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HOMOGENEOUS LOCALIZATIONS OF SOME QUANTUM
ENVELOPING SUPERALGEBRAS

JACQUES ALEV AND FRANCOIS DUMAS

Dedicated to Nicolds Andruskiewitsch on his sixthieth birthday

ABSTRACT. Under suitable conditions the skewfield of fractions of a su-
peralgebra which is a noetherian domain is canonically provided with a
structure of superalgebra. This gives rise to a notion of rational equiva-
lence in the category of superalgebras. We study from the point of view
of this rational equivalence some low dimensional examples of quantum
enveloping algebras of Lie superalgebras.

INTRODUCTION

The initial question of the Gelfand-Kirillov problem in the seminal article
[14] is to determine conditions for the skewfield of fractions of the enveloping
algebra of an algebraic finite dimensional Lie algebra to be isomorphic to
the skewfield of fractions of a Weyl algebra over a purely transcendental
extension of the base field. In the case of quantum enveloping algebras, the
algebras of quantum polynomials play the role of Weyl algebras as canonical
models in the rational classification. The literature on these topics is very
wide, see section I of [I7] or section 1 of [I3] for some recent surveys and
references.

This paper is devoted to a formulation of the Gelfand-Kirillov property
in the category of superalgebras. Two general principles emerge from this
study. According to the first one, we can extend the superalgebra struc-
ture to the skewfield of fractions of the superalgebras under consideration
and then place the questions of rational classification or rational separation
in terms of isomorphisms of superalgebras. The second one is that such
rational isomorphisms, when they exist, are obtained at the level of inter-
mediate localizations (by one element under suitable assumptions) without
having to go to the whole skewfield of fractions. The condition of being a
domain leads naturally to focus on the case of the enveloping algebras of
some orthosymplectic superalgebras and their quantum analogues.
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2 JACQUES ALEV AND FRANCOIS DUMAS

We summarize in the first part some preliminary general results on lo-
calization processes in superalgebras that are Noetherian domains. Some
of these arguments are more or less implicitly known in the literature (see
[0, 15, 25]) but we give here for the reader’s convenience self-contained formu-
lations and proofs adapted to the forthcoming applications. In particular,
theorem [1.2.2] proves that, for any superalgebra A which is a noetherian
domain such that A is finitely generated as a left module over its even sub-
algebra Ag, the skewfield of fractions of A is canonically provided with a
superalgebra structure. Two superalgebras satisfying these conditions are
said to be s-rationally equivalent if their skewfields of fractions are isomor-
phic as superalgebras. This applies in particular to the enveloping algebras
of the finite dimensional Lie superalgebras which are domains, and some
significant examples studied in the previous paper [3] from the point of view
of the ordinary rational equivalence can be revisited from the finer point of
view in the category of superalgebras.

The second and third part are devoted to exploratory examples of quan-
tum enveloping algebras U,(g) for g a finite dimensional Lie superalgebra.
Defining a suitable notion of ¢g-polynomial superalgebra, we ask when U, (g)
is rationally equivalent as a superalgebra to a g-polynomial superalgebra
over a center which is a purely transcendental extension of the base field k.
We prove that the answer is positive for g = osp(1, 2), for g = n the nilpotent
positive part of osp(1,4), for g = b the positive Borel subsuperalgebra of
0sp(1,4), and for g = p a parabolic subsuperalgebra of osp(1,4). A notable
fact is that in all cases isomorphisms are obtained after localization by one
element.

In addition, the second section details in the case g = osp(1,2) a paral-
lel study of the enveloping algebra U(g) and its quantum analogue U,(g).
We prove in particular that U, (g) contains a subalgebra isomorphic to the
quantum enveloping algebra U,(go) of the even part go = s((2). Then ra-
tional separation arguments allow to determine all possible and impossible
embeddings between the skewfields of fractions of the four algebras U(sl(2)),
U(osp(1,2)), Uy(sl(2)) and Uy(osp(1,2)).

1. SOME PRELIMINARY RESULTS

Let k be a commutative field. In this paper, algebra always means as-
sociative non necessarily commutative k-algebra with unit. We say that a
k-algebra A is an Ore domain if A is a domain and the multiplicative set
S = A\ {0} is a left and right Ore subset in A. In this case, we denote by
Frac A = AS~! = S~!A the skewfield of fractions of A. In particular if A is
a noetherian domain, then A is an Ore domain.

1.1. Localization results in noetherian domains. We fix in this sub-
section a k-algebra A which is a noetherian domain.

Lemma 1.1.1. Let x be an element of A such that the multiplicative subset
X of A generated by x is a left and right Ore set in A, and denote by A’ the
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localized algebra AX—' = X~ YA. Let B = Aly; 7,6] be an Ore extension
of A where T is a k-automorphism of A and § is a T-derivation of A. We
suppose that there exists some element \ € k* such that T7(z) = Az. Then T
and § extend to A’, X is a left and right Ore set in B, and the Ore extension
B' = A'ly; 7,6 identifies with the localized algebra BX ' = X1 B.

Proof. Let us recall that B = Aly; 7,d] is the k-algebra of polynomials
> a;y’,a; € A, with product twisted by the commutation relation ya =
7(a)y + 6(a) for any a € A. It is well known that B inherits from A
the property of being a noetherian domain. In particular the localized
subalgebras considered in the lemma can be identifed with subalgebras of
Frac A C Frac B.

The unique way to extend 7 and § to A’ is to define 7(z~!) = A~'z~! and
S(z7 1) = —7(z7)d(2)r~t = A1z~ 15(x)x 1. Then the commutation rule
yr = 7(x)y+06(z) in B implies v 1y = Ayz "' 4+2715(x)z~! in B’. We have in
A’ an equality 2716(z) = az~¢ for some a € A and some integer d > 0, which
implies 271y = (A\yz? 4+ a)2~%!. Then 272y = Az~ lya™! + 2 laz=% ! =
MAyrd +a)z=2 + arz~ 4471 = X2yt Aaz 92 4 a2~ 491 for some
a; € A and d > 0 defined by z7'a = alx*d/. It follows that =2y = Sqx %2
for some sy € B and ds = max(2,d + 2,d' +d + 1) > 2, and inductively
x Ty = siz—% for some s; € B and some integer d; > ¢ for any ¢ > 1. We
deduce that ~'y/ = t; jz~%J for some t; ; € B and some integer e; ; > i for
any ¢ > 1,5 > 0.

