to real polymeric closed-cell foams (red) of same porosity (cf. 3 

Fig.9). 4 

The suitability of X-ray microtomography specification of real, complex foam 5 

microstructures demonstrates its use and importance for validating our physically-based 6 

model and numerical calculations. Given significant confidence in these calculations since a 7 

good agreement between the generated and the real microstructures is obtained, several 8 

remarks may be made regarding the assumptions set in our model. It is clear that having 9 

developed a dynamic approach, despite its limitations, is an asset. In particular, as the 10 

nucleation of cells, their growth through gas expansion, and the interactions between growing 11 

cells are taken into account simultaneously, more realistic microstructures of the cellular 12 

material are generated, and this, over a large range of porosities (from a few to 95 percents). 13 

The morphometry parameters correspond closely to the ones of real polymeric foams in terms 14 

of porosity, polydispersity, cell shape, anisotropy and orientation of the cells, wall 15 

thicknesses. Some descriptions of these parameters and subsequent comparisons are given in 16 

the Supplementary data document besides this paper. Thus three main parameters govern the 17 

ultimate microstructure of the cellular material. The screening spatial length of the stress field 18 

will typically determine the thickness of the cell walls of the ultimate microstructure. The 19 

surface tension at the interface between the gas cell and the polymer melt will govern the 20 

shape and anisotropy of the cells. The time distribution of the cell nucleation will determine 21 

the porosity, anisotropy, and polydispersity of the ultimate foam. In this work we examined 22 

three main classes of temporal distributions as the instants of the cell nucleation are unknown 23 

experimentally. However, these instants are correlated with the cells size distribution if one 24 

assumes that the older the cells the bigger they are. Since the structure of the real foam 25 

microstructure is polydisperse one may assume that each cell adopts a unique growth profile. 26 
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Using our X-ray tomography measurements, the lifetimes of bubbles were estimated from the 1 

cells sizes. The time distribution profiles for the cells nucleation were chosen accordingly 2 

(Gaussian temporal law). Additionally, the barycenters of the cells inferred from the x-ray 3 

tomography data define the nucleation locations of the bubbles. For the materials input, the 4 

parameters were discussed with our industrial partner. It has been pointed out that the 5 

properties of cell walls of polymeric foam may differ from that of the bulk material from 6 

which the foam is made, due to polymer chain alignment during foaming processes and 7 

chemical changes by the addition of foaming agents. It is thus very difficult to reproduce 8 

samples of exactly the same material nature as the one of the cell walls. Also, it is usual that 9 

more than ten different chemical components are present. For these reasons, we used a bulk 10 

modulus of K0=1012 Pa, a viscosity of η0=103 Pa.s and a surface tension of γ0=15mN/m which 11 

are physical reasonable values. As already stated, the overall ultimate porosity was chosen as 12 

termination criteria. The effectiveness of our method is based mainly on the assumption that 13 

the centers of the already nucleated cells do not move during the foaming process. Refinement 14 

of the temporal distribution of the cell nucleation is in progress but yet we note that they have 15 

already led to a very good description of realistic polymeric closed-cell foams. Remarkably, it 16 

also appears that the strong assumption of incompressible polymeric material has not induced 17 

strong drawback in the results. The development of the present physical model algorithm is 18 

not made without simplifications. All along the description of our model, we have underlined 19 

what are the framework and the limitations. Beyond the simplifications, the complex 20 

chemico-physical mechanisms driving the foaming process have not been taken into account. 21 

Besides, the material characterization for the melt has also been inferred with caution. Indeed, 22 

to reproduce experimentally the genuine constitutive material of industrial foams is not an 23 

easy task as explained earlier. One simplification concerning the physics of the model is to 24 

describe the radial viscous stress and the surface tension effect of a single bubble, and then to 25 

describe the interactions between several bubbles by a linear superposition. Recently, 26 

Heitkam et al. [36] described the interaction of a small bubble with a wall or with another 27 

bubble. These authors showed that the hydrodynamic collision impact is the result of three 28 

contributing forces: an elastic and a viscous force along the normal direction, and a tangential 29 

viscous force. Therefore, our linear superposition of overlapping radial viscous forces might 30 

seem an oversimplification. However, it has also the advantage to indirectly generate a 31 

tangential component of the viscous flow by the counteracting forces when approaching 32 

bubbles meet. Despite its simplifications, our model opens a new route for generating 33 

microstructural topologies that resemble the real ones encountered in polymeric solid foams. 34 
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To our knowledge, such a model has not been proposed yet in the literature. Moreover, the 1 

generated microstructures can be used further as templates for investigating the mechanical 2 

behavior and relate macroscopic properties of solid foams with morphometry and local 3 

microstructure. 4 

Thus, the mechanical properties of generated foam models were compared to spherical 5 

cells models organized as face-centred cubic (FCC), body centred cubic (BCC) or to 6 

polygonal cells (Kelvin’s cell) for the same level of porosity showed significant differences. 7 

