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Abstract

This paper presents a new method for ana-
lyzing the limb singularities of lower-mobility
parallel manipulators using the superbracket of
Grassmann-Cayley algebra. For lower-mobility
limbs, the limb twist system does not form a 6 x
6 matrix. The proposed method allows forming
a Jacobian matrix, and thus, a superbracket for
any lower-mobility limb by adding twists that
correspond to the limb’s constrained motion(s).
The method is applied to four- and five-degrees

of freedom limbs.
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1. Introduction

Lower-mobility Parallel Manipulators (PMs)
have been a center of attraction for research in
the field of robot kinematics for the last two



decades [1-4], due to their wide range of ap-
plications and low power consumption as com-
pared to Stewart platforms. Limb singulari-
ties [5] are configurations of PMs in which the
moving platform loses some degree(s) of free-
dom (DOFs). The characterization of limb sin-
gularities is important since they affect the over-
all motion of the manipulator. These singulari-
ties are related to the degeneracy of a limb twist
system, namely, the screw system spanned by
the set of twist screws of a limb kinematic joints.
They can be determined analytically [6,7] by ex-
amining the rank deficiency of the matrix asso-
ciated with the limb twist system. In general, the
analytical procedure requires long hand calcula-
tions, does not easily lead to simple geometric
and vector conditions for limb singularities, and
cannot enumerate all possible limb singularities.

In Grassmann-Cayley algebra, the super-
bracket corresponds to the determinant of a Ja-
cobian matrix, namely, a 6 X 6 matrix formed by
the coordinate vectors of six Pliicker lines. The
superbracket decomposition has been known in
the past decade for its effectiveness in the sin-
gularity analysis of PMs. It was first applied by
Ben-Horin et al. [8] to solve for the parallel sin-
gularities of Gough Stewart PMs and then used
to analyze the parallel singularities of lower-
mobility PMs [9,10]. It allows finding vector ex-
pressions and geometric conditions for the van-
ishing conditions of the determinant of a Jaco-
bian matrix. However, the superbracket decom-
position has not been used for limb singularity
analysis yet.

For a 6-DOF limb, the superbracket can be
easily written from the 6 x 6 kinematic Ja-
cobian matrix composed of the six twists of
the limb. However, for lower-mobility limbs,
namely, limbs with less than six DOFs, the limb
twist system is a screw system (screw space) of
dimension less than six and hence, it is not pos-
sible to form a 6 x 6 kinematic Jacobian ma-
trix uniquely from the limb twists. Therefore,
this paper defines a new technique that allows
writing a 6 x 6 kinematic Jacobian matrix for

any lower-mobility limb, which enables the use
of the superbracket decomposition to enumer-
ate the singularity conditions of lower-mobility
limbs. To the best of the authors’ knowledge,
such an analysis is investigated for the first time
in this paper.

The remainder of the paper is organized as
follows. First, some fundamental concepts are
recalled. Second, a technique to construct a
kinematic Jacobian matrix for lower-mobility
limbs is defined. Limb singularities are then
studied by examining the rank deficiency of the
constructed limb kinematic Jacobian matrix us-
ing the superbracket decomposition. The pro-
posed method is explained through the analy-
sis of limb singularities for the Orthoglide and
the 4-RUU PM. The singular configurations are
expressed in both algebraic and vector forms
and are illustrated as well. Finally, the effec-
tiveness and soundness of the proposed method
are demonstrated through a comparison with the
screw-theory-based method.

2. Fundamentals

2.1. Grassmann-Cayley Algebra and Pro-

jective Space

The 3-dimensional projective space is con-
structed by adding a plane at infinity P, to the
3-dimensional real space. In Grassmann-Cayley
algebra, geometric entities are called extensors
and are represented by Pliicker coordinates of
Vectors.