Let b/ = Z?:o a}yj be an element of B’, with a; € A’ for any 0 < j < p.
For any 0 < j < p, we have a;- =2 "a; withn; € Nand a; € A. We obtain
b/ = x7"b with notations n = max(n;) and b = ?:0 2" Miajy) € B. On
the other side, we also have for any 0 < j < p an expression a} = cjx~
with m; € N and ¢; € A. We denote m = maxo<j<p(m;). If m =0,
then ¥ € B. Suppose that m > 1. Then 0/ = Z?:o cjpm My Myl =

?:0 c; ™ Mity, jo= i, We introduce f = maxo<j<p(€m, ) in order to
obtain b’ = cz~/ where ¢ € B denotes the sum Z§:o cjxM Mty sl —emi,

We conclude that, for any ' € B’, there exist b,c € B and m,n € N such
that ¥ = 27"b = cx~™. The converse inclusion X ' B C B’ is clear and the
proof is complete. O

mj

Lemma 1.1.2. Let z,y be two elements of A such that xy = A\yx for some
element A € k*. We suppose that the multiplicative subsets X and Y re-
spectively generated by x and y are left and right Ore sets in A. Then:

(i) The multiplicative subset Sy, generated by x and y is a right and
left Ore set in A.

(ii) The subsetY is a right and left Ore set in the localized algebra A’ =
AX ' = X"1A, and the localized algebra B' = A'Y ™! satisfies :

B =AY '=AS =5 A=y 14
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(iii) The multiplicative subset Z generated by the product z = xy is a
right and left Ore set in A, and we have B' = AZ™' = Z71A.

Proof. It follows obviously from relation zy = Ayx that any element of S ,
can be written z™y™ or y™a™ with m,n € N up to multiplication by some
power of A € kX. We fix a € A and (n,m) € N2, Since Y is an Ore set,
there exist ¢ € A and ¢ € N such that y?a = cy™. Then X being an Ore set,
there exist b € A and p € N such that zPc = bx™. Finally zPy%a = bz"y™
and, with similar calculations on the right, point (i) is proved.

We consider now an integer m € N and an element ' = ax™ € A’
with n € N. By point (i), there exist b € A and (p,q) € N? such that
2Pyla = bax"y™ = bA"y™z™. Then y4(ax™") = (" PA""b)y™ with ax™"
and z7PA\™"ph in A’. With similar calculations on the right, we conclude that
Y is a left and right Ore set in A’. The last equalities in point (ii) are clear
by the relation zy = Ayz.

Denoting z = zy, we have 2" = \~n=1/2gnyn — \n(n+1)/2ynn for any
n € N. We fix a € A and n € N. Aplying point (i) with m = n, there
exist b € A and (p,q) € N2 such that y92Pa = bz". If ¢ < p, this implies
yPaPa = yP~9bz" and then zPa = cz™" with ¢ = XWPTD/2yp—ap ¢ A, If
p < g, we transform y%xPa = A\ 7PIxPy? = A 7PigP~ 92997 and deduce that
29 = dz~" with d = \P—9(a+D/2zp—4 ¢ A, With similar calculations on
the right, we conclude that Z is a left and right Ore set in A. It is clear that
AZ7t C ASwjyl. The above calculation proves that conversely any fraction
a(x™y™)~! with a € A and (n,m) € N? can be rewritten as bz =% with b € A
and k = min(m,n), and the proof is complete. O

Corollary 1.1.3. The above lemma can be extended by iteration to the case
of n elements x1,...,x, € A such that x;x; = N\ijjzjz; for a multiplicatively
skew-symmetric matriz (Nij)1<i j<n with entries in k* such that \ij =1 for
any 1 <1 < n.

Lemma 1.1.4. Let B ak-subalgebra of A which is noetherian, and such that
A is finitely generated as left B-module. If the set S of nonzero elements of
B is a left and right Ore subset in A, then the localized ring AS™' = S~1A
s equal to Frac A.

Proof. Let a be a nonzero element of A. We consider the ascending chain
(M) n>0 of left B-submodules of A defined by M,, = B+ Ba+ Ba?-- -+ Ba"
for any integer n > 0. The B-module A is noetherian as a finitely generated
module over a noetherian ring, and then a?*! € M, for some p > 0. There
exist some elements by, b1, ...,b, € B such that ap+1+bpap+- --+bja+bg = 0.
Choosing p minimal we can suppose without restriction (up to simplifying by
a power of a in the domain A) that by # 0. Then (a? +bya? '+ +b)a =
—bg. It follows that the inverse in Frac A of any nonzero element a € A
can be written a=! = by Lu for some u € A and by € S, or equivalently
a = vcal for some v € A and ¢y € S because S is a left and right Ore
subset. We conclude that Frac A = AS~! = S—1A. O
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1.2. The superalgebra structure on the skewfield of fractions of a
superalgebra. We fix in this subsection a superalgebra A. Hence A =
Ag® A;q is a Zy-graded algebra, where Ay is the subalgebra of even elements
(which contains the base field k), and A; is the Ag-module of odd elements.

Lemma 1.2.1. We suppose that A = Ag® Aq is a left and right Ore domain.
Then denoting Sy = Ap \ {0}, the following conditions are satisfied:

(R) for any a € A and s € Sy, there exist b € A and t € Sy such that

at = sb,
(L) for any a € A and s € Sy, there exist c € A and w € Sy such that
ua = cs.

In other words, Sy is a right and left Ore set in A.

Proof. We prove first the result for homogeneous a. We fix a; € A; and
s € Sp. By assumption there exist b € A and t € S such that a;t = sb. We
can decompose b = bg + by and ¢t = tg + t1 with by, tg € Ag and by,t1 € Aj.
Then a;tg + a;t1 = sbg + sb;. For i = 0, it follows that agtqg = sby and
aoty = sby. If tg # 0, the first equality gives the desired result. If tg = 0,
then ¢; # 0 and aot% = sbytq gives the result. For ¢ = 1, we obtain atg = by
and a1ty = sbg and we conclude in the same way.

