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Current learning trajectories and stage models of arithmetic development advocate the elaboration of counting on as an intermediate computation strategy. At the same time, there is empirical evidence that a considerable share of children fail to overcome this procedural approach to addition and subtraction, with damaging effects to their further mathematical thinking. This theoretical essay argues that it is fundamentally faulty to justify instructional measures by stage models that claim to capture a development without considering that its stages themselves reflect the conditions of children's learning, inter alia: the very instructional measures. As an alternative, the paper uses structure-genetic didactical analysis to delineate a teaching design that derives addition and subtraction out of part-whole thinking from the very beginning, rendering counting on superfluous.

Preliminary remarks

In this paper, "early arithmetic instruction" refers to contents and aims that are constitutive for first grade primary school in German speaking countries. Thus, I write about 6-7-year-old children who, as a rule, have attended kindergarten before; but to what extent and in which ways they have already received targeted mathematic education, will differ considerablywithin and between German speaking countriesdue to different educational plans and levels of specific competences of kindergarten staff. To enable colleagues from other nations to compare with their respective educational systems, I shortly outline just three important areas of goals for first grade arithmetic instruction that (besides others) seem to be widely accepted in the pertinent German literature (cf. Gaidoschik, 2010, pp. 207-232, for details):

First, building upon the rather heterogeneous competences they have thereto already acquired, children should (further) develop and consolidate their knowledge about natural numbers. This starts from being able to count forward and backward fluently and to establish quantities by counting, and should reach the comprehension of numbers as being composed of other numbers at least up to 10, if not 20 (part-whole concept of numbers, cf., e.g., [START_REF] Schipper | Handbuch für den Mathematikunterricht an Grundschulen. 1. Schuljahr[END_REF].

Second, and connected with the former, children should understand addition and subtraction as two arithmetic operations inverse to each other, and learn how to add and subtract fluently within the number range up to 20. More precisely: up to 20, they should learn how to compute without counting already within year one (cf., e.g., [START_REF] Schipper | Handbuch für den Mathematikunterricht an Grundschulen. 1. Schuljahr[END_REF][START_REF] Häsel-Weide | Replacing Counting Strategies: Children´s Constructs on Number Sequences[END_REF].

Third, together with all this, they should (further) develop a positive attitude towards mathematics as a worthwhile activity for which it is constitutive to deal with problems which include detecting, exploring, carrying forward, communicating and arguing about patterns and structures, not only but also in the field of natural numbers (cf., e.g., [START_REF] Krauthausen | Einführung in die Mathematikdidaktik -Grundschule[END_REF].

As far as my knowledge of international mathematics education reaches, these goals are widely accepted in other nations as well, even if institutional frameworks and time expectations may be quite different. Therefore, for some nations, the following considerations might count for children slightly younger or older than those who attend first grade in German speaking countries; but they should count for them at some time of their educational career, if they are of any relevance at all.

Some critical notes on current stage models and learning trajectories

Shortcomings of "developmental stage models" that disregard instructional influences

Within the German speaking literature, in the last decade two competing, quite similar stage models of arithmetic development have been widely noted, both developed by psychologists [START_REF] Krajewski | Early development of quantity to number-word linkage as a precursor of mathematical school achievement and mathematical difficulties: findings from a four-year longitudinal study[END_REF][START_REF] Fritz | Rechenschwäche[END_REF]. [START_REF] Fritz | Arithmetische Konzepte aus kognitiventwicklungspsychologischer Sicht[END_REF] recently claimed to have validated the latter by longitudinally testing children between 9 months before and 8 months after school-entry. Now this is not the place to discuss these models in detail (see [START_REF] Gaidoschik | Wie Kinder rechnen lernenoder auch nicht[END_REF], for a critique on a former version of [START_REF] Fritz | Rechenschwäche[END_REF]. This paper is about the question whether and in what way stage models of that kind can be helpful for mathematics educators and pedagogues in supporting children to learn arithmetic. In this vein, I outline in the following the construction of [START_REF] Fritz | Rechenschwäche[END_REF] as a paradigmatic example of a certain approach to mathematical learning.