A point P in the 3-dimensional real space is
represented in Grassmann-Cayley algebra by an
extensor p of step 1 and corresponds to a fi-
nite point in the 3-dimensional projective space.
Each projective point has four Pliicker coordi-
nates. A line P() in the 3-dimensional real space
is represented in Grassmann-Cayley algebra by
an extensor pq of step 2 and corresponds to a fi-
nite line in the 3-dimensional projective space.
Each projective line has six Pliicker coordinates.
For example, the finite projective line pq can



o x s’ where s is the
P

unit vector along line P(). Each finite line in
the 3-dimensional projective space has a unique
point at infinity. Points at infinity are repre-
sented by underlined extensors. For instance,
line P( can be represented by the extensor pq
s
0
normal vector n in the 3-dimensional real space
has a unique line at infinity, which can be repre-

be written as': pq =

or by the extensor pr where r = . A plane of

: . . 0
sented by its Pliicker coordinate vector [ 1;3} .

2.2. Superbracket and its Decomposition

The superbracket corresponds to the determi-
nant of a 6 X 6 matrix formed by the coordinate
vectors of six Pliicker lines. Thus, this super-
bracket vanishes whenever the six Pliicker lines
become linearly dependent. The superbracket
involves the extensors of 12 projective points,
i.e., two points on each Pliicker line. The super-
bracket can be decomposed into a linear com-
bination of 24 bracket monomials [11], where
a bracket monomial is a product of three brack-
ets and, in turn, a bracket corresponds to the de-
terminant of a 4 x 4 matrix obtained from the
Pliicker coordinates of four projective points.
The superbracket decomposition is given by:

24
[ab cd ef gh ij k1] =) (1)
=1

'In this paper, the position vector of a point P is de-
noted as rp.

where

y1 = —[abcd][efgi][hjkl]
ys = [abcd][efgj] ikl
ys = [abce][dfgh][ijk1]
yr = —[abef][degh] 1 jk1
yg = —[abce][dghi][f jk1]
y11 = [abcf][dghi][ejk1]

y13 = —[abdf][cghi][ejk1]
y15 = —[abcf][dghj]leikl]

y17 = [abeg][defi][hjk1]

Y19 = —[abch][defi][gjkl]

Y21 = [abdh][cefi][gjkl]
25 = [aben] def | [git]

y2 = [abcd|[efhi][gjkl]
ys = —[abed][ethj]gik1]
ys = —[abde] cEgh][1]k1]
ys = [abat][cegh][1]k1]
y10 = [abde][cghi][£ K1)
12 = [aboe] [dghj][£ik1

Y14 = —[abde|[cghj][fik1]
y16 = [abdf][cghj][eikl]
Y1s = —[abdg|[cefi][hjkl]

Y20 = —[abcg][def j][hikl]
Y22 = [abdg][cef j][hikl]
Y24 = —[abdh][cef j][gikl]

A bracket [abcd] vanishes if and only if (iff) the
projective points a, b, c and d are coplanar.

2.3. Screw Theory

Screw theory [12, 13] provides an efficient tool for
the type synthesis and the analysis of the instanta-
neous motion of manipulators. A twist is a screw
that represents the instantaneous motion of a rigid
body. A unit twist is denoted as €. A zero-pitch twist
corresponds to a pure rotational motion and takes the

form €y = [ ] , s and P being the direction of,

rp XS
and a point on the screw axis, respectively. In turn,
an infinite-pitch twist corresponds to a pure transla-
01><3]

P
being a unit vector along the direction of translation.

tional motion and takes the form €,, = [

2.4. Singularities

Lower-mobility PMs can exhibit several types of sin-
gularities, for instance: limb singularities, actuation
singularities, and constraint singularities. A limb
singularity corresponds to the degeneracy of a limb
twist system and is characterized by the loss of some
DOF(s) of the moving platform. In an actuation sin-
gularity, the PM will have some uncontrollable mo-
tions, namely, the actuators momentarily lose the
ability to control the motion of the moving platform.
In a constraint singularity, the lower-mobility PM
loses some constraint(s) and, as a result, gains some
DOE(s).



3. Limb Singularities and Kinematic Jacobian
Matrix

A limb singularity is characterized by a certain
degeneracy in the limb kinematic screw system,
namely, the limb twist system. The main objective
of this paper is to enable the construction of a 6 x 6
kinematic Jacobian matrix for any PM limb and the
examination of limb singularities by using the super-
bracket decomposition.

3.1. Kinematic Jacobian Matrix of 6-DOF

Limbs

The twist system of a 6-DOF limb is a screw sys-
tem of dimension 6. For such a limb, a 6 x 6 kine-
matic Jacobian matrix can be constructed from the
limb twists.