Now let a be an element of A and s an element of Sy. We decompose
a = ag + a1 with a9 € Ag and a1 € A;. Applying the first step of the proof
to ag and s, there exist ¢ € Ag,u € Sy such that agu = sc. Similarly there
exist d € Aj,v € Sy such that ajv = sd. Applying now the first step to
u,v € Sy, there exist x € Sy and y € Ay such that ux = vy. Since A is
a domain, we have more precisely y € Sp. Denoting t = ux = vy € Sy,
we obtain scx = aguxr = apt and sdy = ajvy = ait. Finally the elements
b=cr+dy € Aandte S satisfy sb = scx + sdy = (ap + a1)t = at. Hence
property (R) is satisfied. The proof of (L) is similar. O

Theorem 1.2.2. Let A = Ag ® A1 a k-superalgebra which is a noetherian
domain. If A is finitely generated as left Ag-module, then:

(i) Any element f € Frac A can be written f = as~' = t~'b witha,b € A
and s,t € A\ {0}.

(ii) Frac A = Fo @ F} is a superalgebra, where Fy (respectively F1) is the
subspace of fractions which can be written with homogeneous numer-
ator and denominator of same parity (respectively opposite parity).

(iii) A= Ao ® A is a subsuperalgebra of Frac A = Fy & Fi.

(iv) Fo is equal to the skewfield Frac Ap.

Proof. We denote by ¢ the automorphism of the k-algebra A defined by
o(ap +a1) = ap — aq for all ag € Ag,a; € A;. Then Ay is the subalgebra
of invariants A of the noetherian algebra A under the action of the finite
group G generated by o. Hence Ay is noetherian ([2I] corollary 1.12) and
point (i) follows from direct application of lemmas and

To prove that Fy is a k-subspace of Frac A, we consider f = as™! and
g = bt™! in Fy. We can suppose without lost of generality that a,b € Ay
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and s,t € Sp. By lemma there exist ¢,d € Sy such that sc = td and
the element e = sc = td € Sy satisfies f = ace™ and g = bde™'. Hence
f+g = (ac+ bd)e™! lies in Fy. The proof is similar for Fy and we have
clearly Frac A = Fy @ F; using point (i) of the theorem. Finally, for any
pair of elements f = as™! € F; and g = bt™! € F; with s,t € Sp, a € A;,
be Aj, i,j € Zs, we can introduce by lemma some elements ¢ € A;
and u € Sp such that sc = bu. Then fg = ac(tu)™! with ac € A;4; and
st € Sp. In other words F;F; C Fj4; and the proof of (ii) is complete.
Assertions (iii) and (iv) are then clear. O

We list here some classical situations where the previous theorem applies.

Example 1.2.3. Enveloping algebras of Lie superalgebras. We consider the
case where the superalgebra A is the enveloping algebra U(g) of a finite
dimensional complex Lie superalgebra g = go @ g;. It follows from PBW
theorem (see theorem 6.1.2 in [24]) that U(g) is a finitely generated left
module over its even part. The algebra U(g) is always noetherian (see for
instance [7] §3 proposition 1, or [24]). The question of being or not a domain
is more delicate. If there exists in g1 a nonzero element x such that [z, x] = 0,
then x is clearly nilpotent in U(g) and U(g) is not a domain. A nontrivial
key result (see theorem 1 of [5], or theorem 17.1.1 in [24] following [g])
asserts that this condition is also sufficient: U(g) is a domain if and only if
g doesn’t contain any odd element x such that [x,z] = 0. Of all the cases
of the classification of classical simple Lie superalgebras, the only one where
the enveloping algebra is a domain is the orthosymplectic Lie superalgebra
osp(1,2n), n > 1, see lemma 1 of [23], or pages 17-20 of [7]. We will
come back in the next section to the case of osp(1,2), and in example [1.3.2]
to the cases of the enveloping algebras of some nilpotent or solvable Lie
subsuperalgebras of osp(1,2n).

Example 1.2.4. [terated Ore extensions. Let A be an iterated Ore exten-

sion in n variables 21, ..., x; (in this order) over k. The family of monomials
(xf'xd? - 2l ) jenn is a k-basis of A. Suppose that A is equipped with a

structure of superalgebra such that z,...,z, are odd for some 1 < p <n
and z; even for 1 <i <p—1 (if p > 1). Then A is generated by 1, zp, ...,z
as a left module over its even part Ag. Since A is clearly a noetherian
domain, theorem [1.2.2] applies.

This generic situation covers many significant examples. The polynomial
superalgebra O (k™) is the superalgebra generated over k by n odd generators
Y1, - - -, Yn satisfying relations y;y; = —y;y; for any 1 <1 # j < n. We have
O(k™) ~ O(k)®" where ® denotes the tensor product in the category of
superalgebras (see (1.1.5) in [10]).

More generally, the polynomial algebra A = kp[x1,...,x,] generated by
n variables x1, ..., z, with relations z;x; = A\;j;xz;x; for all 1 < 4,5 < n, for
some multiplicatively skew-symmetric matrix A = (X\j;)1<i j<n With entries
in k* satifying A\;; = 1 for any 1 < i < n, can be equipped with a structure
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of superalgebra assigning parity 1 to some xp, ..., x, and parity 0 to others.
Theorem applies. N

This is also the case for the Weyl superalgebra A, (k), which is the su-
peralgebra generated over k by 2n odd generators y1,...,y, and z1,...,2Ty,
satisfying relations:

Tixj + 2t = Yiys + Yy = iy + Yo = 0 and @iy — yix = 1
for all 1 <i# j <n. We have A, (k) ~ Zl(]k)@”.

1.3. Rational equivalence for superalgebras. The sufficient conditions
of theorem combined with the content of lemma and corollary
naturally leads to the following definitions.

Definitions 1.3.1. Let A = Ay®A; and B = By®B; be two k-superalgebras.
We suppose that A and B are noetherian domains, and are finitely generated
as left Ag-module and Bg-module respectively.

We say that the superalgebras A and B are s-rationally equivalent if the
superalgebras Frac A and Frac B are isomorphic.

We say that the superalgebras A and B are strongly s-rationally equivalent
if there exist homogeneous elements z € A and y € B generating a right
and left Ore subset X = {2"},,>0 in A and a right and left Ore subset Y =
{y"}n>0 in B such that the superalgebras AX ! = BY ~! are isomorphic.

It is clear that the strong s-rational equivalence implies the s-rational
equivalence.