The model in question encompasses six "levels" that its authors do not want to be interpreted as following strictly distinctly one after the other, but rather in the sense of "overlapping waves", a metaphor also used by Siegler for his models of strategy development (cf. [START_REF] Siegler | Children's thinking[END_REF]. According to [START_REF] Fritz | Arithmetische Konzepte aus kognitiventwicklungspsychologischer Sicht[END_REF], children, on Level 1, would learn how to establish quantities precisely by counting within a certain number range. On that same level, they would be able to subitize small quantities. Only on Level 2 would children relate numbers to each other by ordering them on a "mental number line". Building upon this, they now would be able to solve additions and subtractions by "counting all". "Counting on", however, would be characteristic for Level 3. Fritz et al. (2018, p. 15) state that only on that stage children would grasp cardinality and the irrelevance of order principle. Cardinal understanding would include knowing that numbers can be composed of and decomposed into other numbers. On Level 3, however, this understanding would be restricted to situations where children use manipulatives, whereas on Level 4 they would "transfer" this concept on a "symbolic-algebraic level" (Fritz et al., 2018, p. 16). However, this would not encompass the understanding of "relationality". Only on Level 5, children would use numbers to state precisely the difference between two numbers. This, together with Level 6 (bundling and unbundling), would form an indispensable precondition for understanding multiplication, division, and place value (Fritz et al., 2018, p. 17).

Fritz et al. finish their publication with "didactic implications" that remain on a rather general level, yet demand that school instruction should follow the "hierarchy of arithmetic concepts" as described by the model. As children would go through that hierarchy at different pace, this would include the need of differentiating within a class (Fritz et al., 2018, pp. 35-37).

The mathematics education community will certainly acknowledge the latter. However, before taking a closer look at how to apply such a model, let us reflect upon its epistemological status. What does it really tell us about children's thinking? [START_REF] Fritz | Arithmetische Konzepte aus kognitiventwicklungspsychologischer Sicht[END_REF] claim to capture a development within a certain time span. They describe single stages referring to children's performance in certain tasks, and interpret what children might be able or not to conceptualize on that level. From the mathematics education point of view, at least some of their interpretations lack clearness and coherence. For instance, the model is rather vague about what might distinguish the number concept of a child on Level 3 from that on Level 4, as well as on Level 4 and 5. It seems to be that the authors are more interested in differentiating levels of test performance than really of arithmetical concepts.

What is more fundamental is the model's lack of consideration of the fact that children develop their ideas while constantly dealing with inputs coming from adults as well as from other children. As for counting on, which constitutes Level 3 of the model in question: There is ample evidence that in many countries pedagogues in kindergarten and primary school, and presumably parents as well, encourage children and in fact show them how to solve addition problems by counting on instead of counting all (cf. [START_REF] Gaidoschik | Didactics as source and remedy of mathematics learning difficulties[END_REF]. They certainly do so because they think this to be conducive. I will gather some evidence that casts doubt on this assumption in the following paragraph. What has to be stated at this point, is a fundamental theoretical shortcoming of any model of learning development that disregards the possibility that what the model claims to be "normal" or even "necessary" within the presumed "nature of children" might rather be the consequence of circumstances that are man-made.

Counting on: A "natural" stage that still needs to be pushed by learning trajectories?

There is a logical inconsistency in this shortcoming that becomes even more apparent in the case of "The Learning Trajectories Approach" [START_REF] Clements | Learning and teaching early math. The learning trajectories approach[END_REF] or stage models that are directly formulated to guide teacher's actions, such as the "Mathematics programme of study" (UK Department of Education, 2013) or the "Number framework" (New Zealand Ministry of Education, NZME, 2008NZME, , 2012)). All three guidelines stress that eventually children should learn to add and subtract fluently without counting. The "Number framework" is especially clear in that point:

It is important for you to recognise that part-whole thinking is seen as fundamentally more complex and useful than counting strategies. One reason is that counting methods are strictly limited, whereas part-whole methods are more powerful. Counting strategies are an inadequate foundation for these ideas, and this means that for counters, many advanced number ideas are inaccessible. Therefore, your major objective is to assist students to understand and use partwhole thinking as soon as possible. (NZME, 2008, p. 7) Nevertheless, all three guidelines recommend that teachers actively work out counting on as a shortcut strategy for addition, and analogue counting strategies for subtraction with their classes. Thus, if a teacher who follows the "Number framework" notices a child to add by counting all using materials (Stage 2), s/he should work with that child so that it first reaches Stage 3 ("Counting from One by Imaging") and then Stage 4 ("Advanced Counting"). For that purpose, the teacher should orchestrate activities so that children learn to put "the bigger number first" and count on when confronted with an addition problem (NZME, 2012, p. 36). Only after having reached that stage, the teacher should guide children further to Stage 5 where they should "develop the idea" that "addition and subtraction problems can be solved by part-whole strategies instead of counting" (NZME, 2012, p. 37).

I did not find an explicit justification for this recommendation in the pertinent publications I reviewed, but it seems to be that the authors deem it indispensable to intentionally guide children from one stage to the next and not skip a single of these stages as defined by the underlying stage model.

Thus, these models extract stages of "development" from the evidence that many children progress from counting all over counting on to finally computing without counting. Nota bene: Many children progress in that way; yet, a considerable number stick to counting strategies in higher grades [START_REF] Cowan | Basic calculation proficiency and mathematics achievement in elementary school children[END_REF][START_REF] Hopkins | The prevalence and disadvantage of min-counting in seventh grade: problems with confidence as well as accuracy?[END_REF], and doing so forms an essential part of learning difficulties [START_REF] Gaidoschik | Didactics as source and remedy of mathematics learning difficulties[END_REF]. Then, there is evidence that the share of children who finally quit counting on strongly relates to instruction. In nations with a tradition of not encouraging children to count on, but rather use derived facts strategies already at an early stage, this share seems to be much higher [START_REF] Geary | Development of arithmetical competences in chinese and american children: influence of age, language, and schooling[END_REF]. Intervention and field studies indicate that putting the focus of early instruction on derived facts strategies instead of counting on, will reduce the number of children who cling to counting for computing (e.g., [START_REF] Steinberg | Instruction on derived facts strategies in addition and subtraction[END_REF][START_REF] Gaidoschik | Empirische Befunde zum Lehren und Lernen auf Basis einer Fortbildungsmaßnahme zur Förderung nicht-zählenden Rechnens[END_REF]. Notwithstanding all this, the cited models postulate a quasi-natural progression:

"Children follow natural development progressions in learning and development. As a simple example, they learn to crawl, then walk, then run […] They follow natural developmental progressions in learning math, too […]." (Clements & Sarama, 2009, p. 2) Thus, on the one hand, the authors regard counting on as part of a "natural development". On the other hand, they take their model as a justification to instruct children how to count on. However, doing so is a didactic decision, and by no way "natural" nor necessary, as I will argue in the following. Presumably, the authors would deny intervening in this way in a supposedly inevitable process to be logically inconsistent and put forward their endeavor to "promote children's growth" (Clements & Sarama, 2009, p. 5), so that what is "natural" may move forward without avoidable impediments. Yet, as stated above, research indicates that in fact it may impede children when teachers quite artificially guide them to count on for addition and subtraction problems [START_REF] Gaidoschik | Didactics as source and remedy of mathematics learning difficulties[END_REF].

An alternative approach: Structure-genetic didactical analysis

Whereas learning trajectories and stage models suggest teachers stick to what is supposedly inherent in the "nature" of children, [START_REF] Wittmann | Structure-genetic didactical analyses -empirical research of the first kind[END_REF] "structure-genetic didactical analysis" advises instruction to follow the "nature of mathematics". Of course, Wittmann not at all advocates disregarding what empirical research indicates about the ways children learn mathematics, the difficulties they meet, and the misunderstandings that may arise based on their "prerequisite knowledge" as well as on what happens in the classroom. He explicitly rejects the '"broadcast' method of transmitting knowledge from the teacher to the student" that he ascribes to "the traditional 'subject matter mathematics'" dominant in German mathematics education for a long time (Wittmann, 2015, p. 17). Therefore, his idea is not that we would only need to unfold the logic of any subject matter to children in order to secure they grasp it step by step. Still he insists that what a subject matter "is about and how it should be introduced in the classroom, cannot be decided by means of empirical methods imported from psychology, but should be based on a sound mathematical and epistemological analysis" (Wittmann, 2015, p. 7).