3.2. Kinematic Jacobian Matrix of Lower-
Mobility Limbs

Unlike 6-DOF limbs, the twist system of a lower-
mobility limb with n < 6-DOF is a screw system
of dimension n and cannot form a 6 x 6 Jacobian
matrix. Here, the main contribution of this paper
is presented. Indeed, a concept is defined to write
a 6 x 6 kinematic Jacobian matrix for any lower-
mobility limb.
Definition: A kinematic Jacobian matrix for a limb
with n < 6-DOF can be constructed by adding, to
the n limb twists, a set of 6 — n linearly indepen-
dent twist(s) that correspond(s) to the constrained
motion(s) of the limb.

In the following sections, the proposed concept is
applied to analyze the limb singularities of the Or-
thoglide robot and the 4-RUU PM.

4. Singularity Analysis of a 4-DOF PR II R
Limb

4.1. Orthoglide Robot

Fig. 1 shows a CAD model of the Orthoglide [14],
a 3-DOF translational PM. Each limb of the Or-
thoglide is a PR IT R 3T1R limb, i.e., provides three
independent translations and one rotation about an
axis of fixed direction.

Figure 1: CAD model of the Orthoglide

4.2. Orthoglide Limb Description

Fig. 2 shows a limb of the Orthoglide. It is a 4-
DOF limb composed of four kinematic joints. The
first one is a prismatic joint directed along vector x.
The second one is a revolute joint whose axis is di-
rected along vector z and passes through point A.
The third one is a planar parallelogram joint, named
II-joint [15], generating a circular translation along
vector 1 X n, where 1 is the unit vector along line AC
and n is the unit vector normal to the plane of the
parallelogram ABDC. Note that vectors n and z are
orthogonal to each other. The fourth joint is a revo-
lute joint whose axis is directed along z and passes
through point C'. Accordingly, the PR II R limb
0

twists can be written as follows: €,,1 = NE €01 =
z . 0 de z
, € - ,and € = .
raxz| % Ixn 02 rc Xz

4.3. PRI R Limb Twist System

Let a and c be the extensors of step 1 representing
the Pliicker coordinate vectors of the finite points A

and C, respectively. In addition, let x = [é] y =

y |z _ 1 _|m
[0} ,Z = [0} 1= [0}, and n = [0} represent the

points at infinity of any finite line along vectors X, y,
z, 1, and n, respectively. Thus, éx1 = vz €01 = az,
€002 = 1n, and €g2 = c z. Fig. 3 shows the twists of



Figure 3: Twists of the PR II R limb into the
projective space

the PR II R limb into the projective space.

4.4. Kinematic Jacobian Matrix of the PR II R
Limb

The PR II R limb twist system is a screw system of
dimension 4 that can be written in a matrix form as
follows:

2)

X rapxz lIxn reoxz

In order to obtain a Jacobian matrix for the PR II
R limb, the matrix expressed in (2) requires two
additional twists that represent the constrained mo-
tions of the limb. Those constrained motions consist
of a two-DOF rotational motion including all rota-
tions about axes orthogonal to z and passing through

point E, which is the end-effector of the Orthoglide.
The two additional twists can be written as follows:

, and €04 =

é =
03 rp XX rg

Xyl

4.5. Superbracket of the PR IT R Limb

Let e is the extensor of step 1 representing the
Pliicker coordinate vector of the finite point E. Ac-
cordingly, ég3 = ex, and €4 = ey. As aresult, the
superbracket of the PR TI R limb twist system is:

SpRuR =1[yz, az, 1n, cz, ex, ey] (3)
This superbracket can be expanded into 24 monomi-
als and then reduced to obtain the following simpli-
fied expression:

“)

SprnRr=[yzaclzlne]lzxey]

4.6. Singularity Conditions of the PR IT R Limb

The singularities of the PR II R limb correspond
to the vanishing conditions of the simplified super-
bracket decomposition expressed in (4), which hap-
pen whenever:

e [yzac] = 0. Since vector 1 is parallel to
line AC, this condition can be written in a vec-
tor form as follows:

(yxz)el=10 (5)

Equation (5) holds true in each of the following

cases:

1. Line AC is parallel to y, which means
that vectors 1 and y are parallel to each
other. Such a configuration is illustrated
in Fig. 4;