Remark 1.3.2. In order to illustrate the above notions, we end this section
by revisiting the main theorem of a precedent paper [3] devoted to the en-
veloping algebras of the nilpotent positive subsuperalgebra n™ and the solv-
able Borel subsuperalgebra b™ of the orthosymplectic complex Lie superal-
gebra. It was proved that the skewfields of fractions of U(n*) and U(b™) are
isomorphic as algebras to the skewfields of fractions of A,,,,—1)/2(C) 20 (c™
and Ay (,—1)/2(C) ® ﬁn((C") respectively.

The interested reader could verify that the proofs detailed in section 3
of [3] establish the existence of the desired isomorphisms at the level of
localizations only by the multiplicative set generated by n homogeneous el-
ements yi, ..., Y, satisfying y;y; = +y;u; (see [3] notations 3.2.2 and lemma
3.2.3), and then applying corollary by the multiplicative set generated
by their product. Moreover the arguments explained in examples and
show that theorem [1.2.2] applies to the superalgebras under consid-
eration. Thus we can finally formulate on the basis of the same proof a
reinforced version of the theorem in the category of superalgebras:

(1) the superalgebra U (n™) is strongly s-rationally equivalent to the su-
peralgebra A; (C)®”(”_1)/2(§>(5((C)®”,

(2) the superalgebra U (b™) is strongly s-rationally equivalent to the su-
peralgebra A; (C)®n(n—1/2g A, (C)®”,
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with the natural convention that A;(C) denotes the superalgebra defined on
the Weyl algebra A;(C) assigning parity 0 to the generators.

2. FROM ENVELOPING ALGEBRA TO QUANTUM ENVELOPING ALGEBRA OF
osp(1,2)

2.1. Rational equivalence for the classical enveloping algebra of
0sp(1,2). We return briefly here to the case of the classical enveloping al-
gebra of the superalgebra osp(1,2). The goal is dual: to deepen in terms of
strongly s-rational equivalence in the category of superalgebras the results
of [2], and to introduce some parallel with the properties of the quantum
analog studied in the next paragraph. We suppose in part that k is of
characteristic zero.

Definition 2.1.1. The orthosymplectic Lie superalgebra osp(1,2) is gener-
ated over k by z,y, k, e, f with nonzero brackets:

[k,.%'] =7z, [kvy] =Y, [m,y] = 2k, [xw%'] = e, [Z/,Z/] = _4f7 (1)

where the generators z,y are odd and k,e, f are even. This is a simple
classical Lie superalgebra and one of the rare cases where the enveloping
algebra is a domain, see example

Notation 2.1.2. Let S3(k) be the superalgebra generated over k by three
generators x, y, z satisfying:

zy—yr=1, xz=—zr, Yyz=—2Y, (2)

where z and y are odd, and z is even. As an algebra, S3(k) is the iterated
Ore extension k[y][x; 0,][z; 7], where T is the automorphism of ky|[z; J,]
defined by 7(z) = —z and 7(y) = —y. Using lemma we also consider
the localization S} = k[y*=!][z; 9,][z;T].

With the notations introduced in example the superalgebras S3(k)
and A; k)® O (k) are isomorphic in the category of associative algebras. The
difference is about the grading: = and y are odd in both superalgebras but
z is even in the first one and odd in the second one. We will see in the
following theorem that they are not isomorphic as superalgebras nor even
s-rationally equivalent.

Theorem 2.1.3.
(i) The superalgebra U(osp(1,2)) is strongly s-rationally equivalent to
the superalgebra Sz(k).
(i) The superalgebrasU(osp(1,2)) and A1 (k)@ O(k) are rationally equiv-
alent in the category of associative algebras, but are not s-rationally
equivalent.

Proof. Point (i) is a graded improvement of proposition 2.2 in [2]. The
algebra U := U(osp(1,2)) is generated by z,y, k with relations:

kr —zk =2z, ky—yk=—-y, yzr=—zy+ 2k, (3)
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and the superalgebra structure is defined assigning parity zero to k and par-
ity 1 to x and y. It is clearly an iterated Ore extension U = k|z]|[k; d][y; T, d],
where § is the derivation 0, in k[x], 7 is the automorphism of k[z|[k; ¢]
defined by 7(z) = —z and 7(k) = kK + 1, and d is the 7-derivation of
k[z][k; 6] defined by d(x) = 2k and d(k) = 0. By lemma we can
extend canonically §, 7 and d to the Laurent polynomial algebra k[z*!]
and consider the localization U’ := k[z*!][k; 6][y;T,d] of U. The even el-
ement z := xy — yr + 1 = 2zy — 2k + 1 satisfies zx = —xz and zk = k=z.
Since y = 3(2)7!(z + 2k — 1) in U’, we have U’' = k[z®'][k; 6][z;7'] with

kx —xk = x, zk = kz and zx = —xz. We introduce the odd element
h:= 2~ 'k and obtain U’ = k[z*!][h; 0,][z; '] with hx —xh =1, z2 = —x2
and zh = —hz. Hence the superalgebras U’ and S(k) are isomorphic and

point (i) is proved.

We consider now the separation result (ii). By point (i) we have FracU =
Frac S3(k) as superalgebras. This skewfield F' can be described as an iterated
skewfield of rational functions F' = k(z)(y; 7)(x; 7,d) where the automor-
phism 7 is defined by 7(2) = —z and 7(y) = y and the 7-derivation d
is defined by d(z) = 0 and d(y) = 1. Using the classical embedding of
F into the Laurent series skewfield k(z)(y; 7)(z~!; 771, —dr 1)), see [12]
paragraph 1.4 or [16] exercise 1ZB, we can prove by direct calculations that
an element f € F satisfying yf = — fy necessarily satisfies f € k(z)(y;0).
Similarly zf = — fx implies f € k(z)(x;0). Consider now the superalgebra
structure on Frac S3(k) extending that of S3(k) (see theorem[1.2.2). Assume
that there exists in Frac (S3(k)) an odd element f which is supercentral; that
means that fg = —gf for any odd element g in Frac (S3(k)) and fh = hf for
any even element h in Frac (S3(k)). In particular, fx = —zf and fy = —yf
which implies f € k(z) by the previous calculation. This is impossible be-
cause all elements of k(z) are even in Frac (Sz(k)). On the contrary the
superalgebra A (k)® O(k) contains supercentral odd elements, for instance
the generator z of O(k) = k[z] in the presentation (). Then the algebras
S3(k) and A;(k)® O(k) are isomorphic as algebras but their skewfield of
fractions are not isomorphic as superalgebras. O

Remark 2.1.4. Point (ii) of the theorem shows that, while tensor prod-
ucts of Weyl superalgebras and polynomial superalgebras were sufficient to
describe the superalgebra structure on the skewfield of fractions in the nilpo-
tent or solvable situations of the examples in this is no longer the case
for the simple classical Lie superalgebra osp(1,2).