In the following, I will try to delineate in brief what, in my understanding, such an analysis would imply for the subject matter in focus of this paper, i.e. the introduction of addition and subtraction. In doing so, I take into account the pertinent empirical research, but without considering immutable what might rather be consequence of a certain type of instruction that we could at least try to change.

Deriving addition and subtraction out of part-whole thinking: A sketch

"Emerging from the [mathematical] subject" (Wittmann, 2015, p. 6), addition and subtraction are inverse operations, with the laws of commutativity and associativity being central for addition. Applying these laws allows for powerful computation strategies. Subject matter analysis as well as empirical evidence indicate that in order to grasp these concepts, it is crucial to think numbers as composed of numbers. Young children encounter numbers in many ways, but counting is dominant in the first years. For a child who uses numbers primarily to count quantities, numerical part-whole relations are not at all obvious; rather, the child might take any number as a single entity, so that e.g. six is conceptualized as being before seven, rather than being a part of it (cf. [START_REF] Gaidoschik | Wie Kinder rechnen lernenoder auch nicht[END_REF].

Therefore, if early arithmetic instruction strives to help children acquire a solid fundament of addition and subtraction, it seems sensible first to focus on activities that foster part-whole understanding of numbers. Only on that basis, we can and should convey addition and subtraction as two ways of operating with parts and wholes that supplement each other. Following that order, which is of course not dictated by stage models, but advocated by subject matter analysis, we have a good chance to render computation by counting superfluous from the very beginning [START_REF] Gaidoschik | Didactics as source and remedy of mathematics learning difficulties[END_REF].

In more detail: In order to be able to explore and internalize part-whole relations, when quantities exceed subitizing (see below), a child needs to know how to determine the number of the quantity by counting. Therefore, one main-topic (A) of early arithmetic activities certainly should be counting as a means to establish precisely how many of whatever you have. This includes the targeted working out of the "counting principles" described by [START_REF] Gelman | The child's understanding of number[END_REF]. Any first-year classroom or group of kindergarteners will be quite heterogeneous in that respect. As a basis for the steps to follow, all children should at least consolidate counting skills and knowledge up to 10, the basis of our number system; most children will exceed that number by far, so there is a need for differentiation.

At the same time (B), it is important to build upon what children, partly independently from their counting competences (cf. [START_REF] Fritz | Arithmetische Konzepte aus kognitiventwicklungspsychologischer Sicht[END_REF], have already acquired in the field of subitizing of quantities up to four and perceptual subitizing of bigger quantities structured in a way that allows for establishing their number without counting (cf. [START_REF] Clements | Learning and teaching early math. The learning trajectories approach[END_REF]. This could start with numbers up to five (number of fingers on a hand) or six (maximum of dots on one side of a die). Yet, we would gain little for the following if a child identifies these quantities with a glance but without noticing them as composed (four as two and two or three and one, five as four and one or three and two, etc.). Thus, activities should focus on the structured perception of these quantities. [START_REF] Schultz | Teile-Ganzes-Denken über Zahlen und Operationen: Herausforderung und Leitidee des Anfangsunterrichts[END_REF] delineate how this could form the starting point of targeted elaboration of part-whole thinking: We may request children to construe operations of joining, separating, missing addend etc. as just different interpretations of dot structures, for example, "I see five dots altogether. If I take away the outer four, the central one will remain." We may then encourage the children to transfer these nuclei of number knowledge to real-world situations: "I've got one Euro. If mummy gives me four more, I will have five." Note that the intention of such early activities is not that children solve these problems by counting, but by referring to the part-whole interpretation of structured dots, first supported by seeing the dots, then by knowingly imagining their structures [START_REF] Schultz | Teile-Ganzes-Denken über Zahlen und Operationen: Herausforderung und Leitidee des Anfangsunterrichts[END_REF].