2. Line AC is parallel to z, which means
that vectors 1 and z are parallel to each
other;

3. Vectors y and z are parallel to each other.
This condition can never be true due to
the geometry of the limb;

4. Point C belongs to plane (A, y, z).



Figure 4: PR II R limb singularity: line AC is
parallel to y

e [z1lne| = 0. The vector form of this condition

is given by:

(zxl)en=0 (6)
Equation (6) holds true in each of the following
cases:

1. Vectors 1 and z are parallel to each other.
This corresponds to the flattening of the
parallelogram, as shown in Fig. 5. This
configuration of the II-joint cannot be
reached with the current design of the Or-
thoglide limb but could be reached with
another design of the II-joint;

2. Vectors n and z are parallel to each other.
This condition can never be true due to
the geometry of the limb;

3. Vectors L, n, and z are linearly dependent,
which means that those three vectors are
parallel to a same plane.

e [zxey] = 0. The vector form of this condition
is given by:

(zxx)ey=0 (7)

Clearly, this condition is impossible.

5. Singularity Analysis of a 5-DOF RUU limb

5.1. 4-RUU Parallel Manipulator

The 4-RUU PM [10] shown in Fig. 6 is a 4-DOF
PM whose moving platform performs a 3T1R mo-
tion, the rotation being about an axis directed along
z. The 4-RUU PM assembly and architecture require
that the fifth revolute joint in each limb remains par-
allel to z unless the 4-RUU PM reaches a specific

@f

Figure 5: PR II R limb singularity: vectors 1
and z are parallel to each other

Figure 6: 4-RUU parallel manipulator

parallel singularity called constraint singularity [16].
Here, we focus on the enumeration of the RUU limb
singularities. Each RUU limb is a 3T2R limb, i.e.,
provides a three independent translations and two in-
dependent rotations.

5.2. RUU Limb Description

Fig. 7 shows a 5-DOF limb composed as follows.
The first revolute joint axis is parallel to vector z of
fixed direction and passes through point A. The sec-
ond revolute joint axis is also parallel to z and passes
through point B. The third revolute joint axis is par-
allel to vector m and passes through point B. The
fourth revolute joint axis is parallel to m and passes
through point C'. Finally, the axis of the fifth revo-
lute joint is parallel to z and passes through point C'.
Note that z and m are orthogonal to each other. Fur-
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Figure 8: Twists of the RUU limb into the pro-
jective space

thermore, the axes of the second and third revolute
joints, and similarly, the axes of the fourth and fifth
revolute joints intersect and are perpendicular to each
other, thus forming a universal joint.

According to the above description, the RUU limb
twists are: € z € z €
T €0l = , €02 = , €03 =
01 rq xz| €02 rp xz|

m N m R Z
, €04 = ,and €05 = .
rg Xm rc Xm rc X172

5.3. RUU Limb Twist System

Let a, b, and c be the extensors representing the the
finite points A, B, and C, respectively. In addition,

z m
0],andm = [0

infinity of any finite line along vectors z, and m, re-
spectively. Thus, €y = az, ég2o = bz, ég3 = bm,
€os = cm, and €g5 = cz. The twists of the RUU
limb are represented in the projective space in Fig. 8.

letz = ] represent the points at

5.4. Kinematic Jacobian Matrix of the RUU
Limb

The RUU limb twist system is a screw system of di-
mension 5 that can be written in a matrix form as
follows:

raAXzZ rgXz rgXm TrcXm TI¢gXZ

®)
According to Section 3.2, the Jacobian matrix for
the RUU limb is constructed by adding, to the ma-
trix obtained in (8), one twist that corresponds to the
constrained motion of the limb. This motion is a ro-
tation about an axis directed along z X m and passing
through point F, which is the end-effector of the 4-
RUU PM. The additional twist is thus a zero-pitch
Zxm }

twist €gg = [I'E y (Z N m)

5.5. Superbracket of the RUU Limb

Let e be the extensor of step 1 representing the
Pliicker coordinate vector of the finite point £ and

letn = [Z Em} be the point at infinity of any finite
line along vector z X m. Accordingly, €gs = en and
the superbracket of the RUU limb twist system can
be expressed as follows:

®)