Remarks 2.1.5 (embedding problems). (i) There exists a canonical embed-
ding of U(sl(2)) into U(osp(1,2)). More precisely, the even part of osp(1,2)
being the Lie algebra sl(2), the enveloping algebra V := U(sl(2)) embeds
into the even part Uy of U(osp(1,2). Explicitly, the even elements e := %a:Q,
f= —%yQ and k satisty [k, e] = 2e, [k, f] = —2f and [e, f] = k, and generate
a copy of V' in Uy. The inclusion V' C Uy is strict: xy € Uy and xy ¢ V.
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(ii) Conversely, there is no embedding of U (osp(1,2)) into U(sl(2)). This
follows from the fact that U(osp(2)) contains two elements x and z such
that xz = —zz; by theorem 3.10.(a) of [I] using the rational invariant G
introduced in definition 3.8 of [I], this is impossible in U(sl(2)) because its
skewfield of fractions is a Weyl skewfield D; over the center k(w), with w
the Casimir operator.

2.2. Quantum polynomial superalgebra. We will use in all forthcom-
ing results the following particular case of the superalgebras ka[z1,. .., %]

previously mentionned in

Definition 2.2.1. Let ¢ be an element of k*, ¢ # +1. A g-polynomial
superalgebra is a polynomial superalgebra in n variables xi,...,x, where
the z;’s are homogeneous (even or odd) and satisfy for all 1 <4, j < n com-
mutation relations x;r; = x;x;, anticommutation relations z;r; = —x;x;,
or quantum commutation relations z;z; = ¢ x;x;, o € Z, a;j # 0.

Notation 2.2.2. In order to have a synthetic view of these polynomial
algebras, we use a graphical representation by diagrams. The vertices refer
to the generators, with a white circle for an even generator and a gray circle
for an odd one. The edges refer to the relations between the generators they
connect: an oriented g*-weighted solid edge for a ¢“-commutation, a dotted
edge for an anticommutation, and no edge for a commutation. The first

examples appear in or below.

2.3. Quantum enveloping algebra of osp(1,2). Just as there is a well-
known quantum version U, (s((2)) of the enveloping algebra U(sl(2)) of the
Lie algebra sl(2), many authors have considered in the literature a superal-
gebra U, (osp(1,2)) as a quantization of the enveloping algebra U (osp(1,2))
considered in This give rise to the following general picture:

Z/[(S[(?)) superization = U(Oﬁp(l, 2))
quantization quantization (4)
superization
Uy (s1(2)) > Ug(0sp(1,2))

Definition 2.3.1 ([4, 22 26, 28]). Let ¢ be an element of k*, ¢ # =+1.
The quantum enveloping algebra of the Lie superalgebra osp(1,2) is the
superalgebra U, (0sp(1,2)) generated over k by e, f, k** with relations:

k— ko
k™' =k'k=1, ke=qeck, kf=q 'fk, ef+fe= 1 O

and Za-grading such that e and f are odd, and k*! is even.

In view of a quantum analogue of proposition [2.1.3] we introduce the
following multiplicative version of the algebra defined in [2.1.2]
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Notation 2.3.2. For any element ¢ € k*, ¢ # %1, we denote by Si(k)
the ¢-polynomial superalgebra generated over k by three generators x,y, z
satisfying:
xy = qyr, vz = —zx, yz = —zy, x and y are odd, z is even.

It can be seen as an iterated Ore extension k[y|[z; o][z; 7], where o is the
automorphism of k[y] defined by o(y) = qy and 7 is the automorphism of
k[y][z; o] defined by 7(x) = —x and 7(y) = —y. By lemma we also
consider the localization "4 = k[y*!][z*!; o][z;7].

Proposition 2.3.3. The superalgebra Uy(osp(1,2)) is strongly s-rationally
equivalent to the g-polynomial superalgebra Si(k), represented by the dia-

Proof. We denote U, := U, (osp(1,2)). It follows from the definition that
Uy =k[k*![e; o][f; 7, 4], (6)

with a PBW basis B = (k%€’f€)acz. bcen (see [4] proposition 2), where o is
the automorphism of k[k*1] defined by (k) = ¢ 'k, 7 is the automorphism
of k[k*1][e; o] defined by 7(k) = gk and 7(e) = —e, and § is the 7-derivation
of k[k*!][e; o] defined by d(k) = 0 and d(e) = #(k —k~1). We are in
the context of example Following [4], we introduce the super Casimir
element, that is the even element:

si=q k=g = (¢ + g7 ) g —q Vef (7)
= —¢"Pk4+ ¢ PR 4 (@ P g ) g - fe 8)
By elementary calculations using relations @ we show that:
skl = kTls, se = —es, sf = —fs.

Then s commutes with any even element and anticommutes with any odd
element. In particular s? lies in the center of Uy. Using lemma we
consider the localization U, = k[k*=!][e=!; o][f; 7,4] of U, with respect to
the powers of the odd generator e. By , we have in Ué:

q_1/2k _ q1/2k3_1].

-1 -1 1
St I |

Then, by change of generator, UC’I appears as the iterated Laurent extension:
! +1y7, £1 . .
Uq - k[k ][6 ) J] [55 ’7]7 (9)

where the k-automorphism < is the involution ¥ — k and e — —e cor-
responding to the relations: ke = gek, se = —es and sk = ks. In the

_ 1
f= (@ 2+ ) (g—q7 L)
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expression @D of UC’I, we can replace the even generator k by the odd gener-

ator ko := e k. The relations become koe = geky, se = —es, sky = —sko.
We conclude that the superalgebra U, = k[kg')[e*!; o][s; 7] is isomorphic
to the superalgebra S”4(k) introduced in m O

We obtain as an immediate consequence the following description of the
center of U, (0sp(1,2)), already proved in [4] proposition 3, and of the center
of its superskewfield of fractions.

