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This paper presents a project in progress that seeks to gain empirical insights into the network of mental representations associated to sine of pre-service mathematics teachers as well as their thinking and typical errors and misunderstandings. First collection of data show that students' concepts of sine vary significantly and that the students have problems associating meaning to the value of sine. It is assumed, that there is a connection between the knowledge of degree and radian measure of angles and the understanding of sine and cosine. Further data will be obtained in a second phase that will include semi standardized interviews. These interviews will also contain aspects of the derivative of sine.

Introduction

In the last few years, little attention has been given to the teaching and learning of Trigonometry in Germany. Most of the work focuses on subject-matter analysis (Korntreff, 2018;[START_REF] Filler | Trigonometrie[END_REF][START_REF] Malle | Genetisch in die Trigonometrie[END_REF]. Unfortunately, there is not a lot of empirical research on the students learning process and furthermore, Trigonometry is slowly disappearing from the Curricula of many federal districts due to cutbacks of mathematical contents. This is unfortunate for many students who want to engage in a study of Natural Sciences, Engineering or Mathematics, in which the knowledge and the profound understanding of trigonometric functions are basic requirements for successful academic studies. Therefore, it is important to evaluate the current situation of students who start their careers and to draw a picture of their understanding of Trigonometry, including obstacles that they are confronted with. Major issues in the learning process of Trigonometry are the transition from right triangles to the coordinate plane, the understanding and use of radian measure and the modelling of periodic processes with trigonometric functions.

Since Trigonometry is an essential component of the high school curriculum throughout the United States and other countries, there is some international research on the learning and teaching of Trigonometry. There has been some research regarding students learning of Trigonometry with a focus "on the move from right triangle Trigonometry to rotations about the origin, then to the unit circle, and finally to the sinusoid" (Brown, 2005, p.85). In Brown's study, preliminary interviews suggest the classification of three different ways students think about sine and cosine in the beginning of the learning process, that seem to correlate with their general geometric and algebraic abilities. Students interpreted values of sine and cosine as 1) ratios in right triangles, 2) distances from the axes, and/or 3) coordinates of a point. These different approaches could be traced back to their use of words and to what they wrote down in their solutions of given exercises.

Due to the changes in the school Curriculum and the importance of Trigonometry in many fields of study, it is crucial to know what previous knowledge about Trigonometry students bring to their academic carrier at the university. Beyond that it is of great interest to know which mental representations were developed by the students and how these Representations interact with each other. When talking about mental Representations I'm refering to the concept of Grundvorstellungen1 which will be explained further in this paper. These GV prepare the ground for reasonable solving of problems in Trigonometry. The Theoretical Framework of this paper aims to 1. give an Overview over the complex different GV of sine, 2. show the interconnection of different GV of sine, especially the transition from right-angledtriangles to the Unit Circle. 3. present some of the previous mathematical content that these GV are built on, in particular the measurement of angles,

The planned research that is presented in this paper intends to verify whether these Interconnections and Dependencies between GV really exist in the students minds. In this case, the GV of sine can be a useful tool to diagnose learning problems in the field of Trigonometry.

Theoretical Framework

Grundvorstellungen of sine

Apart from the mathematical content that is analyzed in this study, an important didactical question is: What do students (literally) think when dealing with sine and cosine? There are different theories that strive to give a good explanation for the construction of mental representations of mathematical objects using for example the theory of concept image and concept definition [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. In German literature, a related theory uses the Terminology of Grundvorstellungen [START_REF] Vom Hofe | Grundvorstellungen" as a Category of Subject Matter Didactics[END_REF]. GV present a didactical concept that classify mental mathematical representations.

GVs thus describe relationships between mathematical structures, individual psychological processes, and subject-related contects, or, in short: the relationships between mathematics, the individual, and reality. (vom Hofe & Blum, 2016, p.231) The work with GV has a long tradition in the area of didactics of mathematics in Germany and has been developed in various branches of mathematics like basic arithmetics, geometry, algebra, functions etc. Yet, little work has been dedicated to the concept of GV in the area of Trigonometry.

A first attempt to categorize these GV of sine on a normative level can be found in the paper of [START_REF] Salle | Grundvorstellungen zu Sinus und Kosinus[END_REF]. They distinguish four GV of sine and cosine:

1. Proportion -GV This GV is based on the idea of the sine as the ratio of two sides in a right angled triangle.

The value of the sine corresponds to a quotient.

Projection -GV

The value of can be interpreted as reduction factor . One can think of a shadow that is casted by orthogonal light rays.

Unit-Circle -GV

The Unit-Circle -GV is associated with the parametrization of the Unit-circle, specifically the circular motion of an object. The value of the sine corresponds to a number which provides information about the position of an object.

Oscillation -GV

The mathematical modelling of periodic processes requires the Oscillation -GV. To give a mathematical model of a vibrating string via the sine function, the Oscillation GV is needed.