Sruu = [az, bz, bm, cm, cz, en]

This superbracket can be expanded into 24 monomi-
als and then reduced to obtain the following simpli-
fied expression:

Sruu = [azbc][zbmc|[zmen] (10)



5.6. Singularity Conditions of the RUU Limb

The singularities of the RUU limb correspond to
the vanishing conditions of the simplified super-
bracket decomposition expressed in (10), which hap-
pen whenever:

e [azbc| = 0. This condition occurs iff the pro-
jective points a, z, b, and c are coplanar. In
the real space, this condition can be written in
a vector form as follows:

(11)

where usp and u4¢ are the unit vectors along
line AB and AC), respectively. Equation (11)
holds true in each of the following cases:

(UAB XuAc)OZZO

1. Points A, B, and C are aligned;

2. Line AB is parallel to z. This condition
can never be true due to the geometry of
the limb;

3. Line AC is parallel to z. This condition
is illustrated in Fig. 9;

4. Line BC is parallel to z;
5. Vector z is parallel to plane ABC.
e [zbmc| = 0. This condition occurs iff the pro-
jective points z, b, m, and c are coplanar. In the

real space, this limb singularity can be written
in a vector form as follows:

(upc xz)em =0 (12)

where upc is the unit vector along line BC.
Equation (12) holds true in each of the follow-
ing cases:

1. Line BC is parallel to z. Fig. 10 illus-
trates such a singular configuration;
2. Line BC is parallel to m;

3. Vectors z and m are parallel to each other.
This condition can never be true due to
the geometry of the limb;

4. Point C belongs to plane (B, z, m).

e [zmen| = 0. In the real space, this limb singu-
larity can be written in a vector form as follows:

(zxm)en=0 (13)

Figure 9: RUU limb singularity: line AC' is par-
allel to z

Figure 10: RUU limb singularity: line BC' is
parallel to z

This is impossible since n = z X m in any limb
configuration.

5.7. Comparison with Screw-Theory-Based Ap-
proach

In this section, the RUU limb singularities are an-
alyzed using screw theory and the results are com-
pared with those obtained with GCA. The GCA ap-
proach consists of extending the 6 x 5 matrix of the
limb twist system expressed in (8) to obtain a 6 x 6
Jacobian matrix and then applying the superbracket
decomposition. However, the screw theory approach
consists of direct examination of (8) whose rank de-



ficiency conditions yield the RUU limb singularities.
After some linear transformations, (8) becomes:

Z m 0 0 0
ra XzZ rgXm Uypp XZ Uypc XZ Uupc Xm
(14)
The first two columns are zero-pitch twists and cor-
respond to rotational DOFs while the last three ones
are infinite-pitch twists and correspond to transla-
tional DOFs. Since vectors m and z are independent,
the above matrix degenerates in configurations where
its last three columns are linearly dependent. It can
be concluded that in any limb singularity the mov-
ing platform of the 4-RUU PM loses translational
DOEF(s).

The RUU limb exhibits singularity whenever at
least one of its three infinite-pitch twists vanishes
or whenever at least two of its infinite pitch twists
coincide. These conditions occur whenever vectors
uysp X Z, ugc X z, and upc X m are linearly depen-
dent. Accordingly, the following singularity condi-
tions can be obtained:

1. Points A, B, and C are aligned,;
2. Line AB is parallel to z;

3. Line AC is parallel to z;

4. Line BC is parallel to z;

5. Line BC is parallel to m.

These conditions, in addition to others, have been
obtained with the GCA-based approach in Sec. 5.6.
Clearly, GCA-based approach is more systematic as
it results in more general results and easily obtaining
vector and generic conditions of limb singularities.

6. Conclusion

This paper proposed a technique to construct a Ja-
cobian matrix and a superbracket for any lower-
mobility limb by adding, to the n twists represent-
ing the limb twist system, 6 — n linearly indepen-
dent twist(s) corresponding to the limb constrained
motion(s). Accordingly, a new method for com-
puting lower-mobility limb singularities was intro-
duced. The new method was investigated and applied

to four- and five-degrees of freedom limbs and com-
pared with the screw-theory-based approach as well.
The proposed method is systematic and leads to an
exhaustive enumeration and interpretation of parallel
manipulators’ limb singularities.
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