Corollary 2.3.4. We suppose that q is not a root of one and denote by
s the super Casimir element defined by (7). The center of Uy(osp(1,2)) is
the polynomial algebra k[s?]. The center of Frac (Uy(osp(1,2))) is the purely
transcendental extension k(s?).

Proof. With the notations used in the proof of the proposition, the skewfield
of fractions F' := FracU,; = FracUy is the skewfield of rational functions
F = k(s)(ko; v)(e; o) where the automorphisms v and o are defined by
v:s— —sand o :s— —s, kg — ¢ 'ko. By classical methods of embeddings
in skewfields of Laurent series (see for instance [I] section 1.1, or [16] exercise
1ZA) and because ¢ is not a root of one, we easily see that an element f € F'
commutes with ko and e if and only if f € k(s?). It follows that the center
of F and the center of Frac (U,) are equal to k(s?). Since s is an element of
U,, we deduce that the center of U, is k[s?]. O

We have seen in that in the classical case the enveloping algebra
U(sl(2)) appears as a subalgebra of the even part of the enveloping alge-
bra U(osp(1,2)). A similar question can be asked for U, (osp(1,2)) and the
quantum algebra U, (s((2)).

Theorem 2.3.5. The subalgebra generated in Uy (osp(1,2)) by the elements:
X:=(¢ "k+qgk e+ (¢ +2+9ef, Yi=—f K:=k
is tsomorphic to Uy(sl(2)).

Proof. First step. It is clear by that KX = ¢?’XK and KY = ¢ ?YK.
We introduce the notations A := ¢~ ' +2+ ¢ € k* and ¢ := ¢tk +qk™! €
k[k*1], so that X = ce + Ae?f. Then the products XY = —cef — Ae?f?
and YX = —o(c)fe — A(fe)(ef) appear as elements of the even part
of Uy, which is the k-subalgebra of U, generated by k*l 2. f2 ef. Some
preliminary calculations in this even part involving the semi-Casimir element
are necessary.

Second step: calculations in k[k*'][s]. We introduce the scalar:

1

(@2 +qY2)(qg—q7)

and the following elements in k[k*]:

k/ — q_1/2k . q1/2k_1, k// _ ql/Qk . q_1/2k_1. (11)

q= (10)
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Then identities @ and can be rewritten:
ef = —Gs+ gk’ and fe=gs+ gk". (12)

Recalling that ¢ and 7 are the automorphisms of k[k*!] defined by o (k) =
q 'k and 7(k) = gk, see (6)), we compute:

2 f? = —%s> + (K — o(K)s + @PK o (K, (13)
f2€2 _ _4282 + QZ(T(kH) o ]{?”)S + qAQk‘”T(k‘”). (14)

Third step: expression of the commutator XY —Y X. We can now resume
the calculation of XY and Y X using identities and :

—XY = cef + \e? f?

= —\§%s% + [—cq + MG (K — o(K)]s + Gek' + \PK o (K),
—YX =0 !(e)fe+ A(fe)(ef)

= o 1(e)(Gs + GK") + A(Gs + GK")(—=gs + GK')

= 222+ [0 M e)G + NP (K — K")]s + o )Gk + AGPEE.

Then the difference XY — Y X is of degree < 1 in k[k*'][s] with leading
coefficient uy := g[c + o~ 1(c) + AG(o (k') — k”)]. On one hand:

ctote)=0+g Hk+ A+ gkt
On the other hand by :
O'(k/) _ k” — (q_3/2k _ q3/2k,—1) _ (ql/Qkf _ q_l/Qk'_l)
— (q73/2 o q1/2)k + (q71/2 _ q3/2)k71
= (=" + gk + 1+ k1)

Then uy = §[1 + Aj(¢~/? = ¢"/A)][A + ¢ Dk + (1 + ¢)k~']. An auxiliary
calculation using gives:

—1/2 _ 1/2 _
)xcj(q_l/2 o q1/2) _ Mg q’'*) _ A — 1,
@2+ ) (q—q ") (¢12+q71/2)?
and we conclude that u; = 0. Therefore
XY —YX =G(c )K" — ck')) — M\*K (o (K') — k).

It follows from the above calculations that AG(o(k') — k") = —c — o7 1(e),
then:

XY —YX = §(o (o)k" — ck') — Gk (—c — o7 (c))
= go Y e) (K" + k)
— Gk + k_l)(q_l/Q L q1/2)(k e

k’2 _ k‘_2

q—q '
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Fourth step: conclusion. It is clear by the definition of X, Y, K that the
monomials (KPY™X™),cz mnen are linearly independent in the iterated Ore
extension @ They satisfy the relations KX = ¢?XK, KY = ¢ ?2YK and
XY -YX = Ig:é(__ll. By definition of U,(s(2)) (see for instance [19] VI.1.1
or [9] 1.3.1), the proof is complete. O

Remarks 2.3.6. (i) The following question remains still open to the best of
our knowledge: do we have an embedding of the quantum algebra U, (s((2))
in the even part of the superalgebra U, (osp(1,2)) ?

(ii) In view of remark and proposition the question arises
naturally of the possible embeddings between the four algebras considered
in . The following proposition answers the question at the higher level of
their skewfields of fractions.

Proposition 2.3.7. We suppose that k is of characteritic zero and that q is
not a root of one in k™. Then we have the following possible and impossible
algebra embeddings between the skewfields of fractions K(sl(2)), K(osp(1,2))
Kq(s1(2)) and Ky(osp(1,2)) of the four algebras considered in .'

embedding
K(gﬁ[\(Q))C< — —no embedding— — IC(OEPA(]" 2))
I I
no em%edding no em}‘)eddmg (15)
¥ ¢ embedding ¥
ICq(sl(Q)) < — —no embedding— — ]Cq(ﬂﬁp(l, 2))

Proof. The canonical embedding of U (sl(2)) into U(osp(1,2)) trivially in-
duces an embedding of K(sl(2)) into K(osp(1,2)). Conversely, we have
already seen in remark [2.1.5](ii) that K(s[(2)) cannot contain a copy of
U(osp(1,2)) and then a fortiori a copy of K(osp(1,2)). In the same way,
proposition [2.3.5implies the existence of a canonical embedding of K, (s((2))
into K4 (0sp(1,2)). By [1] proposition 4.3, ICy(s1(2)) is a quantum Weyl skew-
field; then by [I] theorem 3.10.b, it cannot contain pairs of elements a,b
satisfying ab = —ba when ¢ is not a root of one. We deduce that there is no
embedding of Kg(0sp(1,2)) in KCy(s((2)).