Elastic properties are rather isotropic in the realistic representation whereas they are 8 

anisotropic in case of geometrically based models. Simple geometrics consideration may 9 

explain these anisotropies. When stretching occurs, i.e. when loading axis is parallel to the 10 

strut axis [001], reinforcement is observed whereas for loading direction as [111] struts will 11 

undergo a bending load and be less relevant, explaining the weakening. This is accordance 12 

with previous studies [35] drawn up from the beam theory and that demonstrated scaling laws 13 

as �~
1 − �1
B for bending-dominated elastic behavior and �~
1 − �1
for stretching 14 

dominated structure. Also, values for the Young’s modulus are quite different given relevance 15 

to the well-admitted idea that foam properties are not only porosity dependent. Close packing 16 

of equal spheres used to represent foam behavior seems to be not well fitted as it 17 

overestimates the properties in both elastic and plateau regimes. For the guidance of 18 

mechanical reinforcement it is rather clear that spherical voids are a good solution, especially 19 

when organized as FCC. 20 

To accurately estimate the large strain behavior of polymer foams, the need for a near 21 

to perfect representation of the microstructure proven for low density foams [2] remains true 22 

for denser foams and even with porosity as low as 0.6, it can be hazardous to consider foam as 23 

a dense packing of perfect spheres. Behind this representation, stress localizations that may 24 

occur in real foam are hindered and this is at the base of the observed differences. Even when 25 

Kelvin’s tetrakaidecahedron cell shape is chosen, shear bands cannot develop in the same 26 

ways as in realistic foam microstructures leading to some discrepancies. For sake of brevity, 27 

the mechanisms to which reference is made are not detailed here. By allowing a close to real 28 

foam representation, the “ad-hoc” modeling is able to statistically reproduce the localized 29 

deformations mainly responsible for the overall mechanical behavior as observed 30 

experimentally. 31 

 32 

 33 
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V.  CONCLUSION 1 

Statistically, the generated and real microstructures are very similar except for a few small 2 

geometrical differences in the microstructure scale. When the microstructure is observed as a 3 

whole, the generated model gives a close representation of the morphology of the real 4 

polymeric foam. Based on data values of foaming process parameters and polymer melt 5 

characteristic properties, a wide spectrum of microstructures with diverse morphologies 6 

significantly similar to those observed experimentally is obtained. Thus, our physically based 7 

model appears as an engineering guideline for studying and optimizing mechanical properties. 8 

In addition it allows microstructure and properties of bulk cellular materials to be correlated 9 

as we will report in a forthcoming article. From these aspects, our modeling constitutes an 10 

original and new 3D modeler for foam microstructure and related finite element study. 11 
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APPENDIX: demonstration of equation 7 1 

To express the stress field =�
D, #
 in the melt, the three governing equations 4-6 described in 2 

the main text are used. They are: 3 

. /01��
0( + 3-�. 5��6-�7 = . /8²:���

8(²7 = 5.���� σ<    (eq. 1) 4 

=> = ,�?̿ + ��?A ̿      (eq. 2) 5 

?̿ = �
B 
5����� + 35�����6�
      (eq. 3)  6 

Applying the divergence to eq.1 gives:  7 

 5�� �. /8²:���
8(²7� = ∆� 8 

.�5�� /8²:���
8(²7 = �

�H
0

0� /DB 0E
0�7     (eq. 4) 9 

with .≈ .� = N#V at first approximation. Thus: 10 

 
8:���
8( = 8:

8( ���� = 0:���
0( + - 0:���

0� 11 

 
8:
8( = 0:

0( + 8:
8( . 0:

0� = 0:
0( + 0:

0( . 0:
0� + � /0:

0( . 0:
0�7 12 

8:
8( = 0:

0( /1 + 0:
0�7 + � /0:

0( . 0:
0�7    (eq. 5) 13 

For small displacements of the particle, one can write: 14 

���D ≪ 1 15 

���# � ���#  16 

�²��# � �²��#² + ���# . �²��D�# 17 

The term 
0²:
0(²  is of the order 

 'Z, where V is the particle velocity whereas the term 
0:
0( . 0²:

0�0( is of 18 

the order 

 '²GZ , where c is the wave velocity. By supposing small particle velocity compared to 19 

the wave velocity: 20 

+ ≪ N →   '²GZ ≪  'Z                                                    (eq. 6) 21 
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We thus approximate: 1 

8²:
8(² � 0²:

0(²                                                            (eq. 7) 2 

Equation 4 then becomes: 3 

.�5�� /8²:���
8(²7 = P��H

0
0� /DB 0H:

0(² 7 = �
�H

0
0� /DB 0E

0�7                      (eq. 8) 4 

Equation 3 express deformations tensor related to displacement: 5 

? = 1DB
��D 
DB�
 6 

�?�# = 1DB
��D �DB ���# � 7 

0²�
0(² = �

�H
0

0� /DB 0H:
0(² 7      (eq. 9) 8 

This applied to equation 8 gives:  9 

.� /0²�
0(²7 = �

�H
0

0� /DB 0E
0�7     (eq. 10) 10 

With the variables changes =C = D= and εC = Dε : 11 

1DB
��D �DB �=�D� = 2D �=�D + �²=�D² = 1D �²=C

�D²  12 

.�D ��²?�#²� = �²=C
�D²  13 

.� /0²εF
0(² 7 = 0²EF

0�²       (eq. 11) 14 

And (eq. 2): 15 

=C = ,�εC + �� 0�F
0(       (eq. 12) 16 

In order to obtain one unique final equation as a function of the stress field, eq. 12 is derived 17 

regarding the time t. In this equation, the viscosity, ��, and the elastic modulus, ��, depend on 18 

temperature and thus on time:  19 

η� = η�exp �E�R 
1T − 1T�
� 20 
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K� = 13 E�1 − 2v 1 

E� = E�exp�a
T� − T
� 2 

T
t
 = T� − 
T� − T�
t� # 3 

where �� is the initial temperature before the foam expansion.  4 

The terms 
���  and the constant a are determined by the initial and final conditions on 5 

viscoelasticity: 6 

��� = vj��e��/ eJeW eJ�7     7 

 	 = − vj��e��
�eW��
 8 

��, ��, ��, �� , �� and �� are viscosity, elastic modulus and temperature of the melt at the 9 

beginning and at the end of the process, respectively.                                10 

 By derivative of eq. 12 regarding time, it gives: 11 

• First order derivation: 12 

�=C
�# = l,�l# ε

C + ,� �εC
�# + l��l# �εC

�# + �� �B?C
�#B  13 

note that the time derivatives of ,� and �� are full derivatives rather than partial 14 

derivatives since the temperature field is spatially uniform in the whole mixture. 15 

• Second derivation: 16 

�²=C
�#² = l²,�l#² ε

C + �2 l,�l# + l²��l#²   �εC
�# + �,� + 2 l��l# � �²εC

�#² + �� �|?C
�#|  17 

With,   
�KJ�( = �KJ��

��
�( = 	 
��W�e


(e ,�  18 

      �²�J�(² = �	 
��W�e

(e �B ,� 19 

  
�IJ�( = �IJ��

��
�( = ���

�
�H


��W�e

(e �� 20 
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�²IJ�(² = ����

�
�²


��W�e

(e �B �� 1 

It comes, the equation (eq. 13): 2 

�²=C
�#² = �	 
�� − ��
#�  ² ,�εC + ¡2	 
�� − ��
#� ,� + ���! 1�²


�� − ��
#�  ² ��¢ �εC
�# + �,� + 2 ��! 1�²


�� − ��
#� ��  �²εC
�#² + �� �|?C

�#|  3 

Approximations:  4 

In order to reduce the number of terms, we expressed their order of magnitude. The two last 5 

terms are the most dominant ones. Thus: 6 

 
0²EF
0(² = �,� + 2 ���

�
�²


��W�e

(e ��� 0²εF

0(² + �� 0L�F
0(L  7 

Moreover ,� ≫ 2 ���
�
�²


��W�e

(e �� ; so:             8 

0²EF
0(² = ,� 0²εF

0(² + �� 0L�F
0(L      (eq. 14) 9 

The term ,� 0²εF
0(²  expresses the influence of the elastic component of the melt on the flow and 10 

the term �� 0L�F
0(L  the one for the viscosity. 11 

By using equation (eq. 11) we finally obtain:  12 

�²=C
�#² = 1.� ,� �²=C

�D² + ��.�
�|=C
�#�D² 13 

0²EF
0�² − �

G²
0²EF
0(² + IJKJ

0LEF
0(0�² = 0 with, N = OKJP�    (eq. 15) 14 
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Figure captions 1 

