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Introduction.

Geometry and spatial visualization is important for STEM [START_REF] Wai | Spatial ability for STEM domains: Aligning over 50 years of cumulative psychological knowledge solidifies its importance[END_REF] and the development of number understanding [START_REF] Verdine | Spatial skills, their development, and their links to mathematics Monographs of the Society for[END_REF]). Yet in some countries the amount of geometry being taught has been reduced over many decades leading to a decline in teacher knowledge. The improvement of the teaching and learning of geometry requires both attention to the curriculum and enabling teachers to implement the curriculum more effectively.

The Australian Mathematics and Science Partnership Program (AMSPP) funded by the Australian Government Department of Industry, Innovation, Climate Change, Science, Research and Tertiary Education, was established essentially to increase the participation and expertise in STEM related areas. The Reframing Mathematical Futures Project II (RMFPII), as part of the AMSPP aimed to build a sustainable, evidence-based learning and teaching resource to support the development of mathematical reasoning in Years 7 to 10. This paper reports on part of this process with a particular focus on students' reasoning about shape and angle size.

Learning progressions, while not new, relatively recently have become the focus of systematic research efforts (see [START_REF] Siemon | Researching and using learning progressions (trajectories) in mathematics education[END_REF]. There have been different interpretations of the meaning and use of learning progressions (and the closely related learning trajectories -see the special edition of Mathematics Teaching and Learning, 6(2), 2004). The learning progression, as we are using the term, describes stages in the development of geometric reasoning which are evident sequentially in the responses of many students. It assumes that learning takes place over time, and that teaching involves recognising where learners are in their learning journey and providing challenging but achievable learning experiences that support learners' progress to the next step in their particular journey (see [START_REF] Siemon | Researching and using learning progressions (trajectories) in mathematics education[END_REF] for recent research and development on this). The learning progression is thus closely linked with teaching and learning. The research presented in this paper is in the context of a larger study which is developing a learning progression for geometric reasoning.

Geometric reasoning is the ability to critically analyse axiomatic properties, formulate logical arguments, identify new relationships and prove propositions. It is demonstrated in early stages through attention and explanation with students then moving to describing, analysing, inferring, conjecturing and deducing geometric relationships leading to them engaging in formal proof [START_REF] Brown | Developing geometric reasoning[END_REF]. Being able to invent and apply formal conceptual systems to investigate geometric relationships is part and parcel of reasoning geometrically [START_REF] Battista | The development of geometric and spatial thinking[END_REF].

In common with other developed learning progressions and trajectories a synthesis of relevant research literature was undertaken to establish a hypothetical learning progression for geometric reasoning which included a breadth of geometric concepts from the curriculum since its application was to be with classroom teachers. In constructing the progression, we acknowledge that the dominance of van Hiele levels on geometric thinking research, and their neglect of visualisation, meant that the framework we developed needed to move beyond these factors and recognise that students can reason at multiple levels, at different rates for different concepts. Our synthesis of available research findings led to the development of an initial hypothetical geometric learning progression that included both geometry and measurement concepts and which was based on [START_REF] Battista | The development of geometric and spatial thinking[END_REF] proposed four levels of thinking: visual-holistic reasoning, analytic-componential reasoning, relational-inferential property-based reasoning, and formal deductive proof. He expanded the development of property-based thinking to progress from visual-informal, to informal insufficient-formal reasoning and finally sufficient formal property-based reasoning. The hypothetical learning progression we proposed [START_REF] Seah | A Learning Progression for Geometric Reasoning[END_REF]) made a distinction between descriptive reasoning -using informal language to explain what one sees and analytic reasoningusing formal language to analyze properties of shapes. It also encompassed concepts from a range of aspects of geometry including shape, transformation and location, and measurement. This allowed us to better investigate the growth in the connectedness between visualization and mathematical discourse and contributed to the design of instructions that targeted specific thinking within a framework which was connected to, but not defined by curriculum.

The research question considered in this paper is how do students' reason about angle, angle measure in a two dimensional context of shape. This is set in the overarching project of developing a learning progression for geometric reasoning.