Similarly, using proposition 3.9 and theorem 3.10 of [I], the two upward
arrows may be justified by the fact that there are no pairs of elements
a, b satisfying ab = ¢"ba for n # 0 in K(sl(2)) and K(osp(1,2)), and the
two downward arrows by the fact that there are no pairs of elements a,b
satisfying ab — ba = 1 in K4(sl(2)) and K,4(0sp(1,2)). O

3. SOME SUBSUPERALGEBRAS OF THE QUANTUM ENVELOPING ALGEBRA
OF osp(1,4)

We fix an element ¢ € k*, q # £1.
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3.1. Quantum enveloping algebra of the nilpotent positive part of
osp(1,4). For any n > 2, the superalgebra U, (osp™*(1,2n)) is defined as
the subsuperalgebra of U, (osp(1,2n)) generated by n — 1 even generators
e1,...,en—1 and one odd generator e, satisfying the quantum super Serre
relations: see for instance [26] relations (9)-(12), [27] relations (3.2), [28§]
relations (3)-(4). Taking ¢ = 1 in the quantum super Serre relations gives
exactly the super Serre relations (see (2.30), (2.31), (2.32) in [I]). We study
here the case n = 2 denoting n = osp™(1,4).

Definition 3.1.1. The quantum enveloping algebra of the positive nilpotent
part n of the Lie superalgebra osp(1,4) is the superalgebra U, (n) generated
over k by two elements ey, es satisfying the Serre relations:

6%62 —(¢+ q_l)e1€2€1 + 626% =0, (16)
eder + (1 —q—q b(ederes + esered) + eres =0, (17)
and Zs-grading such that e; is even and ey is odd.

Proposition 3.1.2. The superalgebra Uy(n) is strongly s-rationally equiv-
alent to the g-polynomial superalgebra Si(k) ® O(k), represented by the

Proof. We denote N, := Uy(n). A natural way to transform relation is
to introduce the odd element:

T i=ejes — ¢ leseq, (18)
so that becomes simply e;xz — gre; = 0. Then we consider relation
under the form esy + yeo = 0 where y is even defined by:

Yy = wey — qeax = eseq — (q +q Heseres + eqes. (19)
Straightforward calculations show that e;y = ye; and yr = —xy. Hence we
obtain a description of N, as an iterated Ore extension

Ny = kler, yl[z; o]lez; 7,0, (20)

with PBW basis B = (e’fybazceg)a,b,c,deN, where o, 7 and d correspond to the
commutation relations:

_ _ 1 -1 _
€1y = yeu, rey =4q "ex, €1€2 — (¢ “e261 = 7T, (21)

TY = —Yx, €2y = —Yyeg, Te2 — (gex =Y.
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In this description e; and y are even, x and es are odd. In particular we are

in the context of example Observe that it follows from and
that 32 lies in the center Z(N,) of N,.
Another way to transform relation is to introduce the even element

u:=mreg +eax = —q 'y + (1 + ¢ Hzey (22)

in order to rewrite (17) under the form: esu = g 'ues. We check that
ur = ¢ 'zu = and ue; = eju — (1 + ¢)x? and straightforward calculations
show that the even element

2= equ — ¢ ue; (23)

commutes with ey, e,  and y. Then z € Z(N;). We have the following
explicit developments:

z=(1-¢*eru+ (1 + q)z? (24)
= (1= +g Newes + (a— g ey + P+ (25)

We denote by N(; the localization of N, with respect to the multiplicative
set generated by the homogeneous generators e; and z. By , we can
replace in Né the generator eo by the central generator z, hence:

N, =Kkly, ezt ; ollea; 7, 0] = Kkly, ef][zT ; o][z]. (26)
Finally we replace the even generator e; by the odd one:
t:=z"te; = gzt (27)

to obtain:
Ny = K[][t*][2™; o][y; ). (28)

By construction y and z are even, x and ¢ are odd, z is central, tx = qxt and
y satisfies yx + xy = yt + ty = 0. With the notations of and denoting
O(k) = k2] for even z, the superalgebras N; and 8"§(k) ® O(k) are isomor-
phic. Since the localizations are with respect to the powers of homogeneous
g-commuting elements, the result follows from direct application of lemma
1.1.2 O

Corollary 3.1.3. We suppose that q is not a root of one and denote by y
and z the generators defined by and . The center of Uy(n) is the
polynomial algebra k[z,y?). The center of Frac (Uy(n)) is the purely tran-
scendental extension k(y, 22).

Proof. With the notations used in the proof of the proposition, the skewfield
of fractions F' := Frac N, = Frac Né is the skewfield of rational functions
F =k(z,y)(t; v)(z; o) where the automorphisms v and o are defined by
yiz— z,y— —yand o : 2z — 2,y — —y,t — ¢ 't. The proof is then
similar to that of corollary [2.3.4] O
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3.2. Quantum enveloping algebra of the positive Borel subsuper-

algebra of osp(1,4). We summarize all notations of part

Definition 3.2.1. The quantum enveloping algebra of the positive Borel
subsuperalgebra b of the Lie superalgebra osp(1,4) is the superalgebra U, (b)
generated by U,(n) and the commutative Cartan subsuperalgebra k[k‘fl, kéﬂ],
where k1 and ko are even and act on the Chevalley generators eq, es by:

kier = ¢Perk1, kiea = q lesky, koer = q 'erks, koea = qegka,  (29)
see for instance [26] 27, 28].

Proposition 3.2.2. The superalgebra Uy(b) is strongly s-rationally equiva-
lent to the q-polynomial superalgebra represented by the diagram:

T

Proof. Starting from ,We obtain a description of B, := U,(b) as an
iterated Ore extension:

By =kler,y][z; ollea; 7, 8]k, 01][k; ', 7] (30)

where the automorphisms 6 and 7, correspond to the relations
kiy = yk1, koy = quke, kix = qxky, kox = xko (31)
?edlll‘ce(i .fron;lv ,kt fﬁdi].[ Thi}s gctiopbocfi kbl a ko (—:]';(tegdz t.(;.the
and @) of 2 and b, we baves
kiz = ¢?zk1, koz=zke kit =qtky, kot =q ‘tko. (32)
Then the localized superalgebra
By = Nylky™!, 01][k, 0] (33)

is s-rationally equivalent to the g-polynomial superalgebra described by the
diagram above, and the result follows from the application of corollary
to the multiplicative subset generated by z,t, k1, k2. O

Up to further localizations by homogeneous elements, there are of course
many ways to reduce the commutation diagram to more simple forms. In
addition to the question of which ones are the most significant, some re-
ductions may facilitate calculations to show some properties, such as the
determination of the center in the following corollary.