 2 

Figure 1: SEM observations of industrial elastomeric closed-cell foam microstructures of 3 

respectively (a) 58% and (b) 82% porosity. The cells shapes are neither circular nor polygonal 4 

and several imperfections inherent to the industrial process are present (holes in the cell wall). 5 

Figure 2: Illustration of the two concepts on which the model for interacting cells is based. 6 

Every cell (contour drawn in red) creates an influence zone in the melt (grey) surrounding it. 7 

As a result the nucleation of new additional cells (in blue) may occur only away from this 8 

restricted zone. As time elapses, the already nucleated cells grow and expand in the melt and 9 

the potential nucleation zone (in black) shrinks 10 

Figure 3: 2D microstructures generated for different time distribution profiles for the cells 11 

nucleation. In these simulations all other parameters were kept constant (screening length δ = 12 

90 µm; surface tension γ0 = 15 mN/m). Note the overall porosity is used as convergence 13 

criteria, here P = 85 ± 1 %. Quasi-monodispersity is observed only when the cells nucleate 14 

simultaneously (type 1 distribution; left) and Cvol = 0.14. Otherwise Cvol = 1.63 > 1 when cells 15 

nucleate with delay (type 2 distribution; middle) with two marked populations of cell sizes; 16 

and Cvol = 0.44 when the nucleation follows a Gaussian temporal law (right). Note the 17 

different expansion scales for the growing cells. 18 

Figure 4: Influence of an increasing screening length, δ, on the 2D microstructures generated 19 

when all cells nucleate simultaneously (type 1 distribution of Fig. 3), all other parameters 20 

being kept constant. The obtained porosity, P, decreases and the polydispersity in cell sizes, 21 

Cvol, slightly increases but still remains small. Left: δ = 56 µm, P = 90%, Cvol = 0.08; middle: 22 

δ = 76 µm, P = 85%, Cvol = 0.12; right: δ = 133 µm, P = 72%, Cvol = 0.16. Note that an event 23 

of two encountering cells leads to their coalescence as illustrated by the arrow. 24 

Figure 5: Influence of an increasing surface tension, γ, on the 2D microstructures generated 25 

when all cells nucleate simultaneously (type 1 distribution of Fig. 2), all other parameters 26 

being kept constant (screening length δ = 70 µm). The obtained porosity, P, decreases and the 27 

polydispersity in cell sizes, Cvol, increases. Left: γ = γ0, P = 86%, Cvol = 0.10; middle :γ = 1.6 28 

γ0, P = 85%, Cvol = 0.16; right: γ = 2.0 γ0, P = 47%, Cvol = 0.29. 29 
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Figure 6: Reconstruction of a 3D microstructure. After having obtained the cellular structure 1 

by numerical simulation (a), the contour surfaces of the cells are created (b) from which the 2 

microstructure is extracted (c); see main text. Different porosities and polydispersities can 3 

thus be generated: (d) P = 59%, Cvol = 0.35; (e) P = 73%, Cvol = 0.33; (f) P = 75%, Cvol = 1.37. 4 

Figure 7: Sketch of the numerical models, from left to right: a) Body-centred cubic (BCC), b) 5 

Face-centred cubic (FCC), c) Kelvin’s tetrakaidecahedron structure d) “ad-hoc” model. 6 

Figure 8: Large strain compressive behavior of foams – comparisons between numerical 7 

models and experiments 8 

Figure 9: Comparison between a microstructure generated by numerical simulation (left, P = 9 

58.5%) and a polymeric closed-cell foam measured by X-ray microtomography at high spatial 10 

resolution (right, P = 56.0%). Height/diameter is of 1.2 mm. Top: 3D reconstruction. Bottom: 11 

Two longitudinal sections emphasizing the close agreement between the respective spatial 12 

distributions of the cells in terms of their position, shape, and orientation, despite a few 13 

discrepancies outlined by the arrows. 14 

Figure 10: Sphericity and equivalent diameter distributions for the cells of the 15 

microstructures generated by numerical simulation (black) and compared to real polymeric 16 

closed-cell foams (red) of same porosity (cf. Fig.9). 17 
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