Apart from this study, there has not been any empirical research regarding the GV students might develop over the course of a learning cycle yet. The first collection of data of the present study indicates that the GV of sine of pre-service mathematics teachers vary significantly. When asked what sine means to them, they mention sinusoids, right-angled triangles, angles, the theorem of Pythagoras and the Unit Circle.

At this point I want to emphasize two important aspects. First of all the GV of sine are quite complex, that is why I will introduce the distinction between primary and secondary GV. Regarding that distinction primary GV need to constitute a relation to real world phenomena whereas secondary GV relate to "imagined actions dealing with mathematical objects and means of representing these objects, such as number lines, terms, and function graphs" (vom Hofe & Blum, 2016, p. 234). Secondary GV therefore can depend on the understanding or the mental representation of other mathematical objects. To give an example: A sustainable GV of sine can rely on the concept of an angle, or on the concept of a function. Secondly it is important to note, that GV form a network. That is they are connected and influence each other, "GVs are not regarded as isolated fixed entities, but as variable parts of a growing and changing system" (vom Hofe & Blum, 2016, p. 229). This influence exists between different mathematical objects aswell as between different GV of on mathematical object.

Interconnection of GV -From right-angled triangles to the unit circle

The Interconnection between the different GV of one mathematical object can be seen very clearly in the case of the Proportion-GV and the Triangle-GV. The learning of Trigonometry usually takes place in two learning cycles. In the German curriculum sine and cosine are introduced as the ratios of sides in a right-angled triangle in classes 8 or 9. In this part of the learning process sine takes angles of triangles as an input that are measured in degrees. The most common exercises consist of finding the unknown side of a triangle. At this point sine and cosine can be seen as rather stiff tools that only serve a specific purpose. On this topic, Thompson comments as follows,

In students' understanding sine, cosine, and tangent do not take angle measures as their arguments. Rather they take triangles as their arguments.

[…] Also, angles do not vary in triangle Trigonometry. (Thompson, 2008, p.3) In class 10 the sine receives new meaning when it is introduced via the unit circle. In this part of the learning process sine takes angles as an input that are measured in radian and is introduced as a periodic function. This transition from the rather stiff representation of sine on right angled triangles to the dynamic representation on the unit circle presents many obstacles to students of Trigonometry. Brown (2005, p.222) found that students have problems understanding the role of Another finding showed that more than a quarter of the 119 participants of Brown's study were not able to make the move from the unit circle to the sinusoid and couldn't even explain what was represented on the -and -axis of the sinusoid. Students struggle with the dual nature of sine as a ratio or a number [START_REF] Brown | The Trigonometric Connection: Students' Understanding of Sine and Cosine[END_REF]. Depending on what resources students have to think about angles, this struggle might be associated with the lack of knowledge and understanding of radian measure.

Building on previous GV -Radian and degree measure

As mentioned earlier in this paper the GV of sine build on previous known mathematical objects, in particular students need to have a concept of angles and angle measure. The understanding of radian and degree measure concerns multiple mathematical aspects. One aspect is certainly about the measuring process itself, besides the way we measure angles is deeply connected with the way we think about angles. What is an angle? What is a measure? How is a unit defined and for what reasons? Concerning the question "what is an angle?" According to Jordan ( 2006) there are at least three different aspects of understanding related to angles: the notion of rays, the notion of a field and the notion of a rotation. A more thorough investigation of the interpretation of the angle concept can be found in the work of [START_REF] Mitchelmore | Development of Angle Concepts: A Framework for Research[END_REF]. They argue that the learning process of the angle concept develops in three stages. First, students have a situated angle concept, in the second stage the students develop a contextual angle concept and in the third stage they are able to build an abstract angle concept.

When thinking about angles in 360 degrees, one possible way to interpret 1 degree is to think of it as a piece of a circle, but there are also other ways to think about angles.

Instead of thinking about a circle that is cut into pieces it is also possible to imagine parts of a rotation or the arc of a circle. In this sense, a degree is just a tiny part of a movement. For example, the distance a gondola of a ferris wheel has moved within a certain time. If we start thinking about angles in this way, there are also different plausible ways to define the angle measure. It is possible to define the angle measure as the length of an arc of a circular motion. This is when the idea of the radian measure emerges. To keep the measurement independent of the size of the circle the unit is defined by the radius of the circle and a given arc is measured in relation to this radius.

The way angles are measured is one of the most significant differences between right-angled triangle Trigonometry and Unit Circle Trigonometry. Accordingly, the question arises: Does the way of thinking about angles have an influence on the way of thinking about sine? Because of this important link between angle measure and the different ways the sine can be defined one can assume that a better understanding of radian measure can help with the understanding of Unit Circle Trigonometry.

Research design

The goal of this study in progress is to find out more about the network of GV regarding Trigonometry, in particular find answers to the following questions: What GV do students actually have about sine? How are the different GV of sine connected to each other? Are there GV of other mathematical objects that have an influence in the way students think about sine?

This study will be conducted with pre-service mathematics teachers at the beginning of their academic studies that most likely already had a learning cycle in Trigonometry within their school curriculum. The study will be conducted in two phases. The first phase consists of a written test that gives information over the general abilities and GV that students have developed, concerning the area of Trigonometry. In the second phase the students will be interviewed to get deeper qualitative insight in the way students think about sine and angle measure.