Corollary 3.2.3. If q is not a root of one, the center of Uy (b) and the center
of Frac (U, (b)) are equal to k.
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Proof. With the notations used in the proof of the preceding proposition,
we introduce using lemma the localization By of By with respect to

the powers of the even element 2. We introduce in By the homogeneous

22 and

y' = t'k; 'y. By straightforward calculations, we check that the superalgebra
By is s-rationally equivalent to the g-polynomial superalgebra represented
by the diagram:

changes of variables: 2/ := k; 'z and t' := z~lat, then 2/ = (2/)~

The skewfield of fractions I := Frac B, = Frac B] can be canonically em-
bedded in an iterated skewfield of Laurent series

F=k(@)( s oD TNk s 01) (k2 62)

for suitable automorphism corresponding to the above commutation picture.
A nonzero element f € F is central if and only if any monomial

0 = Ay 2SS NS = (g, ... ng) € 28, A, €k, A, # 0O

in the development of f in F' commutes with each variable 2/, v/, 2/, ', k1
and ky. We have f,k1 = ki f, if and only if ¢"* = 1 or equivalently n; = 0.
Similarly f,ks = ko fn is equivalent to ny = 0. We deduce step by step that
f € k. We conclude that Z(Frac By) = k and then Z(U,(b)) = k. O

3.3. Quantum enveloping algebra of a positive parabolic subsuper-
algebra of osp(1,4). We summarize all notations of the parts and

Definition 3.3.1. The quantum enveloping algebra of the positive para-
bolic subsuperalgebra p of the Lie superalgebra osp(1,4) is the superalgebra
Uy (p) generated by U,(b) and the odd generator fp acting on the Chevalley
generators e, es and the Cartan generators k:f, in by:

faer = erfa, faea = —eafo+ i (ke — Ky ), (34)
fokr=q kifa,  foka = qkafo,
see for instance [26], 27, 28].

Theorem 3.3.2. The superalgebra Uy(p) is s-rationally equivalent to the
q-polynomial superalgebra represented by the diagram:
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Proof. We denote P, := U,(p). By direct calculations, we deduce from (34)
the action of fo on the elements x,u, z of N, introduced in , , (23):

for = —afotq etky, fot =—tfo+kot®, foz=2zfo. (35)
The relation for the generator y defined by is more complicated:
foy=yfo— (1 + qil)egelkg + %azk@ + qij;gl Z‘kz_l. (36)

Starting with the description of By, we have the Ore extension P, =
By[f2; o, d] where the automorphism « and the a-derivation d of B, cor-
respond to relations , and . By localization, we have similarly
P, := By[f2; o, d] where By is defined by and (28)). In order to simplify
the first relation in , we can replace fo by:

fé = (q + 1)f2 — €1$_1]€2 = (q + 1)f2 — k‘gt, (37)
which satisfies:
Relation becomes:
Fy=yfy+ L e+ k. (39)

Then P, = B[fy; o'; d'] where the automorphism o and the o/-derivation

d' correspond to these transformed relations. We observe that (38) and
allow in particular to consider between Né defined by and Pé the
intermediate superalgebra

Hy = k[2|[t5][2; o]lky s Oally; (3 o s ). (40)

A key observation is that in this description o/(z) = z = v 1(2), o/(t) =

—t = 47t), o (x) = —x = v (x), o/(k2) = gka = 7 (ko). Hence the

automorphism o' is equal to v~ ! on k[z][t*][zF; o][k3 ; 6] and satisfies

o/(y) = y. Then we can apply the method introduced in section 2.1 of [18]
and write the value of the y~!-derivation d’ in y under the form:

d(y) = %k;lx + l%qrv_lzk‘g =h—~(h) (41)

with notation:

q -1 q -1
h 7 ky x { )235 zko (42)

By construction, the odd element:

w:=yfs+~(h) = foy+h (43)
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commutes with y. Moreover it follows from the commutation relations in B;
(see diagram in proposition that A commutes in B(’I with z,y, z,t and
ks. Then by the same is true for w. Finally we can by replace the
generator f; by the generator w in the localization H of H, with respect
to the powers of y, and we obtain:

H} = K[ 5 o]k s 0]y : ][] (44)

The next step consists in introducing the localization P, of P, with respect
to the powers of y. We obtain:

Pl o= W [tHla* ;s o[k ; Bally™ ; A[uwl[kis 61). (45)

It is clear by (32), and that ki f5 = ¢~ fok1 and then kyw = ¢ twk;
by (43). We conclude that the superalgebra P is s-rationally equivalent
to the ¢g-polynomial superalgebra generated over k by the even generators
Y, 2, k1, ko and the odd generators x,t, w. Using corollary the proof is
complete. O

Corollary 3.3.3. We suppose that q is not a root of one. Then the center
of Uy(p) is k and the center of Frac (Uy(p)) is the purely transcendental
extension k(2'), where 2’ := w2z with z,w defined by and ([43).

Proof. 1t is clear by and the associated commutation picture that any
central element f ## 0 in the superalgebra P;’ is a finite sum of central
monomials f, of the form:

Jn =A™y 2Bt ET RS W™, n= (ny, ..., n7) € Z' A €k, M #0,

where ng and n; are nonnegative. By writing successively that f,, commutes
with z, z, y, t and ko (in this order) we obtain that the integers ns, n4, ng
n1 and no are zero. Hence f, = A\, 2™ w™”. The commutation ki f, = fnk1
implies 2n3 + ny = 0, then n3 = ny = 0. We conclude that the center of Pé’
is k and so the center of P, is k. It is clear that in the localization P, of
Pé’ with respect to the powers of w, we can replace the generator z by the
central generator 2’ := w2z to conclude that the center of P, is k[2']. The
center of Frac (P;) is then obtained by embedding Frac P, = Frac P;” in a
suitable skewfield of Laurent series as in the proof of [3.2.3] O
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