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Introduction

 [START_REF] Skemp | Relational understanding and instrumental understanding[END_REF]made a distinction between "instrumental understanding" and "relational understanding". This paper focuses on understanding in mathematics education and aims to construct models for grasping the condition and process of mathematical understanding of students. Understanding models can be roughly divided into two types: the condition model and the process model. First, the condition model describes the condition that students already understand. Second, the process model describes the process of students' understanding. This process model has included transcendent recursion that [START_REF] Pirie | A recursive theory of mathematical understanding[END_REF] showed. Pirie and Kiren (1989) asserted that "what is needed is an incisive way of viewing the whole process of gaining understanding" (p.7), and argued the necessity of the process model. As stated above, it is important to analyze the process of understanding, and it is necessary to clarify the object. In our project we focus on the algebraic structure because we think that understanding the algebraic structure is a crucial prerequisite for students' systematic understanding of mathematics, and helps them learning mathematics more deeply. The aim of this study is to clarify the process of understanding the algebraic structure of leaners. This study targets student from seventh grade to twelfth grade and focuses on the extension of number sets in school mathematics.

Method

This paper reflects a theoretical study. One of the main claim is to construct the theoretical framework for the empirical research (see Figure 1). Therefore, we reviewed and interpreted literature about the algebraic structure that Bourbaki (1943[START_REF] Bourbaki | Elements of mathematics algebraⅠchapter 1-3[END_REF] showed, and the dual nature of mathematical conceptions that [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF] showed. The mathematical structure is compounded of a set, an operation between elements and an axiom of structure. Bourbaki (1943[START_REF] Bourbaki | Elements of mathematics algebraⅠchapter 1-3[END_REF] defined the algebraic structure by the laws of composition and laws of action. Assuming that a set is S, an operation is *, an axiom of structure is P, and these three elements are paired, (S,*,P) indicates the structure. [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF] argued that mathematical conceptions can be grasped in two different methods. One of the two different methods is to think structurally as object and the other is to grasp operationally as process. She grasped the duality of mathematical conceptions and claimed that mathematical conceptions are developed by repeating the transition from operational conceptions to 

Results and Discussion

The generalized model of conception formation by [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF] shows that transition from operational conceptions to structural conceptions is repeated. We clarify the process of understanding the algebraic structure in the relation between sets focusing on the extension of number sets. So, we take an extension from the set of natural numbers to the set of integers and we focus on the general model of conception formation that [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF] showed. In the process of understanding the algebraic structure with the extension of the set of natural numbers to the set of integers four stages are included (see Figure 2). At each stage the students transfer from the operational conception to the structural conception. In the first stage students add and subtract with natural numbers, and then they understand the result of subtraction of natural numbers is not necessarily a natural number. In the second stage they calculate with a concrete number to confirm whether the set of natural numbers is closure, thereby understanding that the set of natural numbers is not closure under subtraction if a subtrahend is bigger than a minuend. In the third stage they introduce new numbers to ensure that the set of natural numbers is closure under subtraction, and then they can calculate even if a subtrahend is bigger than or equals a minuend. In the fourth stage they do addition and subtraction with positive numbers, zero and negative numbers, and then, they can calculate in new number set. We show there are four stages in the process of understanding the algebraic structure with the extension the set of natural numbers to the set of integers. In this process of understanding the algebraic structure, the recognition that the set is closure under an operation is crucial. The second stage is the stage of understanding whether the set of natural numbers is closure under an operation, and the third stage is the stage of introducing a new number from viewpoint that the set is closure under an operation.
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 1 Figure 1: The theoretical framework