The test is composed of twelve questions that are subdivided into four Categories. Three Categories are attributed to different GV namely the Proportion-GV, the Unit-Circle-GV and the Oscillation-GV. The fourth Category contains three open questions. Every Category has therefore three questions on different difficulty-level. With this test-design it is possible to check if certain GV are present in the students mind and moreover on what level they can work with this GV. The open questions can be solved with reference to various GV and are used to check for dominant GV. The test measures the students' abilities to compute and approximate values of sine, their knowledge about degree and radian measure, as well as their ability to solve exercises on triangles, the unit circle and the function graph. Depending on the scores in the test and the reported GV of sine a preferably wide range of different subjects will be chosen to conduct the interviews.

The test includes open questions as well as questions that can only be solved if the students have access to explicit GV of sine. I want to give a small sample of questions that were used in the test. Some of those were taken from the study of [START_REF] Brown | The Trigonometric Connection: Students' Understanding of Sine and Cosine[END_REF] others developed over time in a course of didactics of analysis. One question that seems to be a good indicator for GV that are accessible to the students is: "Estimate the value of sin(80°)". This question can be solved by the students with reference to the unit circle, right-angled triangles or the graphical representation of the sinefunction. Another estimation includes radian measure: "The Radian measure of an angle is exactly 3. Estimate the value of sin(3). Justify your estimation". In this case not all GV of sine can be used. Moreover, an understanding of the radian measure is needed. The interviews will be semistandardized with questions concerning the GV of the students and tasks in which multiple GV of sine need to be activated. In particular, the derivative of the sine-function will be discussed, because it can be approached in various ways. It is possible to justify the connection between the sine function and the cosine function as its derivate with the Proportion-GV, the Unit-Circle-GV and the Osscilation-GV. A very fertile visual Justification is delivered through the Representation of sine in Figure 3. For this argument to be fully understood, students need to be able to switch between the different GV of sine. Moreover they need a good understanding of the derivative as the slope of the tangent and as an instantaneous rate of change.

First results

First of all, the answers of the students show that the concept definition of sine contains various ideas and GV. When asked what sine means to them, answers often include the mention of Wavefunctions and the unit circle. Others describe sine as a tool to determine unknown lengths of sides in a right angled triangle, or gave formulas including complex numbers. These responses could be linked to the four GV of sine mentioned above.

Although the students had good explanations for what sine meant to them in general, when they were asked what precisely means to them, most of the answers only included guesses of the values of . These guesses included -1,0 and 1 but made almost no connection to their GV of sine. A similar result was found when the students were asked to estimate the value of . Out of 30 students only five could give a correct answer and only two provided an explanation for their correct estimate. Some guesses for included values higher than 1 and even values given in terms of . It seems that the students had a vague concept of sine and that it was difficult for them to establish a connection between their definition of sine and the calculation of sines for given angles.

Another difficulty arose when the students were asked what the difference between radian and degree is. Some students openly admitted that they had no idea, while others tried to infer meanings from the words. Overall the answers represented the confusion of the students concerning the terminology, although some could convert radian measure into degree measure. Similar results have been found in the study of [START_REF] Fi | Preservice school mathematics teachers' knowledge of trigonometry: Subject matter content knowledge, pedagogical content knowledge and envisioned pedagogy[END_REF] and [START_REF] Akkoc | Pre-service mathematics teachers' concept images of radian[END_REF]. Some students just regarded degree and radian as buttons on a calculator that need to be pressed. Another answer confirms findings of Akkoc that say, that students only consider numbers in radian measure, when there is involved. A repeating error of students involves the mentioning of in the output of the sine-function.

One question in particular provided indications to the statement of Thompson (2018) that for some students the sine function only takes triangles and not angles as an argument. When presented an angle of 53° as shown in Figure 4 with the task to identify and graphically, 13 out of 30 students were not able to give a correct answer though some of them used the Proportion-GV in other questions. In some of the answers students replied, that it is not possible to identify the wanted quantities with this figure, because they couldn't find a right-angled triangle. Another common mistake was that students chose to connect the ends of the line segments and ended up with an isosceles triangle instead of a right-angled triangle. Even though the students had access to the correct GV, they couldn't use it in this context. This shows the need of building up flexible and sustainable GV.

Discussion

The first collection of data showed that students can operate with various GV on different difficulty levels. It will be interesting to know why some students can operate with a certain GV on a basic difficulty level, but could not advance to a higher difficulty level. The last example seen in Figure 4 shows that some GV are linked to special situations and cannot be used when different mathematical objects are involved. It remains to be seen if these difficulties are just singular observations or if there is a pattern. To confirm that students possess and use the GV on different levels it is necessary to conduct further research and to collect data from more students that are willing to participate in interviews. In this respect it is more likely to reveal the true thinking process of the students in a conversation. A second phase of the investigation, with a revised test and follow up interviews is already planned.
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