A third "construction site" (C) of early activities, once again building upon the rather diverse competences that children will already have acquired in that field, is comparing quantities and numbers. As a precondition for further arithmetic, children should learn and/or consolidate that two quantities are the same number if it is possible to establish a continuous one-to-one correspondence between their items; no counting is needed for that. On that basis, they should learn that "one more" means that a mapping of the items results in one item left for the bigger quantity [START_REF] Gaidoschik | Rechenschwächen vorbeugen -Erstes Schuljahr: Vom Zählen zum Rechnen[END_REF].

I use the metaphor "construction sites" to indicate that we should work with children in all three Fields A to C more or less concurrently, which is, bearing on German speaking countries, within the first weeks of grade one. Certainly, we may concentrate activities on only one site for some days, but switch to another the next day or even combine working on all sites on the same day. This is sensible, as many children in single areas will need quite a lot of practice over a longer period to reach the level required as a basis for next steps. Yet, to achieve desirable automatisms, e.g. in counting forward and backward, it would not help to stick to one single theme for too long in a row, but rather provoke tedium. More importantly, the sites relate to each other. We should link counting to comparing, to help children realize that each number in the sequence is "one more" than its predecessor (and not only "the next number", see above). Working on perceptual subitizing should include comparing, etc. Such as the three sites merge into one another, the next important step is only an extension of the above-mentioned exercises: advanced activities that fit for exploring and internalizing part-whole relations, but now for all numbers at least up to 10. [START_REF] Gaidoschik | Rechenschwächen vorbeugen -Erstes Schuljahr: Vom Zählen zum Rechnen[END_REF] describes in detail how the use of fingers which are not being counted nor unfolded one by one, but moved and perceived in groups simultaneously, could form a starting point for first acquiring mental pictures and finally automatized knowledge of at least some important compositions of all numbers up to 10. Thus, children could first learn how to "stretch out eight fingers without counting", then describe how they would do so without really doing it ("I need one full hand and three more fingers"). Then, if already available to the child (see below), s/he could use symbols to record the action (5+3=8), think about what could be done subsequently ("So this is eight fingers. What if you take away the one full hand?"), and record that action as well (8-5=3). Already at that stage, children can and should try to apply this knowledge to real-world situations, for instance by inventing word problems. In that way, the acquisition of part-whole knowledge is (almost) from the beginning closely linked to addition and subtraction.

Note that I am not talking about writing equations from the very start, but operating with real, then imagined material. Fingers are very useful "material" at the beginning, as they allow to experience clearly and convincingly the difference between using structure-knowledge (take away five means take away one full hand at once) and counting (take away quite tediously one single finger after the other). In the following, for some purposes, ten-frames are useful, then twenty-frames and 100 dot arrays. Also with these materials, yet, it is paramount to work out how to see and use structures, how to relate other numbers to 5 and 10; only this enables to operate without having to count one by one.

Fingers might be most convincing to work out the five-plus-x structures of the numbers 6 to 10. Another indispensable structure that should be in the focus of early activities are doubles and halves (6 as 3+3, 8 as 4+4 etc.). Therefore, a next step could be to concentrate on these very structures, and again connect them with tasks that elicit their application in solving addition and subtraction tasks. Once more, it will turn out that counting is superfluous to solve these tasks. Presumably, some children might still apply counting strategies; yet, in this context there is high probability that the teacher or other children will convince these children that there is a better, much easier way, by thinking about and applying knowledge of the part-whole structure of the numbers involved.

Closing remarks

This is not the place to unfold a detailed guideline for teaching early arithmetic. The aim of the above sketch is to illustrate the paper's main message: Structure-genetic didactical analysis allows developing a teaching design that avoids engaging children in using counting on for computation from the very beginning. It does so in full consideration of pertinent research on how children develop their thinking under certain conditions. However, it strives to change these conditions where analysis shows that they may lead to unnecessary delay, if not continuing problems. Research indicates that the widespread tradition to foster counting on is such an unfavorable condition. Structure-genetic didactical analysis opens an alternative in line with the needs of the children as well as of the subject matter. Of course, an indispensable next step would be to implement these ideas in classrooms, and evaluate and further develop them based on reflected experiencea clear case for educational design research. I have started such research on a small scale, yet this paper is deliberately not about the ongoing pilot study. I had rather put the basic concept up for international discussion. After all, it would not make sense to trial on larger scale a design that does not withstand careful scrutiny.