Method

Based on the hypothetical learning progression we designed a series of pen and paper assessment tasks, which were based on practical situations, and would allow students to demonstrate reasoning as well as other knowledge and skills. While there have been some studies (for example, [START_REF] Keiser | Struggles With Developing the Concept of Angle: Comparing Sixth-Grade Students' Discourse to the History of the Angle Concept[END_REF][START_REF] Mitchelmore | Development of angle concepts: A framework for research[END_REF], angle and angle measure is an area of geometry that has not received a lot of attention yet occupies considerable curriculum space connecting to many aspects of shape and measurement leading through to trigonometry. Typical angle questions in text books in years 7-10 require students to find the magnitude of angles from diagrams. The intention for these assessments was to seat the problems in real situations to which students could relate. An example of such a task is an angles task shown in figure 1 where students physically construct the angles through paperfolding before finding their magnitudes. The intent of this question was to focus on students' ability to use knowledge of properties of shape to make deductions about angle measure hence part a) focused on the properties of the 2D shape while part b) sought angle measures and explanation.

Figure 1: Shape and angles task

Each task was designed with a marking rubric to enable teachers to easily score the students' work. The rubric for the angles task is shown in Table 1. The scoring rubric requires clear reasoning to be given for the responses to attain the higher scores. GANG1.1 refers to a rubric score of 1 on the question GANG1 and is used in later analysis.

SCORE

DESCRIPTION For GANG1 A number of assessment forms, each with 6-7 questions, were structured covering a range of geometric content and trialled with students in years 7-10 in order to collect data on the questions and refine them as needed. On the basis of these trials and the student responses assessment forms were finalised and data collected first from a small group of trial schools in three different states and then from the larger group of project schools across Australia. This data was analysed at two levels. The first was at the level of individual questions focusing on the reasoning about specific geometric and measurement constructs while the second was at a meta-level using item response theory (IRT). For a detailed description of this IRT analysis see [START_REF] Siemon | Researching Mathematical Reasoning: Building Evidence-based Resources to Support Targeted Teaching in the Middle Years In D[END_REF].

The analysis led to the identification of eight zones based on the evidence of what these students could do. From this a learning progression based on the descriptions of these zones was created.

Results and Discussion

The teachers in all the schools had a choice of which assessment forms their students would complete. Many chose not to assess geometry. The data presented here is from 279 students in years 7-10. As can be seen many students did not attempt the question or gave irrelevant answers. The following section shows the types of responses to the two questions.

Reasoning about shape

A sample of student responses are shown here in table 3. Orientation was an issue for some students with confusion about diamond and rhombus for many students, like S2, thinking it was only a rhombus when it was positioned with a horizontal edge. Phoebe is correct when she states that the shape made from the paper is a rhombus as the opposite sides are equal to one another, opposite angles are equal to each other and the sides are parallel 3 S8 This shape is a rhombus because properties of a rhombus all sides are equal, diagonals bisect each other at right angles, all angles are equal 4 S9 I agree. This is because all the sides are the same length.

There are also two pairs of parallel lines There are two acute angles and two obtuse angles.

S10 Yes all the sides same measurement

Table 3: Student reasoning about shape

The explanations given by students such as S1-3 could be classified as "it looks like …" with either agreement that it is a rhombus or disagreement because it is a diamond. S3 goes a little further with dynamic imagery showing in the response. S4 and S5 began to use properties in their reasoning though limited and insufficient. S6 and S7 used properties but defined a parallelogram rather than a rhombus with S6 also indicating orientation. While giving a necessary and sufficient property initially, S8 went on to give further properties, the last of which was incorrect. For the highest rubric score S9 also gave extra properties but these were written as an extra while S10 correctly gave just the important property. None of the students specified that the sides had to be straight or that the shape was planar and closed but in the context this was not seen as being necessary.

Reasoning about angle sizes

Table 4 shows some of the students reasoning about the angle size. A2 demonstrated a lack of comprehension about the concept of angle using the number of lines meeting at the point to provide the angle size. Many of the students associated angle size with protractors and when asked to find the angles, the only way of which they were sure was to measure using a protractor, or for A3 and A4 imagining one, which suggests that they have had little experience of reasoning about angle sizes from given information and their knowledge of geometry. A5 began with a correct calculation using a diagram to illustrate but then became confused. A6 and A7 both calculated correctly giving reasons. The rubrics and students' responses show increasing sophistication in reasoning. However, there was little evidence of students using relational inferential property based reasoning. While the theoretical framework with which we began was useful in the design of questions and aspects of analysis the final learning progression developed is based on descriptions of what the students actually demonstrated in their geometric reasoning.

Based on responses from many students and the responses to 36 different questions on the assessment forms of which this angles question is only one, an item response analysis was done using Rasch modelling (See [START_REF] Siemon | Researching Mathematical Reasoning: Building Evidence-based Resources to Support Targeted Teaching in the Middle Years In D[END_REF]. Figure 2 show the logit map returned by the analysis, based on valid responses from 742 students. The responses to the GANG questions have been highlighted on the map. The dotted horizontal lines show where some blank rows were removed.

From the map of the item responses it can be seen that GANG1, the shape question, has responses spanning zones 3 to 7 and GANG2, the angles question, spans zones 4-7. Based on these responses the descriptions of what students could generally do at each of the zones provided the evidence based learning progression for geometric reasoning. From this question at zone 3 the students were recognizing shape because it looked like it but were not yet correctly finding any angles. At zone 4 they were starting to reason about shape using properties and were responding to angle size with general information such as acute, obtuse and right angles. In zone 6 they were correctly finding some angles and were able to explain their reasoning about some of these. By zone 7 they were able to identify shape giving necessary and sufficient properties and were able to reason about the magnitude of angles providing sound explanations. According to the curriculum these students are meant to have studied knowledge about angles in geometry and the properties and identification of quadrilaterals before year 8 so it is of some concern that almost 80% of students were operating below zone 6 with 75% unable to find the magnitude of an angle in this situation. Some students showed they were not even clear about the concept of angle.

  s are 6 because there are 6 lines finishing at the s angle. All the angles from the h are 7 because they are also reaching the end. All the angles from the f are also touching the end of the page 1 A3 30 45 20 The way I worked it out was I pictured the pretracter [sic] in my head and trying to figure the degrees of it 2 A4 45 45 -I estimated the angles by imagining a 90 degree angle on the f, sangle shown divided in two to make 45] h 180 /2  90 / 2  45 because of the 3 angles make 180 so you can divide by 3 4 A6 45, 45, 135 The half creases indicate two right angles. H and f are halves of the right angles so 90/2=45. Quadrilateral has internal sum of 360 h and the opposite is 90 total S =(360-90)/2 4 A7 45 45 135 Angle f is based on a straight line and there are 8 equal angles (180/8 = 22.5) but f is two of these 22.5 x 2 = 45 o Angle h is the same thing just positioned differently Angle s I found because a triangle equals 180 o 22.5 + 22.5 = 45 180-45 = 135 (with diagram)

Figure 3
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Table 1 : Rubrics for shape and angle question

 1 Disagree it is a rhombus but claim it is a parallelogram or some other quadrilateral such as kite with some Agree it is rhombus. Explanation needs to include necessary and sufficient properties, that is, it has 4 equal sides, or is a parallelogram with one of the following properties  Adjacent sides equal  Diagonals bisect each other at right angles or diagonals bisect the angles  Two lines of symmetry All angles correct with clear reasons given relating to the folding and properties. F = 45 o ; h = 45 o ; s = 135 o (e.g., Folding corner to centre creates half right angle; All angles around centre of side equal so any 2 make 45 o or Four angles of quadrilateral add to 360 o )

	0	No response or irrelevant response
	1	Disagree it is a rhombus based on appearance rather than properties
	2	

properties specified, or Agree it is a rhombus with reason relying on appearance such as "if you turn it to rest on its edge it is a rhombus".

3

Agree it is rhombus specifying two properties correctly but insufficient / incorrect properties to define it.

Table 2 : Percentage of students in years 7-10 attaining rubric score

 2 Table2shows the percentage of students attaining each rubric score for the two questions.

	Rubric score	Shape (GANG1)	Angle (GANG2)
	0	39	50
	1	7	25
	2	4	8
	3	43	9
	4	7	8

Table 4 : Student reasoning about angle size

 4 

Concluding comments

The students' reasoning about angle and angle measure was generally at a lower level than indicated by the curriculum. Students often did not have the basic knowledge of the properties of quadrilaterals sufficiently connected to enable them to use these in reasoning about angle size. The student responses indicate many issues in their learning about shape and angle and further investigation is needed, particularly about the understanding of angle and angle measure. The analysis of the student answers to the questions combined with the item response analysis allowed a learning progression based on students' actual responses rather than just a validation of a proposed hypothetical progression. The full learning progression is based on all the questions used in the analysis and not just the one question and while the focus is reasoning, reasoning cannot be separated from the understanding of the underlying concepts. Since the final learning progression developed is based on what students could actually do it should be of use to teachers enabling them to map students' progress and inform teaching. Further research is needed on the implementation of such a progression.